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POSITIVE EIGENFUNCTIONS OF
A SCHRODINGER OPERATOR

C. A. STUART anp HUAN-SONG ZHOU

ABSTRACT

The paper considers the eigenvalue problem
—Au—au+Ag(z)u=0 withue H'RY), u#0,
where a, A € R and
g(z)=00nQ, g(z)€(0,1]] on RN \Q and lim g(z)=1

|z|—+o0

for some bounded open set Q € RV .

Given a > 0, does there exist a value of A > 0 for which the problem has a positive solution?
It is shown that this occurs if and only if « lies in a certain interval (I',§1) and that in this case
the value of A is unique, A = A(«). The properties of the function A(a) are also discussed.

1. Introduction

In this paper we discuss the eigenvalue problem
—Au—ou+Agu=0 inRY (1.1)
u € HY(RY), u # 0, ’

where the function g has the following properties.

ge L™ (RN ,R), and there exists a non-empty bounded open set 2 C RY
with Lipschitz boundary such that g(z) = 0 on ©, g(z) € (0,1] on RV \ Q
and  limp; 400 g(z) = 1. (G1)

Thus g represents a potential well that deepens as A > 0 increases. In (1.1), both
« and A are real numbers and we are concerned with the following question. Given
a > 0, does there exist a value of A\ for which the problem has a positive solution?
More precisely, a number A is said to be an eigenvalue of (1.1) whenever there exists

u € HY(RY)\{0} such that
J [Vu - Vo — auv + Aguv]de =0 for all v € H'(RY).
RV

In our discussion we take advantage of the additional regularity of eigenfunctions
that follows from our assumptions.

PROPOSITION 1.1. If g satisfies (G1) and v € H'(RY) is an eigenfunction of
(1.1), then v € W2?(RY) for all p € [2,00). Hence v € C1(RV).
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Proof. See [9, Corollary 2.15] for example, or [7] for a deeper treatment. O

There are values of « for which (1.1) has no eigenvalues and the following
quantities enable us to clarify the situation. Let & be the first eigenvalue of the
Dirichlet problem

—Ap=£&p inQ (1.2)
p € HYQ), Qis given by (G1). '

As is well known, £; > 0, and there is a unique eigenfunction satisfying the conditions
J ©?der=1 and ¢ >0on . (1.3)
Q
Next set

= inf{J |Vul|? dx:u € HY(RY) andj
RN RN

(1 —g)u?dr = 1}. (1.4)

We begin by establishing the following result concerning the quantity I'. ]

LEMMA 1.2. Let (G1) be satisfied.
(ii) If N =1,2, then T = 0.
(iii) If N >3 and
¢ = liminf [1 — g(x)]|z|? > 0,

|z|—+o0

then ' < ((N —2)/2)?/¢. In particular, T' = 0 if { = cc.
(iv) If N > 3 and ||1 — g|x/2@vy < oo, then I' > Sy /|1 — g|x/2@x ), where
Sy = inf{ [y [Vul?dz:u € H'(RY) and [y [u[* dz =1} and 2* = 2N/(N — 2).

REMARK 1.3. Observe that, if there exists v > 2 such that

‘ llim sup[l — g(z)]]z|” < oo,
x|—-+o0

then ||1 — g ~/2@yy < 0o, whereas if

(= lim inf[l — g(x)]|z|* >0,

[ —-too
then [|1 — gl /2@y ) = oo

Furthermore, the value of Sy can be found in [6], for example.
Problem (1.1) may have no eigenvalues A in the interval (—oo,a). In order to
formulate a precise result of this kind, we introduce the following condition.

J'io {I1—-g(x)}der <o N=1
G bl{1-gl) =0 N2

(G2)

We use this condition in the next result to ensure that the Schrodinger operator
—A — X\(1 — g) has no L?-eigenvalues in the interval (0,00). It can be replaced by
any other hypothesis that yields the same conclusion, such as [8, Theorem XIII.58].

