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Abstract 

 

The goals of this PhD project were to provide new approaches and developing new 
systems for material characterization, based on micro and nanomechanical sensors. 

Common issues that have shown to hinder large-scale integration of sensing 
techniques based on a micromechanical sensor are the readout and sample handling. 
To address the first point, a semi-automatic characterization platform based on the 
optics and the mechanics of a commercial Blu-Ray pickup head unit was developed. 
Microbridges were chosen instead of microcantilevers to provide more robustness to 
the sensor. By embedding the sensor in a single-use microfluidic cartridge, the 
experimental condition was improved. The sample handling, as well as the 
environmental condition of the phenomena under test, are better controlled. As 
proof of concept to test the capabilities of the system, we studied the biopolymer 
degradation of Poly Lactic-co-Glycolic Acid (PLGA), which is of high relevance in 
the biomedical research field. A second version of the system is currently under 
development, and it aims to increase the throughput of the system allowing to read 
out multiple microbridge arrays. 

For material characterization, spectroscopy analysis is often considered a benchmark 
technology. Conventional infrared spectroscopy approaches commonly require 
milligram amount of sample. Considering the frame of reference given by the 
overall aim of the project, mechanical sensors can be exploited to provide a unique 
tool for performing spectroscopy on a limited amount of sample. In this project, a 
nanomechanical photothermal sensor has been designed, developed and exploited to 
perform thin film Infrared Spectroscopy. Contrary to what has been previously 
shown, this work has focused on a membrane sensor providing a robust 
experimental approach which better suit sample quantification and preparation. The 
purpose of the studies presented here is to show the real potential of photothermal 
spectroscopy based on a nanomechanical sensor and to provide a method to 
maximise the signal to noise ratio (SNR) from a single acquisition. The 
methodology presented showed that it is possible obtaining a high SNR of 300 on a 
20nm thick polymer layer showing a substantial improvement compared to the 
benchmark technique, attenuated total reflectance spectroscopy (ATR-FTIR).This 
high sensitivity allowed us to observe the chemical modification occurring during 
the gelification of a submicron thick layer of poly-vinyl-pyrrolidone (PVP) 
corresponding to picogram quantity of material.  
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Resume 

Målet med dette ph.d.-projekt var at udvikle et nyt system til karakterisering af 
materialer baseret på mikro og nanosensorer.  

Nogle af de største udfordringer når det kommer til integration af mikromekaniske 
sensor-teknikker er readout’et samt håndteringen af prøver. For at forbedre 
readout’et udvikledes en semi-automatisk karakteriseringsplatform, baseret på 
optikken og mekanikken fra et pickuphoved i en Blu-Ray afspiller. For at gøre 
sensoren mere robust blev der brugt mikro-broer fremfor mikro-cantilevere. Det 
eksperimentielle setup blev væsentligt forbedret ved at integrere sensoren i et halv-
lukket mikrofluid-system. Hermed blev håndtering af prøver gjort nemmere og 
miljøet omkring eksperimenterne mere kontrolleret. For at teste systemet 
undersøgte vi nedbrydningen af biopolymeren Poly Lactic-co-Glycolic Acid 
(PLGA) som en en yderst relevant biopolymer indenfor biomedicinsk forskning. 
En ny version af systemet med flere mikro-bro-arrays, og dermed et højere 
gennemløb, er lige nu under udvikling. 

Indenfor materiale karakterisering er spektroskopi ofte opfattet som en 
standartteknik, men for eksempel traditionel infrarød spektroskopi kræver normalt 
en prøvestørrelse på nogle miligram. Mekaniske sensorer som den udviklet i dette 
projekt vil kunne bruges som et unikt værktøj til at udføre spektroskopi selv når kun 
en meget begrænset mængde prøve er tilgængelig. For eksempel kan den 
nanomekaniske phototermiske sensor designet, udviklet og testet i dette projekt kan 
udnyttes til tyndfilm infrarød spektroskopi. I modsætning til tidligere studier har 
dette projekt fokuseret på membransensorer i stedet for strenge hvilket har givet et 
mere robust setup som passer bedre til forberedelsen og kvantificeringen af prøver. 
Formålet med dette studie var at vise det store potentiale der er i at bruge 
nanomekaniske sensorer til fototermisk spektroskopi, samt at udvikle en metode til 
at maksimere forholdet mellem signal of støj (SNR) i hver enkelt måling. Med 
denne metode var det muligt at opnå en høj SNR på 300 ved 20 nm. Dette er en 
signifikant forbedring sammelignet med standart teknikken ’Attenuated totoal 
relflectance spectroscopy’ (ATR-FTIR). Den høje sensitivitet gjorde det muligt at 
se den kemiske modifikation der sker under geleringen af et mikrometer tyndt lag a 
poly-vinyl-pyrrolidone (PVP), svarende til en ændring i materiale på nogle få 
picogram.  
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1. Introduction 
 

1.1. The Scientific Scenario 
 

The development of new material can be seen as an iterative work consisting of two 

essential steps: the synthesis of the main compound and its characterization Figure 

1.1. The purpose of the characterization is to acquire a certain material’s properties 

and behaviour. In this regard, a high degree of availability and simplicity of the 

characterization techniques clearly makes the iteration process faster. This 

enhancement of the information throughput allows realising a more efficient and 

cost-effective material development process, making it capable of assessing and 

tailoring the final material application with a smaller number of iterations. 

 

Figure 1.1 The iteration approach involved in the development of new materials. The synthesis and the 
characterization.  

Polymer based materials are nowadays present in many aspects of our everyday life. 

Among polymers, biopolymers, which include all the polymers synthesised by living 

organisms [1], have received particular attention due to their extensive use in the 

biomedical and pharmaceutical industries. Noteworthy biopolymer-based 
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applications are; drug delivery devices [2–6], scaffolds for tissue engineering [7–9], 

bioabsorbable surgical sutures [10] ophthalmic system [11] and implantable devices 

[2,12]. Furthermore, biopolymers have been used to form a coating of functional 

parts[13,14], enabling the modification of the physio-chemical properties of the 

surface without interfering with bulk material properties. Such refinement of the 

surface properties by the simple application of a polymer layer has gained attention 

in the recent years. The vast library of available polymers and the ample processes 

enabled the tailoring of the final properties with infinite possibilities [5,7,15–20].  

Hence, the development of novel, cost-effective and information-rich 

characterization methods of both physical and chemical properties of biopolymers 

throughout their life-cycle, is a challenge of primary importance.  

Lactide-based polymers have aroused interest for application the pharmaceutical 

and biomedical devices compartment as they are biodegradable, meaning that they 

can be degraded in a natural environment yielding non-toxic degradation products. 

The ester bonds on the backbone of the chain undergo hydrolytic cleavage, 

catalysed by the presence of enzymes[21,22] or by an alkaline environment[23]. 

The knowledge of the biopolymer degradation rate is important as it defines the 

release profile of an active pharmaceutical ingredient (API) [5,24,25] or the stability 

of the implantable device[26]. The biopolymer properties can be modified using 

crosslinking to engineer their 3D structure and the crosslinking of biopolymers such 

as poly(vinylpyrrolidone) [27–29], hydroxypropyl methylcellulose (HPMC) [25], or 

chitosan [30] have been exploited to form a novel class of material commonly 

known as hydrogels. Hydrogels are hydrophilic water insoluble materials, wich have 

the ability to swollen in water or humid environment. Their properties can be easily 

tuned to fit a particular application, from drug delivery [31–33] to tissue 

engineering [34] or becoming the functional part of sensing device [13,35,36].  

The current conventional approaches for measuring the biopolymer degradation are 

cumbersome [24] and extremely time-consuming requiring an experimental 

timeframe lasting from weeks to months [24,37–39].A possible route to boost the 

2 
 



degradation is studying the polymer behaviour in very harsh condition[40] i.e. very 

high or very low pH or high temperature. Indeed, this methodology does not 

represent a validation of the biopolymer properties for many of the biomedical 

applications. Enzymatic degradation of biopolymer has been studied using quartz 

crystal microbalance(QCM) and surface plasmon resonance(SPR) [16,41–43]. This 

method was employed to measure the enzymatic degradation on sub-micron thick 

layer biopolymer. Although the experimental time frame was drastically reduced, 

QCM bases studies are limited to submicron film thickness and request a high 

uniformity of the polymer coating [44,45]. 

It is known[46] that the behaviour of material may change drastically between the 

thin film regime(<1µm) and the bulk regime[47–49]. Therefore there is the need to 

provide a scheme able to bridge between these two regimes. 

The advances of micro and nanofabrication techniques allowed the production of 

the micromechanical sensor, which has been used for biosensing [50,51], 

environmental sensing [52,53] and material characterization[54–57]. 

Micromechanical sensors such as cantilever or bridges offer the possibility to study 

behaviour biopolymer in the thin film regime and in bulk. Del Ray et. al. [54], 

monitored the swelling and deswelling behaviour of submicron-thick layers of 

poly(hydroxyl ethyl methacrylate) PHEMA. In this study, they showed an inverse 

relation of the swelling properties as a function of the molecular weight. Bose et. al., 

used microcantilevers to characterise the enzymatic degradation behaviour of 

polymer films [56,58]. The results here presented showed that the degradation 

parameters obtained from micromechanical-based studies, matches with the 

conventional ones that achievable with conventional approach.  

A powerful analytical tool to characterise the chemical structure of polymers 

is the infrared spectroscopy. An example of its importance it is the use of such 

technique to monitor the crosslinking, a fundamental chemical reaction in polymer 

chemistry, exploited to modify the physical and chemical properties of a polymer. In 

this case, the infrared spectroscopy is able to track the changes happening in the 
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polymer structure during the crosslinking, providing useful information on the 

evolution of different chemical bonds. Among the infrared spectroscopies 

techniques, Fourier Transform Infrared Spectroscopy (FTIR) and its 

implementations, have been the most widely used infrared spectroscopic analysis 

methods [17,59]. The most common implementation for infrared analysis is the 

attenuated total reflectance Fourier transforms infrared spectroscopy (ATR-FTIR) 

which exploits a single reflection crystal. Infrared analysis has been performed down 

to the single-molecule layer using advanced infrared spectroscopy analysis such as 

infrared reflection absorption spectroscopy (IRRAS), but it is limited to the study of 

a thin layer on metallic substrates[60,61]. IRRAS and ATR-FTIR suffer from 

extremely low signal to noise ratio (SNR) for film thickness in the nanometers 

range. The common and most intuitive route to overcome this issue is to perform 

several acquisitions[62] or decreasing the spectral resolution, leveraging on the 

averaging effect. This kind of solution clearly limits the throughput of the analysis 

and calls for new approaches for thin film infrared spectroscopy. 

Photothermal spectroscopy methods are based on the recordings of signals which 

are generated as a side effect of light absorption. When a photon is absorbed in the 

sample, there is a consequent photoinduced modification in the thermal state of the 

sample that results in sample heating. A measurement of such sample heating, by 

probing the temperature as well as other thermodynamic parameters becomes a 

measurement of the wavelength-specific light absorption[63]. Photothermal signals 

are generated only upon light absorption since scattering and refraction losses do 

not contribute to the formation of the photothermal signal. Moreover, the 

photothermal response is dependent on the thermal properties of the material, these 

allow the photothermal signal to be used to derive such properties from an accurate 

study and modelling of the photothermal signal.  

Micromechanical sensors, fabricated by conventional microfabrication technologies 

have been used as photothermal sensors. The variation of temperature, localised on 

a small sensor such as a cantilever or a string, induces thermal stress, which can be 
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probed as bending [35,64–71] or change in the resonance frequency of the 

structure[72–78]. The majority of the mechanical based photothermal spectroscopy 

studies are based on single clamped structures (cantilever) and as sensing variable is 

used the deflection of the cantilever tip. A more robust sensing scheme has been 

demonstrated by measuring the resonance frequency instead of the displacement of 

the tip [74].  

At the same time, microcantilever-based studies [44,58] represent a breakthrough 

compared to the currently available methods for biopolymer degradation studies. An 

added benefit of analysing - biopolymer degradation using mechanical resonators 

consist in the possibility to integrating them within an automated sensing device. 

The readout of the cantilever resonance frequency could be directly embedded in 

the sensor [79,80], but this requires a more complex fabrication scheme. Instead, a 

more cost effective solution is leveraging on an optical readout, which has shown to 

allow high throughput measurements [81]. Furthermore, micromechanical sensor 

can be easily integrated with microfluidic devices [81,82] providing a higher degree 

of control of the degradation environment.  

Given all these technical advantages, there is a great opportunity in developing 

mechanical sensors, dedicated not only for polymer degradation studies, but also for 

studying the chemical modifications occurring during the crosslinking process. 

In this respect, several general considerations should be addressed regarding the 

robustness and simplicity of such micromechanical sensors. In particular, string 

based photothermal analysis has shown to be able to record the infrared spectra on 

femtogram amount of material [72], but the limited type of samples that can be 

analysed and a complex experimental setup hinder a large scale integration of the 

method. Hence there is the need to develop a more robust sensor which would 

better comply with agile sample preparation and straightforward analysis.  

Regarding the polymer degradation studies, the principal point to be addressed is 

the implementation of an automated readout. Integrating an electrical based 
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readout, for instance, piezoelectric or magnetomotive, complicates the fabrication 

process of the sensor. In order to keep the sensor simple, an alternative solution to 

the readout is represented by optical readout. In particular DVD unit have shown to 

resolve linear displacement up to 1.3 pmHz-1/2 [83,84]. Blu-Ray or DVD optical 

unit can be easily programmed and controlled[81,85], and they are available on the 

market at a very low cost.  

The goal of this work has been to provide tools based on mechanical sensors for 

promoting a fast feedback during the material characterization. Pharmaceutical 

relevant materials are used to test their feasibility and capability.  
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1.2. Aim of the project 
 

The Ph.D. project is carried out in the framework of the High Exponential Rise in 

Miniaturised cantilever-like Sensing (HERMES) project funded by the European 

Research Council (ERC). The primary goal of the project is the creation of 

cantilever based sensing technology and their integration in automated readout 

setups. Focus is on the development of tailored sensors capable of fitting to high-

throughput sensing scenario.  

The activities which have been carried out to address the focal point of the overall 

project aim were: 

i) The development of a high-throughput system for studying the 

biopolymer behaviour in a natural environment. This task has been 

carried out in collaboration with Academia Sinica Taiwan (Professor 

En-Te Hwu). 

ii) Improve the knowledge on the nanomechanical photothermal signal, 

understanding the limit of detection, and providing a mechanical 

photothermal sensor capable of providing high throughput material 

characterization. 

 

1.3 Thesis Outline 

Chapter 2: Describes the principle of mechanical based sensing applied on the 

resonators designed and developed in this thesis. The focus is on the sensing 

properties useful for designing a micromechanical sensor for biopolymer 

characterization 

Chapter 3: Contains the discussion of the analytical model describing the 

photothermal signal and finite element simulations which have been done to 
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evaluate the accuracy of the models. The chapter ends with an experimental 

validation of the analytical method.  

Chapter 4: Describes the methodologies developed in this thesis: the two version of 

the automated system used in this thesis are presented. Furthermore, the 

nanomechanical infrared spectroscopy (NAM-IR) setup and acquisition methods 

are described. 

Chapter 5: Includes a summary of the published papers and the prepared 

manuscripts. 

Chapter 6: Contains concluding remarks and the future perspective. 

Appendix: Analytical models (developed by Professor Ole Hansen) and standard 

operating procedures for operating the system V2.  
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2. Theoretical Background for 
Mechanical Based Sensing 

 

In this chapter, the mathematical background for mechanical based sensing is 

described. Starting from the equation of motion, the mass sensing properties are 

derived, showing how the environment surrounding the microresonator affects the 

mass sensing performance.  

2.1. Damped And Forced Vibration1 
 

Membranes and microbridges can store potential energy in the form of deformation 

energy. During oscillations, these structures are moving between equilibrium 

positions and the mechanical system converts the potential energy into kinetic 

energy and vice versa. In the absence of dissipative forces, this conversion of energy 

would infinitely continue. In a real system, energy dissipation occurs and at each 

cycle part of the potential energy is not converted into kinetic energy, causing the 

motion to stop. Micro and nanomechanical system have been engineered to provide 

structures aimed to minimise the loss of energy and finally enhancing the sensing 

performances [86–88]. 

 

 

1 This section adapted from[1] except where elsewhere referred. 
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Figure 2.1 A single degree of freedom system. Adapted from [89] 

 

2.2. Lumped Model 
 

Vibration can be represented by a simple harmonic oscillator (Figure 2.1). When a 

mass connected to a spring is displaced from its equilibrium position, it will 

experience a force, proportional to the elastic constant of the spring and the 

magnitude of the displacement x. In the absence of dissipative forces, the mass m 

will oscillate between equilibrium positions undergoing to simple harmonic motion. 

Natural systems are damped and the amplitude of the oscillation decades over time. 

In a lumped system, the effect damping mechanisms are summarised by the dashpot 

b. 
As a consequence of this damping, the vibration can only be maintained if the mass 

is subjected to a force. If the amplitude of the forced oscillations is small such that 

any non-linear behaviour can be neglected the equation of motion for a periodic 

sinusoidal force is  

 mẍ+bẋ+kx =f0sin (ω0t) (1) 

where m is the concentrated mass, k the spring constant and b is the damping 

factor.  
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The solution of the homogeneous differential equation led to the definition of the 

eigenfrequency described by: 

 𝜔𝜔𝑛𝑛= 1
2π

� 𝑘𝑘
𝑚𝑚

 . (2) 

The eigenfrequency describes the frequency of the free oscillations, in the absence 

of any losses. The damping factor can be described as: 

  𝜉𝜉= 𝑏𝑏
2
√

𝑘𝑘𝑘𝑘
 (3) 

The homogeneous solution of the differential equation leads to the following 

equation of motion: 

 𝑥𝑥(𝑡𝑡) = 𝑒𝑒−𝜔𝜔𝑝𝑝𝑡𝑡[𝑐𝑐1 cos�𝜔𝜔𝑝𝑝𝑡𝑡� + 𝑐𝑐2 cos�𝜔𝜔𝑝𝑝𝑡𝑡�] (4) 

Equation 4 indicates the amplitude is decaying exponentially due to damping, 

whereas 𝜔𝜔𝑝𝑝 represents frequency of the damped oscillations, commonly known as 

resonance frequency, and it is equal to:  

 𝜔𝜔𝑝𝑝 = 𝜔𝜔𝑛𝑛�1 − 𝜉𝜉2 (5) 

The particular solution of the equation of motion in case of a sinusoidal force of 

amplitude 𝑓𝑓0 leads to: 

 𝑥𝑥(𝑡𝑡) = 𝐻𝐻𝐻𝐻𝐻𝐻𝐻𝐻(𝜔𝜔𝑡𝑡 + 𝜑𝜑) (6) 

 
𝐻𝐻 =

𝑓𝑓0
𝑘𝑘�

�[(𝜔𝜔2 − 𝜔𝜔𝑛𝑛
2)]2 + (2𝜉𝜉𝜉𝜉𝜔𝜔𝑛𝑛)2

 
(7) 

 𝜑𝜑 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎� 2𝜉𝜉𝜉𝜉𝜔𝜔𝑛𝑛
𝜔𝜔2 − 𝜔𝜔𝑛𝑛

2� (8) 

Where the term 𝑓𝑓0
𝑘𝑘�  is called static defelection. H is the amplitude of the 

oscillations 𝜑𝜑 is the phase lag between the exicitation force and the sustem response 

Equation 7 and Equation 8 are represented in Figure 2.2 and Figure 2.3 
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Figure 2.2 Frequency response of the amplitude of the motion in case of a sinusoidal force.  

 

Figure 2.3 Phase diagram in the case of an exciting sinusoidal force.  
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The sharpness of the resonance peak is commonly defined by the quality factor Q. 

The quality factor determines the ability f the resonator of store energy in a single 

cycle. The ratio between the energy loss 𝑊𝑊  and the energy stored ΔW defines the 

Q factor. 

 𝑄𝑄 = 2𝜋𝜋 𝑊𝑊
ΔW

=
�1 − 𝜉𝜉2

2𝜉𝜉
 (9) 

From a sensor perspective, a high Q factor resonator intrinsically increases the limit 

of detection of the nanomechanical based sensor[86,90]. The quality factor, in fact, 

determines the smallest frequency shift measurable. In other terms, the value of the 

quality factor can be seen as the summation of the overall dissipation mechanisms of 

the system being those: 

 
1
𝑄𝑄

= 1
𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

+ 1
𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

+ 1
𝑄𝑄𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒

+ 1
𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

 (10) 

 

𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 indicates the losses due to interaction of the mechanical structure with the 

surrounding fluid, 𝑄𝑄𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 are all the dissipation mechanism taking place in the 

resonator, 𝑄𝑄𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒 indicates all the loss mechanism not considered in the other 

terms, and finally 𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 considers energy losses atscribed to clamping. 

In Section 2.9 the effect of the damping related to the viscous environment is 

treated, and a review of the models used to predict the behaviour of beams is 

provided. 
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2.3. Resonance Frequency For a Double Clamped 
Beam2 

 

 

Figure 2.4 Schematic representation of double clamped beam or bridge 

In this thesis, microbridges structures (Figure 2.4) are designed, developed, 

characterised and finally exploited for performing biopolymer degradation 

experiments. Considering high aspect ratio beams (L/h>10), it is possible to neglect 

both the rotational inertia and the shear deformation. In this case, the bending 

behaviour can be derived by the Euler-Bernoulli beam equation, under the 

assumption of small deflection for linear elastic beams. 

 𝐸𝐸𝐸𝐸 𝜕𝜕4𝑈𝑈(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕4 + 𝜌𝜌𝜌𝜌𝜕𝜕2𝑈𝑈(𝑥𝑥, 𝑡𝑡)

𝜕𝜕𝜕𝜕2
= 0 (11) 

𝑈𝑈(𝑥𝑥, 𝑡𝑡) describes the displacement of the beam, E is the Young’s modulus, I the 

moment of inertia and 𝜌𝜌 is the density and 𝐴𝐴 is the cross sectional area (W x h). 

The free vibrations are described by the linear superposition of the eigenmodes 

multiplied by a time-dependent term. 

 𝑢𝑢(𝑥𝑥, 𝑡𝑡) = �𝑈𝑈𝑛𝑛(𝑥𝑥)𝑐𝑐𝑐𝑐𝑐𝑐 (𝜔𝜔, 𝑡𝑡)
∞

𝑛𝑛=1
 (12) 

Where Un(x)is the eigenfunction and the general solution can be written as: 

2 This section is mainly adapted from[114] 
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 𝑈𝑈𝑛𝑛(𝑥𝑥) = 𝑎𝑎𝑛𝑛 cos(𝛽𝛽𝑛𝑛𝑥𝑥) + 𝑏𝑏𝑛𝑛 𝑐𝑐𝑐𝑐𝑐𝑐(𝛽𝛽𝑛𝑛𝑥𝑥) + 𝑐𝑐𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐ℎ(𝛽𝛽𝑛𝑛𝑥𝑥) + 𝑑𝑑𝑛𝑛sinh (𝛽𝛽𝑛𝑛𝑥𝑥) (13) 

βn is the wavenumber and it depends on the boundary conditions(i.e., the 

clamping). By inserting (12) in (11) the differential equation becomes  

 −𝜌𝜌𝜌𝜌𝜔𝜔2𝑢𝑢(𝑥𝑥, 𝑡𝑡) + 𝐸𝐸𝐸𝐸𝛽𝛽𝑛𝑛
4𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 0 (14) 

 𝛬𝛬𝑛𝑛 = 𝜔𝜔 = 𝛽𝛽𝑛𝑛
2�𝐸𝐸𝐸𝐸

𝜌𝜌𝜌𝜌
 (15) 

Considering a beam with a rectangular cross-section characterised by a moment of 

inertia I= Ah2
12�  and assuming a flexural rigidity DE : 

 𝐷𝐷𝑒𝑒 = 𝐸𝐸ℎ3

12
 (16) 

The eigenfrequencies can be expressed as: 

 𝛬𝛬𝑛𝑛 = 𝜔𝜔 = 𝛽𝛽𝑛𝑛
2 = �𝐷𝐷𝑒𝑒

𝜌𝜌𝜌𝜌
 (17) 

If the width to height ratio of the beam becomes larger than w/h>5, the flexural 

rigidity of the beam is described by the rigidity of a plate. 

 𝐷𝐷𝑒𝑒 = 𝐸𝐸ℎ3

12(1 − 𝑣𝑣2)
 (18) 

The final mode shape Figure 2.5 is determined by the values of the wavenumber, 

resulting in the coefficient 𝑎𝑎𝑛𝑛 , 𝑏𝑏𝑛𝑛 , 𝑐𝑐𝑛𝑛 , 𝑑𝑑𝑛𝑛 which are specific for each boundary 

condition. Thus, they will depend on the type of structure.  

 

Figure 2.5 Mode shapes of the first three modes for a doubly clamped beam. 
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2.4. Resonance Frequency of Pre-Stressed Membrane 
 

In this thesis, pre-stressed Silicon Nitride Membranes are fabricated to be used as 

sensing elements in a nanomechanical photothermal spectrophotometer (NAM-

IR). In this section, the mathematical description of the eigenfrequency of a pre-

stressed structure is presented. 

 If the membrane is fabricated with a linear elastic material, the equation of motion 

of a pre-stressed rectangular membrane can be derived adopting the two- 

dimensional wave equation: 

 𝜎𝜎∇2𝑢𝑢 − 𝜌𝜌 𝑑𝑑2𝑢𝑢
𝑑𝑑𝑑𝑑2

= 0 (19) 

As in the case of a beam resonator the equation of motion can be thought of as a 

superposition of the mode shape with the time dependent term via separation of 

variables. 

 𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = 𝑈𝑈(𝑥𝑥, 𝑦𝑦)𝑒𝑒𝑖𝑖𝜔𝜔𝜔𝜔 (20) 

 

The mode shape (Figure 2.6) has to fulfil the boundary conditions, and it can be 

expressed as: 

 𝑈𝑈(𝑥𝑥, 𝑡𝑡) = ��𝑈𝑈0,𝑛𝑛𝑛𝑛

∞

𝑗𝑗=0
𝑠𝑠𝑠𝑠𝑠𝑠�𝑛𝑛𝜋𝜋𝑥𝑥

𝐿𝐿𝑥𝑥
� sin �𝑗𝑗𝜋𝜋𝑦𝑦

𝐿𝐿𝑦𝑦
�

∞

𝑛𝑛=0
 (21) 
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where ω is the frequency, n and j denote the modal numbers and Lx and Ly the side 

length in x and y directions. The eigenfrequencies of a rectangular membrane are: 

 𝜔𝜔𝑛𝑛,𝑗𝑗 = �
𝜎𝜎
𝜌𝜌

��𝑛𝑛𝜋𝜋
𝐿𝐿𝑥𝑥

�
2
+ �𝑗𝑗𝜋𝜋

𝐿𝐿𝑦𝑦
�

2

 (22) 

 

  

b) a) 

Figure 2.6 Mode shapes of the first two even modes for a membrane resonator. 
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2.5. Effective Parameters 
The dynamic characteristics of the structure can be represented in terms of effective 

parameters. Each mode can be studied by a single lumped system which describes 

the nth eigenfrequency of the system: 

 Λ𝑛𝑛
2 =

𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒

𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒
 (23) 

where the effective stiffness and effective mass are mode dependent quantities 

defined as: 

 𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒 = 𝜌𝜌𝐴𝐴 � 𝜙𝜙(𝑥𝑥)2𝑑𝑑𝑑𝑑
𝐿𝐿

0
 (24) 

 𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐸𝐸𝐼𝐼𝑧𝑧 � 𝜙𝜙(𝑥𝑥)̈ 2𝑑𝑑𝑑𝑑
𝐿𝐿

0
 (25) 

2.6.  Mass Sensing 
 

Thanks to their very tiny mass, micromechanical sensors have been widely 

employed for mass sensing purposes[88,91–93]. Variation in the effective mass of 

the resonator can be sensed as a resonance frequency shift. In general, the 

responsivity of the mechanical sensor is defined as the slope of the sensing variables, 

i.e., the resonance frequency, as a function of the input parameter to be measured. 

