THE JOURNAL OF SymsoLic Logie
Volume 61, Number 1, March 1996

MATHIAS ABSOLUTENESS AND THE RAMSEY PROPERTY

LORENZ HALBEISEN AND HAIM JUDAH

Abstract. [n this article we give a forcing characterization for the Ramsey property of E%—sets of reals.
This research was motivated by the well-known forcing characterizations for Lebesgue measurability and
the Baire property of }:é—sets of reals. Further we will show the relationship between higher degrees of
forcing absoluteness and the Ramsey property of projective sets of reals.

§1. Notations and definitions. Most of our set-theoretical notations and nota-
tions of forcings are standard and can be found in [9] or [16]. An exception is, that
we will write 4% for the set of all functions from B to A, instead of 4 because we
never use ordinal arithmetic. A< is the set of all partial functions f from w to 4,
such that the cardinality of dom( /') is finite.

First we will give the definitions of the sets we will consider as the real numbers.

Let [x]* := {y C x : |y| = sk} and [x]** := {y C x : |y| < K}, where |y|
denotes the cardinality of y. For x € [w]?, we will consider [x]<“ as the set of
strictly increasing, finite sequences in x and [x]“ as the set of strictly increasing,
infinite sequences in x. For x € [w]” and n € w let x(#n) be such that x(n) € x and
|x(n) N x| =n.

We can consider [w]“ also as a set of infinite 0-1-sequences

[w]w N 12
x +— f suchthat f(n)=1iffncx,
or as the infinite sequences in w
[w]w - w?®
x +— {a,:n € w)suchthat: ag:= x(0) and
ani =x(n+1)—x(n)—1.
Note that these two mappings are bijective.
1.1. The Baire space. The Baire space is the space w® of all infinite sequences

of natural numbers, (a, : n € w), with the following topology: For every finite
sequence s = {ay : k < n), let

U ={few:sC f}={lcx : k€w): Yk <nlck =ai)}.
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178 LORENZ HALBEISEN AND HAIM JUDAH

The sets U, (s € o<*) form a basis for the topology of @®. Note that each U, is
also closed. The Baire space is homeomorphic to the space of all irrational numbers
in [0, 1] with the topology of the real line (cf. [9] p. 36).

Because the mapping given above between [w]® and w® is bijective, we can endow
[w]? with the induced topology and will not distinguish between the two spaces [w]*
and . The same holds for the sets [w]® and 2%,

1.2. Three properties of sets of reals. Let us work in the topological space [w]”.

A set R C [w]® is rare (or nowhere dense) if the complement of R contains a
dense open set and a set M C [w]® is meager (or of first category) if M is the union
of countably many rare sets. A nonmeager set is also called a set of second category.
A set A C [w]® has the Baire property if there exists an open set G C [w]” such
that the symmetric difference AAG = (4 \ G) U (G \ 4) is meager.

A set N C [w]? is null if N considered as a set of reals has Lebesgue measure
zero. A set A C [w]® is Lebesgue measurable if there is a Borel set B such that the
symmetric difference 4AAB is null.

A set A C [w]“ has the Ramsey property (or is Ramsey) if Ix € [w]”([x]” C
AV [x]? N4 = @). If there exists an x such that [x]* N 4 = @ we call 4 a Ramsey,
set and if [x]” C A4 we call 4 a co-Ramsey, set. Note that 4 can also be both. A
set A C [w]® is called uniformly Ramsey, if, for each x € [w]” thereisa y € [x]”
such that[y]* N4 = 0.

1.3. The hierarchy of projective sets. We always consider the boldface £} hierarchy
(see [9] p. 510). A X!-set is the projection of a closed set. The X!-sets are also called
analytic sets. The T1}-sets are the complements of the analytic sets. A X! -set is the
projection of a I} -set and the IT} | -sets are the complements of the £} ,-sets. A set
is Al ifitis T} and IT!. For the normal form of the formulas representing projective
sets and relations cf. [9] Section 40. Further we will consider a T -relation without
free variables as a X!-sentence.