LEMMA 1.4. Under the hypotheses (G1) and (G2), problem (1.1) has no
eigenvalues \ in the interval (—oo, a].
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Proof. 1If u satisfies (1.1), then
—Au— A1 - g)u=(a— Nu,

and so o — \ is an L2-eigenvalue of the Schrédinger operator —A — A\(1 — g). Using
(G2) and [2, Proposition 10.10], this implies that A > « if N > 2. For N = 1, the
same conclusion follows from the asymptotic form of all solutions of the differential
equation; see the proof of [8, Theorem XIII1.56] for example. O

Henceforth, we concentrate on the existence of eigenvalues of (1.1) in the interval
(o, 00). Our main results concerning problem (1.1) can be summarized as follows.

THEOREM 1.5. Let the condition (G1) be satisfied.
(i) If a > &, then there is no eigenvalue of (1.1) in [, 00) with a non-negative

eigenfunction.

(ii) IfT < o < &, then there exists a unique eigenvalue A = A(«a) of (1.1) having
a positive eigenfunction. Furthermore, A(a) > «, and it is simple in the sense that
ker(—A — a+ A(a)g) = span{ua(a)}, where up(,) > 0 on RY. All other eigenvalues
of (1.1) are less than A(«),1 and their eigenfunctions change sign.

(iii) The function A € C*°((T',&;1)) and is strictly increasing with

lim A(e) =T and lim A(«a)=+occ.

a—I+ a—§1—

(iv) For T' < a < &, A(w) Is characterized as the unique value of A for which
¥%(\) = 0, where

BN = inf{aA (u) : v € HY(RY) andJR u?dr = 1} (1.5)

v
and
ay(u) = J . |Vul> — au? + Agu?® dz.
RN
In other words, A(«) is the unique value of A for which 0 is the infimum of the
spectrum of the Schrédinger operator
Tu=—Au— (a— Ag)u. (1.6)

(v) If « <T, then problem (1.1) has no eigenvalues \ in the interval («, 00).

REMARK 1.6. Of course the alternative point of view in which A is fixed and
we seek values of a for which (1.1) has a solution is the standard eigenvalue for the
Schrodinger operator —A + Ag(x), and it is well understood. However, even for this
problem, our work yields the following non-trivial conclusion. If a(\) denotes the
lowest eigenvalue of —A + Ag(z), then a(A) increases from I' to &; as A increases
from I' to co. A more intuitive form of this result is obtained by shifting the top of
the potential well to the level zero. In this case, (1.1) can be written as

—Au+ Mg — 1)u = pu,
where p = a — A, and we have

p<A>=—A+sl+o<§) as A oo,

where p(A) is the lowest eigenvalue of this problem.
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Our work involves describing the eigenvalue A as a function of the parameter «
rather than the eigenvalue « as a function of the parameter A in the traditional
treatment. We were confronted by this form of the problem in our work [10]
on the following nonlinear eigenvalue problem, which has (1.1) as its asymptotic
linearization.

{—Au +u+Ag(x)u= f(u) inRY

we HY(RY) with u 0, N > 1, (1.7)

where g satisfies (G1) and f has the following properties.

(F1) f € CYR,R) and f(s)/s — 0 as s — 0.

(F2) There exists @ > 0 such that f(s)/s — a+1las|s| — +ooand 0 < f(s)/s <
a+ 1 for all s # 0.

Replacing f(u) by its asymptotic linearization (a4 1)u leads to (1.1) with o > 0.

2. Proof of Lemma 1.2
(i) Let ¢ € HI(Q) be an eigenfunction of (1.2) corresponding to & with
o ©? dz = 1. Extending ¢ by zero outside €2, we construct a function ¢ € H'(R"Y)
such that g¢ = 0, and hence [y (1 — g)$*dz = 1. Thus

N

j|V@%m=j|Vﬂ%m=sq'wdx:aj (1- 9)7?da
RN Q Q R

showing that I' < & . However, if I' = &, it follows that ¢ € H'(RY) minimizes
[z~ [Vu|? dz under the constraint [, (1 — g)u® dz = 1 and consequently

J Vo -Vudr = §1J (1—g)pvdr for all v € H'(RY).
RV RN

Since g@ = 0, on RY, this implies that ¢ is an L?-eigenfunction of —A on RV.
However, as is well known (see [9, Theorem 3.8] for example), —A has no such
eigenfunctions and hence I' < &;.

