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GLOBAL BRANCH OF SOLUTIONS
FOR NON-LINEAR SCHRODINGER EQUATIONS
WITH DEEPENING POTENTIAL WELL

C. A. STUART anp HUAN-SONG ZHOU

1. Introduction

In this paper, we consider the following non-linear Schréodinger equation:

—Au+Vy(z)u = f(u) inRY, (11)
u€ H'RY) withu#0, N >1, '

where the potential V) (z) = 1 + Ag(z) with A > 0 and the functions f and g have
the following properties:

(F1) f € CY(R,R) with f(s)/s — 0 as s — 0;

(F2) there exists a € (0, 00) such that

f(s)/s—a+1 as|s| =+

and
0< f(s)/s<a+1 foralls=#D0;

(G1) g € L*®(R",R) and there exists a non-empty bounded open set Q C RY
with Lipschitz boundary such that
g(x)=0 on Q, g(z)€(0,1] on RY\Q and ‘ llirri g(z) = 1.
Condition (G1) means that V) represents a potential well whose depth is
controlled by the parameter A\. The non-linear problem (1.1) with a deep potential
well (A large) has been studied by several authors using variational methods under
various conditions on f. For example, if f(s) is odd and superlinear in s (that is,
a = c0), Bartsch, Pankov and Wang in their papers [2, 3] proved that (1.1) has
many solutions in H*(RY) for large \. If f(s) is odd and asymptotically linear at
infinity (o < o0), van Heerden and Wang in their recent paper [12] proved that if
a > &, then problem (1.1) still has many solutions for A large, where & is the first
eigenvalue of the following Dirichlet problem:

¢ € Hj(), Qis given by (G1). (1.2)

See also [4, 6, 11] for further interesting developments in this direction.

Our work concerns the existence of positive solutions of (1.1) for values of A that
are not necessarily large and, in this respect, it is more closely related to some work
[14] by Jeanjean and Tanaka. In our notation, they show that (1.1) has at least one
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positive solution provided that
(i) a+1>info(—A+V,) and
(i) there exists § > 0 such that

s

A+1—-0> S%J. f(®)dt forall s >0,
0

where o(S) denotes the spectrum of a self-adjoint operator S in L*(RY). More

recently, Liu and Wang [15] have generalized the result in [14], but in our situation

their hypotheses still reduce to (i) and (ii).

The existence results in [14] and [15] are based on concentration—-compactness
arguments and the fact that the mountain pass geometry occurs for the associated
energy functional due to (i) and (ii). In our approach the asymptotic linearization
of (1.1) plays a key role and leads to a reformulation of (i) and (ii). On a formal
level, this asymptotic linearization is

—Au+Viu=(a+1)u onRY, or equivalently,
—Au — au+ Agu = 0, (1.3)

but, as we show in Appendix B, (1.1) is not asymptotically linear in the rigorous
sense and we have to resort to a truncation procedure to overcome this technical
difficulty. The relevant spectral theory for (1.3) is developed in [23] and it
establishes, for « in a suitable range, the existence of a unique eigenvalue A = A(«)
having a positive eigenfunction in H'(RY). Alternatively, A(a) is characterized
variationally as the unique value of A for which £*(\) = 0 where

YA\ =info(—A —a+ \g)

and o(—A —a+ \g) denotes the spectrum of the Schrodinger operator —A —a+ Ag.
The conditions (i) and (ii) of Jeanjean and Tanaka can be reformulated as

i) A< A(a) and (i) a <), respectively,

and it also follows from our main result that (1.1) has both a positive and a negative
solution for each A in the interval (o, A(c)).

However, our goal is to investigate how the positive and negative solutions of (1.1)
depend on A. We use topological methods to obtain the existence of connected
sets DT of positive and negative solutions of (1.1) in R x W?2?(RY), where p €
[2,00) N (3N, 00), that cover the interval (a, A(e)) in the sense that

PD* = (a,A()) where P(\,u) = ),
and furthermore,

. . +
,\J}\I&), lullpoe vy = ,\J/lxra)f [urllyy2p gy = 00, for (A, uy) € D*.
This latter property of the branches is sometimes referred to as asymptotic bifurca-
tion (or bifurcation from infinity) as A approaches A(«). Following Rabinowitz [20]
and Toland [24], we use the inversion v = u/||u||? to replace (1.1) by

“Av+ Vo = v||2f(|:”2>, (1.4)

with a view to proving that there is global bifurcation from (A(a),0) in
R x W2P(RY) for this auxiliary problem. However, unlike the analogous situation
on a bounded domain in RY, the problem (1.1) is not asymptotically linear in the
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rigorous sense (see Appendix B) and consequently the auxiliary problem (1.4) is not
Fréchet differentiable at v = 0. For this reason, we first replace (1.1) by a truncated
problem which is asymptotically linear and for which the standard approach, based
on the inversion and the use of a topological degree, is applicable. Due to the lack
of compactness that arises from the fact that even the truncated problem is posed
on RY, we cannot use the classical Leray-Schauder degree and we appeal to a
degree for Fredholm maps. In its most widely used form, this degree is defined
for C'-Fredholm maps of index 0 that are proper on closed bounded subsets, [9,
16]. However, although inversion of the truncated version of (1.1) does lead to a
map that is Fréchet differentiable everywhere, this map cannot be continuously
differentiable at v = 0; see Lemma B.3 in Appendix B. Therefore we have to use a
recent extension of the degree to continuous compact perturbations of C!-Fredholm
maps due to Rabier and Salter [18]. In the usual way, this degree leads to a global
result, in the spirit of the original one due to Rabinowitz about bifurcation from the
trivial solution (A(«),0) of the inverted truncated problem. By a limiting procedure,
we obtain a similar conclusion about global bifurcation for the inverted version of
(1.1). Finally, to obtain the desired information about a connected set of solutions
of the problem (1.1) itself, we use some refinements of the more standard methods
involving connectedness that were introduced by Alexander [1].

The various steps that we have just sketched are presented in the following way.

Section 2: preliminary results and statements of the main theorems concerning
the asymptotic linearization (1.3) and the problem (1.1).

Section 3: definition of the truncated problem and proofs of some preparatory
lemmas concerning the inversion and the associated auxiliary problems.

Section 4: proof of global bifurcation at A(«) from the trivial solution for the
inverted truncated problem.

Section 5: global bifurcation for the inverted version of (1.1) and deduction of the
main conclusions concerning (1.1) from this, including the proof of Theorem 2.3.

Appendix A: a global bifurcation theorem for compact perturbations of C*-
Fredholm maps of index zero.

Appendix B: on asymptotic linearity.

Appendix C: lemmas about point set topology.

NoOTATION. Throughout this paper, we denote the usual norm of L?(RY) for
1<p<+ooby]l-|,. By (F1) and (F2), we may define two functions & and k in
C(R,R) having the following properties:

f(s) = h(s)s (1.5)
with lir% h(s) =0, ‘ |lim h(s)=a+1 and 0<h(s)<a+1
S— s|—+o0o
k(s)=a+1—h(s) (1.6)
with lir% k(s)=a-+1, | ‘lim k(s)=0 and 0<k(s)<a+l.
S5— s|—4o0

Moreover, let 1 € H3(€2) denote the unique eigenfunction of (1.2) for the eigenvalue
&, satisfying the conditions

J pidr=1 and ;>0 onQ. (1.7)
Q
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2. The main results
We begin by introducing a quantity I' that plays a fundamental role in our study
of (1.1).
To motivate this definition, observe that if u satisfies (1.1) and A > a, it is easily
seen that (F1) and (F2) imply that

(a+1) JRN u? dr > . fw)udx

=| {|Vu]® + 1+ rg)u*}dx
Rz\"

N

> | A{IVu* + (1 + ag)u’}de
RN

J

and so
J Vul® < on (1 — g)u*dx.
RN RN
Setting
I'= inf{J |Vul|? dz - uw € H'(RY) andj (1—g)u?de = 1} , (2.1)
RN RN

one finds that o > T' is a necessary condition for (1.1) to have solutions with A > «a.

