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We discuss some existence theorems for partial differential inclusions, subject to
Dirichlet boundary conditions, of the form

®&(Du(z)) € {a, B8} a.e.xz€ 2,

where @ is a quasi-affine function and so, in particular, for #(Du) = det Du.
We then apply it to minimization problems of the form

inf{/g g(®(Du(z)))dz :u € o + WOI"’O(Q;Rm)}.

1. Introduction

In this article we discuss the existence of solutions for some first-order partial dif-
ferential equations and then apply these results to minimization problems of the
calculus of variations.

Let us first discuss the model case and introduce some notation (we will always
adopt those of [5]). For maps u : £2 C R” — R", we denote its gradient by Du €
R™*™ and its determinant by det Du.

We also, given a matrix £ € R™*" define the singular values of £ as the eigenvalues
of (¢€€T)/2 and we denote them by

0<A(§) S A2() <o < Aul(f)
Our first theorem is the following.

THEOREM 1.1. Let £2 C R™ be a bounded open set, « < 3 and 0 < 3 < -+ < Y,
be such that n
72 [T > max{|al, 18]}
i=2

Let ¢ € CL_.(£2;R™) (the set of piecewise C' maps) be such that, for almost every

piec
T € (2,
a < det Dp(z) < 8,

H/\i(Dgo(x)) < H%, v=2,...,n.

(© 2004 The Royal Society of Edinburgh
907
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908 B. Dacorogna and A. M. Ribeiro
Then there exists u € © + Wy ™ (£2; R™) such that

det Du € {a, B} a.e. in (2,
A(Du) =7, v=2,...,n, a.e in 2.

REMARK 1.2. This theorem generalizes a theorem of Dacorogna and Marcellini [5]
where 8 = —a > 0.

REMARK 1.3. The theorem is also true if @ = 8 # 0 (the condition o < det Dp < (8
being replaced by det Dy = &), and therefore also generalizes a theorem of Dacor-
ogna and Tanteri [9)].

We then apply this theorem (for details, see theorem 5.1) to the following mini-
mization problem:

mf{/Q g(det Du(z))dz : u € ¢ + W&’OO(Q;]R")}. (P)

This problem is important for applications (see [2] and [3]).

It should immediately be pointed out that, even when g is convex, it is not clear
that (P) admits a minimizer (unless ¢ is affine, in which case u = ¢ is a minimizer).
It was proved in [2], and then extended in [6], that if {2 is smooth and ¢ is a C1'*,
0 < a < 1, diffeomorphism, then there exists a minimizer @ of (P) that also solves

1
det Du = —/ det Dp(y)dy in £2,
2] Jo
U= on 0f2.

The non-convex case was then investigated by Mascolo and Schianchi [10] for
non-affine ¢ and by Cellina and Zagatti [1] and Dacorogna and Marcellini [4] when
 is affine. Theorem 1.1 allows us to give a new proof of the existence of minimizers
for (P) when ¢ is non-convex.

We then discuss the case of quasi-affine functions. We recall that, for m =n = 2
(for the general case, m,n > 2 (see §2)), a quasi-affine function is of the form

D(§) = &(0) + (p1; &) + padet &,

where p; € R2%? and py € R.

We will then prove the following theorem, which is, in some aspects, more general
than theorem 1.1 (since we can allow general quasi-affine functions) and, in others,
weaker (since we cannot prescribe other equations such as A;(Du) = ~; (for some
extensions, see [11])).

THEOREM 1.4. Let 2 C R™ be a bounded open set, a < 3, & : R™*"™ — R a non-

constant quasi-affine function and ¢ € C;iec((_);Rm) such that, for almost every
z € {2,
a < P(Dyp(x)) < .

Then there exists u € ¢ + WOI’OO(Q; R™) satisfying
&(Du) € {a, B} a.e. in {2
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Ezistence of solutions for some implicit PDFEs 909

This theorem has a direct application to the minimization problem

inf{/ﬂ g(P(Du(zx)))dz:u € o+ W(}’O"(Q;Rm)}

when ¢ is non-convex, recovering a theorem already proved, by different means, by
Cellina and Zagatti [1].