(ii) By (G1), there exists a function ¢ € C§°(RY) such that 1) # 0 and g — 1 <
¥ < 0 on RY. Given any ¢ > 0, it follows from [8, Theorem XIII.11] that there
exists v. € H2(RV)\{0} and p. < 0 such that (—A + ep)v. = p.v.. Hence

J [[Vv|? +e(g — 1Dv?] do < J (IVv:|? + eypv?) dz = ,uEJ v2dr <0,
R¥ RN RN
showing that T" < e.
iii) Consider any T' > ((IN — 2)/2)2/¢. We can choose ¢ € (0,1) and C = C(¢) €
(iii) y (( )/2) :
(0,¢) such that
N -2 2
L——+4<TC
2
There exists R = R(C) > 0 such that
(1—g(@)|z]* > C for all |x| > R.
Then we set
1 || <R
56 = {{ymyv-med S g
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Now ¢ ¢ HY(RY), but V¢ and v/|z| € L?(RY) with

[ e = oy = [y
e|>R .

. [N =2 2 roo
J |V¢(az)|2 dr = wNRN_2+QC [_ + E] J p—l-2 dr,
RN 2 R

where wy denotes the (N —1)-dimensional measure of the unit sphere in R" . Hence

| 1o e -re| e
RN

le|>R

2
N -2 o
= WNRN_2+26 (T =+ 5) — TC J. 'I"_l_25 dr < 0.
R

Let ¢ € CY(RY) be such that
((zy=1for |z] <1 and ((x)=0for |z| =2,
and set ¢y, (z) = ((x/k)y(z). It follows that 1, € H'(RY) for any fixed k € N with
J || =24y (2)? dw — J 2|2 p(x)? da
lz|>R [z|2R

as k — oo. Furthermore,

Vi) = o) ve(7 ) + (3 )7
where

JRN <<%>2|V¢(m)|2 dz 5 JRN V()| da

by dominated convergence, and

J Lp@yve(L “do k0
wv LR z ’
since

| [eave(3)] e |
) (Jwgfc +J|w>R> Ew(x)vc(%ﬂ da

C? 1 k
<l ey vewP (T )

2 J
k R/E<IyI<2

S ﬁ R
Cc? —2¢ DN —2+42¢ 20, |—N+2—-2¢ k
< 53 dr+k R N IV¢(y)|* |yl “dy — 0.
|z|<R 1<lyl<2

Hence
| 1wl as | o a
RN RN

Therefore there exists kg such that

J \Vz/);c|2 dx—TCJ lz| 22 de < 0 for all k > k.
RN lz|>R
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It follows that
J |V1/)k|2 dx—TJ (1—g)wk2dm
RY 7

RN
< J Vb |* da — TJ (1 — g)? da
RN

|lz|>R

< J Vb |” da — TC’J |z| =22 d < 0
RN lz|>R
for all k > ko, showing that I' < T. Hence I' < ((N — 2)/2)?/¢. Clearly I = 0 if
{ = +o00.
(iv) For all u € HY(RY),

0< J (1-— g)u2 dx < (J 11— g‘N/2 dx)WN (J’ u
]RN RN ]RN

<111 = gl 2 el e

<Ih _g||LN/2(RN)SJ;1J IVulde,
RN

2* dm)(zvm/zv

and the proof of (iv) is complete. O

3. Existence and properties of A(«a)

It follows from Proposition 1.1 that any eigenfunction u of problem (1.1) belongs
to C(RY)N H?(RY), and this leads us to introduce a Schrédinger operator having
u as an eigenfunction. Define

Ay : D(Ay) = H*(RY) c L2(RY) — L*(RY)
by
Ayu = —Au —au+ Agu = —Au — (o — Ag)u. (3.1)

Then A, is a self-adjoint operator in L?(R") with spectrum o(A)) and essential
spectrum o, (A4y) = [A—a, o) (see [9, Section 3] for example). Furthermore, setting