In this chapter, the mass responsivity is discussed. The responsivity to the local 

heating induced by light absorption is discussed in Chapter 3. 

In general terms, the sensor responsivity R can be defined as 

 R=∂Λ
∂ψ�

ψ=ψ0

 (26) 

Where Λ is the measured parameter(the resonance frequency), and ψ is the 

parameter that needs to be quantified, in this case, the mass. Assuming a linear 
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response of the resonance, and a given ΔΛmin as the smallest resolvable frequency 

shift, the smallest detectable value for the parameter: 

 Δψmin
=R-1ΔΛmin (27) 

The case of a mechanical resonator used as a mass sensor is explained. In this 

context, ∆ψ represents the mass variation andΔΛ  is the consequent variation of 

the resonance frequency. The mass detection thorough mechanical resonator applies 

in two specific cases; the point mass detection and the distributed mass detection. 

2.7. Point Mass Responsivity3 
 

Point mass detection is when the added mass is localised. In this case, the location 

of the added mass is defined by two coordinates 𝑥𝑥Δ𝑚𝑚 and 𝑦𝑦Δ𝑚𝑚. Considering the 

deposition of a particle of a certain mass ∆m the effect of the mass deposition on 

the resonance frequency can be investigated by the Raylegh-Ritz method[53], 

which states that, at resonance, the time average kinetic energy equals the time 

average strain energy. Thereby,  

 𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘 = 1
2

𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒𝛽𝛽𝑛𝑛
2𝜔𝜔Δ𝑚𝑚

2, (28) 

where, 𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒  is the effective mass defined in Equation 24. 

Substituting the Equation 24 in Equation 27, the latter becomes: 

 𝐸𝐸𝑘𝑘𝑖𝑖𝑖𝑖,Δ𝑚𝑚 = 1
2
Δ𝑚𝑚[𝛽𝛽𝑛𝑛 U(𝑥𝑥Δm,𝑦𝑦Δm)]2𝜔𝜔Δ𝑚𝑚

2 (29) 

By assumption, the mode shape and the 𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒  are not changed.  

The resonance frequency due to the addition of the mass: 

 𝜔𝜔Δ𝑚𝑚 = 𝜔𝜔0 − Δ𝜔𝜔 (30) 

Hence, the point mass responsivity (PMR): 

3 This section is mainly adapted from [116] 
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 𝑅𝑅 = Δ𝑓𝑓
Δ𝑚𝑚

�
𝑃𝑃𝑃𝑃𝑃𝑃

= 𝑓𝑓0
2𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

U(𝑥𝑥𝛥𝛥𝑚𝑚,𝑦𝑦𝛥𝛥𝑚𝑚)2 (31) 

 

2.7.1. Distributed Mass Responsivity4 
 

Contrary to what has been discussed so far, relatively to the point mass detection, 

the deposited mass displacement is not constant. Therefore, the kinetic energy of 

the resonator due to the deposition characterised by a density distribution 

𝜌𝜌Δ𝑚𝑚(𝑥𝑥, 𝑦𝑦) and thickness distribution 𝑡𝑡Δ𝑚𝑚(𝑥𝑥, 𝑦𝑦), becomes: 

 

𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘 + 𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘,Δ𝑚𝑚

= 1
2
𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒𝛽𝛽𝑛𝑛

2𝜔𝜔Δ𝑚𝑚
2

+ 1
2
𝛽𝛽𝑛𝑛

2𝜔𝜔Δ𝑚𝑚
2 � 𝜌𝜌Δ𝑚𝑚(𝑥𝑥, 𝑦𝑦)

𝐴𝐴
 𝑡𝑡Δ𝑚𝑚(𝑥𝑥, 𝑦𝑦)U(𝑥𝑥𝛥𝛥𝑚𝑚,𝑦𝑦𝛥𝛥𝑚𝑚)2 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 

(32) 

 
𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒

∫ 𝜌𝜌𝛥𝛥𝛥𝛥(𝑥𝑥, 𝑦𝑦)
𝐴𝐴

 𝑡𝑡𝛥𝛥𝛥𝛥(𝑥𝑥, 𝑦𝑦)U(𝑥𝑥𝛥𝛥𝑚𝑚,𝑦𝑦𝛥𝛥𝑚𝑚)2 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑
= 𝜔𝜔𝛥𝛥𝛥𝛥

2

𝜔𝜔0
2 − 𝜔𝜔𝛥𝛥𝛥𝛥

2 (33) 

 

Equation 32 is found by applying the Rayleigh-Ritz theorem and considering the 

strain energy 𝐸𝐸𝑘𝑘𝑘𝑘𝑘𝑘 = 1
2 𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒𝛽𝛽𝑛𝑛

2𝜔𝜔0
2.  

 If we consider 𝜔𝜔𝛥𝛥𝛥𝛥 = 𝜔𝜔0 − ∆𝜔𝜔𝛥𝛥𝛥𝛥. Let 𝜔𝜔0 ≫ ∆𝜔𝜔𝛥𝛥𝛥𝛥 the total frequency shift, 

𝛥𝛥𝛥𝛥𝑑𝑑, is given by (considering the density and the thickness of the added layer 

constant over the resonator surface) 

 𝛥𝛥𝛥𝛥𝑑𝑑 = (𝑡𝑡𝑎𝑎𝜌𝜌𝑎𝑎)
𝑓𝑓0

2𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒
� 𝑈𝑈𝑛𝑛(𝑥𝑥, 𝑦𝑦)2 𝑑𝑑𝑑𝑑 𝑏𝑏𝑏𝑏
𝐴𝐴

. (34) 

The distributed mass responsivity (DMR) can be finally defined as: 

 𝑅𝑅 = Δ𝑓𝑓
Δ𝑚𝑚

�
𝐷𝐷𝐷𝐷𝐷𝐷

= 𝑓𝑓0
2𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒 (35) 

4 This paragraph is adapted from [116] 
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Where the value of the effective area: 

 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒 = � U(𝑥𝑥, 𝑦𝑦)2 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑
𝐴𝐴

 (36) 

In both the cases (point mass detection and distributed mass detection) the 

minimum detectable mass depends on to the uncertainty affecting the 

measurement. This the noise measured by means of Allan Deviation or the 

uncertainty of independent measurements called here 𝛿𝛿𝑓𝑓 . In both cases, the limit of 

detection described in equation 26 can be rewritten as: 

 𝛿𝛿𝑀𝑀,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝛿𝛿𝑓𝑓

𝑓𝑓0
2𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 U(𝑥𝑥𝛥𝛥𝑚𝑚,𝑦𝑦𝛥𝛥𝑚𝑚)2

 (37) 

 

 𝛿𝛿𝑀𝑀,𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 =
𝛿𝛿𝑓𝑓

𝑓𝑓0
2𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝐴𝐴𝑒𝑒𝑒𝑒𝑒𝑒

 (38) 

 

2.8. Resonance Frequency of a Layered Structure 
 

For a multilayer structure, the resonance frequency can be written as [44] 

 fn≈
1
2π

βn
2

L2
⎷

��
� ∑ 𝐼𝐼𝑖𝑖𝐸𝐸𝑖𝑖

𝑁𝑁
𝑖𝑖=1

𝑤𝑤∑ 𝜌𝜌𝑖𝑖𝑡𝑡𝑖𝑖
𝑁𝑁
𝑖𝑖=1

 (39) 

Considering non-coated structure Equation 36 reduces to Equation 17 matching 

the resonance frequency of a beam, according to the Euler-Bernoulli theory. 

Considering a beam coated with a uniform layer of polymer, the resonance 

frequency changes compared to the non-coated beam. The Young’s modulus of a 

polymer is typically orders of magnitude lower than the Young’s modulus of the 

silicon. The increase in the mass of the resonating structure can be detected as a 

change in the resonance frequency shift. This condition holds only below a certain 
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value of polymer thickness, where the bending stiffness of the polymer layer is 

neglectable.  

 A finite element model can be used to estimate this effect. Considering the 

structures utilised in paper 1, which are 1000µm long 300 µm wide and 5µm thick 

and considering the polymer properties showed in [4], this limit is seen to be found 

equal to the beam thickness of polymer coating where there is an inversion in the 

trend of the relative frequency shift.  

The effect of the addition of a polymer coating5 is shown in Figure 2.7 where the 

relative frequency is represented as a function of the added polymer layer. In the 

graph, three different regimes can be identified. The first regimes for tPOL
tBRIDGE

< 1, 

here the main effect on the resonance frequency is due to the added mass, 1 <
tPOL

tBRIDGE
< 2.25, where the effect of the increased thickness due to the polymer layer 

counteract the effect of the added mass, and finally tPOL
tBRIDGE

> 2.25 where the 

stiffness due to the polymer layer is predominant. The width of the structure instead 

is seen not to play a significant role. 

 

Figure 2.7 Effect of the addition of a polymer layer on a double clamped beam. For thickness smaller than the 
beam thickness the main effect is the decrease in the resonance frequency, whereas once this threshold is 
overcome the enhancement of stiffness is also sensed and becoming the leading cause of frequency when the 
thickness of the polymer layer is higher 2.25times the thickness of the beam. 

5 For these simulations these elastomechanical properties pf the polymer are used: E=2GPa, p=1.3g 
cm-3. 
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2.9. Frequency Response in Liquid Environment  
 

In this thesis, the resonating behaviour of microbridges is tested. The Blu-Ray 

readout system that is designed and employed to characterise the degradation of 

biopolymer is described in Paper 1. The system allowed a characterization of the 

frequency response in air and water environment. The theoretical background of the 

frequency response of microstructure in a liquid environment is illustrated 

accompanied with by experimental results.  

2.9.1. The Hydrodynamic Function 
 

The frequency response of a mechanical structure is highly dependent on the fluid 

in which it is vibrating. The benchmark theoretical studies describing the behaviour 

in liquid environment were done by Sader and colleagues [94–96].  

The theoretical treatment exposed in the previous paragraphs holds for vacuum and 

air environment, where the effect of the load due to the liquid and so the viscous 

damping can be neglected. In the model proposed by Chu[97], the liquid is treated 

as inviscid, and it gives a reasonable approximation of the value of the resonance 

frequency of a beam when immersed in liquid environment for high working 

frequency. On the other hand, the validity of the inviscid model may not be 

accurate depending on the structure properties. According to this model, the 

resonance frequency drops due to the hydrodynamic load caused by the surrounding 

water 

 ωfluid
ωvac

=�1+ πρlw
4ρct

�
-12
 (40) 

where 𝜌𝜌𝑙𝑙 and 𝜌𝜌𝑐𝑐 are the density of the liquid and the beam respectively, whereas w 
and t are the width and the thickness. Equation (37) is often considered as 

benchmark to evaluate the decrease in the resonance frequency due to added 

apparent mass of the layer of fluid which load the structures. Sader’s works[95,98–

100] extends the validity of this equation considering the effect of the viscosity.  
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The formulations of the frequency response in viscous environment are described in 

terms of Reynolds number Re���� and T and the hydrodynamic function Γ: 

 Re�������= ρl2πfnw
4η

 (41) 

 T= ρlw
ρct

 (42) 

ή is the cinematic viscosity of the fluid and fn the resonance frequency. In the light 

of this, the extension of the Chu model becomes: 

 ωfluid
ωvac

= �1+πρw2

4μ
Γr(ωfluid)�

-1/2

 (43) 

where μ=ρA is the linear density of the beam and Γr is the real part of the 

hydrodynamic function 𝛤𝛤 [95]. For the sake of clarity, a representation of the 

hydrodynamic function is reported Figure 2.8. The real part of this function takes 

into account the inertial forces which are leading the dynamics for very high 

Reynolds number where the viscous effects vanish. In this regime, the inviscid 

model is a good approximation of the dynamic behaviour of the beam. 

 

Figure 2.1 Hydrodynamic function[95] for a rectangular beam immersed in water. 
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Figure 2.2 Resonance frequency drop due to the hydrodynamic load. Comparison of the Sader and 
Chu(inviscid model) with the experimental results 

The model of Sader and Chu overestimates the resonance frequency drop due to the 

hydrodynamic load of the fluid layer. The gap between the model and the 

experimental results reported a deviation in which is in the range of previously 

reported work[100]. One possible reason is that in the calculation of the 

experimental frequency drop, as reference value, the measured resonance frequencies 

in air are considered, which are 2-3% lower compared to the theoretical 

values(Equation 5) considered in the analytical models.  

2.9.2. Q factor for vibrating structures in a liquid environment 
 

To minimise the energy losses and to increase the sensing performance, the 

resonator has to work within a regime where the viscous forces are negligible. The 

latter are linked to energy losses, and it is evident how the Q factor can be 

maximised by achieving high values of Reynolds number (see Figure 2.10). The 

equation that describes the Q factor in a liquid environment for the nth mode: 

 
Qn=

4μ
πρlw2 +Γr(ωfluid,n)

Γi(ωfluid,n)
 

(44) 

where ωfluid,n is the resonant frequency of the nth mode in liquid. 
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The Γ function (Figure 2.8) indicates the importance of the viscous forces relatively 

to the inertial ones. For a given value of T a lower Reynolds number makes the 

resonance peak broaden at lower frequencies. The same trend is observed for a given 

value of Re and an increase of T[95]. It is clear that the viscosity of the media 

increases the energy losses, leading to a reduction of the Q factor which is translated 

into a worse sensing performance. 

The combination of wider cross section and a doubly clamped beam leads to higher 

Re limiting the energy losses and therefore higher values of Q factor are reached. In 

our experiment the value of Re and T are around 7000 and 26 respectively, leading 

to an experimental Q of about 20 for the first three modes, which matches the 

prediction of the model[95,96]. 

 

 

Figure 2.3 Q factor for microbridges in water environment.  
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Figure 2.4 Resonance frequency of 1000µm 300µm wide and 5µm thick bridges in air a-c, and in water, d- f. 
For the sake of clarity, only one spectrum are reported. The standard deviation ranges from 3 to 5% on a sample 
size of n=20 

 

2.9.3.  Increase of the Effective Mass  
 

The mass sensing characteristics are explained in Section 2.6 and it has been shown 

that the lower the effective mass the higher will be the mass responsivity. 

From a mass sensing perspective, working in a viscous environment is translated to 

an increase of the effective mass of the resonator, yielding to a decrease of the mass 

responsivity of the sensor. Under the assumption that the effective stiffness of the 

structure is not influenced by the liquid environment, the ratio between the 

resonance frequency in air and the resonance frequency in water is  

 � ωAir
ωwater

�
2
=

meff,water

meff,air
 (45) 

Considering the 1000µm long 300 µm wide and 5 µm thick bridges, the effective 

mass is in air is 1.75µg. The decrease of the resonance frequency can be seen as an 

increase in the effective mass of the resonator. In water environment the effective 
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mass is seen to increase by a factor of 13, yielding an effective mass of around 20 µg. 

The experimental uncertainty on the resonance frequency measurements does not 

allow a proper monitoring of the degradation phenomena. Higher modes can be 

used to perform mass sensing in liquid environment[98], on the other hand 

integrating a readout able to monitor this condition can be challenging.  

In this thesis, the microbridges are used for characterising the biopolymer 

degradation of polymer layer with thickness that ranges between 1 to 5 microns.  

The values of the mass responsivities for the first three flexural modes are shown in 

Table 1. The minimum detectable distributed mass for each mode in air 

environment allows us to correctly follow the degradation phenomena. Instead, in 

liquid environment, the mass responsivity is on the same order of magnitude as the 

deposited mass, hence tracking the degradation phenomena would be unfeasible. 

Therefore, to characterise biopolymer degradation, a wet & dry approach has been 

used as discussed in Paper 1. 

Table 1 Minimum detectable mass sensitivity for 1000µm long 300 µm wide and 5 µm thick microbridges. 
Analogous trivial calculation leads to similar results for different sized microbridges. 

Mode Mass Responsivity 
[𝑯𝑯𝑯𝑯 𝝁𝝁𝝁𝝁−𝟏𝟏 𝒎𝒎𝒎𝒎𝟐𝟐] 

Uncertainty 
𝚫𝚫𝒇𝒇[𝑯𝑯𝑯𝑯] 

Minimum Detectable 
Distributed Mass 

[𝝁𝝁𝝁𝝁 𝒎𝒎𝒎𝒎−𝟐𝟐] 

 Air Water Air Water Air Water 

I flexural 2304 114.7 103.68 594 0.09 10.34 

II flexural 5344 308.82 187.04 1125 0.07 7.92 

III flexural 11304 1941 395.64 3250 0.07 3.34 
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2.10. Conclusion 
 

In this chapter, the theoretical background of a micromechanical resonator is 

provided. The variables that play a major role in determining the performances for 

mass sensing application are discussed. Micromechanical bridges have shown a 

sufficient minimum detectable mass in air environment to perform mass sensing. 

Despite a good Q factor even in aqueous environment, the increase of the effective 

mass does not allow the use of the structure as mass sensor. The deposited mass is 

in the same order of magnitude as the minimum detectable mass. This, combined 

with the uncertainty on the measurement does not allow to properly monitor the 

degradation mechanism. Instead, working in air environment, yields an increase of 

the mass responsivity two orders of magnitude less than the deposited mass, 

allowing a proper tracking of the degradation process. The employment of the 

microbridge structure as a biopolymer degradation sensor is discussed in Paper 1. 
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3. Finite Element Simulations for 
Nanomechanical Infrared spectroscopy 

 

This chapter provides the in-silico validation of the analytical model used to 

describe the steady state and the transient response of the mechanical photothermal 

signal.  

3.1. Steady state model for photothermal induced frequency 
shift 

 

The phenomena involved in generation of the photothermal signal have been 

modelled to provide a better understanding of the experimental variables’ roles in 

the production of the signal. The analytical model describing the resonance 

frequency shift for a membrane-like structure was developed by Professor Ole 

Hansen, DTU Nanotech6. Considering the high aspect ratio of the membrane 

structures considered in this thesis, the problem can be solved as a 2D thin 

membrane. To obtain an analytical representation of the photothermal response, 

there are three problems to be solved. First, the heat transport equation throughout 

the membrane when heated in response to the local absorbed power P; then the 

thermal stress field induced by the heating load; iii) the eigenproblem solved for the 

thermal stress field caused by the power absorption. Addressing this problem for a 

square geometry is ill-posed, and deriving a closed analytical solution is not possible. 

Instead, this is possible only for a circular geometry. In this section, the accuracy of 

the analytical model is compared with the finite element model. 

The analytical solution for the photothermal a circular membrane is: 

 
∆𝑓𝑓
𝑓𝑓

≈ − 𝛼𝛼𝛼𝛼𝛼𝛼
8𝜋𝜋𝜋𝜋ℎ𝜎𝜎0

�2 − 𝑣𝑣
1 − 𝑣𝑣

− 0.642� (46) 

6 The analytical solution of the model is reported in Appendix 1 
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Where 𝛼𝛼 is the thermal expansion coefficient of the material, 𝐸𝐸 is the elastic 

modulus, 𝑃𝑃  is the absorbed power, 𝑘𝑘 is the thermal conductivity, ℎ the thickness of 

the structures, 𝜎𝜎0 is the native tensile stress and 𝑣𝑣 is the Poisson ratio. It is 

noteworthy remind that the model was solved for a point-like power source. 

In the experimental phase, the heat source is represented by the IR laser source, 

having a defined diameter of 100µm. Intuitively, the magnitude of the frequency 

shift is directly linked with the average temperature established upon heat 

absorption. Thus, the location of the laser spot and its size clearly plays a 

fundamental role in defining the magnitude of the frequency shift. The analytical 

model represents the optimal case of a perfect collimated light. This approximation 

may lead to an overestimation of the absorbed power calculated for a given 

frequency shift. Therefore the role of the spot size is discussed. 

3.2. Model Definition 
 

To simulate these phenomena the Heat Transfer in thin shell and the Membrane 

Comsol tool packages are used. The FEM model replicates the membrane 

geometry employed in the experimental case; 1000µm wide, 100nm thick and 

fabricated in low-stress silicon nitride. The used parameters are presented in Table 

2. 
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Table 2 Summary of the properties used in the FEM modelling, with Comsol Multiphysics v 5.2 ®. The results 
were obtained setting a 2D geometry and the thermal stress physics interface. 

Properties Value 

Thermal Conductivity 20 W m-1 K-1 

Density 3100 kg m-3 

Young Modulus 250 GPa 

Poisson Ratio 0.23 

Initial stress 250 MPa 

Heat Capacity at 

Constant Pressure 

700 J kg-1 K-1 

Thickness 100nm 

Width 1000µm 

3.2.1. Boundary Condition 
 

A consideration regarding the boundary condition (BC) assumed in the derivation 

of the analytical model must be done. Both analytical formulations (the steady state 

and the transient problem) bear the temperature of the membrane rim to be fixed at 

a certain value T0(considered equal to 293.15K). Such approximation corresponds 

to the assumption that the body chip acts as a perfect heat sink. In the experimental 

condition, the boundary of the membrane will exchange heat with the rest of the 

body chip and with the surrounding gas. The model that better fits the 

experimental condition corresponds to a membrane of silicon nitride, surrounded by 

a silicon body chip isolated from the surroundings. The temperature field will vary 

according to the boundary condition, and the effects of the approximation are 

represented in Figure 3.1 
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Figure 3.1Schematic representation of the geometry and BC used in this work: a) only the membrane T0 
=293.15 K; b) the membrane chip is allowed to exchange heat with the body chip, acting as heat sink. The rim 
temperature is set at T0 =293.15 K c) adiabatic boundary condition the thermal energy provided by the heat 
source is dissipated only within the domain; d) difference in the temperature evaluated in the centre of the 
membrane considering the BC a and b and c, the three temperature profile perfectly overlap; e) average 
temperature profile for the three boundary condition 
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The three boundary conditions simulated consist of: i) a fixed temperature on the 

rim of 293.15K Figure 3.1a; ii) a fixed temperature of 293.15K on the bodychip, 

rim Figure 3.1b iii) and adiabatic condition on the rim of the bodychip Figure 3.1c. 

The average steady temperature profile is showed in Figure 3.1d calculated for each 

of the BCs showed in Figure 3.1a-c. The three profiles are completely overlapping, 

and the differences between models are less than 1%. The average temperature of 

the membrane is also evaluated in the time domain where, also in this case, no 

remarkable differences are noticed. All the simulations consider an incident power 

of 100µW over a circular area of 100µm in diameter. The Silicon bodychip has a 

higher thermal conductivity than the membrane chip. Therefore, the heat will be 

dissipated towards the bodychip and rapidly the temperature of the membrane’s rim 

will reach the boundary condition temperature.  

These simulations reveal that average temperature within the membrane domain 

does not depend on the BC used. Since the temperature field within the membrane 

upon heat absorption determines the magnitude of the frequency shift, we can say 

that for the sake of simplicity all the simulations in this thesis are performed using 

the BC illustrated in Figure 3.1a, as they do not give rise to any further error.  

3.3. Linearity of the photothermal induced frequency shift 
 

The first simulation aims to test the linearity of the photothermal induced 

frequency shift upon heat absorption. The analytical model is solved for the mode 

(1,1) and the match with the finite element method is shown in Figure 3.2. The 

relative frequency shift yielded by the models matches with the analytical one, the 

difference is in the order of 1-2 ppm for 100 µW of absorbed power. This value, in 

the experimental case scenario, is within the limit of detection, meaning that the 

error introduced by the approximation will not induce to a significant quantitative 

errors in terms of absorbed power. The limit of detection, concerning the structure 

used in this thesis ranges from 3 to 20nW depending on the thickness of the  

 

 
d
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Figure 3.2 Simulated relative frequency shift vs Analytical model. The relative frequency yielded by the model 
also simulating the body chip yield to a relative frequency shift which is almost 2 times smaller. This is due to 
the lower temperature established in the membrane when it is not treated as isolated system. 

coating layer which yields a different noise background. These arguments are 

described in paper 2 and paper 3. 

Compared to the analytical model, the finite element model slightly underestimates 

the relative frequency shift. Such gap might be because the analytical solution is 

drawn from a Delta function heat source, instead, in the FEM model, the heat 

source is meant to simulate the laser source of 100 µm diameter.  

The effect of the spot size dimension (Irradiance) on the relative frequency shift was 

simulated. An incident power of 100µW is used and the diameter of the laser spot 

size is varied from 1µm up to 1mm. The magnitude of the relative frequency shift 

decreases for higher laser spot size. The relative frequency shift is normalised 

relatively to the value of the analytical frequency shift (43). The normalised 

frequency shift then drops down to the 50% for a laser spot size that matches with 

the dimension of the membrane. Instead, it remains above the 90% for a heat source 

size smaller than half of the membrane width. The reason for this decrease is 

because the photothermal induced frequency shift is also sensitive to the location 

where the heat is generated, being maximum in the centre and minimum in the 

proximity of the border as shown in Figure 3.3a.  
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Figure 3.3 Steady-state simulations.a) Effect of the heat source dimension; b) and of heat source location. 

In the experimental setup, the laser spot has to be aligned with the membrane 

resonator. The site of the laser plays a major role in determining the magnitude of 

the relative frequency shift. In the light of this, the spatial sensitivity is modelled. A 

heat source is swept across the membrane domain. The relative frequency shift is 

maximum when the membrane is heated in the centre and decades towards the 

boundary of the membrane, being zero for a heat source placed at the border. 

Intuitively, the closer the heat source is located in the proximity of the heatsink the 

lower the average temperature will be within the membrane domain and ultimately 

the relative frequency shift. 
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3.4. Time Dependent Simulations 
 

The membrane resonator upon heat absorption reaches a stable value of 

temperature and therefore a stable stress field which finally yields a particular 

frequency shift. The transient problem is exclusively related to the thermal transport 

phenomena, and therefore only the thermal property (and the geometry of the 

structure) regulates such dynamics. Professor Ole Hansen developed the analytical 

model and the calculations are reported in Appendix. 

The knowledge of the thermal transient is fundamental for two main reasons: 

i. The time the sensor needs to reach a stable temperature and therefore a 

stable resonance frequency determines the rapidity of the system to follow 

transition between subsequent heat absorption. Therefore this parameter 

determines how fast a spectral sweep can be run and intrinsically determines 

the acquisition parameters of the lock-in scheme used to track the resonance 

frequency shift, hence the noise. These arguments are discussed in the paper 

II. 

ii. The transient dynamics depends on the thermal properties of the domain; it 

may allow the identification of the thermal properties of the analytes and the 

chip material. 

The analytical model that characterise the transient behaviour for a squared layered 

structure is  

 𝜏𝜏0 = �2𝜋𝜋2

𝐿𝐿2

∑ ℎ𝑖𝑖𝑘𝑘𝑖𝑖
𝑁𝑁
𝑖𝑖=1

∑ ℎ𝑖𝑖𝑐𝑐𝑖𝑖
𝑛𝑛
𝐼𝐼=1

+ 𝐻𝐻
∑ ℎ𝑖𝑖𝑐𝑐𝑖𝑖

𝑛𝑛
𝐼𝐼=1

�
−1

 (47) 

 𝐻𝐻1𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 92.21𝑊𝑊
𝑚𝑚2𝐾𝐾�  (48) 

  𝐻𝐻10−5𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 9.221 10−4 𝑊𝑊
𝑚𝑚2𝐾𝐾 �  (49) 
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Where the ℎ𝑖𝑖𝑘𝑘𝑖𝑖 𝑐𝑐𝑖𝑖 are respectively the thickness and thermal conductivity and the 

heat capacity for the ith layer L is the width of the membrane. The parameter H 

instead takes into account the dissipation of the heat due to the convective heat 

transport phenomena taking place at different pressure. For a silicon nitride 

membrane of width 1000 µm in high vacuum condition the time constant is 5.5 ms. 

3.4.1. Accuracy of the Analytical Model 
 

The analytical time constant is drawn from the resolution of the heat transport 

equation in 2 dimensions. The time constant results from the solution of the 

homogeneous part of the partial differential equation problem (PDE). The 

resolution of this mathematical problem can be solved by means of eigenfunction.In 

the expression we consider only the first mode(henceforth called fundamental) 

being the one that decays slower. 

3.4.2. Initial Temperature Distribution 
 

In order to assess the accuracy of the analytical model, the transient led by a 

different initial condition is tested. 