2. Preliminaries

In this section we state the main abstract existence theorem that we will use in the
following sections. We also briefly define the notion of a quasi-affine function.

We start by recalling the notion of a rank-one convex hull of a given set (for more
details, see [5]).

NOTATION 2.1. For E C R™*"™ let
Fp={f:R™" 5 R=RU{+co} and f|g < 0},
Reo E = {¢ € R™™ : f(£) < 0 for every rank-one convex f € Fg}.

We denote by Int Rco E the interior of the rank-one convex hull of E.

We start with the following definition introduced by Dacorogna and Marcellini
in [5], which is the key condition to get the existence of solutions.

DEFINITION 2.2 (approximation property). Let E C K(FE) C R™*". The sets E
and K(F) are said to have the approzimation property if there exists a family of
closed sets Es and K(Ej5), 0 > 0, such that the following hold.

(1) Es C K(E5) C Int K(F) for every ¢ > 0.

(2) For every € > 0, there exists dg = do(g) > 0 such that dist(n; E) < ¢ for every
n e Es and § € [0,(50].

(3) If n € Int K(E), then n € K(Ej5) for every § > 0 sufficiently small.

The main abstract existence theorem that we use in our analysis is as follows
(cf. theorem 6.3 combined with theorem 6.14 in [5], or, for a slightly more general
version, that we use here, cf. theorem 7 in [7]).

THEOREM 2.3. Let 2 C R" be open. Let E C R™*™ be compact. Assume that
Rco E has the approximation property with K(Es) = Rco Es. Let p € C;iec(ﬂ; R™)
(where Cl. denotes the set of piecewise C* maps) be such that
Dyp(z) e EUIntReco B a.e. in £2.
Then there exists (a dense set of) u € o + Wy ™ (£2;R™) such that
Du(x) € E a.e. in (2.

Finally, we recall the notion of quasi-affine functions (for more details, see [3]).
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910 B. Dacorogna and A. M. Ribeiro
DEFINITION 2.4. We say that @ : R™*" — R is quasi-affine if

mAn

B(&) = 2(0) + Y (A¥;adj, €),

k=1

where m An = min{n,m}, 4* € R7®) o(k) = (7) x (}), adj, € is the matrix of
the minors of £ of order k and (-;-) denotes the scalar product.

In an equivalent form, we can write

11 i1
gjl o gjq

mAn
PO =D0)+ Y Dyl det :
g=1 1<iy1 <--<ig<m giq giq
g1

1< <Jgsn.

for some constants “;1132 eER, 1<g<mAnN.

Moreover, we have the following result.

PROPOSITION 2.5. Let @ : R™*™ — R be quasi-affine and 2 C R™ be a bounded
open set. Then

/ &(Du(z)) dz :/ ®(Du(z))dz Yo € u+ Wy ®(2;R™).
2 2

3. Rank-one convex hulls
In this section we compute the rank-one convex hull of sets E involving the condition
?(¢) € {a, B},

where @ is a quasi-affine function. We start in § 3.1 with the case of the determinant
where extra conditions on the singular values are allowed. In §3.2 we deal with
general quasi-affine functions.

3.1. The case of the determinant

We prove the following theorem.

THEOREM 3.1. Let a < 3, 0 <y < -+ < v be constants such that
n
7 [ = max{lal, 3]}
i=2

Let
E={eR™": detf € {, B}, Mi(§) =, 1 =2,...,n}.

Then

Rco E = {geR”X";detge (o, 8), ]2 <[ V:2,...,n}.
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Ezistence of solutions for some implicit PDFEs 911

Moreover, if a < 3, then

Int Reo E = {g eR™Mdeté € (o, 8), [[2(€) <[ v=2.....n},

1=V

and if o = 3, then

Int Reo E = {feR"X”:detf—a, 12 © <] 1/—2,...,71},

i=v
where the interior is to be understood relative to the manifold {det & = a}.