Y(A) =info(A)),
we have

Y\ = inf{a,\ (u) :uw € HY(RY) and JR u? dr = 1} > —00, (3.2)

where
ay(u) = J [[Vu|? — au?® + \gu?] dz
RN
(see [9, Theorem 3.10] for example). In fact, all the quantities just mentioned depend
on « as well as A. In most of the discussion, the value of « is fixed and it is the

variation with respect to A that is of interest. However, when the dependence on «
is relevant, we use the more explicit notation

S, af(u) and X*(N).
If we set

Se ={A2a:2%\) <0} and T, :={A>a:2%() >0},
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it is clear from (3.2) that S, and 7T, are intervals since X% (\) is non-decreasing
in A

LEMMA 3.1. If (G1) holds and X\ > «, we have X(\) = 0 if and only if X is an
eigenvalue of (1.1) with a non-negative eigenfunction uy. In this case, 0 is a simple
eigenvalue of Ay, ker Ay = span{uy} and uy >0 on RY.

Proof. Suppose first that £(A) = 0. Then 0 = inf o (A, ) by (3.2) and 0 < A\—a =
inf o, (A)). Hence 0 is an eigenvalue of A, and there exists uy € C(R™) N H2(RY)
such that ker Ay = span{uy } and uy > 0 on R (see [9, Theorem 3.20] for example).
Thus A is an eigenvalue of (1.1) with eigenfunction w,.

Conversely, if \ is an eigenvalue of (1.1) with an eigenfunction uy > 0, then we
have already observed that uy, € C(RY)NH?(RY) and Ayuy = 0. Thus 0 € o(A)),
and so X(A) < 0 < info.(A4)). By [9, Theorem 3.20], this implies that 3(X) is a
simple eigenvalue of Ay with a positive eigenfunction v € H?(RY). Thus

E(ANuy,v) = (ur, Ayv) = (Ayup,v) =0 and  (uy,v) >0,
where (-, -) is the usual scalar product in L?(R"), showing that 3(\) = 0. O

LEMMA 3.2. If(G1) holds, then a € S, if and only if T < .
Proof. If ¥%(a) < 0, then

inf {J |Vaul? — a(l — g)u*dz :u € H'(RY) and J
RN

u? do = 1} =3%a) <0,
RN

and so there exists u € H'(RY) such that
J u?*dr =1 and J [[Vu? — a(1 — g)u?] dz < 0.
RN RN

It follows that [,y (1 — g)u®dz > 0 and that I’ < a.
On the other hand, if T' < «, then there exists u € H'(RY) such that
Jrv [Vul?dz < o [y (1 — g)u? dz, and hence ¥ (a) < 0. O

LEMMA 3.3. Let (G1) hold.
(i) S, and T, are open subsets of [a, +00).
(ii) If a« > &, then S, = [a, 00).
(iii) IfT < o < &3, then there exists A(a) € (o, +00) such that S, = [a, A(a)),
where o < A(a) < 0.

Proof. (i) By the definition of ay, we see that, for all \, x € R and u € H'(RY),

()~ au(0) = (A=) || gl do. (3:3)

Suppose that A € S,. Then there exists u € H'(RY) such that
J u(z)?dr =1 and ay(u) <0.
RN

Since

auf0) S an(w) + A= pl | gutdo <an(u) + -
.
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it follows that X(u) < 0 for all g > o such that [A — p| < 3|ay(u)|, showing that
S, is open.

Suppose now that A € T,,. Then for all w € H*(RY) with [py u(z)?dz = 1, we
have

4 () > ax(u) = A — il = D) — A= g > 1500 >0

for all 1 such that |A — p| < £3(XA). Thus $(p) > $5(A) > 0 for all x such that
IA = p| < $3(N), showing that 77, is open.