 The boundary condition illustrated in  Figure 3.1a are used. The decay showed 

Figure 3.4b is evaluated by considering the average temperature of the membrane 

when the temperature is let to relax to the temperature boundary considering an 

initial temperature distribution of 𝑇𝑇0(𝑥𝑥, 𝑦𝑦) = 𝑇𝑇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 + ∆𝑇𝑇 cos (𝜋𝜋 𝑥𝑥
𝐿𝐿 )cos (𝜋𝜋 𝑦𝑦

𝐿𝐿 ), 

being ∆𝑇𝑇 = 10𝐾𝐾. 
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Figure 3.4. a)Cosine-like initial temperature distribution colorbar Temperature in K ; b) Relative temperature 
shift evaluated by the FEM model and the analytical one. 

The finite element model prediction of the transient, considering the initial 

temperature distribution, matches the transient behaviour predicted by the 

analytical model. In this particular case of study, the initial temperature distribution 

is one of the possible solutions that satisfy the PDE, hence the match with the 

analytical transient is trivial. The full thermal response is described by a 

superposition of eigenfunctions [101]. Hence the complete description of the 

thermal transient will depend on particular initial condition as well as the kind of 

heat source used. In this perspective, we investigate how the thermal transient varies 

for different types of heat sources aiming to mimic the experimental case scenario. 
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3.5. Transient for an external power source 
 

In the experimental case, the membrane is heated with an external power source 

with a spatial distribution P(x,y). Here we simulate i) constant heat source confined 

within a circular area of radius r ii) Gaussian power distribution. The aim is to 

investigate how the power distribution influences the thermal time constant. 

3.5.1. Constant Heat Source Confined In a Circular Area of Radius r 
 

The case studied in Section 3.4.2, represents the ideal case of temperature 

distribution led by a Delta function as a heat source, which is unlikely to be 

available in the experimental phase. Here we studied the influence of the heat spot 

size on the transient when the power is kept constant. The larger the effective 

heated area, the faster the membrane will reach the steady average temperature. 

Similarly, on what we have discussed relatively to the effect of the heat source size 

on the magnitude of the relative frequency shift, the reached temperature is 

inversely related to the size of the heat source. Concerning the transient, if the heat 

source is placed close to the boundary, hence closer to the heat sink, the transient 

will be shorter, and the reached temperature smaller. 
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Figure 3.5 Effect of the spot size and time constant. a)The heat source is spread over a different area; b) average 
temperature transient, dashed represents the single exponential fit; c) value of the time constant as function of 
the relative radius of the heat source normalised by the dimension of the membrane 
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3.5.2. Alternative approaches for evaluating 𝝉𝝉 
 

To investigate the effect of the heat source size, the value of the time constant can 

be derived by the temperature distribution led on circular geometry by a Gaussian 

Power distribution. Equation 49 relates the time constant obtained from a delta 

power distribution, to the time constant obtained for an arbitrary Gaussian power 

distribution, Equation 6. 

 𝜏𝜏 =  𝜏𝜏0

�1 + 2𝜎𝜎2

𝑎𝑎2 𝑒𝑒𝑒𝑒𝑒𝑒 �− 𝑎𝑎2

2𝜎𝜎2� − 2𝜎𝜎2

𝑎𝑎2 �

1 − 𝑒𝑒𝑒𝑒𝑒𝑒 �− 𝑎𝑎2

2𝜎𝜎2�
 (50) 

 𝑃𝑃(𝑥𝑥, 𝑦𝑦) = 𝑃𝑃0√
2𝜋𝜋𝜎𝜎2

exp �1
2

�𝑥𝑥 − 𝑥𝑥0
𝜎𝜎

�
2
+ �𝑦𝑦 − 𝑦𝑦0

𝜎𝜎
�

2
� (51) 

Equation 47 asserts that the wider the distribution, the faster the transient will be, 

being agreeing with the results of the simulation shown in Figure 3.6 

Considering a circular geometry, the transient problem can also be solved by using 

the Bessel modes as well as Laplace transform for a Delta function power 

distribution and constant power distribution. The different expressions of the time 

constant 𝜏𝜏 are summarised in Table 3.  

Table 3 Summary of the different analytical model used for evaluating the transient 

Geometry Method 𝝉𝝉 

Circular Fundamental 
Mode(Bessel) 

𝑎𝑎2

2.40482𝐷𝐷
 

Circular Average Temperature7 𝑎𝑎2

4𝐷𝐷
 

Circular Laplace, Delta 
Function 

3
16

𝑎𝑎2

𝐷𝐷
 

Square Fundamental Mode, 
(Equation 2) 

𝑊𝑊2

2𝜋𝜋2𝐷𝐷
 

 

  

7 This model has a dependency of the spot size, as described in equation 5.  
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3.5.3. Gaussian Power Distribution 
 

The transient for a Gaussian power distribution (Equation 47) is studied for a 

circular and a square geometry. Here 𝜎𝜎 is the width of the distribution 𝑥𝑥0 and 𝑦𝑦0 

represent the localization of the peak. 

Regardless of the geometry, the wider the distribution, the faster will be the 

response, according to what is stated in Equation 47.  

For a circular geometry, the Bessel mode does not consider the influence of the 

power distribution in a calculation of the time constant. The Laplace solution 

calculated for Delta and uniform power distribution matches with the value yielded 

for simulations evaluated for a power distribution which is sufficiently narrow or 

spread. 

Considering a square geometry, a narrow distribution led to a value of the time 

constant which is higher compared to the fundamental one. 

To understand this behaviour, it is necessary to recall that the solution of the heat 

transport equations is described by a superposition of eigenfunctions, that singularly 

represent an eigenmode which will decay with a particular time constant. The first 

mode is the one that decays slower, hence is leading the dynamic. However, 

depending on the characteristics of the heat source the weight of each one of the 

eigenmodes will change leading to a different value of measured time constant. The 

value of 𝜏𝜏  given by the analytical solution is seen to match the value yielded by a 

Gaussian power distribution characterised with a 
2𝜎𝜎
𝐿𝐿
2  equal to 0.5. 
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Figure 3.6 Dependence of the thermal time constant from the width of the distribution. Either the circular a) 
or the square geometry follows the same trend. The dashed lines represent the value given by the analytical 
solutions. For the sake of clarity, the values are extended all over the horizontal axis. 

The dimension of the heat source plays a major role in determining the measured 

value of the thermal time constant in the experimental phase, hence in the 

extrapolated values of the thermal properties of the material. The trend in the time 

constant for the circular and the square geometry are shown in Figure 3.6. Despite a 

different relative trend, for both the circular and square geometry, the wider the 

laser spot, the faster the response will be. These findings are correlated with the 

value of the average temperature established in the membrane upon heat absorption. 

A narrower distribution leads to a higher average temperature in the membrane that 

is translated to a higher time constant. 
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3.6. Experimental Validation 
 

The model described in Equation 44 was validated by studying the transient signal 

of the mechanical resonance, when the membrane is undergoing periodic IR 

radiation as described elsewhere[66,69]. The IR light is mechanically chopped at an 

arbitrary frequency, and the frequency shifts are recorded in the same way as 

described in Paper II and III. For these experiments, 500µm wide membranes are 

used. The reason for this choice is that spot size the IR laser which has a diameter 

of 100µm which places the expected experimental value reasonably close to the 𝜏𝜏  

yielded by the fundamental mode. The value of the thermal diffusivity of the silicon 

nitride is drawn from Equation 2. For a composite structure, such as a coated 

membrane, the value of the thermal diffusivity D is: 

 𝐷𝐷 =
∑ ℎ𝑖𝑖𝑘𝑘𝑖𝑖

𝑁𝑁
𝑖𝑖=1

∑ ℎ𝑖𝑖𝑐𝑐𝑖𝑖
𝑛𝑛
𝐼𝐼=1

 (52) 

 

Figure 3.7 Transient curves and distribution of the thermal time constant for a 500µm wide membrane. a-b) 
Bare Silicon Nitride, c-d) PVP coated Silicon Nitride Membrane. 
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For a single layer structure, i.e. the bare Silicon Nitride membrane, it is possible to 

extract directly the thermal diffusivity of the material, which is seen to reasonably 

match the previously reported results[102] as shown in Table 3. 

The thermal diffusivity of a composite structure was evaluated for silicon nitride 

coated with poly(vinylpyrrolidone) (PVP) layer by applying the same experimental 

procedure with a thickness layer of 106nm and 110nm respectively. Due to the 

addition of a polymer layer, the thermal diffusivity of the structure. As reference 

value is used the value given by Equation 7 and adopting previously published 

results of thermal conductivity and heat capacity [103]. The error between the 

experimental thermal diffusivity and the reference thermal diffusivity equal to the 

10.5%. 

In order to decouple the two thermal diffusivities(of the polymer and the silicon 

nitride membrane), a calibration procedure has to be performed. The thermal time 

constant has to be evaluated for increasing thickness of polymer. A fitting of the 

estimated value thermal time constant as a function of the polymers thickness would 

be able to disclose the value of the polymer thermal diffusivity and further highlight 

possible thickness dependent effects, as previously reported for other material 

properties such as elastic modulus [48] and glass transition temperature [47].  

Table 4 Experimental and theoretical values of thermal diffusivities. 

Material 
Membrane 

Width Tau Experimental 
Diffusivity 

Reference 
Value 

µm ms m2/s m2/s 

SiN 500 8.85±0.05 1.40 e-6 1.3-1.7e-6 

SiN and 
PVP(100nm 

&110nm) 
500 12±0.05 1.05e-6 8.88e-7 
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3.7. Conclusions 

This chapter illustrates the accuracy of the analytical models describing the steady 

state and the transient description of the nanomechanical photothermal signal. The 

assumptions made in the analytical description of the model resulted in being 

reasonably correct considering the geometry of the membrane resonator studied in 

this thesis.  

The steady state model allows determining the resonance frequency shift upon heat 

absorption, this model was used in paper 2 and paper 3 to estimate the power 

absorption for a given relative frequency shift, and then the temperature of the 

membrane. Since photothermal spectroscopy is based on the recording of 

exothermal events, the knowledge of the magnitude of the temperature shift driven 

by the heat absorption is fundamental. In particular working at low pressure the 

temperature shift could be high, and in principle cause a phase transition in the 

material. 

The thermal transient is in principle described by a linear superposition of 

eigenmodes. The first mode is the one that decay slower hence it is dominating the 

description of the transient. Different initial conditions lead to a diverse 

superposition of the eigenmodes hence a different transient behaviour. The 

dependence of the laser spot size and beam width was investigated. Both the 

circular and the squared geometry reveal an inverse relationship with the beam 

width, reaching a plateau value for a width larger than the membrane size. 
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4. Materials and Methods 
 

This chapter provides the description of the process and the experimental 

approaches employed in this thesis. In particular, the fabrication processes related to 

the mechanical resonator used for performing biopolymer degradation studies and 

Nanomechanical infrared spectroscopy (NAM-IR). The working principles of the 

custom made Blu-Ray based device and of the NAM-IR setup are described. 

4.1.  Cleanroom Fabrication 
 

All the mechanical structures developed in this thesis were fabricated with standard 

cleanroom fabrication method. The fabrication phase took place in the cleanroom 

of DTU Danchip. 

4.1.1. Silicon Microbridges 
 

For performing biopolymer degradation studies(Paper 1) double clamped beams are 

developed. The starting substrate is Silicon on insulator wafer (SOI) with a device 

layer of 5µm. Conventional fabrication processes are used, and the fabrication 

parameters are optimised by a trial and error approach. Here we report the design, 

the process flow and the fabrication process scheme. 

4.1.1.1. Mask Design 
 

The fabrication of the microbridge structure is a two masks process (Figure 4.1). 

The first mask is needed to define the microbridge geometry and it is used to 

pattern the device layer of the wafer. The bulk removal of the Silicon is performed 

by anisotropic etching (KOH) upon patterning of the Silicon Nitride masking layer. 
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Figure 4.1 Microbridges front mask. a) wafer layout; b) 1000µm long and c) 750 µm long; d) 500µm long. All 
the structure employed in this thesis were 300 µm wide.  

 

4.1.1.2. Process Flow 
 

The microbridges process flow is reported in Figure 4.2, and the steps are 

summarised in Table 5. The process is split into three main steps: 

i) The patterning of the device layer Figure 4.2(a-e); 

ii) The creation of the sacrificial layer and patterning. Two layers of silicon 

oxide and silicon nitride are grown and deposited respectively. The goal 

of this step is to form a protective layer for the device layer during the 

bulk removing of the KOH and act as a mask for the KOH etching from 

the bottom side of the wafer (Figure 4.2f-h) 

iii) The removal of the sacrificial layer and the release of the free standing 

structures Figure 4.2 i-l 
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Figure 4.2 Process scheme of microbridge fabrication. For the sake of clarity in the scheme, it is represented the 
fabrication of a cantilever beam (single clamped) instead of a double clamped cantilever. The resist strip steps 
are omitted, and the same positive lithography is applied in step c and g. 

Table 5 Microbridges fabrication process flow. 

 

Mask Label
Step Equipment Notes Goal

Surface Pre-treatment HMDS oven 30 min Improve resist adhesion 
Phothoresist spinning SSE spinner AZ-5412E 1.5µm 

UV exposure 6'' Aligner 3.5 sec Positive lithography
Developer TMAH Developer 1 min remove the exposed pattern

Dryer Spin drier 1 min
Device layer dry etch Pegasus DRIE 55 sec Defining the resonator geometry

Phthoresist Strip Plasma Asher 30min
RCA cleaning RCA bath

Silicon Oxide Growth Furnace B1 200nm 

Silicon Nitride deposition Furnace E3 300nm

Surface Pre-treatment HMDS oven 30 min Improve resist adhesion 
Phothoresist spinning SSE spinner AZ-5412E 1.5µm 

UV exposure 6'' Aligner 3.5 sec Positive lithography
Developer TMAH Developer 1 min remove the exposed pattern

Dryer Spin drier 1 min
Device layer dry etch ICP Etcher 4min Etch rate 70nm/min measured

Phthoresist Strip Plasma Asher 30min
KOH wet etching KOH bath(1 or 3) 3.5h @80C Remove silicon

Silicon Nitride etch HPO3 etch 165C Remove the Sacrificial Silcon Nitride layer
Silicon Oxide etch HF bath

Dryer Ethanol fume dry

Calbrate the dep 
time accoridng to 
the last dep rate 

Microbridge process flow: Author Andrea Casci Ceccacci
Bridge front& Bridge Back

Lithography 
front side 

Sacrifical layer 

Lithography 
back side 

Device Release
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Figure 4.3 Optical microscope images of the microbridge fabricated during this thesis. Scalebar 300µm 
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4.1.2.  Membranes  
 

Low-stress Silicon Nitride membranes are fabricated for NAM-IR spectroscopy 
application. 

4.1.2.1. Mask design 
 

The fabrication of silicon nitride membrane is rather straightforward. It is a single 
mask process. On a single chip 1cmx1cm, there have been located two pairs of 
square membrane resonators sized 1mm and 500µm respectively.  

 

 
Figure 4.4 Mask design of the membrane chip used in this thesis. a) Wafer layout and b) single chip.1000µm2 

membrane and 500µm2 membrane were fabricated. 

 

4.1.2.2. Process Flow 
 

The process scheme is similar what has been shown in Section 4.1.1.2 for 

microbridges resonators. Here, the starting substrate is a double polished silicon 

wafer, and only one lithography step is necessary to define the membrane geometry. 

The process flow is reported in Table 6 and the process scheme is indicated in 

Figure 4.5. The final results of a Silicon wafer for obtaining the membrane 

resonator is showed in Figure 4.6 
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Figure 4.5 Process Scheme of Membrane resonator fabrication. HMDS surface treatment prior to c is omitted 
and resist strip before step g is omitted 

Table 6 Membrane Fabrication process. 
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Process flow Author: Andrea Casci Ceccacci
Mask: Membrane front, BF KOH,DF

Step Equipment Notes Goal
Wafer Selection

Device layer Low stress silicon Nitride LPCVD furnace B1 20 min dep time 100nm

Surface Pre-treatment HMDS oven 30 min Improve resist adhesion 
Phothoresist spinning SSE spinner AZ-5412E, 1 min bake 90 C 1.5µm 

UV exposure 6'' Aligner 3.5 sec Positive lithography
Developer TMAH Developer 1 min remove the exposed pattern

Dryer Spin drier 1 min
Backside SiN Etch ICP 2 min open areas for KOH etching
Phthoresist Strip Plasma Asher 30min
Silicon wet etch KOH bath 3.5h Define membrane clamping points 

Silicon Nitride wet etch HF bath 10 min Removal of the sacrifical layer
Dryer Ethanol fume dry Drying of the wafers at low vapour pressure

Lithography 
Backside 

Release of the device

No wafer pretreatement needed

Plasma enanched 
chemical deposition

PECVD 2 8 min, Front side 500nmSacrifical layer 
Deposition



 
Figure 4.6 Outcome of the fabrication process for Silicon Nitride Membrane. Complete wafer, yield close to 
100% and single 1000µm squared membrane. Scalebar 200µm. 
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4.2. Structure functionalization 
4.2.1. Spray coating 

 

Microbridges are functionalized using spray coating Figure 4.7. An extensive 

description of the role of the experimental parameters involved is intensely studied 

in [55]. From a general point of view, a spray coating process includes: i) the 

atomization of the coating solution in the nozzle, where minute droplets are 

formed, ii) the deposition of the atomised droplets on the substrate, iii) and finally 

the coalescence of the droplets upon solvent evaporation. The nozzle is actuated 

ultrasonically, and it causes the atomization of small droplets in the micrometer 

size. A Nitrogen flow is used to focus the atomised solution on the target sprayed 

surface. 

 
Figure 4.7: a: Scheme of a spray coater nozzle. Adapted from [104]; b) 1000µm long 300 µm wide microbridge 
coated with PLGA dissolved in DCM 0.5%. Scalebar 300 µm. 
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4.2.2. Spin Coating 
 

 

Figure 4.8 Standard operating procedure for spin coating. The solution is applied on the substrate which makes 
rotate. Adapted from [105] 
Another sample preparation method used for deposit a polymer layer onto the 

sensor is spin coating. A standard operating procedure for spin coating is shown in 

Figure 4.8. Spin coating is widely applied in the semiconductor fabrication process 

to form a photoresist layer. In this thesis, spin coating is used to form a 

poly(vinylpyrrolidone) (PVP) film on membrane resonator device. Spin coating 

particularly fit the purposes of this study as it allows forming a thin uniform 

polymer film. On the contrary, besides being a high throughput method for creating 

thin polymer layer, it does not fit the functionalization of microbridge chips. The 

working principle of spin coating is rather simple. The solution that has to be 

deposited on the substrate is cast on the target surface. The substrates are put into 

rotation at a certain speed, and the centrifugal force spreads the polymer on the 

substrate. The thinning of the film takes pace in two different stages. The first one 

is caused by the only radial outflow of the excess solution. In this stage, the 

evaporation of the solvent is neglected. Subsequently [106], the evaporation rate 

reaches a stable value, and the film can be considered as immobile, the thinning of 

the film is due primarily to the solvent evaporation.  
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4.3. Thickness Measurement 
 

Regardless of the method used for depositing the biopolymer layer on the sensor the 

knowledge of the thickness is a fundamental parameter for calibrating the sensing 

performances of the nanomechanical sensor. In this thesis, two methods are used to 

characterise the thickness of the deposited polymer layer: profilometry and 

ellipsometry. 

4.3.1. Profilometry 
 

A diamond stylus (Figure 4.9a) approach first the analysed surface once the surface is 

reached the tip is moved laterally across the sample the output variable is the surface 

height as a function of the stylus position, i.e., the scan length. The range of the 

measurable thicknesses ranges from 10nm up to 1mm.The vertical tip displacement 

represents the height of the surface. A profilometer curve is showed in Figure 4.9b 

 

Figure 4.9. Profilometer Scheme and a typical curve. a) Scheme of a stylus profiler adapted from [107]. b) An 
example of profilometer raw data. Here, the thickness of a membrane chip coated with a thin layer of PVP. 
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4.3.2. Ellipsometry 
 

Ellipsometry is a non-destructive measurement method where the information 

about the thickness and the refractive index of the layer can be obtained. 

Ellipsometry detection scheme is represented in Figure 4.10. Ellipsometry assesses 

the thickness of the layer indirectly by measuring the changes in the polarisation of 

an incident light upon reflection of the target surface. The principle of 

measurement, in fact, stands on the difference in the polarisation of the light once it 

has been reflected on the target surface. This method particularly fits for very thin 

layer, being the minimum measurable thickness in the order of tens of angstrom. 

Differently from the profilometer, an apriori knowledge of the optical property of 

the substrate layer is needed. The obtained thickness will be in fact the results of a 

fitting. 

 

Figure 4.10 Schematic representation of the spectroscopic Ellipsometry. Adapted from [108]  
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4.4. Readout Integration 
 

In this section, the principles and the building blocks of the optical detection based 

on a commercial Blu-Ray pickup head unit are presented. The section further 

includes the description of the integration of an astigmatic detection scheme onto 

automated systems aimed to characterise the frequency response of the 

micromechanical resonators. 

4.4.1. The Blu-Ray pickup head unit (PUH) 
 

The readout of the frequency response is performed optically, by integrating a 

readout based on a Blu-Ray ® technology. 

 

Figure 4.11 Blu-ray Pickup head unit. 

The Blu-Ray pickup head unit (PUH) is illustrated in Figure 4.11. It consists of a 

semiconductor laser emitting diode at three wavelengths, 405nm, 605nm and 

780nm8; a lens system needed for driving the laser beam, grating, polarisation beam 

splitter, 𝜆𝜆
4 plate and a voice coil motor. The optical and electrical component 

embedded inside the OPU are designed to work at very high frequency as they have 

to be capable to handle data stream in the order of GHz. This makes the OPU the 

8 Blu-Ray OPU integrate also the lasers related to the previous generation of OPU, being those the 
one available in DVD/CD-ROM based technologies  
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ideal candidate for the integration of an automated readout for micromechanical 

sensor. The integration of the PUH in the readout system is presented in Figure 

4.13. 

4.4.1.1. The Voice Coil Motor (VCM) 
 

The distance between the reflective surface and the objective lens can be finely 

calibrated by the VCM embedded in the PUH. The VCM Figure 4.12 uses a 

permanent magnetic field and a coil producing a force proportional to the current 

applied to the coil. The electromechanical conversion is generated by the Lorentz 

force principle, according to which, if a conductor material which is carrying a 

current is located in a magnetic field force will act on it. During the conventional 

operation (i.e. a readout of the Blu-Ray or DVD) the PUH detects changes in the 

distance between the refractive surface and OPU. The generated focus error signal 

(FE) signal is used to evaluate the current necessary to drive the VCM such that the 

focal point will be on the reflective surface, the disc. 

The VCM can move along the x and z-direction, within 1mm range and a 

resolution of tens of nm. The capability of moving in the z-direction has been used 

for performing the autofocusing function as described in Section 4.5.1. 

 

Figure 4.12 Voice coil motor, adapted from[109] 
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4.4.2. Astigmatic Detection 
 

An optical system which is not symmetric relatively to the optical axis is defined 

astigmatic. In cylindrical lenses, the optical system is designed to be not symmetric 

as in the case of DVD or Blu-Ray PUH. An astigmatic optical detection scheme is 

presented in Figure 4.13, which matches with the detection scheme embedded in 

the Blu-Ray PUH. The laser light is focused onto a reflecting surface, i.e., the 

silicon microbridges. The reflected laser light passes through a polarising beam 

splitter, and an astigmatic lens, finally the reflected light impinges the four 

quadrants photodetector (PIDC). The four element of the PIDC is equipped with a 

current preamplifier. The PDIC output signal is named as Focus Error Signal 

(FES) is defined as: 

 FES=(SA+Sc)-(SB+SD) (53) 

 

When the laser spot is perfectly focused on the object surface the FES =0 (Figure 

4.14). If the incident light is not focused on the surface the shape of the laser spot 

on the PIDC is distorted, and the FES signal differs from 0.The shape change of 

the laser spot in the PIDC sensor corresponds to a specific value of FES. 

 
Figure 4.13 Astigmatic detection scheme. Adapted from[83] 
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Figure 4.14 Focus Error Signal. Adapted from [83] 

It is evident how a specific position of the measured object is univocally transduced 

in terms of FES value. The linear working range depends on the characteristics of 

the optical lens as well as by the wavelength of the laser beam. The objective lens 

used in this thesis for both the system has a numerical aperture NA= 0.6. Under 

these conditions, the linear range corresponds to about 6µm; the working distance is 

1.2-1.4mm. 
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4.4.3. Integration of the Blu-Ray based readout 
 

The Blu-Ray pickup head unit is integrated into custom made systems9 aimed to 

provide a (semi)-automatic characterization of the frequency response of the 

microbridge structures. The final goal of these systems is to provide a device that 

can improve the experimental condition as well as the throughput of 

micromechanical-based biopolymer degradation experiments as previously described 

by Bose and co-workers [44]. A biopolymer degradation study based on system v1 

is described in Paper 1.  

Regardless of the system version, the measurement routine relies on the following 

steps: 

i) installation of the microfluidic cartridge in the chip holder; 

ii) alignment of the OPU with the microbridges array; 

iii) actuation of the piezoelectric crystal and measurement of the frequency 

response. 

 

4.4.3.1. System V1 
 

The purpose of this system is to provide a device able to:  

 

i) recognise the position of microbridges resonator, 

ii) performing autofocus of the probing light on the microresonator surface; 

iii) automatically records the frequency response of micromechanical 

resonators. 

 

9The systems (V1 and V2) design and manufacturing was done by En-Te Hwu, Academia Sinica Taiwan. The 
control software were developed by Ching Hsu-Chen Acadamia Sinica, Taiwan. The microfluidic cartridge 
used in system V1 was designed and developed by Lidia Morelli, PhD student DTU Nanotech 
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The height of the chip holder is regulated by adjusting the position of 4 screws that 

provide the chip holder with 6 degrees of freedom (translation and rotation along 

the main axes) Figure 4.15a. The chip height is manually regulated by the user, and 

the PUH microbridge distance is adjusted in such a way that all microbridges will 

be roughly in the linear range allowing the detection of the position. The fine 

adjustment of the focus is then handled by the measurement routine where the 

central position of the S-curve is found, and the measurement is performed. 

In the first version of the system a single microbridge array chip is embedded in a 

microfluidic cartridge (Figure 4.16) which is installed in the chip holder that is kept 

tight by four screws avoiding any slippery motion of the cartridge. 

The microfluidic chip is composed of three PMMA plate(Figure 4.16), bonded 

together with the microfluidic double sided tape which has also been used to bond 

the microresonator on the bottom plate. 

 

Figure 4.15 First generation of the system measurement: a) system and chip holder, b) detection scheme based 
on the Blu-ray pickup head unit; c) system in action. The position of the PUH can be monitored in real time by 
an external USB microscope. 
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Figure 4.16 Microfluidic device used in Paper 1. the three layer of PMMA are cut by CO2 laser cutting.The 
microfluidic channels are embedded in the PSA tape bonding the middle and the top plate. The microfluidic 
access is provided on the top plate, and tubings are sealed with cured PDMS. 

 

4.4.3.2. System V2 
 

The System V2 aimed to improve the throughput of the measurement. To pursue 

this goal, the chip holder (Figure 4.17a) is equipped with a stepper motor providing 

motion in the y direction. In this way measurements are possible in the x-y plane, 

allowing to locate and measure multiple arrays of bridges. In the light of this, in the 

microfluidic cartridge was modified up to three microbridges array can be installed. 

The width of the microfluidic chamber was modified to match the width of the 

microbridge array Figure 4.17b-c reducing possible tilting of the microbridge sensor 

in in the x-y plane. 
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Figure 4.17. System v2 a) Design of the system V2; b) implementation of multiple microbridges chips in the 
same microfluidic device; c) close up. For the sake of clarity, the top plate of the microfluidic device has not 
been installed. 
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4.5. Algorithms for tracking microbridges position 
 

During the tracking phase, the PUH moves along the x direction as shown in 

Figure 4.17b-c a predefined amount of time and the FES is recorded.  

The BR-PHU scans the microbridge arrays and records the FES (Figure 4.18). 