REMARK 3.2. The theorem extends [8] and [5] if 5 = —a > 0 and [9] if @ = 3. In
particular, note that if we let, when 8 = —a > 0,

n -1
"= ﬁ(H %‘) )
i=2
then
E={eR"™":deté € {-06,8}, i) =, i =2,...,n}
- {5 eR™*™: Al(f) =71, Al(f) =%, 1 =2,... 7n}'
Proof. We divide the proof into two parts. In the first one, we obtain the charac-
terization of Rco F, and in the second a characterization of its interior.
PART 1. Let
X = {f € R™™ : det€ € [w, 3], H)\l(zf) < H'yi, v= 2,...,n}.

1=V 1=v
We want to show that X = Rco E.

STEP 1 (Rco B C X). This is the easy implication. Indeed, observe that £ C X
and that the functions

o kdets, =[N, v=2...,n,

i=v
are rank-one convex (see [5]). We therefore have that the set X is rank-one convex
and thus the desired inclusion.

STEP 2 (X C Rco E). Since the set X is compact (the function & — A, (§) being a
norm), it is enough to show that X C Rco E. So we let £ € 9X and we want to
prove that £ € Rco E. Note that 0X = X, UXgU XoU---UX,, where
Xo={€€ X :deté =a},
Xpg={{e X :det& =g},

x, = {eex: In© =l:[w}

i=v

forv=2,...,n.
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Since all the functions involved in the definition of X are right and left SO(n)
invariant, there is no loss of generality in assuming that £ is diagonal,

¢ = diag(z1,x2,...,Zn),

with 0 < |z1] €< @2 < -+ < z,. We therefore have A\ (§) = |z1], Ni(§) = a4,
t = 2,...,n. We will now proceed by induction on the dimension n; when n = 1
the result is trivial.

Several possibilities can then happen, bearing in mind that £ € 0.X.

CAsE 1. £ € X, for a certain v = 2,...,n, ie.

n n
I | T; = | I Vi-
i=v i=v

We write £ € R™*™ as two blocks, one in R“=1*#=1) and one in R(»—7+1)x(n—r+1)
in the following way: £ = diag({s—-1,&n—p+1), where {51 = diag(x1,...,25—1) and
En—py1 = diag(zs, ..., xp).

We then apply the hypothesis of induction on &1 and &,_511 (we will check
that we can do so below) and we deduce that £ € Rco E. Let us now see that we
can apply the hypothesm of induction first for £;_;. We have (when 7 = 2 or U = n,

terms such as [["-) or [T, 41 should be replaced by 1)

v—1 n n —1
” 1;[7 72-1:[%(1:[%) >max{% Ial%%lﬂl%}
n n —1
detéy_ 1 = Hxl HxZ<HxZ)

i=1 =1 i=U
n n —1 n —1
() o) <[]
v—1 n n —1 n n —1 v—1
H Xi(o—1) = sz( xz) = H%(H%) < H%, v=2,...,v—-1,

and thus the result.
Similarly, for &,_s41, since (here, the role of a and ( is played, for both, by

H?:D i)
Yo+1 H Vi 2 H%

i=v+1
n n
det&npyr = [Jzi =[] w
=0 =0
n—v+1

n
H i(&npt1) sz\nyi, v=v+1,...,n,
i1=v

i1=v—v+1

we have the claim.
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Ezistence of solutions for some implicit PDFEs 913

CASE 2. £ € X, (similarly for the case £ € Xg). We can also assume that £ ¢ X,
v=2,...,n, otherwise we apply case 1. So we can assume that

n n
Eelnt X, = {nER"X":detn:a, H/\i(n) < H%, z/:2,...,n}.
1=V

i=v

This is clearly an open set (relative to the manifold {detn = «a}).
Recall that
T

¢ =diag(z1,...,2,) =
Ty,

We then set, for t € R,

T1

& =

and observe that det & = det £ = a. Since X, is bounded, we can find t; < 0 < ¢
such that &,,&, € 0X,, which means that &, € X,,, i = 1,2, for a certain
v; =2,...,n, and therefore, by case 1, we have &, € RcoFE, and thus, since
rank(&, — &,) = 1, we deduce that £ € Rco E, as required.