(i) Let 1 € H}(Q) be the eigenfunction of (1.2) satisfying (1.3), and set
o= inQ, ©=0inRV\Q.
We now have ¢ € H(RY) and
ax(p) = L (|V<P1|2 - anp?) dr=§ —oa and JRN orde =1,
showing that ¥(A) < 0 if a > & . Furthermore, if & = & and 3(\) = 0, then

0=uax(p) = min{JRv ay(u)dz :u e HY(RY) and J u? dx = 1}.

RY

Hence there is a Lagrange multiplier £ € R such that

J {ch~Vv—[a—Ag]<pv}dx:fJ pvdz for all v € H'(RY).
RN RN

Putting v = ¢, we see that £ =&; — a =0, and then
J (Vo -Vv—£&pv)de=0 for all v € H'(RY)
RY

since g = 0 in RY. As in the proof of Lemma 1.2(iv), this is in contradiction to
the fact that —A has no eigenfunctions in L?(R"). Hence (\) < 0 if a = &; too.

(iii) Suppose now that I' < a < &. Then o € S, by Lemma 3.2, and there
exists A(a) > a such that S, = [o, A(a)) since S, is an open subset (interval) of
[or, 0). If A(er) = o0, then S, = [a,4+00), and for any integer n > «, there exists
u, € H'(RY) with [y u2 dz = 1 such that

an (Uy) = J.RN (|Vu"\2 — o — ng]u,%) dx < 0. (3.4)

Since g(z) > 0, this implies that
J |V, |? dacgozj u? dr = a,
RN RN

and so {u,, } is bounded in H!(R"). Passing to a subsequence, still denoted by u,,,
we may assume that, for some u € H'(RY),

u, = u weakly in H'(RY),  u, 2 u strongly in L _(RY). (3.5)
By (3.4),

nJ gu? dx < aJ u? dr = a. (3.6)
RN RN
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Since lim|,| 4o g(®) = 1, there exists a compact set K CRY such that g(x) > %

for almost all x ¢ K. By (3.6), we have

n

—J uidazgnJ’ gu?ldxgnj gu? dz < a,
2 Jry\k RV\K RNV

that is,

2a
J u,ZL dr < —,
RN\K n

and so

2 2 2 2 2a
1= usde = | wuide+ u, dr < | w;dr+ —.
RV K RV \K K n

Since K is compact, this implies that
1< limJ' uidsz u2dx<J u?dx.
N K K RN

However,

n—0o0

J u? dr < liminfj u?de =1
RN RN

and hence

J uzdx:J w?dr = 1.
RN K

(IVu, |* = [a — nglu?) dx > J |V, |? de — aJ u? dr,
RN RN

However,

an (uy,) :J'

RN
and, by (3.4),

0 > liminf a, (u,) > J |Vu|? dz — o (3.7)
RN

n—-+4oo

On the other hand, by (3.6),

0< J gu? dz < limian' gufl dx < liminf @ _ 0.
RN n—oo |pn n—oo M
However, g(z) =0 in Q and g(z) > 0 in R¥\Q by (G1). Hence this implies that
u=0aec on RY\Q and wu=0ae onRY\Q.

Since Q has a Lipschitz boundary, we have u € H}(Q), where @ is the restriction
of u to € (see [1, Lemma A 5.11] for example). By (1.2), [ (|Va|* — &u?) dz > 0.
Thus

0< J (\VW - 5152) dr = J |VU|2d$ -6 < [ \Vu|2dx —a,
Q RN RN

since [y u?dr = 1 and a < &, which contradicts (3.7). Thus A(a) = sup S, <
+00. U

LEMMA 3.4. Let (G1) be satisfied with ' < a < &, and consider A > «.
Then ¥(A) = 0 if and only if A = A(«), where A(a) is given by Lemma 3.3(iii).
Furthermore, A(a) < A(B) forT' < a < 5 < &.
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Proof. By Lemma 3.2, a € S,. If A > a and ¥(\) =0, then A ¢ S, and A > a.
By Lemma 3.1, there exists uy € C(RY) N H*(RY) with