Clearly, I' > 0 and as we show in [23], " < &. In [23] we also establish estimates
for I'; in particular, we show that I' = 0 for N = 1 and 2. As our main result shows,
the conditions (F1), (F2) and (G1) with I’ < v < &; are sufficient to ensure that the
problem (1.1) has positive solutions with A > «. The quantity I" does not appear
explicitly in [14] and [15], but their hypothesis (ii) implies that A > « and then we
can deduce from (i) that o > T.

To prove the asymptotic bifurcation result, we study first the following formal
asymptotic linearization of (1.1) at infinity (see (1.3)):

{—Au—au—i—)\gu:O in RV,

u€ H'RY), X>0. (2:2)

A number A > 0 is said to be an eigenvalue of (2.2) whenever there exists u €
H'(RY)\{0} such that

J [Vu - Vo — auv + Aguv]ldz =0 for all v € HY(RY).
RV

For the discussion of the non-linear problem (1.1), it is desirable to take advantage
of the additional regularity of solutions that follows from our assumptions.

PROPOSITION 2.1. (1) Let the conditions (F1), (F2) and (G1) be satisfied and
let w € HYRY) satisfy (1.1). Then u € W2P(RY) for all p € [2,00) and hence
u € CHRY) with lim|; |, u(z) = 0 and lim|,|_, Vu(z) = 0.

(2) If g satisfies (G1) and v € HY(RY) is an eigenfunction of (2.2), then v €
W2P(RN) for all p € [2,00).
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Proof. Setting H(x) = f(u(x))/u(z) if u(z) # 0 and H(z) = 0 if u(z) = 0,
then, if u satisfies (1.1), we have

J (Vu-Vz+wuz)de =0 for all z € O (RY),
]RN

where w = 1+ A\g — H € L>®(RY). The conclusions (1) and (2) now follow by
standard elliptic regularity and boot-strapping. See [22, Corollary 2.15] for example,
or [17] for a deeper discussion. O

The main results of our paper [23] concerning the linearized problem (2.2) can
be summarized as follows.

PROPOSITION 2.2. Let the condition (G1) be satisfied.

(i) If « > &, then there is no eigenvalue of (2.2) in [«, 00) with a non-negative
eigenfunction.

(ii) IfT < a < &, then there exists a unique eigenvalue A = A(a) of (2.2)
having a positive eigenfunction. Furthermore, A(a) > «, and it is simple in the
sense that ker(—A — a + A(a)g) = span {uA(Q)} where uy ) > 0 on RY . All other
eigenvalues of (2.2) are less than A(«) and their eigenfunctions change sign.

(iii) The function A € C*°((T',&1)) and is strictly increasing with

lim A(e) =T and lim A(«a)=4oco.
a—I+ a—E&y—

(iv) ForT' < a < &, A(a) is characterized as the unique value of A for which
X*(A\) = 0 where
2%(A) = inf {a,\ (u) :uw € HY(RY) and J u? de = 1} (2.3)
RN

and

ay(u) = J (|Vul? — au® + Agu?)dz.
RN
In other words, A(«) is the unique value of A for which 0 is the infimum of the
spectrum of the Schrédinger operator
Su=—Au— (a— Ag)u. (2.4)

(v) If a <T, the problem (2.2) has no eigenvalues X in the interval (a, 00).

We can now state our main result concerning the non-linear problem (1.1).

THEOREM 2.3. Let the conditions (F1), (F2) and (G1) hold with T < o < &
and fixp € (%N, oo) N[2,400). Then there exist two connected subsets DT and D~
of R x W2P(RY), whose elements (\,u) are, respectively, positive and negative
solutions of problem (1.1), such that

inf{\: (\,u) e DY =a and sup{\:(\u) € DF} = A(a),

where A(a) is given by Proposition 2.2(ii). Furthermore, D¥ is bounded away from
the line of trivial solutions R x {0} and if {(\,,u,)} C D* with A\, > X\ > a, then
max, cgy |Uup ()] = oo if and only if A = A(a).
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3. The truncated problem and some estimates

Throughout this section we suppose that the conditions (F1), (F2) and (G1) are
satisfied with I' < a < & . Furthermore, p € (%N, oo) N [2,+00) is fixed and we set

X =W*RY) with [|- [ =] - [lwz» @),
Y=LPRY)  with ||, = [lzo@~).
In the notation (1.6), the equation (1.1) is equivalent to
—Au—au+ Agu+ k(uw)u =0

where k(s) — a+ 1 as s — 0 and k(s) — 0 as || — oo. This means that,
at least formally, —Au — au + Agu is the asymptotic linearization of
—Au — au+ Agu + k(u)u. However, since we are considering (1.1) on RY, it can be
shown that (see Lemma B.1)

[k(wul, /llull /0 as [ul| — oco.
This leads us to introduce the following truncated problem. For n € N\{0}, let
1 if |zl < n,
Ya(2) {O if || > n. (3:1)
The following result is an immediate consequence of Lemma B.2.
LEmMMA 3.1. Let n € N\{0} be fixed. The mapping Q, : X — Y defined by

Qn(u) = pk(u)u for u € X is continuous, bounded, compact and asymptotically
linear with asymptotic derivative equal to zero.

Define L(\) : W2P(RY) — LP(RY) and G : R x W2P(RY) — LP(RY) by

L(Nu=—-Au— au+ Ag(z)u (3.2)

and
G\ u) = L(M\)u+ k(u)u. (3.3)

Let
Go(A\u) = LN)u + ¥, k(u)u. (3.4)

In order to exploit the asymptotic linearity of GG, that follows from Lemma 3.1, we
introduce

Fy(o) = {IIvQGn(A,v/HvP) = L) + P k(v/||v]|?)v foA0 oo
0 if v=0.
Similarly, we set
POV = {L@)v +k(o/ ol it o 20, )
0 if v=0.

REMARK 3.1. It follows from Proposition 2.1 that any solution u € H!(R"Y)
of (1.1) belongs to X and G(\,u) = 0. Conversely, if (A\,u) € R x X with A > «
and G(\,u) = 0, it follows from Lemma 3.4 below that u € L?(RY). Since 0 <
k(s) < (a+1) for all s € R, it follows that u € H'(RY); see [22, Theorem 2.8], for
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example. Hence, at least for A > «, the problem (1.1) is equivalent to the equation
G\ u)=0forue X.

Using the inversion, u +— v = u/||u||?, one transforms non-trivial solutions of
G(\u) =0and G, (A, u) = 0 to non-trivial solutions of F(A,v) = 0 and F,(\,v) =
0, respectively, and vice versa. This leads us to introduce the following sets:

Z, ={(\v) € (a,00) x X : F,(A\,v) =0 and v # 0}, (3.7)
Z={(\v) € (a,00) x X : F(\,v) =0 and v # 0}. (3.8)

Next, we set

Ko (v) = {;mw/ Jol?)o or v i)oi\{%
where 1, is defined by (3.1), so that the equation F, (\,v) = 0 becomes
L(A\)v+ K, (v) =0. (3.10)
Since 0 < k(s) < a+ 1 for all s € R, it is clear that K, (v) € Y for all v € X.

LEMMA 3.2. Foralln € N, K, € C(X,Y)nCHX \ {0},Y),K, : X — Y is
compact and it is also Fréchet differentiable at 0 with K] (0) = 0.

Proof. Apart from the assertion about compactness, all these conclusions follow
from Lemma B.3.

For the compactness, let us consider a bounded sequence {v; } in X. Passing to a
subsequence we may assume that

v; Loy weakly in X,
v; -5 v uniformly on B, = {z e N:|z] <n},
Jeil) = ¢ > 0.