This concludes the first part of the theorem.

PART 2. The representation formula for Int Rco E is easy and its proof is very
similar to the ones in [5] or [8] and we skip the details. O

3.2. The case of a quasi-affine function

We will need, prior to the main theorem, two elementary lemmas, but we postpone
their proofs to the end of the present subsection. The first one will be used to assert
that condition (3.1) below can be fulfilled by some ¢} > 0 and will also be used in
theorem 1.4. Lemma 3.4 will be used in the proof of theorem 3.5.

LEMMA 3.3. Let & : R™*™ — R be a non-constant quasi-affine function and
M,N > 0. Then there exist C} >N,i=1,...,m,5=1,...,n, such that

inf{|6(6)] : |¢i| = i} > M.

LEMMA 3.4. Let @ : R™*™ — R be a non-constant quasi-affine function. Then &
has no local extremum.

‘We can now state the main theorem.

THEOREM 3.5. Let @ : R™*™ — R be a non-constant quasi-affine function, o < 3,
c; > 0 satisfying ' _
inf{|®(¢)] : €G] = ¢5} > max{|al, 8]} (3.1)
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914 B. Dacorogna and A. M. Ribeiro
Let

E={¢ecR™":0(¢) e{a, 8}, | <, i=1,....m, j=1,....n}.

Then

Reco B ={£ e R™*"™ : §(§) € [a, F], |§§|<c§, i=1,....m, j=1,...,n},
IntReo E = {£ e R™™: &(§) € (o, B), €| <}, i=1,...,m, j=1,....n}.

Proof.
PART 1. We let

X ={£eR™": P& € [a, 5], |§;|<c§, i=1,....m, j=1,...,n}

and we show that X = Rco E. The inclusion Rco £ C X follows from the combina-
tion of the facts that £ C X and that the set X is rank-one convex (the functions
@, —@ and | - | being rank-one convex).

We therefore have to show only that X C Rco E. So we let £ € X and we assume
that o < §(€) < [, otherwise the result is trivial. We observe that (3.1) implies
that, for every & € X, there exists (i, j) such that |§;\ < c; So, for t € R, let

ftzg—l—tei@ej

and observe that, by compactness, there exist t; < 0 < t, such that ¢t € 0X,
v = 1,2, which implies that either #(¢") € {a, 3} or [(£™)}] = ¢}, v = 1,2. If the
first possibility happens, then we are done. If, however, the second case holds, then
we restart the process with a different (i, ), since, by (3.1), it is not possible that

(€%)i] = ¢} for every (i,j).
PART 2. We now define
Y ={{eR™":0(¢) € (o, B), )] <, i=1,....m, j=1,...,n}

and observe that, since Y C Rco F and Y is open, then Y C Int Rco E. So let us
show the reverse inclusion and choose £ € Int Rco E. Clearly, such a £ must have
€] < ¢;. Lemma 3.4 shows also that ¢ should be such that o < #(§) < 3. These
observations imply the result. O

‘We now prove lemma 3.3.

Proof. Since @ is quasi-affine, we can write

i1 i1
g o6

mANn
iy
P(£) = 2(0) + Z Z Ujll...j(; det :
g=1 1<i1 < <ig<m iq . iq
1<j1 < <gg<n J1 Ja
Since @ is not constant, we can find 1 < s < mAn, 1 <i; < -+ <ig <m and

1< j1 <+ < js <nsuch that

i1-ig

PR #A0 and gl =0 Vg > s.
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Ezistence of solutions for some implicit PDFEs 915

Assume, without loss of generality, that
pis # 0. (3.2)
Let us define the set
O={0eR™": 9; e {£1}}
and the product A ® B € R™*™_ for two given matrices A, B € R™*"  as
(Ao B); = Al - BL.
We want to find a matrix C' € R™*" such that ¢; > N and
E=C00, 6O = |D¢|>M.