uy >0, Ayuy=0 and J uidmzl.
RN

Since g(x) > 0 on RV\Q,
J gu3 dx # 0.
RN

For any e > 0, it follows from (3.3) that

ay—_c(uy) = ax(uy) — sJ. gu3 dr = —EJ. gu; dr < 0,
RN RN

and this means that A — e € S, for any € > 0. Therefore A = sup S, = A(«).
Conversely, if A = A(«), it follows from Lemma 3.3 that A ¢ S, UT,, and, since
A > «a, we must have () = 0.
Consider «, 8 € (I',&) with a < 8. Since X*(A(a)) = 0, it follows from Lemma
3.1 that there exists z, € H2(R")\{0} such that ker A (o) = span{z, } and hence
a(/{(u)(za) = 0. However,

a?\(a)(za) = ax(a)(za) + (a—p) JRN zi dx = (o — ) J-RN zi dx <0,

showing that A(a) € Sz and consequently A(5) > A(). O

LEMMA 3.5. Let L : X = W2?P(RY) — LP(RY), where p € [2,00) is a
Fredholm operator of index zero. Let {v,} C X, v, = v weakly in X, and let
{Lv,} converge strongly in L (R"). Then v, % v strongly in X.

Proof. Since L : X — LP(RY) is a Fredholm operator of index zero, by [3,
Chapter I, Theorem 3.15], there exists T € B(L?(R"), X) such that

TL=1+K,

where K : X — X is a compact linear operator. Let Lv, —» w strongly in L? (R
for some w € LP(RV); then (I + K)v, = TLv, - Tw strongly in X. Since K
is compact, it follows that Kv, - Kv strongly in X. Therefore, v, — Tw — Kv
strongly in X, and hence that v, — v = Tw — Kv strongly in X. ]

4. Proof of Theorem 1.5
(i) If a > &, it follows from Lemma 3.3 that X(A) < 0 for all A > «. Thus
info(4)) =X(A\) <0 and info.(Ay)=A—a>=0 for A>a.

Hence there exists vy € C(RY)N H2(RY) such that A vy, = ¥(\)vy and vy > 0 on
RY (see [9, Theorem 3.20] for example). However, if u > 0 satisfies (1.1), it follows
from Proposition 1.1 that u € C(RY) N H%(RY) and Ayu = 0 on RY. As in the
proof of Lemma 3.1, this leads to a contradiction. Hence (1.1) has no non-negative
eigenfunction with A > «.

(ii) We now have 0 < I < a < & . It follows from Lemma 3.3(iii) and 3.4 that
Sa = o, Aa)), T, = (A(ar),00) and A = A(a) > « is the unique point in [, 00)
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such that ¥(A) = 0. By Lemma 3.1, A(«) is an eigenvalue of (1.1) and 0 is a
simple eigenvalue of Ax(,) with ker A, (,) = span{z,}, where z, = uy@) > 0 on
RY. Suppose now that u # A(a) is also an eigenvalue of (1.1) with eigenfunction
w € HY(RY). Then, by Proposition 1.1, w € H?(RY) N C(RY) and so 0 is an
eigenvalue of A,. Since X(u) = info(A,), this shows that X(u) < 0 and hence
u < sup S, = A(a). Therefore A(«) is the largest eigenvalue of (1.1). Furthermore,

0= J {Vzo - Vw — azow + Ala)g(z)zqw} dz
RN

= J {Vw - Vz, — awz, + pg(x)wz, } dz
]RN

so that
(Ala) — M)J 9(x)zqwdx = 0.
RN
For 1 < A(a), this implies that

J g(x)zqwdx = 0.
BV\G

Since z, > 0 and g(z) > 0 on RV\Q, it follows that either w = 0 on RV\Q or w
must change sign. However, if w = 0 on RV \Q, then its restriction @ to 2 belongs
to H2(2) N HE(2)\{0}, since 9N is Lipschitz (see [1, Lemma A 5.11]) and satisfies
—Aw — aw = 0 on . However, a < £, so this is impossible, and consequently w
must change sign on RV\Q.

(iii) By part (ii), we know that for any a € (I', &), there exists A(a) € (o, +00)
such that X*(A(a)) = 0, and it is a strictly increasing function of a by Lemma 3.4.