When the light is reflected a step change in the FES is recorded. The absolute value 

of the signal is evaluated, and an edge detection is performed on the recorded 

signal. Once the value overcomes an internal threshold, the central point of the 

bridge is found, and the bridge position is saved. The procedure iterate until all the 

bridges have been found. 

In its first implementation (Figure 4.18a) the distance between the PUH is kept 

fixed throughout the whole phase, and it is determined by the manual adjustment 

performed through the screws. It is essential that all the bridges be well aligned in 

the x-z plane to have a working distance such that the profile of the bridge can be 

univocally identified. For instance, as reported in Figure 4.18b the first bridges are 

well identified instead the last ones are slightly above the SNR level. 
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Figure 4.18 First implementation of the bridge localisation algorithm. The FE signal is acquired for a singular 
working distance, defined during the manual alignment phase. 

To improve the experimental conditions and to reduce the number of operation 

requested by the user, a new tracking algorithm is developed. The FES is acquired 

for subsequent VCM position allowing the FES signal to be recorded at a different 

working distance (Figure 4.19). Moreover, at each iteration, the recorded FE signal 

is evaluated and summed with the already recorded one. Once the cumulative sum 

overcomes a threshold value, defined by the user the bridges are localised and 

identified. This implementation drastically reduces the number of operation needed 

by the user to operate and provide a more stable and robust device. 
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Figure 4.19 Bridge localisation algorithm V2. The PUH is moved within a predefined number of VCM 
position, and the FE signals are recorded accordingly. Once the cumulative sum of the FE signal overcome a 
certain threshold, the bridge is identified, and its position saved. 
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4.5.1. Auto Focusing 
 

After the localisation of the bridges in the array, the system steps into the 

measurement phase. Before actuating the piezoelectric crystal, the software needs to 

identify the best working distance in such a way that the measurement will take 

place with a perfectly focused spot. To do so, the VCM is actuated, and the S-curve 

recorded. The central part of the S-curve is identified(Figure 4.20), saved and used 

for the next measurement. Finally, after the localisation of the focal point, the piezo 

crystal is actuated, and the mechanical spectra are recorded. 

 

Figure 4.20 Focus error signal recorded on one bridge before the frequency response acquisition. The VCM 
coil motor is actuated, and the FES acquired. The central spot of the FES is used as a focal point to perform the 
measurement. 
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4.6. Nanomechanical Infrared Spectroscopy Setup 
 

The goal of this section is to describe the setup and the acquisition parameters used 

for photothermal spectroscopy through nanomechanical sensor henceforth called 

(NAM-IR). The components of the acquisition chain are described. All the main 

component of the Nam-IR setup are shown in Figure 4.21. 

 

Figure 4.21.The NAM –IR setup. The IR laser is produced by a Quantum Cascade Laser, QCL block 
engineering. The light can be mechanically chopped, providing a periodic thermal excitation. The path light is 
deviated on the membrane resonator by an off-axis parabolic mirror that collimates the laser light on a spot of 
diameter 100 µm. The membrane chip is placed into a customs mated vacuum chamber holder providing 
electrical access for the actuation of the piezoelectric crystal. 

The membrane resonator is placed in a custom made vacuum chamber, which 

provides optical access from the top, where the readout laser for the laser Doppler 

Vibrometer can probe the membrane motion and from the bottom, where the IR 

light is shined through a KBr window. The chamber provides an electrical 

connection for the actuation of a piezoelectric crystal. The low vacuum (LV) regime 

is provided by a conventional pump that can reach 1 mbar. Instead, the high 

vacuum (HV) regime is provided by a turbo pump that allows reaching the 10-
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5mbar. The possibility to run experiments at two different pressures allow 

investigating the phenomena involved in the generation of the mechanical 

photothermal signal. 

4.6.1. Characterization Of The Quantum Cascade 
Infrared Laser Source 

 

Quantum cascade lasers (QCLs) were developed at the Bell Laboratories in 

1994[110]. They are semiconductor based apparatus able of emitting a photon from 

the mid-infrared to the far-infrared portion of the spectrum. A QCL substantially 

differs from diode lasers. The latter can emit photons in the process of electron-hole 

recombination where a single photon is involved resulting in a wavelength that 

exclusively depends on the band gap about the combination of the material used. 

Quantum Cascade Lasers consist of sandwich structures of semiconductor 

materials. These sandwich structures are organised to form regions of local minima 

of potential energy commonly known as quantum energy well that limit the 

electrons in a precise energy state. When the electrons, driven by an externally 

applied voltage moves through subsequent energy barriers (Figure 4.23), which are 

characterised by a specific energy, the electron transition from one valence band to 

the lower one yield in a photon emission. The sandwich structure above described, 

is designed such that they can emit a particular wavelength. The emitted 

wavelength depends on mostly on the structure rather than the constituting 

material, allowing fabricating devices that emit up to 25 µm. 
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Figure 4.22. Schematic working principle of the QCL.Adapted from[110]. 

A quantum cascade laser source (QCLs) block was used for all the experiment done 

during this thesis. The wavelength interval that such device can provide ranges from 

768cm-1 to 1953cm-1, providing a non-constant power spectrum (see Figure 4.23). 

The laser is operated in a pulsed mode, and therefore the output power can be 

modulated throughout the modification of the duty cycle. The output power of the 

QCL (Block-Engineering) laser source is quantified using a thermal power sensor 

for different duty-cycle settings. 

 

 

Figure 4.23 Power spectrum of the QCL. a) the DC was set at 1% (to= 100ns T= 1µs) step size 1cm-1 constant 
throughout all the power range used; b) DC set at 0.3-4% step size 10cm-1. 

The output power is non-linear throughout the portion of the electromagnetic 

spectrum. In the region 1400-1800cm-1, several local minima characterise output 

b) a) 
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which are inevitably reflected in the recorded signal during the spectroscopy 

application. This may cause that some of the spectral features of a particular analyte 

will not be sensed.  

In the perspective to obtain a quantitative analysis through Nanomechanical 

infrared spectroscopy an accurate characterization of the laser source is done. A 

relation that describes the duty cycle and the output power of the IR source are 

needed therefore a general procedure for obtaining such relation is described. 

The output power seems to reach a saturation level after a DC of 4%. The use of 

higher duty cycle causes an overheating of the device and the control software 

automatically switch off the emission. 

The same trend is noticed either with the membrane photothermal sensor or with 

the thermal power meter. The normalised curves are shown in Figure 4.24c for the 

frequency of 1850 cm-1. The fitted curves are described by parameters having 

reasonable same values Table 7. Consider such similarity the law describing the 

relation between the duty cycle and the output power is assumed to be the same 

throughout the entire possible wavelength ranged by the QCL.  
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Figure 4.24 QCL power as function of duty cycle. Different output wavelength are different duty cycle values: 
a) measured through membrane photothermal sensor; b) measured through the optical based power meter; c) 
comparison of the normalised signal obtained from the thermal power source and the membrane photothermal 
sensor. 
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Table 7 Values of the fitted parameter describing the second order polynomial expression that the relationship 
between the normalised output power and the duty-cycle  

Frequency 

(cm-1) 

Fitted 

parameter p1 

Fitted 

parameter p2 

Fitted 

parameter p3 

866 -0.0398 0.4078 0.0468 

1850 -0.0238 0.3158 0.0194 

1500 -0.0386 0.3934 0.0079 

1266 -0.0265 0.3366 0.0240 

 

4.6.2. The measurement acquisition chain 
 

The acquisition of the spectra by NAM-IR is a time-varying process; the resonance 

frequency shift can be written as: 

 δf (t)=f�ωIR(t)� (54) 

 

Figure 4.25 Block Diagram of the acquisition chain of the NAM-IR setup. 

The QCL sweeps a certain interval of wavelengths by quantizing the wavelength 

range in a discrete manner. A certain wavelength 𝜔𝜔𝑖𝑖 is kept as output for a certain 

dwell time 𝑡𝑡0, therefore the time needed for sweep across a wavelength range ∆𝜔𝜔 is 

𝑇𝑇 = 𝑡𝑡0 ∗ ∆𝜔𝜔.The measurement of the photothermal signal matches with the 

measurement of a thermal process, commonly described by a time constant. As 

described in chapter 4 and Paper 1, the membrane time constant regulates the 

minimum amount of time (dwell time, 𝑡𝑡0) that a single IR frequency has to be 

activated for being properly recorded by the membrane resonator. Furthermore, the 

integration time of the PLL has to be set according to the response of time of the 

membrane.   
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4.6.2.1. The Phase locked loop (PLL) 
 

All the frequency shifts are recorded through a phase locked loop detection 

scheme(Figure 4.26). Although it is not the goal of this project investigating on the 

capabilities of such device, it is noteworthy to introduce its working principle and 

the settings parameters as they have a fundamental role in determining the outcome 

of recorded signal in terms of time responsivity and noise. 

The phase locked loop was introduced in the field of telecommunication as key 

component of frequency (de) modulation transmission based technology. In its 

broad definition, a phase locked loop is a closed control system that provides a 

signal that is proportional to the phase difference between the phase of the 

reference signal and the phase of the system under study (SOS).  

A reference signal, generally a sine wave is internally produced and multiplied to the 

signal of the SOS hence the phases of these two signal are compared and used as 

input of a PID block which controls a voltage controlled oscillator (VCO) such that 

its output will have the same frequency of the entry signal. During a measurement, 

the reference signal is set at the resonance of the (SOS) hence, in the absence any 

source that can deviate the resonance frequency for the set value; the VCO will 

oscillate at the same frequency of the SOS. As the signal input is varying the PID 

will regulate the output of the VCO such that to minimise the error. 

 

Figure 4.26 Block diagram of the PLL. The phase for the reference signal is compared to one of the input 
signals. The PID controls the open loop gain, providing a signal that will pilot the Voltage-controlled 
Oscillator that will finally pilot the piezoelectric crystal with the same frequency and phase of the input signal. 
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4.6.2.1.1. Influence of the PLL Bandwidth on NAM-
IR spectra 

 

The PLL bandwidth is by far the most important parameter that determines the 

time responsivity of the detection scheme and the gain of the PID control. A 

smaller bandwidth cut out value determines a higher Signal to noise ratio (SNR) 

which come at the cost of a slower system (higher value of integration time), on the 

contrary, a higher bandwidth allows following faster changes of the input signal 

decreasing the quality of the signal in terms of SNR [111]. 

 

Figure 4.27 Effect of the Phase detector bandwidth on the recording. The cross-correlation function b) has 
been used to see if between two different PLL settings would influence the phase of the signal. The main effect 
depending on the settings is due to the low-pass filter effect that a lower bandwidth has on the recordings. 

In the present work, the choice of the right bandwidth value revealed to be 

fundamental to maximise the SNR.  

c) 

a) b) 

d) 
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In Figure 4.27 is represented the difference of the NAM-IR spectra recorded at 200 

Hz and 500 Hz PLL bandwidth for a 20nm PVP coated membrane. 200 Hz 

provides a higher integration time which does not comply with the speed of 

frequency shift transitions taking place upon heat absorption. The two recordings 

are perfectly aligned, and the cross-correlation function has the maximum at 0 

meaning that the NAM-IR shifts are recorded without significant lags. The effect 

of the lower value of bandwidth can be seen in Figure 3c-d where the spectra 

recorded with 200Hz bandwidth resulted in being low pass filtered. If the time 

constant of the PLL is not set at least smaller than the time constant of the analysed 

phenomenon, this will not be recorded properly.  

For photothermal resonance spectroscopy application, the PLL bandwidth has to be 

chosen to match the thermal time constant of the membrane sensor. In this work 

for all the spectra recorded the bandwidth was set at least to 500Hz which provides 

an integration time smaller than the thermal time constant of the membrane 

resonator. Finally, the sampling frequency of the A/D converter has to fulfil the 

Nyquist-Shannon theorem and therefore has to be set at least two times the highest 

frequency component and in the experiment was performed at 3600 sample/sec. 

  

80 
 



4.7. Polymer Solution Preparation 
 

The polymer used in the paper were: poly(lactic-co-glycolic acid) PLGA and 

poly(vinylpyrrolidone) PVP, both obtained and used as received from Sigma-

Aldrich. 

For polymer degradation studies PLGA(Mw=16kDa) was used, and it was 

dissolved in dichloromethane (DCM, 99% HPLC grade Sigma-Aldrich) dissolved 

in 0.5% wt. and stirred overnight before being sprayed.  

For NAM-IR, experiments were focused on the study of PVP. Membranes were 

coated with poly(vinylpyrrolidone). In this case, the polymer was dissolved in a 

mixture of water and hydrogen peroxide (H2O2:H2O 30% wv.) in different 

concentrations: 1%wt. and 5% wt. For performing the experiments reported in 

paper 2 and paper 3. However, for performing the crosslinking experiments the of 

paper 3 the polymer concentration was lowered to 0.1%wt to deposit few 

nanograms of material on the membrane resonator by direct drop casting. 
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5. Summary of Papers 
 

Paper 1 

The working principle of the first version of the Blu-Ray based system for 

characterising the enzymatic degradation of PLGA is presented. In this paper, an 

improved methodology of biopolymer degradation studies by micromechanical 

resonator is shown. The following elements were combined: i)double clamped 

microbeams as mass sensor, ii) a microfluidic setup where the degradation 

environment can be easily simulated, and iii) a readout based on a Blu-Ray device 

which can be easily programmed to perform measurement in an automatic fashion.  

Paper 2 

This paper shows the working principle of a micromechanical membrane as 

photothermal sensor. The sensing capabilities of the sensor were characterised 

studying the photothermal response of membranes coated by thin layer of PVP 

prepared by spin coating. The behaviour of the nanomechanical photothermal 

signal is studied in high vacuum and low vacuum showing what effect that the 

atmosphere has on the overall acquisition of the NAM-IR spectra. NAM-IR 

spectra were recorded on different polymer thicknesses. The achieved Signal to 

Noise Ratio is compared to the one obtained by conventional ATR-FTIR 

spectroscopy on similar samples. Membrane-based NAM-IR spectroscopy provides 

on a single acquisition an SNR 43 time higher than the conventional ATR. The 

extracted limit of detection for membrane resonator is in the attomolar range 

indicating that the analysis of single molecule layer is possible. 

Paper 3 

In this paper, we want to highlight how an analysis based on membrane 

photothermal resonators facilitates the study of the modification of chemical 

properties of thin polymer layer. The linearity of the photothermal response across 
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two orders of magnitude of polymer coating is showed. The evaluation of the 

responsivity curve as function of the deposited polymer thickness obtained by spin 

coating, serves as calibration tool for estimate the deposited thickness by other 

methods such as drop casting. Films of PVP obtained by drop casting are 

crosslinked by UV. In the paper is also analysed the phenomena of photooxidation 

that occurs simultaneously to the gelification. Membrane photothermal sensor 

allowed featuring the gelification process on picogram quantity of PVP. 
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6. Conclusions 
In this thesis, the goal was to develop technologies to facilitate biopolymer 

characterization. This was accomplished by working on two different tasks. 

i) The development of a Blu-Ray based device to perform biopolymer 

degradation studies using micromechanical resonators. 

ii) The design, modelling and optimisation of a mechanical based 

photothermal sensor. 

Two generation of a semi-automatic system for measuring the biopolymer 

degradation were developed. In this framework, silicon microbridges were designed 

and fabricated. Microbridges have shown a reasonably good mass sensing 

performance, and have been used to monitor the biopolymer degradation. The 

measured limit of detection was ∆𝑚𝑚 = 0.09 µ𝑔𝑔 𝑚𝑚𝑚𝑚−2, which enables to describes 

the biopolymer degradation phenomena, considering the biopolymer density of 1-5 

𝜇𝜇𝜇𝜇𝜇𝜇𝜇𝜇−2. In water environment the limit of detection was ∆𝑚𝑚 = 3.34 µ𝑔𝑔 𝑚𝑚𝑚𝑚−2 

of bridges hindering their use for a real-time monitoring of the biopolymer 

degradation phenomena. In order to overcome this limitation a wet and dry 

approach has been used. The first generation of the system (system V1) has been 

used to characterize the enzymatic degradation of poly-lactide-co-glicolyde 

(PLGA). The enzymatic degradation rate obtained in this work was 25µgcm-2h-1 

comparable to the one obtained under similar environmental conditions with a 

conventional approach. Looking at these results from a statistical point of view, the 

ratio of analysed samples vs total experimental time is 3 orders of magnitude higher 

compared to the conventional studies. These results were summarized in paper 1. 

The second version of the system (systemV2) aims to improve the throughput of 

the measurements. Compared to the first version, system V2 can perform 

measurements on two axes, allowing to increase the throughput of degradation 

analysis. Moreover, system V2 aims to reduce the interaction of the user. The 

robustness of the controlling algorithms is improved. In particular, the initialization 
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routines of the measurement sequence: autofocus and tracking of the position of the 

microresonator have been improved.  

 Relatively to the second task of this project, micromechanical sensors have also 

been designed and developed to perform nanomechanical based photothermal 

spectroscopy (NAM-IR). 

The use of a 2D resonator as photothermal sensor is new. Membrane resonators 

have shown to have several experimental advantages compared to strings. First of all 

is the simplicity and robustness of the sample preparation on the membrane. 

Membrane resonators can be easily functionalized by spin coating or drop casting, 

instead of bulky spray coating or aerosol system which would have been used for 

string based photothermal analyses. 

The nanomechanical photothermal signal has been modelled both analytically and 

using finite element simulations. The goal was to understand the effects that the 

experimental variables have on the generation of the photothermal signal. In 

particular, an accurate knowledge of the transient allowed us to correctly couple the 

dynamics of the IR source with the acquisition parameters. Thanks to the 

modelling, the absorbed incident power, but more importantly, the temperature 

field reached in the membrane for any single power absorption was calculated. The 

incredibly high SNR (307) obtained on a 20nm thick layer of poly(vinylpyrrolidone) 

indicates that obtaining the IR fingerprint of single molecule layer is within reach. 

The high sensitivity was exploited to characterise the crosslinking mechanism of the 

picomolar quantity of poly(vinylpyrrolidone), biopolymer for pharmaceutical 

applications. 

Finally, a proof of concept of the potential of the photothermal response was used 

to evaluate the thermal diffusivity of the silicon nitride and of the bilayer polymer-

silicon nitride. These results are seen to reasonably match the values of the thermal 

diffusivity reported previously reported in literature. 
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6.1. Outlook 

The semi-automated system that was used to characterise the biopolymer 

degradation can be easily used for measuring other pharmaceutical relevant physical 

phenomena. For instance, the concept of degradation study can be expanded by 

exploring the dissolution of drug-polymer mixtures and further characterise the 

effect of drug on the degradation of a polymer matrix.  

Microbridges structures can be optimised to work in liquid environment aiming to 

perform real-time degradation studies. To accomplish this goal, the design has to 

take into account that the structure should have a high resonance frequency and a 

wide cross section to minimise the energy losses.  

The development of the photothermal studies performed in this work concerns the 

possibility of integrating the readout[79], eliminating the need for expensive and 

bulky readout technology such as the Laser-Doppler Vibrometer used in this thesis. 

One of the hidden advantages of the NAM-IR technique is that the signal can be 

obtained by impinging the sensor at any angle and with any polarisation. Applying 

these concepts and considering the limit of detection demonstrated in Paper 2 a 

potential application of photothermal spectroscopy is the analysis of the chemical 

structure of self-assembly monolayers.  

The studies presented in Paper 3 can be implemented on hollow structures, which 

would enable the real-time monitoring of crosslinking of polymer. Indeed, the 

gelification induces changes in the polymer solution whose rheological properties 

transit from a purely viscous to a viscoelastic solid. Such modification in a polymer-

filled hollow structure would be reflected as changes in the Q.  

Mechanical resonators have shown to be able to work as a thermal characterising 

tool for polymers [56,57,112]. The creation of a setup able to perform a 

temperature dependent photothermal spectroscopy would enable the disclosure of 

properties of materials in the form of thin films, while they undergo a multitude of 

relevant thermal events, such as glass and phase transitions. This technique is going 
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to contribute more and more to the lively debate in the scientific community around 

this important topic [47,113]. 
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a  b  s  t  r  a  c  t

Degradable  biopolymers  are  used  as carrier  materials  in  drug  delivery  devices.  A complete  understanding
of  their  degradation  behaviour  is thus  crucial  in  the  design  of  new  delivery  systems.  Here  we  combine  a
reliable  method,  based  on  spray  coated  micromechanical  resonators  and  a disposable  microfluidic  chip,
to  characterize  biopolymer  degradation  under  the  action  of enzymes  in  controlled  flow  condition.  The
sensing  platform  is based  on  the  mechanics  and  optics  from  a Blu-Ray  player,  which  automatically  localize
individual  sensors  within  the  array,  and  sequentially  measure  and  record  the  resonance  frequency  of  up
to twelve  resonators  within  4 min.  Such  fast  and  automated  measuring  technology,  combined  with  the
use  of  thin  polymers  layers  in the  degradation  experiments,  allows  to reduce  the  experimental  time
needed  for degradation  studies  from  6  weeks  to 8 h. We  first present  a  full  characterization  of  sensor
properties  and  then  perform  degradation  studies  of  poly(lactic-co-glycolic  acid)  (PLGA)  in steady  flow
for three  different  enzyme  concentrations.  The  degradation  has  been  performed  in  liquid  environment.
Before  each  resonator  measurement,  the  measuring  chamber  has  been  automatically  dried,  since  the
resonator  characteristics  are  much  approved  when  measuring  in  air compared  to  liquid.  The  obtained
degradation  profiles  are  comparable  to  profiles  obtained  by  conventional  approaches,  which  have  shown
to require  up  to  6 weeks  of  experimental  time  frame.

© 2016  Elsevier  B.V.  All  rights  reserved.

1. Introduction

The biopolymer PLGA, poly(lactic-co-glycolic acid) plays a cru-
cial role in biomedical research. PLGA has been FDA approved and
is being used in a wide range of biomedical applications such
as: grafts, sutures, micro and nanoparticles, and scaffold mate-
rial for tissue engineering applications [1]. PLGA has also been
used in commercially available drug delivery devices for treating
prostate cancer (Lupron Depot®) and type-2 diabetes (Byclureon®)
[1]. Monitoring mechanical and degradation properties of the
biopolymer matrix is crucial in the development of drug delivery
devices. PLGA undergoes degradation by a hydrolysis where water
attacks the ester bonds present in the PLGA backbone, a reaction
which is catalysed in the presence of acid, alkali, salt and specific
enzymes [2]. Conventional degradation studies [3] have required
large amount of material, which results in expensive and time

∗ Corresponding author.
E-mail address: ancace@nanotech.dtu.dk (A.C. Ceccacci).

consuming degradation experiments (days to weeks [3]) limiting
experimental throughput and thereby also the statistical signifi-
cance of the obtained results. These studies are often performed at
high temperature or high/low value of pH [4], in order to acceler-
ate the experimental time frame. Such methods do not comply with
demand of high throughput and with the often limited availability
of material in the formulation phase. Polymer degradation stud-
ies on sub-micrometer thick polymer layers have been performed
using QCM [5] and SPR [6]. Although the QCM approach has allowed
a time effective analysis, it has shown some limitations: i) mea-
surements are limited to the thin film regime [5,7,8], ii) thin film
properties often differs from the bulk properties [9] and iii) mea-
surements are to be performed onto high homogeneous layer [10].
Micromechanical resonators have already shown their potential as
sensors for temperature [11], biomarker detection [12] and mate-
rial characterization [13–16]. Recently, studies on the behaviour
of micrometer-sized thin film biopolymers have been performed
[17–19] through the monitoring of the resonance frequency of
spray-coated micromechanical cantilevers. The studies demon-
strate that micromechanical resonators can characterize polymer

http://dx.doi.org/10.1016/j.snb.2016.09.190
0925-4005/© 2016 Elsevier B.V. All rights reserved.

dx.doi.org/10.1016/j.snb.2016.09.190
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http://crossmark.crossref.org/dialog/?doi=10.1016/j.snb.2016.09.190&domain=pdf
mailto:ancace@nanotech.dtu.dk
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Fig. 1. Schematic view of the fabrication process flow. A deep reactive ion etch-
ing  has been used for patterning of the device layer; B SiO2and SiN are grown and
deposited, respectively, to form a protective layer for the anisotropic etch. They also
act as mask on the backside of the wafer, which has been defined by photolithogra-
phy and subsequent reactive ion etching; C Anisotropic etching has been done with
KOH, which defines the clamping point of the structures. Then, the silicon nitride
and the silicon dioxide were removed with phosphoric acid wet  etching; D Optical
microscope images of the structures before and after the PLGA coating.

films with thicknesses of even several microns and with different
surface morphologies. However, so far the reported measurements
have been performed in a tedious manner, where polymer coated
cantilevers have been taken out of a degradation media (no flow
possible), dried and then characterized at given time intervals in
a bulky and expensive laser Doppler vibrometer set-up. With such
system, measurements and related degradation studies could not
be run under flow conditions. Also, the polymer coating introduces
experimental challenges since this often causes the cantilevers to
bend out of plane, which complicates/impedes read-out.

In this study, we wish to improve and optimize micromechani-
cal resonator measurements for polymer degradation. This includes
the development of an automated liquid handling/read-out system
and the use of double clamped microcantilevers, henceforth called
microbridges (Fig. 1), since these will not bend out of plane when
coated with polymers. For degradation studies, the microbridges
will be embedded inside a microfluidic chip, where physiological
conditions can be replicated and where degradation in flow can
be studied. However, tailoring an integrated readout for resonance
frequency measurements is complex and expensive. Optical read-
out systems like interferometers are usually bulky and expensive,
and they require complex and tedious optical alignment processes.
Optical units (OPU) from DVD or Blu-Ray(BR) player represents a
low-cost, very flexible, and highly- sensitive [20] alternative, which
can be easily embedded in portable and automated system for mul-
tiple optical readout purposes [21].

Hence, in order to match the need of a method which can over-
come the limitation of the conventional biopolymer degradation
studies, and the technological challenges of an integrated read-
out, we have designed and fabricated a system based on a Blu-Ray
pickup head which uses an astigmatic detection technique [20]. The
system can automatically scan the position of individual micro-
bridges, arranged in a linear array, and control their actuation
through a piezoelectric crystal. The recording of vibrational spectra
is also performed automatically by the controlling system software.

Arrays of microbridges have been spray coated [17,22] with a
thin (1–2 �m)  layer of PLGA by an ultrasonic spray coater system.

The deposited biopolymer thin film, with a total mass in the sub
microgram range, resulted in a drop of the mechanical resonance
frequency. Next, the coated microbridges were placed in a microflu-
idic chip where a steady flow of degradation media was controlled
via a syringe pump.

Experiments have been performed using a so-called ‘wet and
dry’ approach (W & D). In this technique, the degradation has been
performed under steady flow condition of degradation media. Prior
to resonance frequency measurements, the chamber has been emp-
tied and dried and as a result the measurements were obtained in
air (Fig. 2D–E). In air environment, a higher value of the quality
factor (Q) and a higher signal to noise ratio (SNR) ensure a reliable
monitoring of resonance frequency shifts. The method facilitates
degradation in flow and measurements can be obtained at desired
time intervals.

2. Materials and methods

2.1. Fabrication of microbridges

Microbridges have been fabricated with a standard pho-
tolithography technique using a two mask process, on 4”
silicon-on-insulator (SOI) substrate. The device layer had a thick-
ness of 5 �m,  which defined the thickness of the microbridges. A
positive photolithography (1.5 �m AZ-Mir701) step was performed
to pattern the device layer and then deep reactive ion etching (DRIE)
was used to transfer the photoresist design on the front side to
the silicon device layer (Fig. 1A). The buried layer of SiO2 acts as a
stop layer during etching. A subsequent layer of SiO2 (200 nm)  and
SiN (200 nm)  was grown (Wet Oxidation) and deposited (LPCVD)
respectively.

A second lithography step has been performed on the backside
of the wafer to release and define the clamping points of the micro-
bridges. Windows were opened in the SiN/SiO2 mask layer using
reactive ion etching (Fig. 1B). Subsequently, the wafers were etched
in KOH (80 ◦C 4 h: 30 min), and the etch stopped on the buried sili-
con oxide layer (Fig. 1C). Finally, SiN has been etched away by H3P04
at 180 ◦C and the SiO2 was  removed by BHF. An example of realized
microbridges (blank and polymer coated) is showed in Fig. 1D.