Since | K, (vi)], < (a+1) [vi], < (a+1) [lvi]] , it follows that [K), (v;)], L0ife=0.
We suppose henceforth that ¢ > 0. Now

v/ ||v1;|\2 AN v/c2 uniformly on B,

and so

Ui : v Ui i v ,
k<HUH2)w — k:(cz)v and wnk(w)vi — wnk:(cQ)v uniformly on B,

showing that K, (v;) converges to 1, k(v/c?)v in Y. This proves the compactness of
K,: X-=Y. ]

We end this section with some results concerning a priori bounds and exponential
decay.

LEMMA 3.3. There exists T > 0 such that:

(i) |lv|| £ T for all (A\,v) € Z;

(ii) for any given p > «, there exists N, € N such that ||[v|| < T for all (\,v) € Z,
with A 2 pandn > N,,.



662 C. A. STUART AND HUAN-SONG ZHOU

REMARK 3.2. Recalling that X is continuously embedded in L (RY), we see
that these results imply L°°-bounds too.

Proof of Lemma 3.3. We begin by defining the bound T. Since k(0) = « + 1,
there exists a constant S > 0 such that k(s) > « for all |s| < S. Also there is a
constant C' > 0 such that |u| < Cllul| for all uw € X. Set T = C/S.

(i) Suppose that v € X with ||v]| = T. Then, for all z € RY, we have

@) _ Pl _ € _C

~ <2 _9
o2 = fof2 = flofl T T

and so k(v(x)/||v]|?) > . Hence,

—a+ Ag(x) +k<v($)) >0 forallz e RY

]2

since Ag > 0, and if (A\,v) € Z, we find that

(@) Av(z) = v(z)? [ — o+ Ag(@) + k(ﬁiﬁg)] >0 forallzeRY.

The maximum principle now leads to a contradiction as follows. For € > 0, let
D(e) = {z e RY :v(z) > €}.

Recalling that v € X C C(RY) and lim;|_.o v(z) = 0, we see that D(e) is a
bounded open subset of RV and that v(z) = & on dD(e). But Av > 0 on D(e) and
so the weak maximum principle (see [10, Theorem 8.1] for example) implies that
v < € on D(g), a contradiction, unless D(¢) = (). Hence we must have v < 0 on RV.

But a similar argument shows that we must have v > 0 on RV too, so that in
fact v = 0, contradicting the assumptions that (A,v) € Z with |jv]| > T.

(ii) Consider (A\,v) € R x X with A > g > a. There exists §, > 0 such that
p(1 —6,) > « and, since lim|,|_,o, g(x) = 1, there exists an integer N, such that

g(x) 21—90, forall|z|>N,.

Hence,

Ag(x) > pu(l —9d,) >a forall |z| > N,. (3.11)

On the other hand, for n > N, and |z| < N,, we have

w(x)k(ﬁiﬁb = k(ﬁiﬁ;) >a (3.12)

as in case (i) if |jv]| > T.
Combining (3.11) and (3.12), we find that we again have

v(x)Av(z) = v(z)? { —a+ Ag(z) + P, (a:)k(ﬁfji)] >0 forallzeRY,

provided that n > N, and the proof can now be completed as in case (i). O

The next result establishes some uniform exponential decay of solutions and, in
particular, it enables us to derive LP-bounds from L°°-bounds.
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LEMMA 3.4. Fix p > a. Then, for any € € (0, (1 — «)/u), there exists C. > 0
such that

lu(z)| < |ufooeVEFI=C) for all 2 € RV,
where € = u(1 —¢) —a > 0 for all (\,u) € [p, +00) x X with uL(\)u < 0 on RV.
Proof. Since u > «, there exists g9 € (0,1) such that u(1 — eg) > « and, since
g(x) — 1 as |z| — oo, for any € € (0,eq) there exists C. > 0 such that
glz) >21—¢ forall|z| > C;.
Setting q(z) = |u|oe™ VEIZI=C) —(x), we consider the set
D. ={x € RY :|z| > C. and ¢(z) < 0}.
Clearly u(x) > 0 for z € D, and so
0=>LNu=—-Au—au+Agu = —Au—aou+ pu(l —e)u
= —Au+&u, forallze D,

since A > u. Hence, for z € D,,

8a(a) = fule ™ (6= FLVE )i - A
< JulooeVEC geVERI — gy = gq(z) < 0. (3.13)

But g(z) > 0 when |z| = C. so that ¢(z) > 0 for all € 9D, and ¢(z) — 0 as
|x| — oo. If D. # 0, the weak maximum principle [10, Theorem 8.1] now implies
that ¢ > 0 in D,, a contradiction. Thus we see that D. = () and consequently,

u(z) < |ulooe™VEEIZC) for all 2] > C..

Replacing u by —u, we obtain the desired inequality for |u(z)| in the region |z| > C-..
But for |z| < C. the estimate is trivial so the proof is complete. O

The next result enables us to exploit the properness on closed bounded sets of
linear Fredholm operators. In what follows we use some of the notation introduced
in Appendix A.

LEMMA 3.5. Consider A > « and any p € [2,00).

(i) The map L(\) : X = W2P(RY) — LP(RY) with p € [2,00) is a Fredholm
operator of index zero.

(ii) Let {v,} C X, v, = v weakly in X and let {L(\)v,} converge strongly in
LP(RN). Then v, - v strongly in X.

Proof. (i) Since lim;|_oo(—a 4+ Ag(x)) = XA — a > 0, this follows from [13,
Theorem 4.3].

(i) Since L(\) : X — LP(RY) is a Fredholm operator of index 0, by [5,
Chapter I, Theorem 3.15], there exists T € B(LP (R"), X) such that

TL\) =T+ K

where K : X — X is a compact linear operator. Let L(\)v, — w strongly in
LP(RY) for some w € LP(RY); then TL(\)v, - Tw strongly in X. Tt follows from
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TL(\) = I + K and since v, = v weakly in X that
(I + K)v, % Tw strongly in X and Kuw, - Kuv strongly in X.
This implies that v, — Tw — Kv strongly in X, and hence that
v, = v =Tw — Kv strongly in X. |

We end this section with some results concerning the way in which solutions can
approach the line R x {0} of trivial solutions.

LeEMMA 3.6. Let {(\,,v,)} C R x X be a sequence such that \, - \ > a and
lvn]l = 0 with |jv, || # 0 and v, L(A\,)v, <0 on RY for all n € N. Then:
(1) o € Migreoe L'(RY) and [k(v, /|[vn[|*)vn |/ ||vn | 20 for all r € (1,400),
and
(i) A = Ala) if [L(OA)vnlp/llvn|l = 0 and v2 > 0 on RY for all n € N, where
A(a) > 0 is defined in Proposition 2.2(ii).

Proof. (i) Since v, L(\,;)v, < 0, it follows from Lemma 3.4 that there exist
D > 0 and v > 0 which are independent of n such that
[un ()] < D|vn|eoe™ "7 for all 2z € RY. (3.14)

Using this estimate, one can easily see that v, € ;.o L"(RY).
We claim that, for every fixed € RV,

Un
k
‘ <|| nz>

By contradiction, suppose that for some zg € RY there exist 6 > 0 and a
subsequence {v,, } of {v,} such that

(e oo

Let wy,, (z) = v, (x)/]|vn, [|. Then

4 (3.15)

[llvn, || =6 forallnj € N. (3.16)

Hwnj [=1 and |wnJ (wo)] < |wn1 oo < C”wnJ | =C,

so we may assume that w, (zo) L 7. If 7 =0, it is easy to see that

k(ﬁﬁ)) oo, 1 = o T el 20 )

[[on,
since |k(s)| < o+ 1, contradicting (3.16). If 7 # 0, then

Un; (170) W ('1:0) J

”Um I B ”Um |

since ||vy, || 2, 0. Hence k(vn, (20)/|lvn,II*) — 0, so we still have (3.17), again
contradicting (3.16). This proves (3.15).
Since vy, L(Ap )vn, <0, it follows from (3.14) that

"f(ﬁ}nng)

Therefore, part (i) follows from (3.15) and dominated convergence.