Suppose that {a,} C (I,&;) is an increasing sequence such that a, —» ;.
Then A(a,,) == A, where A > &, since Ala,) > a,. If A < oo, for any
u € HY(RY), a‘;{’(’an )(u) RN af\l (u). However, by Lemma 3.4, for all n € N,
0 =% (Alaw)) = inf{ayf, \(u):u€ HY(RY) and |uly = 1}, and so Apla, (1) 20
for all w € H'(RY). This implies that a§! (u) > 0 for all u € H'(R") and hence that
26 (A) = inf{a{ (u) : w € HY(RY) and |u|y = 1} > 0. This means that A ¢ S,
contradicting the fact that S¢, = [£1,00), which was established in Lemma 3.3.
Thus lim, ¢, - Ae) = o0.

Let 7 = lim,_.r4+ A(e), and observe that since A(a) > «, we must have 7 > T".
Let us suppose that 7 > I'. Consider a decreasing sequence {a;, } such that «, ST

As in part (i), there exists {2,} C H?(RY)N C(RY) such that |z,|z = 1 and
—Az, —anz, + AMay)gz, =0  on RV,

Hence {Az,} is bounded in L?(RY), from which it follows that {2, } is bounded in
H?(RY). Passing to a subsequence, we suppose henceforth that z, X 2 weakly in
H?(RY). However,

—Az, =Tz, + 792, = (, =)z, + (7 — Ala))gz,  on RV,
where (a,, — )z, + (T — Ao, ))gz, — 0 strongly in L?(RY) and —A — T +7g :
H?*(RY) — L*(RY) is a Fredholm operator of index zero since limj;|_o.{—T +
rg(x)} = =T + 7 > 0 [5, Theorem 2.3]. Then Lemma 3.5 implies that z, % z

strongly in H?(RY), and hence —Az — 'z 4+ 7gz = 0 with |z]y = 1. Furthermore,
JRN g2% dx > 0, since otherwise z = 0 on RV \Q, and we would then have —Au = T'u
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on RV, contradicting the fact that —A has no L?-eigenfunctions on RY. However,
by the definition of I', we have

0< J [Vz]? =T(1 — g9)2%) dx = J T2 — 1922 —T(1 — g)2% dz
RN R

N
= (F—T)J gz2dx < 0.
RY

This contradiction means that our assumption 7 > I' must be rejected, and so
T=1I.

The smoothness of the function A : (T',£;) — R follows by a standard application
of the implicit function theorem to the mapping ® : H2(RY )xRxR — L?(RY)xR
defined by

D(u,a,\) = (—Au —au + )\gu,J u?dr — 1).
RN

Notice that ®(za, o, A(a)) = 0 for ker Af ) = span{z,} with |z,]2 = 1, and that
Af oy = —A—a+Aa)g: H?(RY) — L?(RY) is a Fredholm operator of index
zero, since inf o, (A%, )) = A(a) — > 0. Furthermore,

D(H,A)‘I’(zaaaa/\(a))(%ﬂ) = (AX(a)U + Ngzwa2JRN ZaqV dx)v

and, as above, we have IRN gz2dx > 0, since otherwise z, would be an L?-
eigenfunction of —A on RY. It is now straightforward to show that

D)@ (20, 0, A(a)) : H*(RY) x R — L*(RY) x R
is an isomorphism.
(iv) This follows from Lemma 3.4.

(v) Suppose that w satisfies (1.1) with A > a. Then [, gu®dx # 0, since
otherwise we have gu = 0 on RY and v would be an L?-eigenfunction of A on
RY, and, as we have already remarked several times, this is false. However, now
(1.1) now yields

J |Vu|?> — a(l — g)u dr = (a — )\)J gu’ dx < 0,
RN RY

from which it follows that [y (1 — g)u® dz # 0 and that o > T O

REMARK 4.1. Asa by-product of the proof of the smoothness of A(«), we obtain
the formula
d Jon 22 dx 1

—A = = 0
da (a) J.RN gz2 dx J'RN gz2 dx =%

confirming the strict monotonicity of A that was established directly in Lemma 3.4.
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