If all =!-sets with parameters in ¥ N W are Ramsey, (are Lebesgue measurable,
have the Baire property, respectively), with respect to V, we will write V |= Z! (%) w
(V =N ZL)w, V & =N (B)w, respectively). If ¥V = W, then we do not write
the index W. The notations AL{(%)w, AL(Z)w, A (B)w, I (F)w, 1} (L) and
I1! (%) are similar. Note that because the three properties are closed under
complements, the statements X! (%), £} (%) and Z! (&) are equivalent to I1! (%),
I1} (%) and I1} (B), respectively.

1.4. Filters and families on @. & C [w]® is a Ramsey family if for all = € 21T
thereis an 4 € F such that n|(,p is constant.

F C [w]” is a dominating family if for all x € [w]” thereisad € ¥ and a natural
number #n € w such that for all & > n: d(k) > x(k).

F C [w]? is dominated by the real d if for all f € & there is a natural number
n € o such that for all k > n: d(k) > f(k). (In this case we call d a dominating
real with respect to F.)

F C[w]=“isafilter (onw)if w € F and forall x, y € [w]=“: if x, y € F then
xNyeF andifxe F,x Cytheny € 7.

A filter & is properif O ¢ F.

A filter F is an ultrafilter if it is proper and for every x € [w]=®, either x € F or
w\xeF.
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MATHIAS ABSOLUTENESS... 179

The filter ¥ = {x € [w]” : |w \ x| < w} is called the Fréchet filter.

A Ramsey ultrafilter is a Ramsey family which is also an ultrafilter. We consider
only filters which are proper and contain the Fréchet filter.

1.5. Some notions of forcing. We recall the definition of the following seven
notions of forcing.

(i) The Amoeba (measure) forcing A4:

p € A& p C2%sa perfect tree A u(p) > 1,

P<qgepig
(ii) The Random forcing B:

p € B & p C 2%s a perfect tree A u(p) > 0,
pr<qgepCyq.

(i11) The Cohen forcing C:

peC & pe2<,
p < g & pextendsq.

(iv) The Hechler forcing D:

(n,freDencoNf cw?,
(n,f) < (m,g) & n>mA fln=glm ANVk(f (k) > g(k)).

(v) The Mathias forcing M:

(5,S) e M & 5 € [w]** A S € [w]” A max(range(s))<min(S),
(5,8) < (t,T) < sextends t A S C T AVi € dom(s) \ dom(zs)(s(i) € T).

(vi) The forcing notion P(D) for an ultrafilter D:

ps € P(D) & p, C[w]“is a tree and there is an s € p, such that
Vie p,((s CtVtCs)A(sCt—{n:t"ne p,}eD)),

Ps S 4= ps S qu
(vii) The forcing notion Pp for an ultrafilter D:

(s,a) e Pp & s €[w]*” ANa € [w]” Aa € D Amax(range(s))<min(a),

{(s,a) < {t,b) & sextendstAa CbAYic (dom(s)\dom(z))(s(i) € b).

In the forcing notions (v),(vi) and (vii) we call s the szem of the condition (s, S),
ps and (s, a), respectively. A generic object over one of these seven forcing notions
can be considered as a generic real and we will handle the generic reals like the
corresponding generic objects. For example if G,y 1s Mathias generic and p € Gy
(for a Mathias condition p), then we write p € m (for m Mathias generic real) and
if p has empty stem (p = (0, S)), we also write m C p. Note that the conditions
of these seven forcing notions can also be considered as reals, (and the meaning of
r1 < ryis clear). Let p,q be Mathias conditions, then we write p <° ¢ to say that
p and g have the same stem and p < g.

Names in the forcing language are denoted with a “~” over the letter. Canonical
names for generic objects are usually denoted by boldface letters and canonical
names for objects in the ground model we denote with a “V” over the letter.
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180 LORENZ HALBEISEN AND HAIM JUDAH

1.6. Forcing-absoluteness. Let P be a notion of forcing. We define
VPE® = V E“1Fpd”

where @ is a formula with parameters in 7" and 1 is the weakest condition of P.
Now we say V is Z}-P-absolute if for all X! -sentences ¢ with parameters in V,

VEEifV =g

Or equivalently, if for all P-generic objects Gp over V:
VIGPIE @il V = o

§2. Introduction. In this section we give a list of results. Some of them are
well-known, others gave the motivation to this work.