)/ llvnll < (e + 1)CDe 1 for all 2 € RV,
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(i) Let w, = v,/||vn|l. Then |lw,|| = 1. Since v2(x) > 0, on passing to a
subsequence, we may assume that either w, () > 0 or w, (z) < 0 for all n € N and,
for some w € X,

Wy, = w weakly in X with w >0 or w <0.
By the definition of L()) (see (3.2)), it is easy to see that
L\ w, = L) w, — (A, — N)g(x)w, %0 inY.

Since A > «, by Lemma 3.5(i), we know that L(A\) : X — Y is a Fredholm
operator of index 0. Then it follows from Lemma 3.5(ii) that w, > w strongly in
X, and w # 0 since ||wy || = 1. So L(A)w = 0 and, as in Remark 3.1, this implies
that w € H*(RY). Therefore, A = A(a) by Proposition 2.2(ii) since either w > 0
or w < 0. U

LeEMMA 3.7. Let {(An,v,)} C Z, withv2 >0 on RV, and let ||v,, || = 0 and
An 2% A > a. Then A\ = A(a), where A(a) > 0 is defined in Proposition 2.2(ii).

Proof. Since (A, vm) € Z,,, we have

L()\m)vm + '(/)nk' < Um ) Uy = 0. (318)

(v |2

Setting wy, (z) = vy, (z)/||vm ||?, We see that this becomes
L) wm + Uk (W) wy, =0
where ||wy, || — oo and so by Lemma 3.1,
[nk (W) Wi |, / W || — 0 as m — oo.

This implies that |L(Aw v, /||vn || = 0. Since vy, L(Ap )vs, < 0 by (3.18), Lemma
3.6(ii) yields A = A(a). O

4. Global bifurcation for the truncated problem

Our goal here is to establish that there is global bifurcation from the trivial
solution v = 0 at A = A(a) for the inverted truncated equation F, (A,v) = 0 by
using Theorem A.1. We use some of the notation introduced there. As in §3, we
suppose that the conditions (F1), (F2) and (G1) are satisfied with I' < a < &; and
pE (%N, oo) N [2,00). Clearly,

L(Nu=—Au— au+ A\gu (4.1)

defines a bounded linear operator from X = W?2?(RY) into Y = LP(RY) and
L e C*(R,B(X,Y)). As we have already noted in Lemma 3.5, it follows from [13,
Theorem 4.3] that

L(\) € 2p(X,Y) for all A > a,
and it is also shown in that theorem that
Y =ker L(A) ®rge L(\) for all A > a. (4.2)

We already have enough information to enable us to apply the global bifurcation
theorem, Theorem A.1, to the inverted truncated problem, but before doing so we
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establish one further result that will help us to obtain a much sharper form of the
conclusion.

LEMMA 4.1. For eachn € N, there exists an open neighbourhood U of (A(«), 0)
in R x X such that, for all (\,u) € UN Z,, we have u?> > 0 on R, where Z, is
defined by (3.7).

Proof.  We argue by contradiction. If the conclusion is false, then there exists a
sequence {(\;,u;)} C Z, such that \; - A(a) and |ju;|| - 0 and we can choose
this sequence so that for every ¢ € N, the continuous function u; has at least one
zero in RY. We now show that this leads to a contradiction.

Setting z; = u;/ ||ui||, we have

Ko (w:
L)z + — (1) =0 onRY,
i
and so
Kn U; i .
L(A(a))z; = {A(a) — N\i}gzi — | u(| ) -0 inY

by Lemma 3.2. On the other hand, by passing to a subsequence we may suppose
that z; = z weakly in X. Since L(A(«)) € ®(X,Y), Lemma 3.5 implies that z; - z
strongly in X. This means that ||z|| = 1 and that L(A(«))z = 0. By Lemma 3.6
and Remark 3.1, we have z € H*(R") and so it follows from Proposition 2.2(ii)
that 22 > 0 on RY. Recalling that X C C(RY), we suppose first that z > 0 on
RV Since A(ar) > a, there exists igp € N such that A; > ${A(a) + o} for all i > io.
Setting
Ala) —
- 2{A(a) +a}’
we deduce that there exists R > n such that g(x) > 1 —¢ for all |z| > R and hence

—a+Xg>—a+i{AMa)+a}(l—¢)=3{A(e) —a} >0

€

for all |z| > R and all i > iy. Since z; -~ 2 strongly in X and § = inf |, <p 2(x) > 0,
it follows that there exists i1 > i such that z;(z) > %5 for all |z| < R and @ > 5.
But, since R > n, for |x| > R, we have

0= L()\L)Zl =—Az + {—a + )\ig}z,,;

where z; > 16 for || = R and lim|;_ 2i(z) = 0. The weak maximum principle
[10, Theorem 8.1] now implies that z > 0 in the region |z| > R, and the strong
maximum principle [10, Theorem 8.19] shows that in fact we must have z; > 0 in
the region |x| > R for all i > i;. Thus u; > 0 on RY for all i > ;.

A similar argument shows that u; <0 on RY for all large i in the case
where z < 0. U

We now come to the main result of this section. In it we consider the set Z,
of non-trivial solutions of F), (A, u) = 0 defined in (3.7) with the metric inherited
from R x X.

THEOREM 4.2. Let C, denote the connected component of Z, U {(A(«),0)}
containing the point (A(«),0). Then:
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(a) u? >0 onRY and A < A(a) for all (\,u) € C,\{(A(a),0)};
(b) for any p > « there exist T > 0 and N, € N such that, for alln > N,,,

inf PC, :=inf{\: (\,u) €C,} <p and |ju| <T
for all (A\,u) € C, with X\ > p.

Proof. The first step is to show that Theorem A.1 can be invoked to give some
initial information about the global behaviour of C,,. Then we use the results of §3
to deduce that it has the sharper properties claimed above.

From what has already been established in this section, Proposition 2.2(ii) and
Lemma 3.2, we can apply Theorem A.1 for L()\) defined by (4.1) on the interval
J = (e, 00) provided that (A.1) holds with Ay = A(«). But L'(A)u = gu and, by
Lemma 3.6 and Remark 3.1, we have

ker L(A(a)) = span{z,} and L'(A(«a))ker L(A(«)) = span{gz, }, (4.3)
where 2z, = up(,) > 0 on RY is given by Proposition 2.2(ii). Hence
dim L' (A(«)) ker L(A(a)) = 1.
If v € [L'(A(e)) ker L(A(«))] Nrge L(A(«)), we have
v =1tgz, = L(A(a))w on RY, for somet € R and w € X.

Furthermore, [13, Theorem 4.1] implies that w and z, € W2*4(RY) for all ¢ €
(1,00). Hence

| oo =] L@y o= | (Lh)zhwds =0,

where [py g22dx # 0 since z, > 0 on RY. This proves that ¢ = 0 and
consequently

[L'(A(a)) ker L(A(c))] Nrge L(A(«)) = {0}.

By (4.2) and (4.3) we know that codimrge L(A(«)) = 1, and we have already noted
that

dim L' (A(a)) ker L(A(a)) = 1.

This establishes (A.1) and we can assert that C, satisfies the conclusion of
Theorem A.1.

The next step is to show that if (A, u) € C,\{(A(«),0)} then u has no zeros. For
this we set

Q={(\u)€C, :u*>0o0nRY}U{(A(x),0)}

and prove that @ = C,, by showing that Q is both an open and closed subset of C,.