In fact, we will prove that the matrix can be chosen of the form C = 7A, where
7> 0 and, for ¢t > 0,

it if1<i=g<s,
77 11 otherwise (ie. ifi# jorifi=j > s+ 1).
We observe that

8(6) = #(C 0 0)
Aivl 021 . Ai; 911

s J170 Ja " Jq
— q i1°iq : :
=&(0) + E T g 1hj,...jr det : : ,
q=1 1€ < <ig<m iqpgle . iq nlq
1<1<+<jg<n Aj19j1 quejq

and that, for 7 and ¢ sufficiently large, it is possible to find v > 0 such that
[D(8)] Z y7°t°.

Choosing 7 and ¢ sufficiently large, we have, indeed, found ¢} > N and |®(¢)| > M
as required. O

‘We now prove lemma 3.4.

Proof. We prove that if @ has a local extremum, then it must be constant. We
proceed in two steps.

STEP 1. We first show that if £ is a local extremum point of @, then @ is constant
in a neighbourhood of €.

Assume that ¢ is a local minimum point of @ (the case of a local maximizer being
handled similarly). We therefore have that there exists € > 0 such that

&(&) < P(E+wv) for every v € R™*™ such that |v;| <e. (3.3)
We show that this implies that

&(&) = P(E+v) for every v € R™*™ such that |v;| <e. (3.4)
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916 B. Dacorogna and A. M. Ribeiro

v = vie’ Q e;
1<i<m
1<isn

‘We write

and observe that, since @ is quasi-affine,
B(E) = LD(E+vie' ®er) + 3D(E —vie' ®er),

and since (3.3) is satisfied, we deduce that

D(E£vje’ @er) =D(E), |vj] <e. (3-5)
We next write, using again the fact that @ is quasi-affine,
D(E+vie' ®er) = LD(E+vie' @er +vie' ®en) + 2D(E+vie' ®ey —vie! ®e),
and since (3.3) and (3.5) hold, we deduce that

D(E+vje' @er vzl ®ea) = B(E +vie ®er) =D(E), vyl [va] <e.

Tterating the procedure, we have indeed established (3.4).

STEP 2. We now show that if @ is locally constant around a point £ € R™*" then ¢
is constant everywhere, establishing the result. So assume that

P(E+v)=B() Vv eR™",  with [v}] <e, (3.6)
and let us show that
D+ w)=d(E) YweR™*™ (3.7)

The procedure is similar to that of step 1 and we start to show that, for all w} € R
and [v}] < g, we have

¢<é+wie1®el+ > vé’-ei@ej)—¢<s+wiel®el>—¢><s>. (3.8)
(1,5)#(1,1)

Indeed, if |w]| < €, this is nothing else than (3.6), so we may assume that |w}| > ¢
and use the fact that @ is quasi-affine to deduce that

fwl .
¢<€+€|wi|el®el+ Z v;ez®ej>
! (5.0)#(1,1)
€ i
= w@(é‘—i—w}el e+ Z Vet ® ej)
(45)#(1,1)

+ <1 — @)@(E—i—( Z v§ei®ej).

i,7)7#(1,1)

Therefore, appealing to (3.6) and to the preceding identity, we have indeed estab-
lished (3.8). Proceeding iteratively in a similar manner with the other components
(wi,wi,...), we have obtained (3.7) and thus the proof of the lemma is com-
plete. O
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4. Existence of solutions

We discuss the proofs of the two main theorems of § 1.

4.1. The case of the determinant
We recall theorem 1.1.

THEOREM 1.1. Let 2 C R™ be a bounded open set, a« < 3 and 0 < 72 < -+ < Vp
be such that

v [[ 7 > max{|al,|8]}.