2.1. Characterizations with generic reals. Because the canonical well-ordering of
constructible reals is A} (cf. [9] Theorem 97), Goédel’s constructible universe L is
neither a model for A}(#) nor A}(#) nor A}(#). Hence, a model V' of set theory
in which one of these properties holds, has to be larger than L. In fact, V" has even
to contain even some reals which are generic over L.

THEOREM 2.1.
(1) V = AN(®B) if and only if for all reals ¥ € V the set of reals in V which are
Cohen over L[r] is not empty.
(ii) V &= ANZ) if and only if for all reals r € V the set of reals in V which are
random over L[r] is not empty.
(i) V = ANZ) if and only if for all reals ¥ € V the set of reals in V which are
Ramsey over L[r] is not empty.

Proor. All three results were proved in [14]. =
We also have a similar characterization for Z-sets.

THEOREM 2.2.
(i) V = Z(B) if and only if for all reals r € V the set of reals in V which are
Cohen over L[r] is co-meager.
(i) V &= ZUP) if and only if for all reals r € V the set of reals in V which are
random over L[r] has measure 1.
(ii) V &= ENR) if and only if for all reals r € V the set of reals in V which are
Ramsey over L|r] is co-Ramsey..

PROOE. A proof can be found in [1]. For the third result see also [14]. 4

2.2. Characterizations with forcing absoluteness. For the Xl-sets we also find a
characterization with forcing absoluteness.

THEOREM 2.3.

(1) V = Z(B) ifand only if V is Z\-Hechler-absolute.
(i) V =ZMZ) ifand only if V is Z3-Amoeba-absolute.
(iii) V &= ZH(R) if and only if V is Ti-Mathias-absolute.

Proor. The first two results were proved in [13] and [12]. A proof of the last one
will be given in this work, Theorem 4.1. o
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MATHIAS ABSOLUTENESS... . 181

For higher levels in the projective hierarchy, we lose the forcing characterization
with Mathias forcing for the Ramsey property. We will show in Theorem 5.3 that

T)-Mathias-absoluteness = X} (%)

but (Theorem 5.2)
AL (#) # Z}-Mathias-absoluteness.

The reason for this is, that if V is Zi-Mathias-absolute, then le is inaccessible in
L. On the other hand we can build a model in which A}(Z) holds without using
inaccessible cardinals. We will show further (Corollary 6.1) that

>!-Mathias-absoluteness = A} (%),
and moreover (Corollary 6.5)

Ti-Mathias-absoluteness = AL(%).

§3. The Ramsey property and Mathias forcing.
3.1. Basic facts about the Ramsey property.

Fact3.l. If A C [w]® is Ramsey and C C [w]” is uniformly Ramsey, (e.g.,
countable), then both, AU C and A\ C are Ramsey.

ProoOF. To see that 4 U C is Ramsey, first note that if there is an x € [w]® such
that [x]* C A4, we are done. Otherwise, pick x such that [x]* N 4 = @ and pick
y € [x]? such that[y]* N C =0. Now [y]*N(4UC) = 0.

To see that 4 \ C is Ramsey, again note that if there is an x such that [x]* N4 = 0,
we are done. Otherwise, pick x such that [x]® C 4. Now thereis a y € [x]* such

that [y]* N C =Qand [y]* € (4\ C). .
Fact 3.2. The axiom of choice implies that there are sets without the Ramsey
praperty.

ProoF. Define on [w]” an equivalence-relation as follows:
x ~ y iff |xAy| is finite.

Now choose from each equivalence class x™ an element c,. Further define:

| 1 if|xAcy] is odd,
flx)= { 0 otherwise.

Then the set {x : f(x) = 1} is evidently not Ramsey. =

The first example of a set which does not have the Ramsey property is given in [7].
A lot of other examples can be found in [4] and [5].