First we prove that Q is open in C,. Given (\,u) € Q, we must show that
there exists an open neighbourhood U of (A, u) in R x X such that UNC, C Q.
For (A\,u) = (A(«),0) this is established in Lemma 4.1, so we can suppose that
(A, u) € C, with u?> > 0 on RY. Since X C C(R"), this means that u does not
change sign on RV . Let us suppose that > 0 on R", the case u < 0 being similar.
As in the proof of Lemma 4.1, since A > a and lim|;| o g(z) = 1, there exist > 0
and R > 0 such that for all p with |\ — pu| <7,

—a+pug >0 forall |z| > R.
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Let 6 = infj,|<g u(z). Since 0 > 0, there exists a neighbourhood U of (A,u) in
R x X such that [A — p| < and inf|, )<z v(z) > 16 for all (u,v) € U. In particular,
vAv > 0 for |z| > R, v > 0 when |z| = R and lim|,|_,o, v(z) = 0, for (u,v) € UNZ,.
Therefore, as in the proof of Lemma 4.1, the maximum principle implies that v > 0
when |z| > R, too. Hence U NC, C Q and Q is open.

Now we show that Q is closed in C,. Suppose that (A, u) € C, and that there
exists a sequence {(\;,u;)} C Q such that \; = X and |lu; — u| = 0. If u = 0, then
A = A(a) since C,, N[R x {0}] = {(A(@),0)} and so (A, u) € Q. Consider now u # 0.
We have L(M\)u + K, (u) = 0 and, passing to a subsequence, we can suppose that
either u; > 0 for all # € N or u; < 0 for all 7 € N. In the first case it follows that
w>0onRY and

~Au+tciu=cu>=0 onRY

where ¢ = —a + Ag + ¥, k(u/ ||u]?), and the strong maximum principle [10, Theo-
rem 8.19] shows that either «w = 0 or u > 0 on RY. Hence (\,u) € Q. In the case
where u; < 0 for all ¢ € N, a similar argument shows that either u =0 or u < 0 on
RN, Thus, in all cases (\,u) € Q and Q is closed in C,,.

We have shown that C, = Q and we claim that this means that case (ii) in
Theorem A.1 cannot occur. Indeed, if C, has the property (ii), there exist A\ €
J\{A(a)} and a sequence {(\;,u;)} C C, such that \; = X and |Ju;|| — 0. We can
suppose that [Ju;|| > 0 since C,, N[R x {0}] = {(A(«),0)}. Setting z; = w;/ ||u;|| and
arguing as in the proof of Lemma 4.1, we see that, by passing to a subsequence,
we may assume that z; — z in X and that L(\)z = 0 with ||z| = 1. By [13,
Corollary 4.1] with V = \g, we can deduce that z € H'(R") and satisfies (2.2). It
follows from Proposition 2.2(ii) that A < A(«a), and z changes sign on RY . But since
{(Ni,u;)} € Q\{(A(@),0)} the sequence {z;} can be chosen so that either z; > 0 on
RY for all i € Nor z; < 0 on RY for all 4 € N. In the first case we have z > 0 on
R, and in the second z < 0 on R, which contradicts the earlier conclusion.

We now know that C, has at least one of the properties (i) and (iii) of Theorem
AL If (N u) € C\{(A(a),0)}, we have

—Au—au—&—)\gu—&—z/}nk("u'F)u:O and u?>0 onRY. (4.4)
u

By [13, Corollary 4.1] with V = Ag 4 ¢, k(u/ ||u|?), we have u € W24 (RN) for all
q € (1,00). Hence, using Proposition 2.2, we have

0= inf{aA(a)(’U> TV E Hl(RN)}

< ap@)(u) = J ( Vul® — au? + A(e)gu®)da
RN

< J <|Vu|2 —au? + A(a)gu® + zbnk( u”2>u2>dx
RV

[[u
={A(a) — )\}J. gu® dz
RV
where [y gu? dz > 0 since u? > 0 on R". Thus
A< A) forall (\u) € Co\{(A(a),0)}. (4.5)

Now consider some p > «. By Lemma 3.3(ii), there exists N, € N such that
lul| < T for all (\,u) € C, with A > p and n > N,. Thus, if n > N, and
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infC,, > p, the component C, is bounded in R x X and infC, > «a = inf J, which
contradicts Theorem A.1. Hence infC, < p for alln > N,,. ]

5. Proof of Theorem 2.3

We suppose throughout this section that the conditions (F1), (F2) and (G1) are
satisfied with I' < a < & and we fix p € [2,00) N (3N, 00).

LEMMA 5.1. If (A, u) is a solution of problem (1.1), then A < A(«).

Proof. 1If (A, u) is a solution of problem (1.1), then
J (|Vul? — au? + Ag(x)u? + k(u)u?®) dx = 0, (5.1)
RN

where k is given by (1.6). Recalling Proposition 2.2(iv), we have
0 = inf{ap(,)(v) : v € H'(RY)}

< apg)(u) = (Ala) — A) J'RN gu® dx — J’RN k(u)u? d.

Hence,
0< J E(u)u? de < (A(a) — )\)J gu? dz.
]RN ]RN
But, in fact, [y k(u)u?dz > 0 since u € C(RY), u # 0, lim);| oo u(z) = 0 and
k(0) = o+ 1. Hence A < A(«). O

By using the global bifurcation results for the truncated problem F, (A, v) = 0 (see
Theorem 4.2), we prove first the following bifurcation result for the inverted problem
F(X,v) =0, and then the asymptotic bifurcation Theorem 2.3, for G(A,u) = 0, that
is, (1.1). i

Let X be as in §3 and consider ZU{(A(«a),0)} as a metric space with the metric
inherited from R x X where Z is defined below.

THEOREM 5.2. Let U be an open and bounded subset of R x X such that
(A(w),0) € U with
po=inf{A: (\,u) e U} > a.

Let Z = {(\,v) € Z:0v> > 0o0onR"}, where Z is given by (3.8). The following
hold.

(i) We have Z N AU # 0.

(ii) Let C be the connected component of Z U {(A(«a),0)} containing (A(c),0).
Then C is bounded with inf PC = o and sup PC = A(«), where P(\,v) = A for all
(A v) € R x X. In fact, P{C \ {(A(«),0)}} = (o, A()).

(iii) If {(\s,vn)} € C with A, % X\ > a and lim,, ., ||v,|| = 0, then A = A().
Furthermore, if {(A,,v,)} C C with lim, oo Ay = A(a) then lim, . ||v, || = 0.

Proof. (i) By Theorem 4.2, since y1 > « there exists N, € N such that
C,NOU # 0 forall n > Ny,
where C,, is the connected component of Z, U {(A(«),0)} containing {(A(«x),0)}.



670 C. A. STUART AND HUAN-SONG ZHOU

Let (M\,,v,) € C, NOU for all n > N,,. Then, by Theorem 4.2(a) we have
a<p<A <Ala) and 2 >0.
By passing to a subsequence we may suppose that either v, > 0 or v, < 0 for all
n > N, since v, € C(R"), and
A = A€ (11, Aar)],
v, — v weakly in X with v > 0 or v <0, (5.2)
lloa |l = £ > 0.
We claim that £ > 0. In fact, if £ = 0 we have
(A, v) 2 (X, 0) € OU.
Consequently, A # A(a).
On the other hand, it follows from (\,,v,) € Z, that
v’n,

[[vn

and this implies that v, L(\,)v, < 0 since ¢, > 0 and k(s) > 0. By Lemma 3.6(i)
we know that
(),

Then it follows from (5.3) that

0wyl = sk (i Jon| Sl < [t (e )|

So, A = A(«) by Lemma 3.6(ii), contradlctlng our earlier concluslon. Hence ¢ > 0.
Next, we show that

o, || 2 0.

v, — | = 0. (5.4)
For any R > 0, the compactness of Sobolev embeddings implies that
H;:LHQ 4 g% uniformly on By := {z € R : |z| < R}.
So,
k(H;’LHQ)U” RN k<€2>v uniformly on Bpg.
Therefore,

wnk:<”;jl"2)vn SN k(;z)v uniformly on Bp.