2.2. Microfluidic platform fabrication

The microfluidic platform has been composed of 3 plates of
PMMA  bonded together with pressure adhesive tape (Fig. 2A). The
channel is 500−�m wide, 10.5 mm long and 150 �m deep, the
chamber in the middle plate defined through laser cutting had total
volume of 193 �l. The microbridges have been fixed in the channel
using fluidic connectors that are glued to the platform using PDMS
and a Luer-Lock connector has been used to connect to the outlet
of a syringe pump. The outlet has been connected to a waste cham-
ber. A vacuum pump has been used to create a negative pressure
in order to empty the chamber.

2.3. Polymer coating and degradation studies

Exacta Spray Coater (Sonotek, USA) has been used to coat the
microbridges [16,17,22]. The parameters for spray coating micro-
bridges have been optimized using the methodology [22] and the
parameters found in our previous works [17].

The ultrasonic spray nozzle was actuated at a frequency of
120 kHz with a generator power of 1.3 W.  Compressed nitro-
gen flow was maintained at 0.06 bar for focusing the flow of the
sprayed solution to the substrate. The infusion rate of PLGA solution
(0.5% wt. in dichloromethane) was  set at 0.05 ml/min. The micro-
bridges to spray nozzle distance was kept constant at 15 mm.
The microbridge arrays are composed of 12 bridges, of which 4
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Fig. 2. A: Exploded view of the single-use microfluidc chip and the encapsulation of the resonator. B: Design of the system. The microfluidic plaform is placed inside a chip
holder, which can be moved along the three planes thanks to three alignment screws. C: Blu-Ray OPU building blocks. The OPU can move along the microbridges array
according to the algorithm explained in the SI.D-E Wet  and Dry Approach. D: A syringe pump is connected to the inlet of the chamber and then the degradation media flows
inside  the camber and ends in the waste reservoir. E: The degradation media flow is stopped and the inlet is unplugged from the syringe pump and left at atmospheric
pressure. A negative pressure is generated in the waste reservoir using a vacuum pump, and the measuring chamber is first emptied and then dried with air.

are left uncoated and used as references, see Fig. 1D. Hundreds
of nanograms of polymer have been sprayed as it was shown in
the results section. PLGA undergoes hydrolytic degradation catal-
ysed by the presence of an enzyme [2]. Here we test the effect
of the enzymatic reaction of Proteinase-K in three different con-
centrations (20–50–100 �g/ml in Tris-HCl buffer solution pH 8.6 at
23 ◦C) in steady flow. We  have further compared these results with
the degradation inducted by only water under same flow condi-
tions. The microfluidic chamber was first filled with the degradation
media at a flow rate of 200 �l/min. When the system has been com-
pletely filled, the flow was reduced to 20 �l/min. The microfluidic
platform has been mounted inside a chip holder (Fig. 2A), and it has
been kept tight and clamped by four screws. The chip holder has
been placed into a custom-built PMMA  box where the temperature
has been maintained at 37 ◦C using a heat control system (Air-
Therm ATX, with 0.1 ◦C precision) to simulate at best the human
physiological condition. The degradation media was degassed for
one hour in a vacuum chamber prior to the beginning of the exper-
iment, in order to avoid bubble formation inside the microfluidic
chamber.

2.4. Detection method and system layout

Astigmatic detection system (ADS) has previously been used
to monitor deflection and resonance frequency changes of micro-
cantilevers [20,21]. A Blu-Ray (BR) laser diode emits light with a
wavelength of 405 nm,  focused onto the surface of the microbridges

using an internal mirror, collimator and a modified objective lens
with high numerical aperture (NA = 0.6), which guarantees a focal-
ized beam and a ∼350 nm size laser spot (Fig. 2C).

The reflected laser light from the sample surface (i.e. the
microbridges) passes through a polarized beam splitter, a set of
cylindrical lenses, and impinges on a quadrant photodetector inte-
grated chip (PDIC). The PDIC consists of four single sensors with
individual current preamplifiers, which converts photon signal to
voltage signal with a bandwidth of 160 MHz. Here, a laser power
monitor diode is used to monitor laser power. A voice coil motor
(VCM) has been used to control the position of the objective lens in
order to focus the light at a desired location.

Fig. 2B illustrates the system. It is composed of two  blocks:
the chip holder and a frame where a BR-OPU can move along one
direction thanks to a sled motor. Blu-Ray optical pick-up head unit
(BR-OPU) is equipped with a VCM that gives a 1 �m vertical motion
allowing fine adjustment of the focal distance to get the highest
possible sensitivity from the ADS. The chip holder is placed on three
alignment screws used to do coarse adjustment of the focal dis-
tance. The position of the holder can be adjusted in three planes
(x–y, x–z and y–z). The working algorithm is shown in the Supple-
mentary information (SI).

Resonance frequencies were measured in air. Microbridges were
actuated by means of a piezoelectric crystal, which was set to lin-
early sweep a range of frequencies in the vicinity of the theoretically
predicted resonance frequency. The values of the resonance fre-
quencies and Q factors were obtained from a Lorentzian fitting
performed on the recorded spectra.
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Fig. 3. Frequency shift experienced during biopolymer degradation. A: Resonance
peak of a loaded bridge before the degradation process. B: resonance peak of a blank
bridge after the degradation process. The shades represent the standard error of the
mean n = 5.

3. Results and discussion

3.1. Sensor characterization

The sensing properties of micromechanical resonators have
been characterized in air environment. Mass responsivity of micro-
bridges have been evaluated according to Eq. (1). The minimum
detectable mass value (Eq. (2)) was calculated considering the devi-
ation of the resonance frequency of multiple measurements on the
same microbridge, which has been no greater than 40 Hz. Bridges
from the same fabrication batch can differ in the value of the res-
onance frequency up to 2 KHz. However such uncertainty has not
affected our scope, since measurements of polymer degradation
have been referenced to the same bridge. The formulae used to
evaluate the relative frequency shift have been reported in Supple-
mentary information.

R = f0⁄2m0 (1)

The minimum detectable mass has been then evaluated con-
sidering the product of the mass responsivity and two times the
standard deviation.

�m  ≈ (2�f ) R−1 ≈ 10ng (2)

Where �f  is the standard deviation of 20 consecutive measure-
ments on the same bridge (data not shown). Considering the
rectangular area on the microbridges where the biopolymer has
been deposited, the thickness of the layer can also be calculated. The
measured mass of material ranges between 0.45 �g and 0.75 �g,
and the corresponding thickness ranges between 1.2 �m and 2 �m.
The deposition of PLGA leads primarily to a drop in the resonance
frequency, as a change in stiffness can be neglected. In fact, Young’s
modulus of PLGA is 2 GPa [23] and Young’s modulus of silicon is
170 GPa. Thus, the flexural rigidity (EI) of the silicon microbridges
(0.5 nNm2) is four orders of magnitude times bigger than the flexu-
ral rigidity of the polymer film (50 fNm2). Furthermore, it is known
that Young’s modulus of biopolymers decreases during degrada-
tion. In light of this, the observed changes in resonance frequency
can be attributed to mass changing phenomena. A typical frequency
drop induced by the added polymer layer is shown in Fig. 3.

3.2. Polymer degradation studies

This work is, to the best of our knowledge, the first investigation
of degradation of PLGA under the catalytic action of Proteinase-K
(recombinant, PCR grade obtained from Roche Diagnosis GmbH).
Coated microbridges have been employed to study the behaviour
of PLGA during degradation inducted by the enzyme Proteinase-
K in 3 different concentrations. Furthermore, we have studied the
degradation induced by only water under the same flow condition,
as the polymer can undergo hydrolysis and, at the same time, the
shear stress due to the flow might induce some mass removal from
the biopolymer layer.

The deposition of a layer of PLGA has led to a drop in the reso-
nance frequency that ranges between 8% and 12%, depending on the
microbridge characterized. This large observed deviation is likely
due to the non-uniformity of the coating from chip to chip, and, to
a minor extends, to geometrical variations of the bridges after the
cleanroom microfabrication.

Fig. 4 shows the results of a degradation experiment performed
with the W & D approach. The temperature fluctuation has been
monitored through the evaluation of the relative frequency shift of
uncoated bridges. Temperature was  seen to be constant within the
experimental time frame.

To monitor degradation, the resonance frequency has been mea-
sured at regular intervals of time according to the degradation rate
expected for a certain enzyme concentration. Three different con-
centrations have been tested, with a steady flow of 20 �l/min.

Enzyme concentrations of 50 and 100 �g/ml have not led to any
remarkable differences in the degradation profile. However, a lower
enzyme concentration of 20 �g/ml has led to longer degradation
time. The hydrophilicity of PLGA, due to the presence of the glycolic
unit, triggers the degradation process in the early phase (already in
the first hour of experiment), which has been not observed for Poly
(d,l- lactide) (PDLLA) [17].

We have previously shown that Tris-HCl does not trigger any
kind of degradation of PDLLA[17]. Here we have studied the effect
of Tris-HCl on PLGA (Fig. 4D) within 36 h and saw that degradation
started after 18 h. The complete degradation profile of the poly-
mer  is shown in the Supplementary information. Furthermore, we
have monitored the frequency shift of coated microbridges which
have been exposed to a water flow of 20 �l/min. There is almost no
change in the resonance frequency of the coated chips within the
12 h (Fig. 4D) of experimental time frame apart from some fluctua-
tions which are well inside the uncertainty of the measurement. We
can thus assert that during the experimental time frame the flow
has not influenced the removal of PLGA from the bridge surface.
This results has also been confirmed through optical microscope
imaging, Fig. 5C.

The relative frequency shift profiles have shown similarities to
the weight loss profile previously shown on bulky amount of PLGA
under the action of trypsin [3]. Fig. 5A shows how the polymer
has been removed during the degradation process. Mass sensivity
of micromechanical resonator has a spatial dependence, thus real
time estimation of the actual amount of material which is loading
the microbridges at a certain time step requires complex tech-
niques [24]. Although both trypsin [3] and Proteinase-K are serine
protease, a direct comparison of their degradation rate might lead
to an inappropriate conclusion. However, we can see that we  are
able to perform similar type of experiments to explore degradation
mechanisms in just a few hours (see Fig. 6B). Furthermore, we want
to emphasize that due to the ability of our system to perform simul-
taneous measurements we are able to investigate a large number
of samples, improving the statistics and facilitating simultaneous
studies on different materials.
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Fig. 4. Degradation profile obtained from different proteinase concentration of A: 100 �g/ml; B: 50 �g/ml; C: 20 �g/ml. D: Relative frequency shift measured when the
degradation media is substituted by water and Tris-HCl. Red curves shown the relative frequency shift on the uncoated bridges used as reference. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web  version of this article.)

3.3. Degradation rate

The mean degradation rate for each enzyme concentration
has been derived considering the initial mass deposited on the
microbridges and the time needed to reach the 0% in the relative fre-
quency shift curves. Proteinase-K does not possess a specific site to
recognize the polyester [5]. The concentration of enzyme reaches
the saturation level between 50 �g/ml and 100 �g/ml [5]. When
the saturation level is reached, higher concentrations do not lead
to any faster degradation as the substrate is completely covered by
the enzyme.

The degradation rates per unit area are in the same order of
magnitude of the 25 �g/cm2h reported in literature [3], where the
degradation of thick films (200 �m)  of PLGA has been studied under
the action of trypsin (degradation rate of 67 �g/cm2h). This con-
clusion is obtained by evaluating the amount of material they have
analysed and considering the time needed for reaching the 0% in
our weight loss curve. In Fig. 6 we have compared the degradation
rate observed in our work with the degradation rate obtained by
[5] who studied the degradation rate of PDLLA under the action
of Proteinase-K. Besides a difference of two orders of magnitude
due to the faster degradation of PLGA because of its hydrophilicity,
we may  notice that the degradation rate it has seemed to reach a
plateau around 100 �g/ml.

4. Conclusion

We  have developed and tested an automatic platform aimed to
characterize the dynamic characteristics of microbridges and their
employment as sensors for monitoring biopolymer degradation.
The integration of a microfluidic platform allowed characterizing
PLGA degradation under steady flow conditions in a Proteinase-
K degradation buffer. The simple experimental setup, combined

with high level of automation, reduces the time needed to sta-
tistically characterize biopolymer degradation. By increasing the
parallelization of the microfluidic device, it could be possible to
study different degradation conditions simultaneously. The fab-
ricated microbridges have allowed us to study degradation in
the sub microgram regime. Although, real time monitoring is not
actually possible, as in viscous environments the mass responsiv-
ity drops beyond the intrinsic noise level of the readout system,
the degradation can be easily studied by employing the W & D
method that allows a good time resolution of the investigated
phenomena. The combination of the microfluidic setup with the
automatic readout platform facilitates an effective evaluation of
biopolymer degradation of micrometer-thick biopolymer film by
employing micromechanical resonators. Furthermore, the imple-
mentation of the microfluidic device has allowed us to simulate
a more physiologically realistic condition for polymer degrada-
tion. The degradation parameters as well as the degradation profile
derived from our approach matches previous study performed over
6 weeks on bulk amount of material. The degradation profile, as
well as the degradation rate show similarities with similar works
previously done by other groups using bulk amount of material and
conventional methods. A full comparison is difficult since the other
studies differ in either enzyme or polymer.
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Fig. 5. Optical microscope images of coated microbridges which have undergone to degradation experiments. A Bridges exposed to 50 �g/ml. After 3 h the polymer was
completely removed from the surface of the resonator, the few spot are clearly far beyond the detection limit of the resonator. B Bridges exposed at a flow of Tris-HCl at 37 ◦C
at  2 �l/min.C Bridges exposed at a flow of DI water at 20 �l/min. White scale bar 300 �m.
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Supplementary information: 

 

1. Astigmatic Detection:  

 

FIG S 1 Focus error signal for a Blu ray-OPU. 

Figure S1 shows the signal calculation of the astigmatic detection method. The quadrant 

photodetector is defined as four independent sensing areas A, B, C and D. The converted 

output voltage can be defined as VA, VB, VC and VD.  The signal focus error SFE, is defined as 

(VA+VC)-(VB+VD). If the beam is perfectly focused in the center the output voltage is zero. 

The output signal, also known as the S-curve, depends on the working distance Δz(fig 2) . In 

a certain range the behavior of the sensor is linear, and we will use such range to make our 

measurement. 

 

 

 

 

 



 

2. Measurement Routine  

 

FIG S 2 Measurement routine for automatic positon detection  actuation and readout: 



As the first step the user has to focus on one bridge, making the distance between the 

bridges and the lens within a reasonable range such that by the motion of the VCM all the 

bridges are in the linear range.  In the automatic system routine (reds) the sled motor is 

moving along the  chip and the position of the bridges are found and saved. In the 

measurement routine(blue) the blu-ray pickup head moves on the position of the bridges, the 

VCM coil motor is actuated and the best position within the linear range in found. Then  the 

piezo element is actuated and recorded. At the end of ith  measurment the spectra are 

recorded into one file. 

 

3. Theoretical background 

The resonance frequencies of the bridges have been recorded both in air and water 

environment. For multilayer structures the resonance frequency can be approximated as 

(Bose et al., 2015a; Keller et al., 2011) 

𝑓𝑓𝑛𝑛 ≈
1

2𝜋𝜋
𝛽𝛽𝑛𝑛2

𝐿𝐿2
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𝑖𝑖=1

� (1) 

where 𝛽𝛽𝑛𝑛 represents the mode number which for a doubly clamped beam is 4.73, 7.85, 10.99, 

for n =1,2,3, L is the length of the beam,𝐼𝐼𝑖𝑖 and 𝐸𝐸𝑖𝑖 are the beam’s moment of inertia and the 

Young’s modulus respectively, 𝜌𝜌𝑖𝑖𝑡𝑡𝑖𝑖 are the density and the thickness of the ith layer. The 

degradation process is evaluated in terms of relative frequency shift of the coated 

microbridges. The mass responsivity can be written as: 

𝑅𝑅 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕� ≈ 𝑓𝑓𝑛𝑛

2𝑚𝑚0
� [𝐻𝐻𝐻𝐻/𝑔𝑔] (2) 



𝑓𝑓𝑛𝑛 is the value of the resonance frequency and 𝑚𝑚0 is the mass of the resonator. 

In order to obtain the frequency values that are comparable to the degradation experiments, 

we can consider as a reference value, for the i th microbridge its resonance frequency at the 

end of the degradation when the polymer has been completely removed from the surface. 

The degradation on the ith coated microbridge at the jth time step is evaluated in terms of 

relative frequency shift ∆𝑓𝑓𝑓𝑓,𝑡𝑡𝑡𝑡: 

∆𝑓𝑓𝑓𝑓,𝑡𝑡𝑡𝑡% = 𝑓𝑓𝑖𝑖,𝑡𝑡𝑡𝑡 − 𝑓𝑓𝑖𝑖,𝑡𝑡𝑡𝑡
𝑓𝑓𝑖𝑖,𝑡𝑡𝑡𝑡� 100. (3) 

This shift is measured n times on the same bridges and then averaged: 

∆𝑓𝑓𝑓𝑓,𝑡𝑡𝑡𝑡������=
1
𝑛𝑛
�(∆𝑓𝑓𝑓𝑓,𝑡𝑡𝑡𝑡)𝑘𝑘

𝑛𝑛

𝑘𝑘=1

 (4) 

The N frequency shifts measured on the array are then averaged on N microbridges 

employed to perform the degradation analysis. 

∆𝑓𝑓,𝑡𝑡𝑡𝑡������=
1
𝑁𝑁
�(∆𝑓𝑓𝑓𝑓,𝑡𝑡𝑡𝑡������)𝑘𝑘

𝑁𝑁

𝑘𝑘=1

 (5) 

The mean degradation rate is evaluated considering the time taken for the degradation 

process to remove the initial mass deposited. 

𝐷𝐷𝐷𝐷 = 𝑚𝑚 (𝐴𝐴∆𝑡𝑡) [µ𝑔𝑔/ℎ]⁄  (6) 

Where m is the initially mass deposited on the microbridges, A is the area of the microbridges 

(lw) and ∆𝑡𝑡 is the time needed to reach 0% in the relative frequency shift (the resonance 

frequency returns to the value for an uncoated microbridge). 

 



 

 

The stability of the readout has been monitored thorough a lock-in amplifier. The shift in the 

resonance frequency has been monitored through a lock-in amplifier for 4 minutes. 

 

Figure S 3. Fluctuation on the resonance frequency  measured through  the lock-in amplifier 
The root mean square of the noise is of 143 ppm and the max value +/- 200 ppm which is 
translated with a minimum detectable mass of  2.6 ng. 

This value is greater in the actual configuration used during the degradation experiments. The 

shift in the resonance frequency was not followed during the degradation experiments through 

the lock-in amplifier but by repeating the measurement at different time step; the minimum 

detectable mass is thus higher, since independent measurement they are seen to have a 

larger variation than the fluctuation of the resonance frequency recorded with the lock-in 

amplifier.  
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4. Degradation experiments 

We report here the complete degradation profile under the action of the only Tris-Hcl at 20 
µl/min. 

PLGA showed to be degraded in 33 hours of experiment..  

Nevertheless, in the experimental time frame that was used for all the enzymatic degradation 
studies of PLGA, Tris-HCl did not show any degradation effect. The degradation starts around 
18h and ended after 33 hours. 

  

 

Figure S4  Degradation profile of PLGA under the action of Tris-HCl at 20 µl/min 
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Abstract 

There is a fundamental need for techniques to characterise materials in the thin film regime.The 

current options for obtaining infrared spectra suffer from low signal to noise ratio (SNR) for sample 

thickness confined on few nanometers. We demonstrate how, through a detailed study of the 

fundamental parameters of nanomechanical infrared spectroscopy, it is now possible to obtain a 

complete fingerprint of a polymer layer of down to 20 nm in thickness with an SNR of 307. A frequency 

stability of 2ppm upon IR absorption indicates an effective minimum detectable film thickness of only 

160 pm corresponding to 3 attomol. We show that nanomechanical infrared spectroscopy can improve 

the SNR by a factor of 43 compared to a conventional ATR-FTIR system on a single acquisition.These 

results are paving the way for potent sensing tools applicable on minute sample sizes where 

confinement effects can reveal unexpected behaviour. 

Introduction 

The ability to engineer chemical and physical properties of surfaces using dedicated functionalization 

methods is of fundamental importance for the advancement in many technological fields, e.g. bio- and 

chemical sensing1, drug delivery2, tissue engineering3, solar cells4, thin films batteries5 and fabrication 

of semiconductor devices6. In recent years, the possibility of engineering the chemical and physical 

properties of a surface by applying a thin polymer film has attracted considerable attention due to its 
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simplicity, robustness and flexibility, thanks to the vast selection of polymer films2,3,7–9. Thin polymer 

films can exhibit, confinement induced peculiar physico-chemical properties, such as changes in glass 

transition temperature10, elastic moduli11, and crystallization12. Characterising the properties of such 

thin films is therefore of high relevance both technologically and scientifically. 

The chemical behaviour and structure of thin films13–16 is often characterised by infrared (IR) 

absorption spectroscopy. One of the most commonly used implementations for thin films IR 

spectroscopy is the attenuated total reflectance Fourier transform infrared spectroscopy (ATR-FTIR), 

with the typical configuration with only one reflection within the crystal16–18. An issue connected with 

the use of ATR-FTIR is that the signal-to-noise-ratio (SNR) degrades quickly when the sample 

thickness is much smaller than the sampling depth 13, thereby effectively limiting the thickness range 

that can be studied. One possibility to overcome such problem is using very long acquisition times16, 

but this restricts the throughput of the analytical system. A multi-reflection ATR accessory could also 

be used to boost the signal, but such approach is suitable only when the crystal is in contact with a 

liquid or the thin functionalization layer to be studied is irreversibly attached to the very expensive 

crystal. These drawbacks make ATR-FTIR unsuitable for testing a large variety of very thin 

functionalization layers with a high throughput, high spectroscopically precision and at a reasonable 

low cost. There is thus a need for a fast, reliable, non-destructive and preferably less expensive 

method to characterise very thin layers. 

Photothermal spectroscopy methods are based on the transduction of the light absorbed by the 

sample, and its subsequent change in temperature, into a signal that can be recorded. There are 

different types of transduction depending on which physico-chemical property of the sample is 

monitored. Typically, density, pressure or temperature changes induced by wavelength specific light 

absorption, have been exploited to obtain an IR absorption fingerprint of the sample19–21.  
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A main advantage of the photothermal spectroscopy is that it does not suffer from the typical artefacts 

of ATR-FTIR or absorbance-reflection techniques in the recorded spectra. Moreover, it allows the user 

to hit the sample at any angle or light polarization, giving much more freedom in terms of optical 

design and analysis possibilities. 

Nanomechanical based IR absorption sensing (NAM-IR) has been widely exploited in the last fifteen 

years for biosensing purposes23–26 and material characterization27. Nanomechanical sensors have also 

been employed to perform photothermal based analysis, implementing both the deflection and 

resonance frequency detection schemes20,21,28–34. However, the samples examined so far have been 

limited to airborne deposited materials or liquids. This limitation is due to the lack of mechanical 

robustness of previous nanomechanical transducers, such as nanostrings and microcantilevers. 

Moreover, such nanomechanical structures suffer from the AFM-like readout laser alignment issues 

that can drastically limit the final analysis throughput A filter-like structure35 has been developed to 

improve the efficiency of the inertial sampling for airborne particles. However, the perforated geometry 

of the structure hinders their employment for thin film analysis. Membranes better support sampling 

techniques typical of surface functionalization such as drop casting spin coating, immersion in liquid 

solutions, thanks to their much higher mechanical robustness.  

Our IR spectroscopy system is based on 1 mm × 1 mm large and 100 nm thick pre-stressed SiN 

membranes.These structures not only show even better performance that previously discussed IR 

photothermal schemes but also offers the mechanical robustness to withstand treatments in liquid, 

including spray coating or spin coating, which is often essential in the field of surface functionalization. 

As a demonstrator of the capabilities of our IR spectroscopic system, we present infrared 

photothermal spectroscopy characterization of polyvinylpyrrolidone (PVP) thin films with thicknesses 

down to 20 nm. PVP polymer thin films have recently attracted much attention thanks to their high 

versatility in drug delivery devices36, and hydrogels37, where its thin film physical and chemical 
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properties are crucial. The low thermal mass of our resonating membranes allows running analysis 

over a range of 1100cm-1 wavenumbers in 30 seconds with an SNR of 200, even for a polymer film as 

thin as 20 nm.  

 

Figure 1 NAM-IR setup. a) The NAM-IR spectrometer comprises: i) a pressure controlled chamber providing optical 
access from both sides of the sensor, ii) a quantum cascade laser (QCL Block engineering) that generates 
monochromatic IR light in the range from 768cm-1-1953cm-1, and an optical readout system based on a laser-Doppler 
vibrometer (Polytech MSA-500), a phase lock-in amplifier and a piezo driver 31,38,39;b) Polymer deposition method. 

Results and Discussion 
 

The three most important bands of PVP recorded by NAM-IR matches well the spectra recorded by 

reference methods (ATR-FTIR and transmission FTIR) as well as previously published results40 
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(Figure 2). NAM-IR spectra did not reveal further spectral features. However, some of the bands are 

not visible due to the local minima of the IR laser source (e.g. small peak at 1390cm-1) (SI). The shift in 

the ATR-FTIR bands is due to the modification of the refractive index of the sample upon IR light 

absorption22.This phenomenon is clearly visible in the carbonyl band visible around 1680cm-1 which 

appears shifted towards lower frequency in the ATR-FTIR spectra.  

   

Figure 2 Comparison of the NAM-IR spectrum of a PVP film with respect to ATR and FTIR ones. Three main bands 
characterize the polymer fingerprint: the signal at 1300 cm-1 is referred to the C-N bond stretching and the CH2ring 
wag mode. The band with three peaks between 1400 and 1500 cm-1 corresponds to the ring-CH2 wag and the C-N 
stretching. The peak at 1680 cm-1 corresponds to the C=O stretching mode. 

 

Upon IR absorption the mechanical resonance frequency of the membranes decreases following a 

first order exponential decay (Figure 3a).The knowledge of the thermal time constant of the membrane 

allows to determine the minimum settling time for each wavelength of the IR source and the optimal 

signal integration time, for maximising the SNR. The time transient of the resonance frequency shift of 

the membrane sensor upon periodic IR irradiation41 at a fixed IR wavelength was characterized in 

order to extract the thermal relaxation time constant (see Figure 3a). Each cycle was fitted with an 

exponential decay function   δf(t)=∆f(1-e
-t
τM
� ) and extracting the correspondent 𝜏𝜏𝑀𝑀. The transient 
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was evaluated for 2 different vacuum pressures, which yielded (for a 20nm PVP coated membrane) 

𝜏𝜏𝑀𝑀 = 4.1 ± 0.08 ms at a low vacuum of 1 mbar and 𝜏𝜏𝑀𝑀 = 17 ± 0.9 𝑚𝑚𝑚𝑚 at a high vacuum of 10-5mbar. 

These two regimes result in two different behaviours. In high vacuum and at room temperature the 

mean free path of the gas molecules becomes roughly 10 m, which is significantly larger than the 

critical dimension of the nanomechanical resonator. Hence, the heat transport due to natural 

convection can be neglected and all, heat generated in the membrane is dissipated by conduction 

through the body chip alone. Contrary, at 1 mbar, the mean free path corresponds to roughly 100 µm, 

which is comparable to the dimensions of the device, hence, allowing part of the heat to be dissipated 

by conduction through the surrounding gas. The two regimes threfore have very different time 

transient responses. The response time is also influenced by the sample and the corresponding 

values are reported in the supplementary information. Precise knowledge of the thermal time constant 

𝜏𝜏𝑀𝑀 is required in order to choose an optimal settling time for each wavelength emitted by the QCL. The 

settling time was set such that the membrane would be exposed for no less than 3 x 𝜏𝜏𝑀𝑀 for each 

discrete IR wavelength, in order to ensure that the membrane reaches the maximum frequency shift at 

each wavelenght step. Considering that the QCL sweeps 1185cm-1 with steps of 0.5 cm-1, the total 

acquisition time for a 20 nm thin polymer layer becomes 28.4 seconds, given a 𝜏𝜏𝑀𝑀 of ~4 ms in low 

vacuum. 