=2

Let p € C!

piec(Q;R”) (the set of piecewise C* maps) be such that, for almost every
x € {2,

a < det Dy(x) < 8,

n

H)\i(Dap(x)) < H%‘, v=2,...,n.

Then there ezists u € ¢ + Wol"oo((); R™) such that

det Du € {a, 5} a.e. in 12,
A(Du) =7, v=2,...,n, a.e in 2.

Proof. We now show that the result follows from the combination of theorems 2.3
and 3.1. From theorem 3.1, we have

E:{geRan:detge {avﬁ}v Al(&) = Yi» i:27"'7n}7

Reco E = {geR"X”:detge [, 8], T2 <] V:2,...,n}.

Since ¢ € Chi..(2;R") and Dy € Int Reo E, we only need to verify that E and

Rco F have the approximation property.
For § > 0 such that v —§d >0 and a+ 9§ < 5 — 4, let

Es = {£€R™™ 1 deté € {a+6,8— 0}, M(€) =~ —0d, i=2,...,n}.

For a sufficiently small d, we have

(v2 = 6) [ (i — 6) > max{|a + 4,18 - 4]},
i=2

2

and thus theorem 3.1 ensures that

n

Rco E5 = {geR"X“:detge la+6,8-6], [Tr(&) < [[(vi—9) u:2,...,n}.

i=v

We have to verify the three conditions of definition 2.2. The first one is obvious.
We next verify the second condition. Since n € Es, we assume that detn = a + 9,
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the case detn = 8 — J being handled in an analogous way. The set Es being left
and right SO(n) invariant, we can assume that

a+d
(v2=0) -+ (yn —

n:dlag( 6)’72_5’...”}/”_5).

If we let

. e
€ = dlag(,’)/2,... a,}/n)a
"yQ..."yn
we have £ € E and

a+6 «o
dist(n; F) < max —
) <mad |

,5}%0 as 0 — 0.

The second condition of definition 2.2 then follows.

The third condition of the approximation property follows from the continuity of
the functions involved in the definition of Rco Es. We may then apply theorem 2.3
to get the result. O

4.2. The case of a quasi-affine function

We recall theorem 1.4.

THEOREM 1.4. Let £2 C R™ be a bounded open set, a < 3, ® : R™*"™ — R a non-

constant quasi-affine function and ¢ € C’;iec(Q;Rm) such that, for almost every
T € (2,

a < B(Dy(x)) < B.
Then there exists u € ¢ + WOI’OO(Q; R™) satisfying
&(Du) € {a, B} a.e. in {2

REMARK 4.1. The theorem is, in fact, slightly more precise and asserts also that if
¢, i=1,...,m,j=1,...,n, are constants such that [D;¢'(z)| < ¢} and

|45(§)|>max{|a|,|ﬁ|} ngRmxn’ ‘€;|:C;7 t=1,....m, j=1,...,n,
then the solutions also verify

|Dju ()] < ¢k (5, 4).

Proof. As ¢ € Cli..(2;R™), by lemma 3.3, we can find constants ¢} such that

|Djo" ()] < ¢ and
|®(€)] > max{|al,|8]} V&€ R™*", |£;| = cg», i=1,....m, j=1,...,n.

‘We then define

E={¢eR™":0() € {a, B}, || <cjy i=1,...,m, j=1,...,n}.

As before, we only need to verify that the sets £ and Rco E have the approximation
property.
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Let
Es={¢eR™":0¢&) e {a+68-06}, €< —0,i=1,....,m, j=1,...,n}.
We first observe that, by continuity, it follows from (4.1) that
[2(6)] > max{|a+8],|8 - 8]} VEER™ ™, g =) —d V(i)
We can then apply theorem 3.5 to find
Reo Es = {£ e R™*" : §(§) € [a+4d, 54, |§;| < c;'-—é7 i=1,...,m,j=1,...,n}.