By (1.6), |1, k(s)] < a + 1, so using Lemma 3.4 and dominated convergence, we
easily deduce that

Pk (| “2> k(p)v in LP(RY)  for all 2 < p < oo. (5.5)

Using (5.3), we now have

L )on = =(An = A)gun = uk (II n||2>
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Since A = p > «a, we have L()\) € ®y(X,Y) and Lemma 3.5 yields v, — v strongly
in X, proving (5.4).
Therefore, lim,, . |lvn || = [Jv]| =€ > 0, (A, v) € U, and

L(\w = —k<”;)|2>v, that is, F(\,v) = 0. (5.7)

We now claim that v2 > 0 on RY. Indeed, by (5.2) we know that either v > 0 on
RY or v < 0 on RY. Suppose that v > 0 on RY. It follows from (5.7) that

—Av+crv=c_v =0,

where ¢ := —a+ Ag + k(v/|v]|?) and ¢+ = max{=£c,0}. Since lim|,|_ v(z) = 0,
with v # 0, the strong maximum principle [10, Theorem 8.19] gives v > 0 on RV,
Similarly, if v < 0 on RY, then we have v < 0 on RY. Thus, v2 > 0 and ()\,v) € Z,
so that Z N AU # 0.

(i) Let @ = Z U {(A(@),0)} and let C be the connected component of Q
containing (A(a),0).

For any (\,v) € Z, we have F(\,v) = 0 with v #Z 0. Then it is easy to see that
(A, u) with u = v/||v]|? is a solution of G(\,u) = 0. Since A > a, it follows from
Lemma 3.4 and Remark 3.1 that (A, u) is a solution of (1.1) and hence by Lemma
5.1, we have A < A(«). In particular, {\: (A\,v) € C\ {(A(«),0)}} C (o, A(e)) and
hence sup PC = A(«). Therefore, it follows from Lemma 3.3(i) that Z is bounded in
R x X, as are Z, Q and C. Suppose that

u:=1inf PC > «
and note that u < A(a). For any ji € (o, p), let
V= {()\,’U) €Q: )€ [ﬂvA(a)]} = {()\,’U) €EQ: A2 ﬂ},
Vi={(A(e),0)} and Vo=Qn[{p}xX]={(Av)eQ:A=pn}

By Lemma C.1, V is a compact subset of R x X. We now deduce from a result of
Whyburn [26] (see Lemma C.2) that there exists a connected subset V of V such
that

(5.8)

VonNnWVi#0 and VonNVa#£0. (5.9)

In fact, if there is no connected subset of V' such that (5.9) holds, then by Lemma
C.2 there must exist compact subsets U; and Uy of V' such that

V:U1UU2, V1CU1, ‘/QCU27 U10U2=®.
So, there exists § > 0 such that dist(Uy, Us) = 26. Let
Ws ={z e Rx X :dist(z,U1) <5} N {(f,00) x X},

which is an open bounded set in R x X. Furthermore, W; N Us = (). Clearly,
inf PWs > i > . Then ZNdW; # 0 by part (i). However, for any (\,v) € ZNOW;
we have T < A < A(a) and (A, v) € Q, so that (\,v) € V = Uy UU,. But if
(\,v) € W5, then (A, v) € W; and (\,v) € Us. This implies that (), v) € Uy which
is impossible since (A, v) € Wj5. So, (5.9) is proved.

By (5.9), it is obvious that inf PVy =7 < p. But V5 C C and so inf PC < 1 < p,
a contradiction. Hence inf PC = o

(iii) Let {(A\n,vn)} C C\ {(A(),0)} be such that A\, — XA > a and |jv,| = 0.
Then v2 > 0 and v, L(\,)v, < 0 so it follows from Lemma 3.6 that A = A(a).
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On the other hand, suppose that there exists a sequence

{nsvn)} € C\{(A(a),0)}

such that \, - A(a) and |jv, || = & > 0 for all n € N. Since ||v, | < T by Lemma 3.3,
passing to a further subsequence, we may assume that v, — v weakly in X. Then
repeating the proof of (5.4), just replacing v, (z) by 1, we find that v, > v strongly
in X and F(A(),v) = 0. Thus (A(a),v) € Z, whereas, at the beginning of the
proof of part (ii) we showed that A < A(«) for all (A\,v) € Z. Thus |Jv,|| — 0 if
A 2 Aa). O

Theorem 5.2 establishes the global properties of a connected subset of
Z U{(A(a),0)}. However, in order to maintain connectedness under inversion, we
need to find a connected subset of Z having similar properties. This can be achieved
by a procedure due to J. C. Alexander [1].

COROLLARY 5.3. Let Z and C be as given in Theorem 5.2. Then there exists
a bounded connected subset Cy of Z such that inf PCy = o and (A(«),0) € Co. In
particular, sup PCy = A(a) and 0 < ||v|| < T for all (A,v) € Cp.

Proof. Recall that C is bounded in R x X with 0 < ||v]| < T for all (A\,v) € C
by Lemma 3.3, and that there exists a sequence {(\,,v,)} C C with )\, - a. Let
T denote the topology on C, that is,

T ={CNW : W is an open subset of R x X }.

We now make a one-point compactification of C by adding a ‘point at o’ to C as
follows:

C®:=CU{0};
and we define a topology 7°° on C* as follows:
AeTifoo & A;
or

AeT A is the union of an element in 7 and a set of the form

N3 U {oo} for some 3 € (o, A()] if 0o € A,

where Nz = {CN[(a, B) x X]: B € (o, A()]}.

It is not difficult to verify that 7°° is indeed a topology in C* and we claim
that (C*°,7°°) is a compact topological space. In fact, let {4;} be an open cover of
C>. Then there exists iy such that co € A;, with A;, = B;, UC;,, where B;, € T
and C;, = Nj, U {oo} for some 3 € (a, A(ar)]. Note that C C |J;2,(A; \ {oo}) and
A;\{oc} € T. Setting v = 3 (a+f3), we see from Lemma C.1 that {[y, A(a)]x X }NC
is compact and is also covered by 4; \ {oo}. So, there exists a finite subcover A;,,
for j =1,2,...,k, such that {[y, A(a)]x X}NC C U§=1 Aj;; and the claim is proved
since C* C A;, U ({[v, A(a)] x X} NC).

The sets A = {(A(a),0)} and B = {oo} are closed in C*. If A and B are
separated in C°°, then there exist V4 and Vp in 7°° such that

VauVp =C®, VynNnVp=0 and ACVy, BCVp.

Clearly co & V4, so Vy € 7. Also Vi \ {0} € T and it is non-empty. But,
Van[Ve\{oo}] =0 and V4 U[Vp \ {oo}] = C, contradicting the connectedness of C.
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Hence, A and B are not separated in C*°. By Lemma C.3, there exists a connected
set Co in C**\ {AU B} = C\ {(A(a),0)} such that (A(a),0) € EOT and oo € @g ,
where C,  denotes the closure of Cy in (C>,7°°). Then C is also connected in
(C,T). Otherwise, there are non-empty sets P, € 7 such that

PNn@Q=0 and Co=PUQ.

However, since P, Q € 7°°, this contradicts the connectedness of Cy in 7 °°.

Now, we claim that (A(«),0) € 63—. Indeed, let U € T with (A(a),0) € U.
Clearly, U € T°°. Hence it follows from (A(«),0) € @OT that U N Cy # 0 and
(Ala),0) € @g. This implies that sup PCy = A(«).

Finally, we show that inf PCy = «. For this purpose, it is enough to prove that

CoN{[(a, ) x X]NC} #0 for any 5 € (o, A()].
In fact, since {[(a, ) x X]NC} U {oo} € T and 0o € Ca , we have
{l(a, 8) x X]NC}U{oo}]NCo # 0.

But oo # Cp and hence {[(c, 8) x X]NC}NCy # 0. O

REMARK 5.1. Since Z C R x W2?(RY) c R x C(RY), it follows that the set
Co obtained in Corollary 5.3 satisfies either

CoC ZM:={(\v)eZ:v>00nR"}

or

CocZ :={(\v)eZ:v<0onRY}.