The membranes transient thermal constant further influences the choice of the integration time of the 

PLL detection scheme. To correctly follow the resonance frequency shift upon light absorptions, the 

lock-in amplifier bandwidth has to be set sufficiently high to follow the full dynamics of the resonance 

frequency signal variations for each IR wavelength step. At the same time, a low bandwidth is 

desirable to reduce the frequency acquisition noise. In particular, such noise is typically quantified as 

the Allan deviation of the frequency signal as function of the PLL bandwidth42 ( see supplementary 

information).  
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Finally, as shown Figure 3c, these settings permit to clearly resolve each distinct IR wavelength step 

of 0.5 cm-1, since the exponential thermal response of the membrane frequency is clearly visible and 

the signal arrives at the maximum amplitude within each step. 

In the present work, the integration time was set to 1.5 ms for low vacuum experiments and 7 ms for 

high vacuum experiments leading to a resolvable frequency shift of 2 ppm calculated for a 20 nm 

coated membrane.  

An analytical model can be used to estimate the power absorbed by the membranes35and in our case, 

considering a frequency noise floor of 2ppm, the minimum power that can be detected is 5 nW for an 

integration time of 7ms and an SNR of one, which corresponds to a local temperature increase in the 

membrane center of 3 mK (see supporting information). In the case of a 20nm coated membrane, the 

maximum absorbed power is 3.5 µW (at 1680 cm-1), which is about 1% of the incident QCL laser 

power at that wavelength. Such power gives rise to a temperature increase of 0.9 K in the centre of 

the membrane (see supporting information), indicating that an SNR on the temperature estimation as 

high as 300. Finally, a calibrated power absorption spectrum is shown in Figure 3d (see SI), where the 

temperature reached through the all spectrum is shown. 
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Figure 3. a) Relative frequency shift upon periodic light absorption. Values recorded on a 200 nm coated membrane 
at 1 mbar; shades represent the standard deviation of 485 overlapped cycles; b) Raw NAM IR spectra, highlighted 
region are represented in subfigure (c) ;c) zoom in of two regions of the spectra. Membrane NAM-IR 
spectrophotometer can recognise the QCL steps of 0.5cm-1 d) Absorbed power throughout the wavelength range, 
and relative temperature reached during a sweep on a 20 nm PVP coated membrane in HV. On the right-hand 
vertical axis, the relative temperature shift established in the membrane upon absorption. As reference value the 
baseline temperature was considered as 293.15K.  

Figure 4 shows spectra of various PVP thicknesses ranging from 20 nm to 500 nm recorded by ATR-

FTIR with (Perkin Elmer Spectrum 100) and our membrane-based NAM-IR system. Signal acquisition 

parameters and post-processing techniques are shown in the supplementary information. ATR-FTIR 

spectra were acquired at 4 cm-1 and 2 cm-1 resolution, finer resolution did not provide any reliable 

results due to a too low SNR. When ATR-FTIR was used, the three bands of PVP were clearly visible 

10 
 



for sample thicknesses higher than 100 nm, but only a very broad peak corresponding to the carbonyl 

frequency at 1680 cm-1 was observable for thinner samples (Figure 4a). Instead, our NAM-IR 

spectroscopy reveals all the expected features in the spectra, resolving clearly the three PVP 

spectroscopic bands down to 20 nm sample thickness, both in low and high vacuum (Figure 4b-c).  

To compare the performance of the ATR-FTIR and our NAM-IR systems, SNRs were calculated on 

baseline corrected spectra. The noise was calculated as the standard deviation of the spectra 

between 1800 cm-1 and 1953 cm-1 since, in this range, no light absorption occurs. As signal, we 

analysed the amplitude of the carbonyl peak around 1680 cm-1. For all the examined thicknesses the 

SNRs of NAM-IR (Figure 5a-b) were always at least one order of magnitude higher than ATR-FTIR 

values. For NAM-IR the SNR is further increased for spectra recorded at 10-5 mbar. It is worth to note 

that the high vacuum measurements, due to the higher values of the thermal time constant, need a 

longer settling time of the QLC source for each wavelength to match the transient characteristics of 

the sensor. SNR of NAM-IR spectroscopy reveals to be nearly independent of the total acquisition 

time (Figure 5b), as long as the settling time at each IR wavelength is larger than the thermal 

response time of the nanomechanical resonator. 

The SNR of ATR-FTIR spectra depends on the resolution of the acquisitions44, which is typically 4cm-1 

or 2cm-1, and the comparison of the SNR between spectra are made considering such spectral 

resolutions. Although FTIR based spectrophotometers increase the SNR of spectra by coarsening the 

resolution, spectra acquired at 4cm-1 on 20 and 40nm sample thick, did not lead to a remarkable 

difference regarding SNR.  
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Figure 4 a) ATR spectra b)NAM-IR spectra at 1 mbar c) close up of 20 nm and 40 nm spectra at 1 mbar and 10-55 
mbar. For the sake of comparison, all the spectra were offset, and the NAM-IR spectra were mirrored on the 
horizontal axis. 

Considering that the NAM-IR spectra recorded on 20nm thick layer showed an impressive SNR of 307 

in high vacuum, we are confident that this technique is now capable of recording the IR spectrum of a 

single molecule PVP layer. In fact, extrapolating the SNR versus thickness relation towards smaller 

thicknesses(SI) and considering an SNR of 2 as the lowest value needed to clearly recognise a 

spectral feature of PVP, the limit of detection regarding mass per unit area for NAM-IR is 0.13 fg/um2. 

This mass per unit area limit corresponds to an equivalent thickness of PVP of 112 pm, approximately 

corresponding to 3 attomoles of PVP. This data strongly indicate that single-molecule layers can be 

probed with NAM-IR, with very high performance regarding SNR and short acquisition time.  

12 
 



The NAM-IR spectroscopy not only outperforms the ATR-FTIR in terms of SNR, but potentially also in 

terms of simplicity in the interpretation of the spectrum. In fact, another important feature to bear in 

mind when comparing our photothermal NAM-IR with an ATR-FTIR spectrometer regards which 

vibrational modes can be excited by the IR light in case the sample is a thin film that presents good 

molecular ordering13,16,22. ATR-FTIR probes the surface sample with the IR beam obliquely oriented to 

the normal of the sample surface with a nearly fixed angle. Therefore, the IR radiation is probing the 

perpendicular as well as the horizontal (with respect to the surface) molecular vibrational modes. In 

this case the resulting spectra contain both the information about the horizontal as well as the 

perpendicular modes, calling for precautions in the interpretation of spectra from thin layers ordered at 

molecular level. Moreover,  ATR-FTIR spectra further depend on the reflection occurring at the 

substrate and sample interface13. In fact, when the sampling depth is higher than the sample 

thickness, the evanescent wave is partially reflected by the substrate leading to an extinctions of the 

transversal mode and enhancement of the longitudinal ones13,46.  

Instead, the NAM-IR approach is much more flexible, and the IR light can probe the sample with any 

angle and any polarisation. This flexibility simplifies the interpretation of spectra for samples where 

molecules follow a specific orientation on the surface, like self-assembled monolayers, Langmuir block 

monolayers or partially crystallised polymer layers. A spectrum acquired with the IR light impinging the 

sample surface perpendicularly would contain information only on the vibrational modes that have a 

component of the dipole moment parallel to the sample surface. Changing the impinging angle of the 

IR light, the vibrational modes with a dipole moment component orthogonally oriented to the sample 

surface will be probed. These advantages and the much higher SNR for sub-50 nm layers make 

membrane based NAM-IR a very strong candidate for a new generation of single molecule layer IR 

spectroscopy tools.  
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Finally, we would like to discuss the benefits of using a resonant membrane structure on nanostring 

resonators30,31,34. The use of a membrane allows to efficiently focus the light within the membrane area 

employing all the given power by the IR source and close up to 1% of the incident light a considerably 

higher fraction compared to string based photothermal spectroscopy34. The use of strings31,34,38,39 

would require using a highly collimated light source which can be difficult to handle.  

  

  

Figure 5: Comparison of SNR between NAM-IR spectroscopy and ATR-FTIR for different thickness the size of the 
marker represents the standard deviation on the SNR calculation. SNR of 200nm PVP coated membrane for different 
acquisition times. The SNR is not sensitive to a prolonged acquisition time, instead ATR-FTIR spectrophotometer 
increment the SNR for increased number of scans.  
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Conclusions 

Membrane resonator based NAM-IR spectroscopy enabled new possibilities for performing IR 

spectroscopy on sub-50 nm organic films. The SNR of 307 obtained on a 20nm PVP polymer layer, 

combined with a detection limit in the attomol range, position membrane based NAM-IR as a possible 

technique for single molecule layer analysis. NAM-IR spectroscopy measurements were performed in 

less than 30 seconds on a 20 nm PVP layer, whereas using commercial ATR-FTIR technique the 

same SNR would be achieved with an acquisition time 43 times longer. 

Moreover, the vibrational modes in ordered organic thin layers can be potentially selectively probed 

since the IR light can hit the surface with virtually any angle. and the interaction of the electric field in 

the case of reflection of the incident beam at the substrate sample interface13. 

In term of the mechanical robustness, the membranes comply better with the experimental conditions 

typical of surface functionalization experiments compared to microstrings, allowing the user to prepare 

the samples in an ample kind of methods. The high capability to dissipate heat makes the response 

one order of magnitude faster compared to microstrings.  

Finally, the read-out of the membrane motion can be integrated using a more advanced design, 

creating a compact yet extremely sensitive, versatile and fast IR spectroscopy tool for ultra-thin 

organic layers.  
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METHODS 

MEMBRANE FABRICATION. Details of the membrane fabrication process are described in the 
supplementary information. 

SAMPLE PREPARATION Polymer solution was prepared by dissolving polyvinylpyrrolidone powder 
(PVP, Sigma-Aldrich Mw 360000) in an aqueous solution hydrogen peroxide )(H2O230% w/v) in 2 
different concentration 1 % wt. and 5% wt. The deposition on the membrane was performed by spin-
coating: the solution (4 mL) was poured on a silicon wafer containing the membrane chip and then 
spun at various rotational speeds. The sample was let dry at room temperature and atmospheric 
pressure. Ellipsometry was used to measures the thickness of the polymer layers.  

NAM-IR SPECTRA RECORDING NAM-IR signal was recorded through a lock-in scheme. The 
membrane resonator is placed in a vacuum chamber which guarantees optical access from the top 
and from the bottom side of the sensor of the membrane. The resonance frequency of the membrane 
resonator is probed optically (Polytech MSA-500), the infrared light is provided by a tunable quantum 
cascade laser (QCL, Block Engineering 768 cm-1 -1953 cm-1) and collimated by a parabolic mirror on 
the membrane resonator providing a laser spot size of 100 µm. A lock-in amplifier records the 
frequency shift. The phase detector bandwidth was 500 Hz for LV measurement, and 200 Hz for HV 
measurement and the sampling rate was set at 3600 Hz. The thermal time constant was determined 
by irradiating the membrane resonator periodically at a certain wavelength as described elsewhere41. 
The IR radiation was mechanically chopped providing an irradiation time of 50 ms for LV 
measurement. In HV mode the irradiation time was increased to 250 ms to allow the membrane to 
reach the steady value of resonant frequency shift at each cycle.  

ATR SPECTRA ACQUISITION The ATR spectra were recorded with (Perkin Elmer Spectrum 100) 
providing a constant power throughout the spectral range of 5 mW. The spectra were acquired sample 
composed by a silicon nitride substrate and a PVP layer, prepared in the same way as membrane 
resonator. The PVP layer is placed in tight contact with a single reflection ZnSe crystal. The gauge 
force of the crystal was set to its optimal value achieving the highest signal intensity. For all spectra at 
least 3 signals were recorded for each sample thickness. A single acquisition spectrum is acquired at 
the spectral resolution of 2cm-1 and 4cm-1. The amplitude of the acquired spectra is then corrected to 
compensate the different absorption amplitude throughout the spectral range using the built-in function 
of the software. 
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SUPPLEMENTARY INFORMATION 
 

MEMBRANE FABRICATION. Silicon-Rich silicon Nitride membrane(Figure 1) were 
fabricated by standard lithography techniques. A double side polished wafer was RC cleaned 
and a 100nm thick layer of low-stress Silicon Nitride( 250MPa) was deposited by LPCVD. A 
sacrificial layer of silcon nitride is deposited through PECVD. The Inductively Coupled Plasma 
(ICP) etching performed on the backside after lithography to remove the LPCVD SiN layer but 
keeping intact the one on the front side protected by the PECVD SiN. KOH. The release of 
the membrane structure is done through KOH etching (4.5h) which defines the clamping of 
the membranes and then the PECVD SiN is removed through HF etch. The membrane has 
side length are 1000µm.  

 

 

 

 

 

 

 

 

Figure s6 Silicon-Rich Silicon Nitride Membrane 1000µm side length. The initial stress 
was measured to be 250MPa 

SAMPLE PREPARATION The membranes were functionalized using a spin coating. The 
spun solution consisted of the mixture(5% and 1 % wt) of PVP k-90 Mw 360000 in H2O2: 
H2O(30%). The thickness layer was measured with ellipsometry(Filmtek). Spinning curves are 
reported in Figure s2 and the thickness of the polymer layer on the body chip of a membrane 
chip Figure s3 

200 µm 
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Figure s7 Spinning curves of PVP measured through ellipsometry. 

 

Figure s8 Profile for a PVP coated Silicon substrate spun at 5000 rpm. 

TIME CONSTANT 

The value of the thermal time constant was evaluated as described elsewhere[1] for different 
polymer coatings both in high vacuum and in low vacuum. The higher the thickness, the 
higher the time constant. High vacuum measurement yields to a higher value of time constant 
Figure s4 
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Figure s9 Thermal time constant for PVP coated membranes at low vacuum and high 
vacuum. 
CHARACTERIZATION OF THE QCLLASER SOURCE The QCL power spectra is shown in 
figure s5 

 

Figure s10 QCL laser power curve at 1% DC and 4% DC. It can be noted that the power 
does not scale linearly. This is due, according to the manufacturer specification to an 
overheating of the device which influences the linearity of the output. The power 
spectra at 4% DC are recorded with a coarser quantization (10cm-1). 
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ALLAN DEVIATION MEASUREMENT 

 

Figure s11. at 1680cm-1 correspondingly to the carbonyl stretching bond; d Allan 
deviation measurement for blank coated and uncoated membranes at 1mabr and 10-5 
mbar 

One of the factors that determine the limit of detection (LOD) for the NAM-IR spectroscopy is 
the resonant frequency measurement precision, which can be estimated through the Allan 
deviation (AD). We measured the Allan deviation for uncoated membrane at rest, and for 20 
and 100nm PVP coated membrane when subjected to the IR light. We performed the 
measurement both in high vacuum (HV) and in low vacuum (LV). Surprisingly the Allan 
deviation (𝜎𝜎(1𝑠𝑠)) is higher for HV and this is probably due to the higher sensitivity of the of the 
membrane sensor to the fluctuations of the IR source. Finally, we also noticed an increase in 
the noise for increasing amount of material deposited. As we show in figure 3a, this might be 
due to an increase of the responsivity to the photothermal heating for coated membrane. The 
AD values need to be discussed from a spectroscopy perspective. The optimal integration 
time is bounded by thermal time constant 𝜏𝜏𝑀𝑀(values of the thermal time constant are reported 
in the main manuscript). For a blank membrane 𝜏𝜏𝑀𝑀 is around 2.5ms at 1 mbar and around 
20ms at 10-5mbar. Therefore, to properly define the LOD we must consider the AD for an 
integration time 𝜏𝜏𝑖𝑖 <  𝜏𝜏𝑀𝑀. In the light of this, we notice negligible differences between coated 
and uncoated membranes. Instead, considering 100nm coated membranes at the optimal 
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integration time (𝜏𝜏𝑀𝑀 = 5𝑚𝑚𝑚𝑚 and 40𝑚𝑚𝑚𝑚 for 1mbar and 10-5 mbar respectively) the AD values are 
in the order of 3ppm and 5ppm. In the main manuscript the LOD was evaluated for a 20nm 
PVP coated membrane and it has shown to be 2.5nW in terms of absorbed power.  

 

 

NAM-IR SIGNAL POST PROCESSING 

The NAM-IR spectra are caused by the release of the initial stress of the membrane resulting 
in a negative resonance frequency shift. For the sake of clarity, the spectra are finally 
mirrored on the horizontal axis.  

1) Averaging (figure s7a-b)The QCL laser source (Block-Engineering) used in this work has 
a laser linewidth of 2cm-1. The QCL sweeps stepwise the investigated wavelength range 
with a step size of 0.5cm-1. According to the sweeping speed, the dwell time is 
automatically regulated. The dwell time has to be higher than 3𝜏𝜏 allowing the membrane 
to reach the steady value upon IR absorption. The PLL bandiwth was set at 500Hz for all 
the recorded spectra, ensuring an integration time of 1.5ms or lower the sampling 
frequency was set at 3600sample/sec.For high vaucm measuremnt the QCL dwell time 
was reduced to match the thermal time constant of the device and the integration time of 
the PLL was set to 10ms. 
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Figure S12 a-b)Raw NAM-IR spectra and averaged NAM-IR spectra; c) Subsequent IR absorption during 
spectroscopy. The spectral range of 4cm-1 is swept within 1 second in 8 steps. Although a formal definition 
resolution is not available the membrane sensor can clearly recognise the step width of 0.5cm-1 during 
spectroscopy. 

The raw data are averaged with a moving average filter. The averaging window was chosen 
to match the laser linewidth of the QCL. 

2) Removal of Silicon Nitride Background  

The non-linearity of the laser source is reflected in the NAM-IR spectra. Despite the high 
transparency in the mid-infrared region, the fingerprint of the laser can be seen in the raw 
spectra (figure s8). The multiple local minima are clearly visible in the different spectra 
acquired reflected resonance frequency[2–4] value.  

Although the region from 1150cm-1 to 1953 cm-1 the photothermal absorption is negligible, 
the fingerprint of their source is reflected in the spectra. The NAM-IR spectra of a blank 
membrane are subtracted from the spectra of the investigated material. The background of 
SiN is more evident In spectra in the nanometers measurement where the relative frequency 
shift due to the sample is in the same order of magnitude of the relative frequency shift of the 
background than for thicker coating. The subtraction of the background becomes necessary 
when the thickness of the investigated material is in the 10s of nm range. Due to the increase 
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in the relative frequency shift of coated sensor (figure 3a), before subtraction, the background 
is scaled according to the ratio of the SiN peak at 861cm-1. 

 

Figure S13 NAM-IR spectra of Silicon Nitride recorded at 4%DC at 1mbar. Analogous spectra are recorded in a high 
vacuum. 

3) Baseline Correction. The same baseline correction is performed in ATR spectra and 

NAM-IR spectra figure s9. 
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Figure s14 Averaged spectra are subtracted from the silicon nitride background. Afterwards, a 
baseline correction is performed. Here spectra of 40nm PVP coated device recorded at 10-5 
mbar is showed.  

Signal and noise calculation The signal to noise ratio of the spectra was evaluated 
considering as noise the standard deviation of the portion of the spectra ranging from 1800 to 
1953cm-1 where there is no absorption of the investigated material(Figure s9 and figure s10). 
The same approach was used for the definition of the SNR for ATR and NAM-IR. As a signal, 
it was used the amplitude of the peak led from the carbonyl bond located around 1680cm-1. 
All the calculation were performed on the data after the baseline correction. The raw data the 
Matlab-script for used for post-processing the date upon reasonable request 
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Figure s15 Noise calculation on Baseline corrected spectra. Most of the noise is due to 
the fluctuation of the signal due to the fluctuation of the QCL. The text in the figure 
indicates the noise, considered as the standard deviation of the signal between 1800 
and 1953 cm-1. Here the noise on a 40nm coated membrane at 10-5mbar. 

Here we have reported as proof of concept the portion of the NAM-IR spectra calculated on a 
40nm PVP coated membrane measured at 10-5 mbar.  

ATR SPECTRA POST PROCESSING ATR-FTIR spectra are acquired with (Perkin-Elmer 
Spectrum-100) equipped with a broadband IR source of 5mW. The spectra are acquired with 
two different spectral resolutions; 4cm-1 and 2cm-1. Higher values of the resolution did not 
provide reliable data due to the very low SNR. It is known that SNR increases for coarser 
resolution and for longer acquisition time[5]. The amplitude was corrected for compensating 
the difference in the penetration depth, the function of the incident wavelength. The sample 
background of the Silicon substrate is removed (figure s11), and finally, the spectra are 
further corrected by interpolating a baseline. The signal to noise ratio is then evaluated using 
the same criteria defined for NAM-IR spectra.  
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Figure s16 ATR signal of 200nm PVP thin film. The spectral resolution of 4cm-1.The baseline is 
obtained such that the three main bands of the PVP can be easily identified. The signal to 
noise ratio is the evaluated considering the baseline corrected spectra.  

 

EVALUATION OF THE ABSORBED POWER  

The absorbed power from the membrane resonator results only in a fraction of the incident 
power. The absorbed power can be calculated by the model[6]: 

 

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎 =
8𝜋𝜋
𝛼𝛼
𝑘𝑘�ℎ�𝜎𝜎0���
𝐸𝐸

∆𝑓𝑓
𝑓𝑓

(
2 − 𝑣𝑣
1 − 𝑣𝑣

− 0.642) −1 

Considering a membrane resonator coated with 20 nm of PVP characterised by a time with 
an integration time of 7ms the Ad values is 2 pmm hence the absorption power LOD is 5nW. 

These values once plugged in the equation above reported describing the absorption power, 
considering these parameters for the SiN[6] and PVP[7]. The values were averaged 
correspondingly to the thickness of the two layers. These values are reported in Table s1 

 

 

 

 

1100 1200 1300 1400 1500 1600 1700 1800 1900 2000

-0.05

0

0.05

0.1

wavenumber (cm-1)

A
bs

or
ba

nc
e 

un
it 

(a
.u

.)

 

 

Raw spectra
Baseline
Baseline corrected spectra

29 
 



Material k a sigma E 
  Wm-1 ppm Mpa Gpa 
          

PVP 0.27 70 ~ 2 
SIN 2.5 2.3 250 250 
Table s 1Values for evaluating the absorbed power. 

The thermal and mechanical parameters of the are averaged correspondingly to the sample 
and membrane thickness. The absorption power spectra for a 20nm membrane at 10-5mbar is 
shown in (figure s12). The shades represent 5 times the standard deviation of spectra 
recorded on 4 different membrane coated chips. 

  

 

Figure s17 The absorbed power for 20nm thick PVP coating evaluated from (1). The absorbed power spectra is then 
used as input for the calculation of the temperature shift driven by the heat absorption 

 

FINITE ELEMENT MODELLING 

The temperature shift due to the light absorption is evaluated through a finite element model. 
We simulated the thermal transport throughout the entire device: bodychip and membrane 
resonator. The heat transport was assumed to be purely conductive throughout the device. A 
multi-layered structure was simulated to predict the heat transport in the presence of the PVP 
coating. The thermal properties of the PVP can be found elsewhere[8]. 

At the boundary, the temperature was set at 293.15K, and the heat source was placed in the 
centre of the membrane. The temperature reached for each absorbed power were calculated 
by solving the heat transport equation and the corresponding wavelength dependent 
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temperature field is evaluated (figure s13). The highest temperature reached matches with 
the absorption at 1680cm-1 of the carbonyl bond, and it is around 294K well below the glass 
transition temperature of the PVP which is around 453K [9]. 

Using the same approach we were able to define the noise equivalent temperature of 3mK, 
considering the standard deviation of the absorbed power spectra in the region where no 
absorption occurs. 

 

Figure s18 Temperature shift spectra and temperature field for a 20 nm PVP coated membrane, correspondingly to 
the power spectra. The membrane is located in the centre of the bodychip of 1cm side length.  
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SNR 

The signal to noise ratio of PVP spectra recorded in a high vacuum were used to perform a 
linear fit and extrapolate a limit of detection Figure s14. 

 

Figure s19 linear fit extrapolation of the SNR in high vacuum n=3 

From the linear fit equation of the SNR, we can extrapolate the limit of detection.  

The thickness that would give rise to a SNR of 2 for an incident power of 900 µW is 

𝑇𝑇ℎ𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 =
2

12.5
= 0.16𝑛𝑛𝑛𝑛 = 160𝑝𝑝𝑝𝑝 

160pm of material corresponds over the sampling area given by the laser spot size of 100µm in 
diameter. 

PVP density is 1.3 pg um-3,  

The sampling volume is 1.25 µm3 

The sampling mass is  1.66pg  of PVP corresponding to roughly 4 attomol. Considering the PVP Mw is 
360kDa 
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Silvan Schmid, Anja Boisen. 

Abstract 
The understanding of crosslinking reactions is of the higher interest especially for polymers and 

peptides of recent discovery and synthesis. Conventional spectroscopic infrared techniques used for 

featuring the chemical modifications are well established and widely used, although they need a 

milligrams quantity of samples and requiring time-consuming sampling technique. Newly discovered 

polymer are often available in small amounts. Hence techniques which enable to study the 

crosslinking chemistry on small quantities of material represents a valuable asset. Nanomechanical 

sensors can probe the light absorption of very thin polymeric layer, therefore enabling infrared analysis 

on sub-picogram amount of sample. In this work, we have developed nanomechanical membrane 

resonators which permit the characterization of the gelification reaction in submicron thick layer of 

poly(vinylpyrrolidone) starting from a 535 pg of polymer. This approach further allows to identify the 

various phenomena occurring upon exposure to the UV light, in particular the photo-oxidation. The 

presented method can be easily parallelized and scaled for high sensitive infrared fingerprinting.  

HYDROGEL THIN FILM; THIN FILM SPECTROSCOPY; HIGH SENSITIVITY; SUB MICROMON 

GELIFICATION 

Introduction 
 

Understanding the mechanism of polymer crosslinking is of paramount importance due to its 

relevance in material engineering [1], for several biological applications [2] and represents a key 

reaction mechanism in polymer chemistry. In this work, we focus on the crosslinking of hydrogels, 
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which are hydrophilic three-dimensional networks, able to swell and retain a significant amount of 

water [3]. Thanks to these characteristics these materials resemble biological tissues, making them 

suitable for a broad range of applications, such as tissue engineering [4,5], biomedical technology 

such as ophthalmic systems [6,7], wound dressings [4,8,9], and drug delivery [10–12]. Furthermore, 

hydrogel coatings have shown to improve the performance of implantable glucose sensors [13] and 

optical sensors[14]. Drug delivery systems based on hydrogels can be used to provide distinct release 

kinetics of therapeutics by tuning the crosslinking density [10]. The tuning of the gelification process is 

also fundamental when hydrogels are used as a synthetic matrix for living tissue. The crosslinking 

density is directly connected to the viscoelastic behaviour of hydrogels which has a strong effect on 

the mechanical driving force determining the fate of stem living cell [5]. Hence, regardless of the final 

aim of a hydrogel based device, the ability to define and control hydrogel characteristics is crucial.  

Poly(vinylpyrrolidone) (PVP) has been extensively studied for biomedical and pharmaceutical 

applications [10,15,16], and it has been shown to form chemical hydrogels by exposure to UV light or 

electron beam [10,17–19]. The addition of hydrogen peroxide enhances the reaction and increases 

the gel fraction[19]. However, in the presence of oxygen, UV exposure also causes photo-oxidation, 

which deconstructs the polymer network, converting polymer strand into macroradicals [17,20–22]. 

Recently, top-down approaches for creating very thin hydrogels layers have attracted attention, since 

the formation of hydrogel thin films was typically limited to layer by layer or, hybrid methods [23,24].In 

this case, the formation of such hydrogels relies on the mutual interaction between the layers. The 

production of hydrogels by direct exposure to light simplify the gel production significantly. 