It immediately follows that the first and third conditions of definition 2.2 are veri-
fied. It therefore remains to check the second one.

We proceed by contradiction and assume that there exist € > 0 and a sequence
M € E1/y with dist(n,, E) > e. Since |(,)%] < ¢}, we can extract a convergent
subsequence, still denoted 7,,, and € E such that 7, — 7, which is at odds with
dist(n,, E) > e.

We can therefore invoke theorem 2.3 to conclude the proof. O

5. Existence of minimizers

We consider in this section the minimization problem

inf{/Q g(®(Du(z)))dz : u € o+ W&’“(Q;Rm)}, (P)

where (2 is a bounded open set of R™, ¢ € W1>°(02; R™) and
(i) g: R = R =RU/{+oc} is a lower-semicontinuous non-convex function;
(ii) @ : R™*™ — R is quasi-affine and non-constant.

We recall that, in particular, we can have, when m = n, #(§) = det&.
The existence result that we give for problem (P) is based on the assumption
that the relaxed problem

inf{/ﬂ Cyg(®(Du(z)))dz :u € ¢ + Wg»m(n;Rm)}, (QP)

where Cg is the convex envelope of g, has piecewise C'! solutions. If ¢ is affine, this
is trivial, since 4 = ¢ is then a solution of (QP). When ¢ is not affine, the only
result available is [6], valid for m = n and @(§) = det .

The existence result is the following.

THEOREM 5.1. Let 2 C R™ be a bounded open set, g : R — R = RU {+o00} a
lower-semicontinuous function such that

t
9(t) = +o00 (5.1)
[t =400 |t]
and p € WH(2;R™). If (QP) has a solution uy € C}

pieC(Q;Rm), then there exists
uep+ W(}’OO(Q;]R’”), a solution of (P).

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 30 May 2017 at 19:07:04, subject to the Cambridge Core terms of use, available at https:/www.cambridge.org/core/terms.
https://doi.org/10.1017/50308210500003541


https://doi.org/10.1017/S0308210500003541
https:/www.cambridge.org/core
https:/www.cambridge.org/core/terms

920 B. Dacorogna and A. M. Ribeiro

Proof. Let
K={teR:Cq(t) <g(t)}.

The assumptions on g ensure that K is open and that it can be written as a
countable union of disjoint bounded intervals,

K ={J(a;,8).

JEN

Moreover, on every [a;, §;], the function Cyg is affine, i.e.

Cy(t) =a; +bjt, te oy, b (5.2)
We then let
2 = {x € £2: g(@(Duo(x))) = Cg(@(Duo(x)))},
Q2; ={x € 2:P(Duy(x)) € (oj,065)}, j=12,...
Since ug is piecewise C!, we find that the sets £2;, j = 1,2,..., are open.

For every j = 1,2,... such that £2; # 0, we apply theorem 14 with ¢ = uy €
Cl..(2;;R™). In thls way, we obtain the existence of u; € up + Wy (24, R™) such

piec
that
@(Du]) S {Oéj,ﬁj} a.e. in .Qj.

If we define

_ ug in §2g,

u = )

Uj in Qj, ] c N,

we have

g(®(Du)) = Cg(®(Da)) a.e.in f2. (5.3)

We claim that @ is a solution of (P). Indeed, we have @ € ¢ + Wy (£2;R™).
Moreover, appealing to (5.2), (5.3) and proposition 2.5, we obtain

/ o(®(Du(x))) dz = / Cy(®(Dia(z))) dx
(94 (94
— jZO/Qj Cg(@(Duj(x)))dx

= [ Cyg(®(Duo(x dx+Z/ (aj + b;®(Du;(x))) dz

20

= Cg( (Dug(x dm+Z/ (aj + b;®(Dug(x))) da

/ Co(@(Du())) da.

Finally, using the fact that ug is a solution of (QP) and inf(QP) < inf(P), we
obtain that @ is a solution of (P). O
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