COROLLARY 5.4. Suppose that, in addition to the hypotheses of Corollary 5.3,
the function f is odd. Then there exist two bounded connected subsets Cj and Cy
of Z7 and Z~, respectively, each of which has the same properties as Cy.

Proof. 1t is sufficient to note that

Co={(\,—v) : (\v) € Co}
is also a connected subset of Z and that either Co C Z% and C~0 C Z~ or vice versa.
U

Finally, we can prove our main Theorem 2.3.

Proof of Theorem 2.3. Let fr and f; be the odd functions defined by

) f(s) for s > 0, _J—=f(=s) fors=>0,
fR(S)_{—f(—s) for s < 0, and fL(S)_{f(s) for s < 0.

Both of these functions satisfy the hypotheses (F1) and (F2) and so Corollary 5.4
is valid with f replaced by fz and fr. Let Cj” and C; be the connected subsets of

positive or negative solutions for the problem with fr or fr, respectively. Then we
have COi C Z* for f with

inf PC¥ = and (A(),0) € @.
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Dt — {(A, ”:”2> :(\v) ecoi},

we deduce that D* are connected sets of (a, A(a)) x W2P(RY) consisting of,
respectively, positive and negative solutions of (1.1) with

inf PD* = a, sup PDT =A(a) and |ul| >T for all (\,u) € D*.

Setting

Suppose that {(A\,,u,)} C DF with A, > X\ > o and max, cgy |1, | — co. Then
|t || = 00 by the Sobolev embedding. Hence (A, v,) € C with v, = u,, /|, ||, and
|lvn || & 0. By Theorem 5.2(iii), A = A(). On the other hand, if {(\,,u,)} C DF
with A\, > A(a), by setting v, = u, /||u,||?> we know that (\,,v,) € C and then
|lvn ]| = 0 by Theorem 5.2, which means that ||u, || = co. Moreover, we claim that
max, cpy |u, | = 00, since otherwise, by passing to a subsequence, we may suppose
that there is C' > 0 such that max, gy |u,| < C for all n € N. But (\,,u,) is a
solution of problem (1.1), so we have

L()\n)un + k(un)un =0, (510)

which implies that u, L(\,)u, < 0. Then by Lemma 3.4, {u,} is bounded in
LP(RN). Therefore, {(—A + 1)u, } is bounded in L” (R") since

(=A + Du, = (a+ Duy + Apgu, + Ek(uy)u,

by (5.10). But —A +1: X — Y is an isomorphism (see [22, Theorem 2.14] for
example), and this implies that {u, } is bounded in W2?(R"), a contradiction. (]

Appendix A. On global bifurcation

Let X and Y be real Banach spaces and let P : R x X — R denote the projection
P(X\,u) = X\. We use the following notation: B(X,Y) is the space of bounded linear
operators from X into Y with its usual norm,

D0(X,Y)={L € B(X,Y): L is a Fredholm operator of index zero}

and
GL(X,Y)={LeB(X,Y):L: X —Y is an isomorphism}.

THEOREM A.1. Let L € C'(J,B(X,Y)) where J is an open interval and L(\) €
D (X,Y) for all X € J. Suppose that Ao € J is such that dimker L()\g) is odd and
that

[L'(No) ker L(X\o)] @ rge L(\o) =Y. (A.1)
Let K € C(X,Y) be such that K : X — Y is compact and
1K@y a2

lully =0 [Jull

Let
Z=Z2U{(X,0)} where Z={(\u)€JxX:u#0and L(\)u+ K(u) =0}

be considered with the metric inherited from R x X, and let C denote the connected
component of Z containing (A\g,0). Then C has at least one of the following
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properties:
(i) C is an unbounded subset of R x X;
(ii) CN[J x {0}] # {(X0,0)}, where C is the closure of C in J x X;
(iii) either sup PC = sup J or inf PC = inf J.

REMARKS A.1. (1) The condition (A.1) implies that there exists € > 0 such
that [Ao — &, 0 +¢] C J, L(A) € GL(X,Y) for all A € [Ao — &, X0 + £]\{ o}, and

(L, [Ao — €, o +¢]) = (_l)dimkcrL()\O)
where w(L, [Ao — €, Ao + €]) denotes the parity of the path
L: [)‘0 —£&, 0 —1-6] — (I)O(X, Y)

See [7, 8.
(2) For K € C(X,Y), the condition (A.2) is equivalent to the properties K (0) =
0and K : X — Y is Fréchet differentiable at zero with K’(0) = 0.

Proof of Theorem A.1. Let F(\,u) = L(A\)u + K(u). We begin by establishing
an appropriate property concerning the properness of F.
Let W be a bounded subset of R x X such that

inf J < inf PW < sup PW < supJ

and let S be a compact subset of Y. We claim that W N F~1(9) is a compact subset
of R x X.

To see this, consider a sequence {(\,,v,)} C W N F~1(S). Then F(\,,v,) € S
and, by passing to a subsequence, we may suppose that

F(A,,v,) — y strongly in Y by the compactness of S,
K (v,) — z strongly in Y by the compactness of K,
An — A € J by the compactness of [inf PW,sup PW].

Hence

L(N)v, = [L(A) — L(A)]vn + L(Ay)v,
= [L(\) = L(O)|vn + F( M, v,) — K(vy)
— 0+y— 2z strongly in Y,

since ||L(X) — L(\,)|| — 0. But since L(\) € ®o(X,Y), there exist T € B(Y, X)
and a compact linear operator C' : X — X such that TL(\) = I + C; see [5,
Chapter I, Theorem 3.15] for example. Hence (I + C)v,, — T'(y — z) strongly in X.
Now, passing to a further subsequence, we may suppose that C(v,) — u strongly
in X and hence v, — T(y — z) — u strongly in X, establishing the compactness of
W NnFE-LY(S).

Given this kind of properness, we find that the conclusion of the theorem is
a simple variant of [18, Theorem 9.1] where a degree for continuous compact
perturbations of C!-Fredholm maps of index zero is defined; see also [21]. The
degree for compact perturbations of C'-Fredholm maps of index zero has also been
developed by Benevieri and Furi (and communicated in a private communication).
In fact, in the above setting, it is not necessary to appeal to the full degree theory
for compact perturbations of C!'-Fredholm maps of index zero that are proper
on closed bounded sets. As Professor P. J. Rabier pointed out to us, under our
assumptions, the map L(A)+K : X — Y can be reduced to a compact perturbation



676 C. A. STUART AND HUAN-SONG ZHOU

of the identity on X that depends continuously on A € J by the introduction of a
parametrix for the path L € C(J, ®o(X,Y)). O

Appendix B. On asymptotic linearity

DEFINITION. Let X and Y be real Banach spaces. A map M : X — Y is
asymptotically linear if there exists L € B(X,Y") such that

1M (u) = L(u)lly /llullx — 0 as [lullx — oo,

where L is called the asymptotic derivative of M.

EXAMPLE. Let k& € C(R,R) be such that limj;|_. k(t) = 0. Then the function
M = k(t)t : R — R is asymptotically linear with asymptotic derivative L = 0.

However, this property is not always inherited by the Nemytskii operator
associated with M.

LeEMMA B.1. Let k € C(R,R) be such that k(0) # 0 and limy o k(t) = 0. For
some p € [1,00), let X = W2P(RY) and Y = L?(RY). For u € X, k(u)u € Y and
the mapping M : X — Y defined by M (u) = k(u)u for u € X is continuous and
bounded. However, M : X — Y is not asymptotically linear.

Proof. Let § = maxscg |k(t)|. Then |M(t)] < 0t| for all ¢ € R and so by
the fundamental result concerning Nemytskii operators (see [25], for example), M
maps Y continuously and boundedly into Y. Hence, M : X — Y is continuous and
bounded, since X is continuously embedded in Y.

If M : X — Y is asymptotically linear, there exists L € B(X,Y) such that
|M(u) — Lully /|lullx — 0 as |lu||x — oo. First we show that L = 0 and then we
show that this leads to a contradiction.