However probing the chemical modification taking place in the film throughout the gelification process 

is often challenging[17,25], and it requires tedious and cumbersome approaches [17,26] or combining 

multiple characterization techniques such as quartz crystal microbalance(QCM) and Surface Plasmon 

Resonance(SPR)[25]. Infrared spectroscopic analysis provides information in terms of chemical bonds 
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forming during the crosslinking process. Therefore, Fourier transform infrared spectroscopy(FTIR) and 

its implementation like attenuated total reflectance (ATR) are widely used to assess the formation of 

chemical bonds for gel structures [10,17,27]. Nevertheless, such techniques need a minimum amount 

of material in the mg range to perform the analysis, and the ATR-FTIR spectra are affected by 

artefacts when the film thickness is smaller than the sampling depth. These artefacts are due mainly 

on the reflection phenomena taking place at the sample substrate interface [28–30]. These 

phenomena add complexity to the spectra, and they have to be considered during the interpretation of 

the results. With this work, we present the application of nanomechanical infrared method (NAM-IR) to 

PVP hydrogel crosslinking analysis. Such spectroscopic method is capable of extracting the same IR 

spectra as the ATR-FTIR, but does not suffer from artefacts for very thin films and can work with only 

a few picograms of a polymer. NAM-IR spectroscopy is based on nano-resonating structures capable 

of transducing the minute temperature changes happening in the polymer upon IR photon absorption. 

The heat generation is translated into a change of the mechanical resonance frequency, thanks to a 

release of stress in the mechanical structure [31–33]. It has been shown how string based NAM-IR 

spectroscopy can recognise spectral features even for few femtograms of material [33], thanks to their 

ability to resolve minute temperature variation [34]. However, the mechanical fragility of nanostring 

significantly limits the possibilities of sample preparation (i.e., typically only for particle based sensing), 

making such structures not suitable for analysis of large arrays of assays [31,35]. 

By using membrane resonators, the robustness of the sensor, sample handling, and the overall 

experimental procedure can be improved. Membrane-like structures better comply with agile sample 

preparation methods such as drop casting or spin coating and facilitate precise analysis of the thin 

films [36]. The gelification is followed directly on a membrane prepared using drop casting and 

subsequently irradiated to initiate the crosslinking process. The NAM-IR spectra show the typical IR 

spectral fingerprint of PVP hydrogel after 20 minutes of UV exposure.  
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Figure 1 Experimental procedure: a) blank membrane, b) the membrane is coated using drop casting or spin coating 
c) and then is exposed to the UV light. d) The crosslinked film is let dry on a hot plate at 323 K and once dried, e) the 
NAM-IR spectra is acquired through the lock-in scheme detection as previously described[31,32,37]. 

 

Experimental 
 

Square silicon-rich silicon nitride membranes (size: 1×1 mm2, thickness:100 nm) were fabricated by 

bulk micromachining. The silicon nitride was deposited by low-pressure chemical vapour deposition on 

a 4’’ silicon wafers (LPCVD) and patterned through UV lithography and dry etching. Membrane 

resonators were then obtained through the removal of the bulk silicon through a KOH etching from the 

backside of the wafer.  
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The polymer solution was prepared by dissolving poly(vinylpyrrolidone) K90 powder (Mw=360 kDa, 

Sigma-Aldrich) with concentrations 1% and 5% wt. in aqueous solutions of hydrogen peroxide (H2O2, 

30% Sigma-Aldrich). Hydrogen peroxide was added to achieve a faster and more efficient crosslinking 

process [17,19]. 

The experimental procedure is illustrated in Figure 1. A blank membrane (Figure 1a) is coated using 

two different approaches: i) spin coating aimed to obtain a fine control of the film thickness needed 

during the calibration phase, and then by drop casting a 3µl of polymer solution (Figure 1b) for the 

gelification experiments.The thickness of the spin-coated films was measured by ellipsometry. Prior to 

the exposure, the polymer film is wet by pipetting the same (H2O2 30% v/v ) solution. The coated 

sensor chip was then exposed to UV in a chamber providing UV-B (313 nm) and UV-C radiation (256 

nm) (Figure 1b-d). 

For photothermal measurements, the sensor chip was mounted in a custom made vacuum chamber 

providing electrical connection, a glass window for optical readout, and a KBr window for IR irradiation 

(Figure 1e). Membranes were actuated with an external piezoelectric element and the readout with a 

laser-Doppler vibrometer (MSA-500, Polytech GmbH) equipped with a 632.8 nm Helium-Neon readout 

laser. The mechanical resonance frequency was monitored using a phase-locked loop (HF2LI-PLL, 

Zurich Instruments). The steps showed in Figure 1b-e are iterated to obtain and characterise a fully 

crosslinked film. 
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Results and discussion 

 

 

Figure 2 NAM IR spectra of PVP recorded on a 100nm coated membrane resonator. NAM-IR spectra are recorded as 
a negative frequency shift. Here, the spectra are mirrored along the horizontal axis achieving absorbance-like 
infrared spectra. 

The IR spectra of PVP (see figure 2) consist of 3 main bands. The band at 1680cm-1 corresponds to 

the carbonyl bond of the pyrrolidone ring; at a lower frequency, there are two bands related to a triple 

peak due to the C-N stretching and CH2-ring wagging [17,20]. 

To quantify the sensing performance of the photothermally induced heating by the membrane 

resonators, the responsivity R from a PVP coated membrane in two different IR spectral regions was 

studied (Figure 2 b-c).The responsivity curves were obtained by measuring the resonance frequency 

upon periodic IR irradiation, analogously on what previously shown by Miriyala et al. [38]. The 

procedure to obtain the responsivity curves is showed in the supplementary information.The 

wavelengths corresponding to the carbonyl bond stretching at 1680 cm-1 and to the Carbon-Nitrogen 

(C-N) stretch at 1290 cm-1 were used to test the membrane responsivity. Each point in the figure 3a-b 
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is the average of at least 150 points recorded on a single membrane chip. The magnitude of the 

photothermal response strongly depends on how efficiently the heat is transported towards the heat 

sinks, i.e. the body chip or the residual air in the chamber. Therefore, the responsivities were studied 

under two different pressure conditions: high vacuum (HV, 10-5 mbar) and low vacuum (LV, 1 mbar). 

The two pressure regimes determine different behaviours in the thermal transport; in HV conditions 

the heat is mainly lost by conduction throughout the body chip, instead, in LV part of the generated 

heat during light absorption is also dissipated by convection through the surrounding air.  

These two different regimes give rise to two responsivity values, at HV, R=47 ppm µW-1 and at LV is 

R=3.8 ppm µW-1 on a membrane with a 200 nm PVP.  

Interestingly, the responsivity curves obtained for the two different IR bands showed a linear trend 

relatively to the incident power, as happened for string resonators and bimaterial cantilevers[33,38] 

This indicates that the photothermally induced expansion of the polymer film maintains a linear 

behaviour throughout the incident power range tested. Such linearity clearly supports the assumption 

that the polymer does not reach the glass transition even at the highest incident power since the 

thermomechanical parameters would change drastically, and an abrupt change would be reflected in 

the resonance frequency [39–42]. Therefore, this linear behaviour confirms the capability of the 

system of obtaining IR spectra without inducing phase changes in the polymer morphology. Finally, it 

is interesting to notice that the responsitivity increases for polymer coated membranes compared to 

blank SiN ( see supporting information SI). 

The responsivity was further evaluated for different PVP coating thicknesses for an irradiating power 

of 400 µW at 10-5 mbar and 900 µW at 1 mbar considering the absorption peak at 1680 (Figure 3c). 

The same curves (figure 3c) were used as a calibration curve to estimate the thickness of the 

deposited layer of PVP when the drop-casting technique was used. It can be noticed that the 

responsivity increases for a higher amount of material deposited, due to a higher power absorption 
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(Figure3d) and consequently a higher heat generation. The absorbed power [43] is reported in Figure 

3d. It linearly increases with the thickness of the deposited layer analogously to what has been 

previously showed for string based photothermal sensor [33,38]. The model used to calculate the 

absorbed power can be found in [43] 

For resonator sensors, the frequency noise affecting the complete measurement chain is quantified by 

the Allan Deviation 𝜎𝜎(𝜏𝜏) therefore, the noise measurements are reported in the supplementary 

information. In particular, the noise measured for a membrane with 200 nm of PVP coated membrane 

is 𝜎𝜎(1𝑠𝑠) = 4𝑝𝑝𝑝𝑝𝑝𝑝, corresponding to a lowest detectable absorbed power at 1680 cm-1 of 3 nW, 

according to the model in [43] (see supplementary information). 
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Figure 3.Responsivity and power absorption curves as a function of the polymer thickness. a) Responsivity 
measured on the absorption peak of the C-N bond at 10-5 mbar and 1 mbar;b) responsivity at the absorption peak of 
the carbonyl group at 1680cm-1, for a 200 nm thick polymer coating at 10-5 mbar and 1 mbar error bars represents 
the standard deviation of multiple recordings on the same chip; c) amplitude of the relative frequency shift of the 
carbonyl peak for different PVP coating thickness at 10-5 mbar and 1 mbar obtained with an incident power of 400 
µW and 900 µW, recorded on 3 different coated membrane ;d) absorbed power at 1 mbar and 10-5 mbar. PVP was 
deposited through spin coating and the thickness measured by ellipsometry. The spinning curves are showed in the 
supplementary material. 

  

10 
 



Photothermal spectra of UV crosslinked PVP 
 

The UV crosslinking mechanism of PVP was elucidated by Zhu and co-workers [17]. They studied the 

gelification at different irradiation times on macroscopic hydrogel specimens. In this work, the samples 

were individually purified from the unreacted solution for 24 hours in deionized water and then dried in 

vacuum for further 24 hours. After this long sample preparation, the specimens were analysed. Such 

conventional approach is extremely time-consuming and is not suitable for fast analysis of a large 

array of polymer samples. In our work instead, we present a quicker and simpler method for realising 

submicron thin films of PVP hydrogel. Moreover, the NAM-IR system we used is also significantly 

faster and able to record the spectra with higher signal to noise ratio. In fact, NAM-IR allows recording 

spectra with a single acquisition with a signal to noise ratios of 200 in LV on 100 nm polymer thick 

layer, whereas our commercial ATR-FTIR equipment for the same polymer thickness yielded an SNR 

five times smaller [36]. The high SNR for NAM-IR recorded on a single acquisition allowed us to 

acquire each spectrum 43 times faster compared to ATR-FTIR apparatus as it would need multiple 

acquisitions to reach the same SNR. 

The estimated thickness ranged from 80 to 300 nm (see supplementary information). To the best of 

our knowledge, this study is the first showing a gel formation on a submicron thick layer of PVP by 

direct UV illumination. 

The IR spectrum of PVP can be analysed focusing on the three main bands from 1150 cm-1 to 

2000cm-1.The bands at 1300 cm-1 and 1450 cm-1 undergo significant changes during the crosslinking 

process and the gelification within the studied time frame of 90 min.  

Variations in the spectroscopic pattern can be seen after 10 minutes of UV exposure (see Figure 3). 

The carbonyl group is involved in the formation of the intermolecular bonds with other polymer chains, 

which can be observed with shifts towards the lower frequency of the corresponding peak [17]. For 
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exposure times longer than 20 minutes a substantial change can be noticed in the carbonyl band at 

1680 cm-1. In the gel spectra, the peak shows a significant splitting, resulted in a broadening towards a 

lower frequency. Noteworthy, the dip is appearing in the middle of the band at 1684 cm-1 also present 

in unexposed PVP, and it is due to local power minima of the laser source (see supplementary 

information). 

The hydrogel formation is further confirmed by assessing bands at 1400 cm-1 1415 cm-1 and 1420cm-1, 

respectively related to the bond wagging of C4-H and CH2, and C-N bond stretching at 1257 cm-1 [17]. 

At the same time, the conversion of the pyrrolidone ring into succinimide ring is characterised by a 

strong band in the proximity of 1700 cm-1 related to the two carbonyl groups [17,20] which are a strong 

sign of the PVP gelification process [17]. 

The peak at 1280cm-1 became wider and shifted towards a higher frequency, and a new peak appears 

at 1215 cm-1 also attributed to the C-N stretching of the succinimide ring. The gel structure is further 

characterised by N-C-O-C bands which can be identified in spectra at 1170 cm-1-1180 cm-1.  

Overexposure to UV light in the presence of H2O and H2O2 and O2 triggers the degradation of the 

polymer backbone known as photo-oxidation [22]. This phenomenon brings to the demolition of the 

polymer chains accompanied by the formation of degradation products [17,26,44]. 

With respect to PVP, UV overexposure leads to the formation of imide groups [17,26], undergoing 

hydrolysis and producing amide-II groups. These latter were probed by a band occurring at 1540-1550 

cm-1 related to the N-H bending mode. Furthermore, at 1735 cm-1, we noticed a shoulder of the main 

carbonyl peak due to the formation of carboxyl terminated non-cyclic imides [21,26,44] (Figure-3). 

After 90 min of exposure, the IR spectra differs sensibly from any of the previous gelificated structures 

[17] and the non-treated polymer. Nevertheless, the bands around 1400 cm-1 and 1170 cm-1 still show 

characteristic peaks related to PVP gel structure.  

12 
 



Although the IR spectral patterns describing the PVP gel structure are visible also for 90 min exposure 

time, an intensity increase of the band that is associated to photo-oxidation products was observed. 

As a figure of merit for describing the degree of photooxidation (see Figure 4), we evaluated the area 

of the band 1540-1560 cm-1, normalised by the value in the same band for non-exposed PVP. This 

value is seen to increase as a function of the exposure time. The extent of the area doubles just for 10 

minutes of exposure and becomes 16 times higher for the higher given dose at 90 min. This result 

further supports the hypothesis that the photo-oxidation is the prevailing phenomena when the 

exposure is prolonged[17,20]. 

 

Figure 4 PVP hydrogel spectra for different exposure times. Each spectrum is the average of three acquisitions on 
the same membrane coated chip recorded on different location. The change in the IR spectral pattern was found 
being attributed to the formation of hydrogel structure. 
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Figure 5 Effects of prolonged exposure time on the IR spectra of PVP. a) Area ascribed to the amide-II group a 
product of the photooxidation; b) Trend in the value of the area of the amide-II for different exposure times. 

 

Conclusions 
 

We have shown that the employment of prestressed membrane resonator as a photothermal sensor 

for characterising the gelification of thin PVP film can be a powerful analytical tool to study crosslinking 

of thin polymer films. The use of NAM-IR spectroscopy for monitoring the crosslinking of thin polymer 

film brought several advantages. The ratio SNR vs. acquisition time increased 5 times compared to 

conventional ATR-FTIR spectroscopy[28]. Moreover, the robustness of the membrane geometry better 

suits drop casting and spin coating of thin polymer layers, simplifying the sample preparation 

considerably.  

In particular, the thickness of the dry hydrogel films and the typical IR spectral features allowed to 

assess the formation of gelified structures. The membrane resonators showed a responsivity up to 

200 ppm nm-1 mW-1 and able to resolve up to 3 nW as absorbed power, which is in the same order of 

magnitude of string based photothermal spectrophotometer. The high sensitivity even at moderate 

vacuum conditions shown by membrane resonators allowed performing a highly defined in situ 

14 
 



infrared analysis of the gelification product and as well as characterise the photooxidation of the 

polymer which is important for long exposure times. A deeper understanding of the process might be 

obtained by investigating the transition from purely elastic film to a viscoelastic behaviour occurring 

during the crosslinking reaction. This might be possible by monitoring the evolution of the damping 

mechanism of the film on the resonating behaviour of the membrane. Finally, we envision that by 

tailoring the sensor features as well as the experimental setup this method can be integrated on high 

throughput sensing devices capable of assessing several other the physical and chemical properties. 
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SUPPLEMENTARY INFORMATION  
 

1. PVP CONCENTRATION ON A 3µl drop. 

Density of H2O:H2O2 solvent 1.1mg/ml; 

Molecular Weight of PVP k90= 360000 g/mol; 

The PVP solution is concentrated at 0.1%wt. the polymer solution drop is 3µl  having a mass of 3.3mg. 

0.1% of 3.3 mg= corresponds to 3.3 µg which is an estimation of the mass of PVP in the drop which is 
cast on the total area of the membrane resonator chip plus the body-chip 1cm wide. 

Considering the PVP molecular weight the amount of polymer in the whole drop corresponds to  

 
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑜𝑜𝑜𝑜 𝑃𝑃𝑃𝑃𝑃𝑃

𝑀𝑀𝑀𝑀
=

3.3 10−6𝑔𝑔
3 105𝑔𝑔

𝑚𝑚𝑚𝑚𝑚𝑚�
= 9.1𝑝𝑝𝑝𝑝 

(1) 

 

 

 
1.1 Mass quantification 

The amount of polymer present in the drop is 3.3 µg, which result cast onto an approximately circular 
area of 8mm of diameter, yielding a surface density 65fg/µm2. 

The signal is provided by photothermal induced heat in generated within the laser spot which has a 
diameter of 100µm, or equal to an area of 7583µm2. 

Sensing mass = 7583µm2 * 65fg/µm2 =497pg (2) 

Mass on the sensor = 65fg/um2 *106 µm2 =65ng (3) 

 

2. PVP SPINNING CURVES 

The membrane resonators were coated with this spinning parameters reported in figure s1. The spin-
coated membranes were then used to obtain the calibration curve reported in the main manuscript in 
Figure 2c-d. 
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Figure s6 Spinning curves of PVP. 

 

3. POWER SPECTRA OF THE IR LASER SOURCE 

The quantum cascade laser used in this work has a non-constant power throughout the spectral range 
covered. The parameter that can be used to tune the power output of the laser is the duty cycle. The 
power spectra were recorded by a thermal sensor at the duty cycle of 1% and 4%. Which corresponds 
to the one used during the experiments. 

a)                     b) 

 

Figure s7 Power spectra for 1% DC a) and 4% DC b).  

The two power spectra were recorded at two different spectral step size. For 1% DC the step size was 
of 1cm-1, instead, for 4% DC the step size was of 10cm-1. In the region between 1400 cm-1 and 1800 
cm-1, we notice several dip in the power curves which are reflected in the NAM-IR spectra. 
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4. EFFECT OF THE LOCAL MINIMA 

The multiple local minima of the QCL laser source are reflected in the NAM-IR spectra(Figure s3) . To 
illustrate this effect we record the NAM-IR spectra on a PVP coated membrane and on a gold coated 
membrane which reflects almost all the incident IR radiation reported on a  

 

 

Figure s8 NAM-IR spectra recorded on a gold coated membrane and on a PVP coated membrane. 

 

 

5.  ENHANCEMENT OF RESPONSIVITY FOR POLYMER COATED MEMBRANES 

The responsivity was also measured at 861cm-1 where the polymer has a very limited absorption. The 
responsivity increases for polymer coated membranes compared to blank SiN (figure s4). This sensing 
feature can be explained considering that the photothermally induced frequency shift is proportional to 
the ratio α⁄k where α is the thermal expansion coefficient and k is the thermal conductivity of the 
resonating structure. For a polymer coated membrane this ratio increases due to the higher thermal 
expansion coefficient of the polymer and the lower effective thermal conductivity of the bilayer 
structure. Finally, the responsivity value has to be normalised by the specific absorption coefficient. 
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Figure s9 Relative frequency shift for a blank and polymer coated membrane measured ad 861cm-1 where PVP has a 
limited absorption. Here the responsivity is tested on a 200nm PVP coated membrane in High Vacuum 10-5 mbar.  
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6. EVALUATION OF PHOTOTHERMAL RESPONSIVITY 

 

Figure s10 Methods for evaluating the photothermal responsivity of NAM-IR membrane. a) Relative 
frequency shift curve for increasing incident power. The light is mechanically chopped at 2Hz, giving 
rise to an b) ON-OFF pattern. c) Histogram of the signal reported in subfigure a, every single incident 
power value give rise to the distribution of resonance frequency from which the mean and standard 
deviation are drawn. 

The resonance frequency was mechanically chopped at an arbitrary frequency, and the resonance 
frequency shift was recorded using the same lock-in scheme used for recording the NAM-IR spectra in 
the case represented in figure s5 the chopping frequency was 2 Hz.  

The resonance frequency shift was recorded for increasing incident power. The on-off like pattern of 
the signal was statistically analysed. By studying the histogram of the relative frequency shift separate 
distributions can be identified (figure s5 c-d). From the analysis of these single distributions the mean 
value and the standard deviation were extracted and they represent a single point in the responsivity 
curves showed in figure 3ab of the main manuscript 
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7. EVALUATION OF THE PVP thickness through the calibration curve 

The thickness of the deposited PVP by drop casting is evaluated by the calibration curve showed in 
the main manuscript (figure 3c). 

The responsivity measured at 1680cm-1 was of 24 ppm/nm in low vacuum for a given incident power 
of 900µW.  

Here we show the amplitudes of the carbonyl peak obtained PVP drop cast membrane resonator and 
by using the responsivity curves the thickness is estimated. 

Table s 1 Values of estimated thickness for drop casted membranes 

Chip ID Relative 
frequency shift 

at 1680cm-1 

Estimated 
Thickness 

M_125 8000 ppm 313 nm 
M_142 4000 ppm 165 nm 
M_133 6000 ppm 248 nm 
M_136 2000ppm 82 nm 
M_140 4000 ppm 165nm 

 

Figure s11 Membrane n 133 0-90 min   Figure s12 Membrane n 136 0-20 min 

 

 

 

 

 

 

 

Figure s13 Membrane 140 0-20 min    Figure s14 Membrane 140 0-60 min 
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Figure s15 Membrane 125 0-60 min 

4. ALLAN DEVIATION  

 

Figure s16 Allan Deviation Measurement. 

Allan Deviation measurements of PVP-coated and blank membrane resonators in high vacuum and in 
low vacuum and reported in Figure s11. The polymer coating worsens the stability of the sensor. For 
high vacuum measurement, the noise is increased, this is probably due to the higher sensitivity of the 
membranes to the laser fluctuation. 
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Appendix A 
 

Standard Operating Procedure 
 

In the perspective to provide a user manual for operating with the systems this last section shows a 
step by step description of all the procedure needed to operate with the system. 

1. Switch on the Power supply. 
a. Check that the PC recognises the 2 Blu-ray devices. 

2. Open the last version of the Bridge Measurement Control Software. 
a. Wait initialization of the BR and the motor unit 
b. Once the Led light in the bottom left corner is Green, the system is ready to operate 

3. Manual Initialization of the Motor. 
a. Bring the PUH to the leftmost corner and then to the righter most corner, being 

sure that the all the 8191 step of the motor were done in either direction, right to 
left( 0 to 8191) and left to right( 8191 to 0). 

b. Align the stage-motor y direction. 
i. Hold the stage and make sure that the PUH is in the centre of the 

microfluidic cartridge. 
ii. Bring the motor position counter around position 4000. In this way the 

motor will have half of the run to reach the bottom/upper part of the 
microfluidic cartridge. 

iii. Align the stage in the centre of the microbridge chip we want to measure. 
iv. Place a beam finder on the top of the cartridge in order to see the shadow of 

the Blu-Ray light. 
v. Start moving the stage with single step size in order to see the Blu-Ray light 

passing through the holes in the chip device. 
vi. The number of steps needed to cover 1000µm are around 250. 

vii. Once the light is starting to be visible regulate the number of steps according 
to the bridge width. 

viii. Save the y position. 
4. Manually focus on one bridge, preferably the central one. 

a. Adjust the PUH-bridges distance by acting on the z-direction screw. 
b. Focus in the central part of the S-curve. 
c. Save the VCM position 



5. Repeat the step 4b-iii-vii for measuring different bridges array. 
a. Focus on one bridge of the ith, by only adjusting the VCM position 
b. Focus in the central part of the S-curve  
c. Save the VCM position once focused. 

6. Repeat step 5 for the different bridge that we want to measure. 
7. Repeat step n 3a. 
8. Set Delay and threshold 10ms and 100 are reference value) 
9. Set the number of Measurement 
10. Press the ONE-button 

 



Appendix B 
 

Analytical Model for calculating the photothermal induced frequency shift 

Developed by Professor Ole Hansen 

Analytical Model for calculating the time constant of photothermally 
heated membrane 

Developed by Professor Ole Hansen 
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2b

Equation of motion for a stressed membrane:

%hẅ − σ0h∇2⊥w = p

%hẅ − σ0h
1

r

∂

∂r

(
r
∂w

∂r

)
= p, (rotational symmetry)

Boundary conditions w(a) = 0 and w(0) finite. Eigen-mode equation

ω2n
%

σ0
w +

1

r

∂

∂r

(
r
∂w

∂r

)
= ω2n

%

σ0
w +

1

r

∂w

∂r
+
∂2w

∂r2
= 0

with the solution w(r) = J0

(
r
√
ω2n

%
σ0

)
= J0 (knr) with the BC we have w(a) =

J0 (kna) = J0

(
a
√
ω2n

%
σ0

)
= 0.

The first root of the bessel function is 2.4048, i.e., a
√
ω20

%
σ0

= ak0 = 2.4048

and the first angular resonant frequency is then

ω0 =
2.4048

a

√
σ0
%

and

f0 =
2.4048

2πa

√
σ0
%
.

Heat transfer: Fourier’s law

Jq = −κ∇T

where κ is the thermal conductivity. The heat continuity equation is

CV
∂T

∂t
= −∇ · Jq + q ⇒

CV
∂T

∂t
= κ∇2T + q

where q is the heat dissipated per volume and CV the heat capacity per unit
volume at constant volume. In steady state

κ∇2T + q = 0⇒ ∇2T = −q/κ

1



by integration across the thickness of the membrane, and assuming zero tem-
perature gradient in the z-direction, we have

∇2T = − Q

κh
=

1

r

∂

∂r

(
r
∂T

∂r

)
where Q is the heat dissipated per unit surface area. Assume now that the
dissipation is confined to r < b an the temperature at r = a is fixed, then the
temperature varies logarithmically for r > b, i.e.,

∆T (r) = A ln
r

a
∂T

∂r
=

A

r
A

b
= − P

κh

1

2πb
⇒ A = − P

2πκh

∆T (r) = A ln
r

a
= − P

2πκh
ln
r

a
, for a > r > b

where P = Qπb2. Inside the heated disc the temperature becomes

∆T =
1

4

Q

κh

(
b2 − r2

)
− Qπb2

2πκh
ln
b

a
=

1

4

P

πκh

(
b2 − r2

)
b2

− P

2πκh
ln
b

a

Stress-strain and displacement relations (assuming σz = 0 due to the free
surface, v = 0 due to rotational symmetry)

εr =
1

E
(σr − νσθ) + α∆T =

∂u

∂r

εθ =
1

E
(σθ − νσr) + α∆T =

u

r
+

∂v

r∂θ
=
u

r

εz =
1

E
(−νσθ − νσr) + α∆T =

∂w

∂z

γrθ =
∂u

r∂θ
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∂v

∂r
− v

r
= 0

i.e.,

u = r

(
1

E
(σθ − νσr) + α∆T

)
u =

∫ (
1

E
(σr − νσθ) + α∆T

)
dr

Equation of equilibrium

∂σr
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+
σr − σθ

r
= 0
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Timoshenko

σr = −αE 1

r2

∫ r
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0.1 Stress profile

Outside the heated area we have ∆T (r) = A ln r
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2πκh ln r
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2πκh and
then
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0.2 Equation of motion

When the stress is dependent on radial position the equation of motion must
be modified
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This equation can probably not be solved with the logarithmic dependent

stress. But with Rayleighs quotiont we may get some progress anyway. Assum-
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W

W h1

h2

JQb

JQt

T0

Here we consider a square membrane (side length W ) consisting of several
planar layers with thicknesses hi, thermal conductivity κi and heat capacity per
volume ci, where i ∈ [1, 2 . . . N ]. The perimeter of the membrane is kept at
temperature T = T0 and the membrane is heated by absorbing photons from a
collimated light beam with a gaussian intensity profile, the absorbed power is P .
The membrane may lose heat to the ambient gas at pressure p; the magnitude
of the heat flux densities are JQtop and JQbott at the top and bottom of the
membrane, respectively.
The heat continuity equation is

ci
∂T

∂t
= −∇·JQi+q(r, t) = ∇·(κi∇T )+q(r, t) ' κi∇2⊥T +

∂

∂z

(
κi
∂T

∂z

)
+q(r, t)

where q(r, t) is the heat dissipation rate per unit volume and JQi = −κi∇T is
the heat current density, while ∇2⊥ is the two-dimensional Laplacian. Since the
membrane is very thin compared to the width, we may take the temperature
as approximately constant in the z-direction; then an integral across the total
thickness of the membrane results in(∑

i

hici

)
∂T

∂t
=

(∑
i

hiκi

)
∇2⊥T − JQtop − JQbott +Q(x, y, t)

where Q(x, y, t) is the dissipated power area density.
In a fairly large range of ambient pressures JQtop and JQbott may be expected

to vary linearily with pressure and membrane temperature, since the impinging
molecular flux density is 14nv and each molecule is expected to remove the energy
f
2kB(T −T0) where f is the number of degrees of freedom for the molecules (say
f = 6), n = p/ (kBT0) is the molecular density and v the mean molecular speed.
It follows that

JQtop = JQbott =
1

4
nv
f

2
kB(T − T0) =

pvf

8T0
(T − T0) =

1

2
H (T − T0) .

1



And then the final PDE governing the temperature becomes(∑
i

hici

)
∂T

∂t
=

(∑
i

hiκi

)
∇2⊥T −H (T − T0) +Q(x, y, t)

where we for convenience may take T0 = 0 such that the temperatures in the
equation are the deviatory temperature, thus

C
∂T

∂t
= K∇2⊥T −HT +Q(x, y, t); C =

(∑
i

hici

)
and K =

(∑
i

hiκi

)
1

D

∂T

∂t
= ∇2⊥T −

H

K
T +

Q(x, y, t)

K
; with D =

∑
i hiκi∑
i hici

At first we are only interessted in solutions that are symmetrical in x and y

and we may assume product solutions of the form ϕn = An cos(knx) cos(kny) exp
(
− t
τn

)
with cos(knW/2) = 0 ⇒ kn =

π(2n+1)
W . For the homogeneous part of the PDE

we then get

− 1

Dτn
= −2k2n −

H

K
⇒ 1

τn
= D

(
2k2n +

H

K

)
τn =

1

D
(
2k2n +

H
K

)
In particular for the first mode (n = 0) which decays slower than the higher
modes

1

τ0
= D

(
2k20 +

H

K

)
= D

(
2π2

W 2
+
H

K

)
=

2π2

W 2

∑
i hiκi∑
i hici

+
H∑
i hici

A numerical evaluation using:
κ1 = 20Wm−1K−1

c1 = %Cp = 3100 kgm
−3 × 700 J kg−1K−1

W = 1mm
h1 = 100 nm

results in τ0 =
(

2π2

(1mm)2
20Wm−1 K−1

3100 kgm−3×700 J kg−1 K−1

)−1
= 5. 5ms which seems

to be in reasonable agreement with low pressure experiments.
H = pvf

4T0

v =
√

πkBT
8m =

√
π×1.3806568×10−23 JK−1×300K

8×(28×0.8+32×0.2)×1.6605402×10−27 kg = 184. 42
m
s

H1mbar =
1mbar×184. 42 m

s ×6
4×300K = 92. 21 W

m2 K

Hlow =
10−5mbar×184. 42 m

s ×6
4×300K = 9. 221× 10−4 W

m2 K

2



H1mbar

h1c1
=

92. 21 W
m2 K

100 nm×3100 kgm−3×700 J kg−1 K−1 =
424. 93

s

τ01mbar =
1

2π2

(1mm)2
20Wm−1 K−1

3100 kgm−3×700 J kg−1 K−1
+ 424. 93

s

= 1. 6ms

Hlow

h1c1
=

9. 221×10−4 W
m2 K

100 nm×3100 kgm−3×700 J kg−1 K−1 =
4. 249 3×10−3

s

τ0low =
1

2π2

(1mm)2
20Wm−1 K−1

3100 kgm−3×700 J kg−1 K−1
+ 4. 249 3×10−3

s

= 5. 5ms

Revised materials properties:
Silicon Nitride: in ref (Review of Scientific Instruments 66, 1115 (1995); doi:

10.1063/1.1145989) we find
κ1 = 12Wm−1K−1

D = (1.3− 1.7)× 10−6m2/ s
τ0 =

(
2π2

(1mm)2
12Wm−1 K−1

3100 kgm−3×700 J kg−1 K−1

)−1
= 9. 161 1× 10−3 s

τ0 =
(

2π2

(1mm)2
D
)−1

=
(

2π2

(1mm)2
(1.3)× 10−6m2/ s

)−1
= 3. 897 0× 10−2 s(

2π2

(1mm)2
(1.7)× 10−6m2/ s

)−1
= 0.029 8 s

3



1 Circular membrane

Now, we consider a circular membrane of radius a and thickness h. The rim of
the membrane is assumed to be at fixed temperature T0. The heat continuity
equation is

c
∂Θ

∂t
= −∇ · JΘ + q(r, t)

where Θ = T − T0 is the temperature deviation, JΘ the heat flux density, and
c is the heat capacity per unit volume. An integral over the volume of the
membrane yields

c
∂
∫

ΘdV
∂t

= πa2hc
∂ 〈Θ〉
∂t

= −
∫

n·JΘdA+

∫
q(r, t)dV =κh2πa

∂Θ(a, t)

∂r
+P (a, t)

Here Gauss’s divergence theorem was used and 〈Θ〉 is the mean of the temper-
ature deviation.
In case of a Gaussian power distribution q(r, t) = q0 exp(−r2/(2σ2))× H(t)

(note q(r, t) is the power dissipated per unit volume and H(t) is Heavisides step
function) we have

P (r, t) = 2πhq0H(t)

∫ r

0

u exp(− u2

2σ2
) du = πhq0H(t)2σ2

∫ r2

2σ2

0

exp(−z) dz

= πhq02σ2

(
1− exp(− r2

2σ2
)

)
×H(t)

while

P (a, t) = πhq02σ2

(
1− exp(− a2

2σ2
)

)
×H(t) = P0

[
1− exp(− a2

2σ2
)

]
×H(t)

where P0 = πhq02σ2 is the full power in the beam and P (a, t) the power that
is received by the membrane.
In steady state we have

0 = κh2πr
∂Θ(r,∞)

∂r
+ P (r,∞)

dΘs(r)

dr
= − Ps(r)

κh2πr
= −

P0

(
1− exp(− r2

2σ2 )
)

κh2πr

By integration we get

Θs(r) = −
∫

Ps(r)

κh2πr
dr = −

∫
Ps(r)

κh4πr2
dr2 =

= − P0

4πκh

∫ (
1− exp(− r2

2σ2 )
)

r2
dr2 =

Θs(r) =
P0

4πκh

(
ln
a2

r2
− Ei(

r2

2σ2
) + Ei(

a2

2σ2
)

)

1



where the exponential integral is Ei(z) =
∫∞
z

1
t e
−tdt, note, in some literature

E1(z) is used to signify this integral.
The average temperature becomes

〈Θs〉 =
1

πa2

∫ a

0

2πrΘs dr =
1

a2

∫ a2

0

Θs dr2 =
1

a2

P0

4πκh

∫ a2

0

(
ln
a2

r2
− Ei(

r2

2σ2
) + Ei(

a2

2σ2
)

)
dr2

=
P0

4πκh

1

a2

[
a2 + 2σ2 exp

(
− a2

2σ2

)
− 2σ2

]
=

P0

4πκh

[
1 +

2σ2

a2
exp

(
− a2

2σ2

)
− 2σ2

a2

]
As a result, the thermal energy Q in the membrane is

Q = πa2hc 〈Θs〉 = τPs(a) = τP0

[
1− exp(− a2

2σ2
)

]
and we may as indicated define a time constant τ by Q ≡ τPs(a), which results
in

τ =
πa2hc 〈Θs〉

P0

[
1− exp(− a2

2σ2 )
] =

a2c

4κ

1 + 2σ2

a2 exp
(
− a2

2σ2

)
− 2σ2

a2

1− exp(− a2

2σ2 )

= τ0

1 + 2σ2

a2 exp
(
− a2

2σ2

)
− 2σ2

a2

1− exp(− a2

2σ2 )

This time constant is seen to be dependent on the size of the beam as illustrated
in the plot below. Note, τ0 = a2c

4κ = a2

4D is essentially the time constant expected
for a delta-function power distribution.

Just for plotting
1+ 2x2

12
exp
(
− 12

2x2

)
− 2x2

12

1−exp(− 12

2x2
)

0.0 0.2 0.4 0.6 0.8 1.0

0.6

0.7

0.8

0.9

1.0

sigma/a

tau/tau_0

Figure 1: τ/τ0 as a function of σ/a.

U(r, a, σ) = ln a2

r2 − Ei( r2

2σ2 ) + Ei( a2

2σ2 )

2



U(r, 1, 0.1)

0.0 0.2 0.4 0.6 0.8 1.0
0

2

4

6

8

r/a

T­T0 in (au)

Temperature profile for σ/a = 0.01, 0.1, 0.2, and 0.5.

rU(r, 1, 0.1)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

r/a

r(T­T0) in (au)

r(T − T0) profile for for σ/a = 0.01, 0.1, 0.2, and 0.5. In addition the profile
for a delta function beam.

2 Bessel modes

Separation of the variables in the circular geometry leads to the rotational sym-
metric modes

ϕn(r, t) = J0(knr) exp(− t

τn
)

for which any real transient or static temperature profile may be built. The
boundary condition T (a, t) = 0 requires that kna are zeroes of the Bessel func-
tion, i.e. J0(kna) = 0. The first root is thus kna = 2.4048. The continuity
equation requires τn = a2

D(kna)2 and thus the time constant for the slower mode

3



is

τ1 =
a2

D(k1a)2
=

a2

2.40482D
' 0.17292

a2

D
.

3 Laplace solution

For the case of a delta function power distribution it is possible to find the
Laplace transformed temperature profile. Starting from the heat continuity
equation expressed in terms of the temperature deviation Θ

∂Θ

∂t
= D∇2Θ +

q(r, t)

C

Laplace transform leads to

sΘ = D∇2Θ +
q(r, s)

C
= D

1

r

∂

∂r

(
r
∂Θ

∂r

)
+

q(r, s)

C
, or

s

D
Θ = k2Θ = ∇2Θ +

q(r, s)

κ

Let us assume that q(r, t) = P
h δ(r)H(t) and thus the Laplace transform is

q(r, s) = P
shδ(r).

The differential equation has solutionsΘ = ABesselK0 (kr)+B BesselI0 (kr),
and from

lim
r→0

2πr
∂Θ

∂r
= −2πA = − P

shκ
⇒ A =

P

2πshκ

Θ(a, s) = 0 = ABesselK0 (ka) +B BesselI0 (ka)⇒ B = −ABesselK0 (ka)

BesselI0 (ka)

we find

Θ =
P

2πshκ

[
BesselK0 (kr)− BesselK0 (ka)

BesselI0 (ka)
BesselI0 (kr)

]
=

=
P

2πshκ

[
BesselK0

(√
s

D
r

)
−

BesselK0

(√
s
Da
)

BesselI0

(√
s
Da
) BesselI0

(√
s

D
r

)]

since k =
√

s
D .

By integration we find the average temperature 〈Θ〉

〈Θ〉 =
2π

πa2

∫
rΘ dr =

2π

πa2

P

2πshκ

∫ a

0

r

[
BesselK0 (kr)− BesselK0 (ka)

BesselI0 (ka)
BesselI0 (kr)

]
dr

=
1

π

P

shκ

1

k2a2

[
1− kaBesselK1 (ka)− BesselK0 (ka)

BesselI0 (ka)
kaBesselI1 (ka)

]

4



A Taylor expansion leads to

〈Θ〉 ' 1

π

P

4hκ

1

s

1

1 + 3
4×4 (ka)

2
+ 5

576×4 (ka)
4 '

' 1

π

P

4hκ

1

s

1

1 + 3
4×4 (ka)

2 =
P

4πhκ

1

s

1

1 + 3
4×4

sa2

D

and thus a characteristic time constant of τ = 3
16
a2

D .

3.1 Uniform heat distribution

If we now assume q(r, t) = P
πa2h×H(t) i.e. a uniform power distribution, we have

q(r, s) = P
πa2hs , then a particular solution is k

2Θp=
P

πa2hκs ⇒ Θp=
PD

πa2hκs2 =
P

πa2hκs
1
k2 .

The homogeneous differential equation has solutions Θ = ABesselK0 (kr) +
B BesselI0 (kr) in this case A = 0 and from the boundary conditions Θ(a, s) =
B BesselI0 (ka) + P

πa2hκs
1
k2 = 0 we get B = − P

πa2hκs
1

k2 BesselI0(ka) and thus

Θ(r, s) =
P

πa2hκs

(
1

k2
− BesselI0 (kr)

k2 BesselI0 (ka)

)
The average temperature becomes

〈Θ(s)〉 =
2

a2

∫ a

0

rΘ(r, s)dr =
P

πa2hκs
× 2

a2

∫ a

0

r

(
1

k2
− BesselI0 (kr)

k2 BesselI0 (ka)

)
dr

=
P

πa2hκs
× 2

a2

[
a2

2k2
− aBesselI1 (ka)

k3 BesselI0 (ka)

]
=

P

πa2hκs
×
[

1

k2
− 2 BesselI1 (ka)

ak3 BesselI0 (ka)

]
=

P

πhκs
×
(

1

k2a2
− 2 BesselI1 (ka)

a3k3 BesselI0 (ka)

)
A Taylor expansion leads to

〈Θ(s)〉 ' P

πhκs

1

8

1

1 + 1
6 (ka)

2 =
P

πhκs

1

8

1

1 + 1
6
a2

D s
⇒ τ =

1

6

a2

D
,

but a better fit to 〈Θ(s)〉 over a wide range of Laplace frequencies is

〈Θ(s)〉 ' P

πhκs

1

8

1

1 + 1
6.45

a2

D s
⇒ τ =

1

6.45

a2

D

which is obtained by integration.

Geometry Method τ τ Notes
Circular Fundamental mode a2

2.40482D 0.173a
2

D

Circular Average temperature Q/P a2

4D 0.25a
2

D Beam width dependency

Circular Laplace, delta function 3
16
a2

D 0.188a
2

D

Circular Laplace, uniform 1
6.45

a2

D 0.155a
2

D

Square Fundamental mode W 2

2π2D = 2(W/2)2

π2D 0.203 (W/2)2

D

5



0.0 0.5 1.0 1.5 2.0
σ/a

4.0

4.2

4.4

4.6

4.8

5.0

5.2

τ
(m

s)

FEM
1st Bessel mode
Laplace, delta
Laplace uniform

Figure 2: Time constants from FEM analysis and analytical models.
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κ1 = 20 W m−1 K−1

c1 = %Cp = 3100 kg m−3 × 700 J kg−1 K−1

D = κ1
c1

= 20 W m−1 K−1

3100 kg m−3×700 J kg−1 K−1
= 9. 216 6× 10−6 m2

s
a = 0.5 mm
0.173a

2

D = 0.173× (0.5 mm)2

9. 216 6×10−6 m2

s

= 4. 692 6× 10−3 s

0.25a
2

D = 0.25× (0.5 mm)2

9. 216 6×10−6 m2

s

= 6. 781 2× 10−3 s

3
16
a2

D = 3
16 ×

(0.5 mm)2

9. 216 6×10−6 m2

s

= 5. 085 9× 10−3 s

1+
2×(0.1)2

0.52
exp
(
− 0.52

2×0.12

)
− 2×0.12

0.52

1−exp(− 0.52

2×0.12 )
× 6. 781 2× 10−3 s = 0.92× 6. 781 2× 10−3 s =

6. 238 7× 10−3 s

1 W cm−2 × 2× π × (100µm)
2

= 6. 283 2× 10−4 m2

s3 kg

W = m2

s3 kg

P0
4πκh = 6. 0×10−4 W

4π×20 W m−1 K−1×0.1µm
= 23. 873 tmpK = 25.0 tmpK

P0
4πκh

[
1 + 2σ2

a2 exp
(
− a2

2σ2

)
− 2σ2

a2

]
=

1 + 2×0.12

0.52 exp
(
− 0.52

2×0.12

)
− 2×0.12

0.52 = 0.92

23. 873× 0.92 = 21. 963 + 293.15 = 315. 11

1 + 2×0.22

0.52 exp
(
− 0.52

2×0.22

)
− 2×0.22

0.52 = 0.694 06

0.694 06× 25.0 = 17. 352 + 293 = 310. 35

1 + 2×0.052

0.52 exp
(
− 0.52

2×0.052

)
− 2×0.052

0.52 = 0.98

293.15 + 23. 873× 0.98 = 316. 55
P0

4πκh

(
ln a2

r2 − Ei( r2

2σ2 ) + Ei( a2

2σ2 )
)

= 1
4πhκP0

(
gamma + Ei

(
1
2
a2

σ2

)
+ ln 1

2
r2

σ2 + ln a2

r2

)
−

1
8πh

r2

κσ2P0+ 1
64πh

r4

κσ4P0− 1
576πh

r6

κσ6P0+ 1
6144πh

r8

κσ8P0− 1
76 800πh

r10

κσ10P0+ 1
1105 920πh

r12

κσ12

P0 − 1
18 063 360πh

r14

κσ14P0 + 1
330 301 440πh

r16

κσ16P0 − 1
6688 604 160πh

r18

κσ18P0 +O
(
r20
)

1
4πhκP0(
gamma + Ei

(
1
2

0.52

0.052

)
+ ln 1

2
0.52

0.052

)
ln 1

2
0.52

0.052 = 3. 912

Ei
(

1
2

0.52

0.052

)
= 3. 783 3× 10−24

ln 1
2

0.52

0.052 + gamma = 4. 489 2× 23. 873 = 107. 17 + 293.15 = 400. 32

∫
r ln a2

r2 dr = 1
2a

2
(

ln a2

a2 + 1
)

= 1
2a

2

0.76 m−1 × 2π × 0.5 mm = 2. 387 6× 10−3

0.19 m−1 × 2π × 0.5 mm = 5. 969× 10−4

P0
4πκh

[
1 + 2σ2

a2 exp
(
− a2

2σ2

)
− 2σ2

a2

]
P0

4πκh = 23. 873

7



1+ 2x2

12
exp
(
− 12

2x2

)
− 2x2

12

1−exp(− 12

2x2
)

6.781 2
s
DΘ = k2Θ = ∇2Θ + q(r,s)

κ = 1
r
∂
∂r

(
r ∂Θ
∂r

)
+ q(r,s)

κ
The homogeneous differential equation has solutions Θ = ABesselK0 (kr) +

B BesselI0 (kr)
If we now assume q(r, t) = P

πa2h × H(t) i.e. a uniform power distribu-
tion, we have q(r, s) = P

πa2hs , then a particular solution is k
2Θp=

P
πa2hκs ⇒

Θp=
PD

πa2hκs2 = P
πa2hκs

1
k2 in this case A = 0 and from the boundary conditions

Θ(a, s) = B BesselI0 (ka) + P
πa2hκs

1
k2 = 0 we get B = − P

πa2hκs
1

k2 BesselI0(ka) and
thus

Θ(r, s) =
P

πa2hκs

(
1

k2
− BesselI0 (kr)

k2 BesselI0 (ka)

)

〈Θ(s)〉 =
2

a2

∫ a

0

rΘ(r, s)dr =
P

πa2hκs
× 2

a2

∫ a

0

r

(
1

k2
− BesselI0 (kr)

k2 BesselI0 (ka)

)
dr

=
P

πa2hκs
× 2

a2

[
a2

2k2
− aBesselI1 (ka)

k3 BesselI0 (ka)

]
=

P

πa2hκs
×
[

1

k2
− 2 BesselI1 (ka)

ak3 BesselI0 (ka)

]
=

P

πhκs
×
(

1

k2a2
− 2 BesselI1 (ka)

a3k3 BesselI0 (ka)

)
' P

πhκs

1

8 + 4
3 (ka)

2 =
P

πhκs

1

8

1

1 + 1
6 (ka)

2

=
P

πhκs

1

8

1

1 + 1
6
a2

D s
⇒ τ =

1

6

a2

D∫
rBesselI0 (kr) dr = rBesselI1(kr)

k
1

1
x2
− 2 BesselI1(x)

x3 BesselI0(x)

= 8 + 4
3x

2 − 1
144x

4 +O
(
x6
)

1
6
a2

D = 0.166 67a
2

D = 1
6 ×

(0.5 mm)2

9. 216 6×10−6 m2

s

= 4. 520 8× 10−3 s

P
πhκ

1
8 = P

πhκs
1
8 = 6. 0×10−4 W

8π×20 W m−1 K−1×0.1µm
= 11. 937 tmpK

P0
4πκh = 6. 0×10−4 W

4π×20 W m−1 K−1×0.1µm

1− exp(− 12

2×12 ) = 0.393 47× 11. 937 = 4. 696 9

1
k2 −

BesselI0(kr)
k2 BesselI0(ka) =

(
1
4a

2 − 1
4r

2
)
− k2

(
3
64a

4 − 1
16a

2r2 + 1
64r

4
)

+O
(
k4
)(

1
4a

2 − 1
4r

2
)2

= 1
16a

4 − 1
8a

2r2 + 1
16r

4

3
64a

4 − 1
16a

2r2 + 1
64r

4 − 1
2

(
1
4a

2 − 1
4r

2
)2

= 1
64a

4 − 1
64r

4

1
1
k2
− BesselI0(kr)

k2 BesselI0(ka)

= 1
1
4a

2− 1
4 r

2 + k2

( 14a2−
1
4 r

2)
2

(
3
64a

4 − 1
16a

2r2 + 1
64r

4
)

+O
(
k4
)

1

( 14a2−
1
4 r

2)
2

(
3
64a

4 − 1
16a

2r2 + 1
64r

4
)

= 3a2−r2
4a2−4r2

1
1
k2
− BesselI0(kr)

k2 BesselI0(ka)

' 1
1
4a

2− 1
4 r

2 + k2 3a2−r2
4a2−4r2

8



1
k2 −

BesselI0(kr)
k2 BesselI0(ka) '

1
4 (a2−r2)

1+ 1
16k

2(3a2−r2)∫
r

1
4 (a2−r2)

1+ 1
16k

2(3a2−r2)
dr = 2

k4

(
16 ln

(
− 1
k2

(
3a2k2 − k2r2 + 16

))
+ k2r2 + 2a2k2 ln

(
− 1
k2

(
3a2k2 − k2r2 + 16

)))
(

2 BesselI1(ka)
a3k3 BesselI0(ka)

)−1

= a2k2 + 1
8a

4k4 − 1
192a

6k6 +O
(
k8
)

(
1

k2a2 −
2 BesselI1(ka)

a3k3 BesselI0(ka)

)−1

= 8 + 4
3a

2k2 − 1
144a

4k4 +O
(
k6
)

1
10 nm×1 cm2/( V s)×1017 cm−3×1.60217733×10−19 C = 6. 241 5×107

A2
m2

s3 kg = 62415.
A2

m2

s3 kg

310×
√

2
2 = 219. 2

100/
√

2 = 70. 711
90/
√

2 = 63. 640

BesselK0

(
k

√
(x− x0)

2
+ y2

)
− BesselK0

(
k

√
(−x+ x0 + d)

2
+ y2

)
q(k, x, y, d, x0) = BesselK0

(
k

√
(x− x0)

2
+ y2

)
−BesselK0

(
k

√
(−x+ x0 + d)

2
+ y2

)
BesselK0

(
k

√
(x− x0)

2
+ y2

)
−BesselK0

(
k

√
(−x+ x0 + d)

2
+ y2

)
=

(
ln 1

2k

√
(d− x+ x0)

2
+ y2 − ln 1

2k

√
(x− x0)

2
+ y2

)
−

k2

((
(x− x0)

2
+ y2

) (
1
4 gamma− 1

4

)
−
(

(d− x+ x0)
2

+ y2
) (

1
4 gamma− 1

4

)
+

(
ln 1

2k

√
(x− x0)

2
+ y2

)(
1
4 (x− x0)

2
+ 1

4y
2
)
−
(

ln 1
2k

√
(d− x+ x0)

2
+ y2

)(
1
4 (d− x+ x0)

2
+ 1

4y
2
))
−

k4

((
(x− x0)

2
+ y2

)2 (
1
64 gamma− 3

128

)
−
(

(d− x+ x0)
2

+ y2
)2 (

1
64 gamma− 3

128

)
+

(
ln 1

2k

√
(x− x0)

2
+ y2

)(
(x− x0)

2
+ y2

)(
1
64 (x− x0)

2
+ 1

64y
2
)
−
(

ln 1
2k

√
(d− x+ x0)

2
+ y2

)(
(d− x+ x0)

2
+ y2

)(
1
64 (d− x+ x0)

2
+ 1

64y
2
))

+

O
(
k6
)
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√
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√
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=

0

α = −
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√

(x−x0)2+a2−x2
)
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√
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√
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√
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√
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√
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√
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√
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)
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√
a2+x20
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√
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0
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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0
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9



x3

 1
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2x3
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√
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√
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√
a2+x20
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)
a2+x20

+ k x0√
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√
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k x0√

a2+x20 BesselI0
(
k
√
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√
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√
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√
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a2 + x2
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a2+x20
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a2+x20
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√
a2 + x2
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− x0
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√
a2+x20
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− 1
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√
a2+x20
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(
k
√
a2+x20

)
a2+x20

+ 1
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a2 + x2
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)− 1
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2x3
0
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√
a2+x20
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− 1

k
√
a2+x20
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(
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√
a2+x20

)
(a2+x20)

2 + 1
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x30

(a2+x20)
5
2
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(
k
√
a2 + x2

0

)+ k x0√
a2+x20

1
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(
k
√
a2+x20

)
 1

2k
2x20
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(
k
√
a2+x20

)
− 1

k
√
a2+x20
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(
k
√
a2+x20

)
a2+x20

− 1
2k

x20

(a2+x20)
3
2

BesselI1
(
k
√
a2+x20

)−k2 x20

(a2+x20)BesselI0
(
k
√
a2+x20

)2 BesselI1
(
k
√
a2+x20

)2
BesselI0

(
k
√
a2+x20

) BesselI1

(
k
√
a2 + x2

0

)
+ k x0√

a2+x20 BesselI0
(
k
√
a2+x20

)2 BesselI1

(
k
√
a2 + x2

0

) 1
2k

2x2
0

BesselK0

(
k
√
a2+x20

)
+ 1

k
√
a2+x20

BesselK1

(
k
√
a2+x20

)
a2+x20

+ 1
2k

x20

(a2+x20)
3
2

BesselK1

(
k
√
a2 + x2

0

)− k x0√
a2+x20

1

BesselI0

(
k
√
a2+x20

)
 1

2k
2x20

BesselI0

(
k
√
a2+x20

)
− 1

k
√
a2+x20

BesselI1

(
k
√
a2+x20

)
a2+x20

− 1
2k

x20

(a2+x20)
3
2

BesselI1
(
k
√
a2+x20

)−k2 x20

(a2+x20)BesselI0
(
k
√
a2+x20

)2 BesselI1
(
k
√
a2+x20

)2
BesselI0

(
k
√
a2+x20

) BesselK1

(
k
√
a2 + x2

0

)
+

x4

 1

BesselI0
(
k
√
a2+x20

)
 5

8k
2x4

0

BesselK0

(
k
√
a2+x20

)
+ 1

k
√
a2+x20

BesselK1

(
k
√
a2+x20

)
(a2+x20)

3 + 1
24k

2 x20
a2+x20

3x2
0

BesselK0

(
k
√
a2+x20

)
+ 1

k
√
a2+x20

BesselK1

(
k
√
a2+x20

)
(a2+x20)

2 + x0
a2+x20

x0

BesselK0

(
k
√
a2+x20

)
+ 1

k
√
a2+x20

BesselK1

(
k
√
a2+x20

)
a2+x20

+ k x0√
a2+x20

BesselK1

(
k
√
a2 + x2

0

)
+ 1

k
x0

(a2+x20)
3
2

BesselK1

(
k
√
a2 + x2

0

)+ k2x2
0

BesselK0

(
k
√
a2+x20

)
+ 1

k
√
a2+x20

BesselK1

(
k
√
a2+x20

)
a2+x20

+ 3
k

x20

(a2+x20)
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2

BesselK1

(
k
√
a2 + x2

0
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+ k
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(a2+x20)
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2
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(
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√
a2 + x2
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24k
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x0
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(
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√
a2+x20
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+ 1
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a2+x20
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(
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√
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)
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√
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a2 + x2
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BesselK1

(
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 1
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√
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√
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…And There Was Light 
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