Consider any ¢ € C§°(RY) such that ¢ # 0. Then ||tp||x — oo and so

[M(te) — Lto)lly /ltellx — 0 as [t| — oc.
But
M (tp) — Ltp)lly /lltellx = Ik(te)e — Lelly /el x

and ||k(te)plly — 0 as |t| — oo by dominated convergence. Hence Ly = 0 for all
¢ € C8°(RY) and so L = 0. Therefore

tim M)l /ullx = 0. (B.1)

flullx —

Since k(0) # 0, there exist 6 > 0 and T' > 0 such that |k(t)| > ¢ for all |t] < T.
Choose some u € X \ {0} such that u(z) € [T, T] for all z € RY. For 7 > 0, set
u, (z) = u(rz) for z € RY. Then u, € X with

e 15 = 77 [ully

and

N N
e = 7=Vl + 7= > Joully + 72N > (|6i0ully -
i=1

i,j=1
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In particular, |ju. || — co as 7 — 0 since |Jul]y # 0. However,

M@l
T~ Tl Ja P2 @) d
Ll o it
. _
A= v

where 7V ||u.||% — |lull} as 7 — 0. Hence liminf, o || M (u,)||P/|lu.|% > 67,
contradicting (B.1). Thus M cannot be asymptotically linear. O

LEMMA B.2. Under the hypotheses of Lemma B.1 with p > min {1, %N}, let
Y € LYRYN) N L>®(RY). The mapping Q : X — Y defined by Q(u) = 1k(u)u for
u € X is continuous, bounded, compact and asymptotically linear with asymptotic
derivative equal to zero.

Proof. Since M = k(u)u : X — Y is continuous and bounded by Lemma B.1
and 1 € L>®(RY), it follows that Q : X — Y is continuous and bounded. Choose
some t € (1,00) such that X is continuously embedded in L'?(R") and let s =
t/(t—1). For any R > 0 and any u € X,

1/s 1/t
| |wmww<waﬂ Ww§ Hﬁ ww&
0| >R o[ >R lo|>R

1/s
<w;{j ¢WM} ul?,
lo|>R
1/s
<cmm;w%{j |www}.

Given any ¢ > 0, we can choose R > 0 such that fIwIZR |YI"" do < e. Let
Br = {z € RY : |z| < R}. Since W%?(Bg) is compactly embedded in C(Bg)
because p > %N , one easily deduces the compactness of @ : X — Y.

Given any £ > 0, there exists S. > 0 such that 0 < k(s) < e for all |s| > S. by
(1.6). For u € X\{0}, let

x| >R

D(u,e) = {x € RN : |u(z)| > S.}.

3

Then
ok} <Wlee | jupdo st o plrde
D(ue) RY\D (u,c)
-1
< [l e llully + IklS, ST 1l ¥l -
Hence
k(u)u
lim sup M < || e for any € > 0,
lull x —o0 [Jwllx

which shows that Q : X — Y is asymptotically linear with asymptotic derivative
zZero. U
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LEMMA B.3. In addition to the hypotheses of Lemma B.2 suppose that k €
CY(R,R) and that || # 0. Set

Ky = LOR@/ Tull e ifu e X\ {0},
0 ifu=0.
Then K : X — Y is Fréchet differentiable at u for all w € X and we have
K € CHX\{0},Y). However, K'(0) = 0 but limsupy, _o[K'(u)| > 0, so
K ¢ CY(X,Y).

llx

Proof. First we observe that

KW%;&@&Q@MM&)ﬁzeiwm,

Using [19, Lemma 5.3(i)], we deduce that @ € C'(X,Y). Furthermore, using the
standard properties of substitution operators, we find that

| |p € CH(LP(RV)\{0}, R);

see [27, Chapter 1] for example. But if v € X and either d,u = 0 or 9,93u = 0 for
some a, 3 € {1,2,..., N}, then u = 0. Hence ||| x = |-|2, € C*(W??(RV)\{0},R)
and it follows by composition that K € C1(X\{0},Y).

For the differentiability of K at u = 0, we observe that

HK(U')HYi lim ”uHX Q( 7"’2)
0 l[ullx /1y

lully =0 [lully iy —
. —1
= lim [pllx [Q(v)[ly =0,
H“HX_’DO

by Lemma B.2 with v = u/||u||%. Hence K is Fréchet differentiable at u = 0 with
K'(0) = 0.

Let a,b € RY with |a —b| > 2 and let B, and B; denote the open balls of
unit radius about these points. Consider two functions u,v € C§°(RY)\{0} with
suppu C B, and suppv C By. Now

K(u+tv) — K(u)

. o
Hm t = Kwp
and
K(u+tv) — K(u) || _J K(u—i—tv)—K(u)pdm
t vy s, t
K - K P
+J (u + tv) (u) dx
B, t
p
> K(u+tv) i
J By t
[wk(to lu+ tol 3 0|
= dx

I, £l

t
¢k<” . >v
lu+tvllx

p

[

By
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Since |lul|y # 0, it follows by dominated convergence that

t p
limJ 1/;1{(”2)71 dx:|k(0)|pJ Wl de,
t=0Jp, lu+ tvllx By
whereas
K _ K@)
1 (wpolf, = timy || EL E0) = K
t—0 t Y
and so
1Kol > [KO)F | fuol” da.
b
Hence

1K@ exyy > WOP | 1ol dof [l

b

Since || # 0, we can choose b € RV such that
J [|* da >0
By,
and this implies that we can choose v, € C§°(R"Y) such that suppv, C B, and
J [Yvg P do > %J' || da > 0.
By By

Thus we see that, for any u € C§°(RY)\{0} such that suppu C B,,

1/p
O whereL|k<o>|{;JB e dw} /lloolly.
b

Considering a sequence {u, } C C$°(RY)\{0} which is such that suppu, C B, and
[unllx — 0, we see that limsupy, _o[lK'(v)|pxy) = L > 0, completing the
proof. |

Appendix C. Some topological lemmas
LEMMA C.1. The set V defined in (5.8) is compact.
Proof. Let {(An,v,)} C V, for n =1,2,3,..., be an infinite sequence. By the

proof of Theorem 5.2(ii), Q is bounded in R x X. So, passing to a subsequence, we
may suppose that either v, > 0 for all n or v, < 0 for all n and

A BN € [, Aa)], (C.1)
v, — v weakly in X with v >0 or v <0, (C.2)
o] = £ > 0.

To prove the lemma, it is enough to show that
v, v strongly in X with (\,v) € V. (C.3)
By (M, v,) € V C Z, (5.3) holds with ¢, (z) = 1, that is,

L\ )vn + k(”HQ)U — 0. (C.4)

l|vn
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Then, as in the proof of Theorem 5.2(i), we know that v, satisfies (3.14). We now
prove the lemma by considering two cases: £ =0 and £ > 0.

Case (A): £ = 0. Since £ = 0, v, — 0 strongly in X. As in the proof of
Theorem 5.2(i), Lemma 3.6 can be used to show that A = A(«a), and we have
the required result: (A(a),0) € V.

Case (B): £ > 0. In this case, we can repeat the proof of (5.4), just replacing
¥, () by 1, to show that v, ~» v strongly in X and that (5.7) holds with v > 0 in
RY. Thus (\,v) € V. O

The following lemma was proved in [26, Chapter I, §9.3].

LeMMA C.2 (Whyburn). Suppose that Vi and Va are closed subsets of a
compact metric space V such that there is no connected component of V that
intersects both Vi and V,. Then there exist disjoint compact sets Uy and Us such
that

V=UUU,, VicU; and Vy CUs.
The next lemma is Proposition 5.1 of [1].
LEMmMA C.3 [1, Proposition 5.1].  Suppose A and B are closed and not separated

in a compact X . Then there exists a connected D in X \{AUB} such that DNA # 0,
and DN B # (.
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