FACT 3.3. Analytic sets (these are the Xi-sets) are Ramsey.
PROOF. A proof can be found in [6] and [18]. -
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182 LORENZ HALBEISEN AND HAIM JUDAH

3.2. The forcing notions P(D), P, and M. (Compare also with [17]).
Let # = [w]<® be the ideal of finite sets and let (#(w)/#,<) =: U be the
partial order defined as follows:

pelUe pelwl®,

p<qe p\ge Flthisisp C q).
Fact 3.4. Let D be U-generic over V, then D is a Ramsey ultrafilter in V[D].
Proor. First note that U is Ny-closed, hence adds no new reals to V', (cf. [9]
Lemma 19.6). Let 7 € 2T, then by the Ramsey Theorem (cf. [9] Lemma 29.1)

for each p € [w]” there exists a ¢ C* p such that 7 is constant on [¢]°. Therefore,
H, = {q € [0]” : z|,pis constant} is dense in U, hence H, N D # {. -

LEMMA 3.5. Let D be the canonical U-name for the U-generic object, then
UxPs~=M.

ProOOF.

UxPyp = {(p,(5,d)) : peUAplty(3,a)ec Py}
= {(p,(5,@)) : p € [w]” A plFy(d € D A max(range(5)) < min(a))}.
Now the embedding
h: M — UxPy
(s.0) — (a,(5,0))

is a dense embedding (see [8] Definition 0.8):
(1) Itis easy to see, that s preserves the order relation <.
(2) Let (p,(5,a)) € U * P;. Because U is Ro-closed, there is a condition
g < pands € [w]<“,a € {w]” such that gl § = § Aa = a. It is obvious
that (g, (5,d)) € U * P is stronger than (p, (§,d)). Nowletb :=gNa,
then 4 ((s,b)) < (p,(5,4d)).
“l

LemMma 3.6. Pp =~ P(D)if and only if D is a Ramsey ultrafilter.
PrOOF. See [14] Theorem 1.20. -
LemMa 3.7. The Mathias forcing M is flexible.

Proor AND DErINITION.For the notation see [9] p. 153 and [16] p. 224.
Aset T C w< is called a Laver-tree if

TisatreeandIr € TVo € T(c CtV(t CoAl{n:0"ne T} =w)).

(We call 7 the stem of T. For o € T we let succr(a) := {n : ¢7n € T}, (the
successors of cin T)and T, :={c € T:6 CpAp Cc}.)

A Laver-tree T is uniform if there exists ur € [w]® such that Vo 2 stem(T)({n :
o~n €T} =ur\ (max(c) +1).

For a Laver-tree T, we say A C T is a front if ¢ # 7 in 4 implies ¢ € 7 and for
all f € [T]thereis ann € w such that f'|, € 4.
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The meaning of p < [@] and p N [®@] are U, C [®] and U, N[P], respectively.

(1) We say a forcing notion P is Laver-like if there is a P-name 7 for a dominating
real such that

(i) the complete Boolean algebra generated by the family {[f(i) = n] : i,n € w}
equalsr.o. (P), and

(i1) for each condition p € P there exists a Laver-tree T C w® so that

VoeT (,;(TU) =] D {p N [Fligr) = 71 : 1g(z) = n} € ro. (P)\ {0}) .

ncwteT,

We express this by saying p(T') # 0 where p(T') := p(T (1))
M i1s Laver-like:

PrOOF. Let m be the canonical M -name for the Mathias real, then m is dominat-
ing (cf. [10] Part I, Lemma 3.15) and further let p = (s, S) € M with lg(s) = n and

v

§ = {alj): j € @}. Then U, = ] [m(k) = s(6)] - TT X [mGi + 1) = a(i)],

i€cw jew
which gives a proof of (i).

For (ii) consider T C <

defined as follows:

g € T iff ostrictly increasing and
o0 C sV (s Co Arange(o) \ range(s) C S).

This T has the desired property and is even a uniform Laver-tree. -

(2) If 7 is a P-name that witnesses that P is Laver-like, we say that P has strong
fusion if for countably many open dense sets D, C P and for p € P, thereis a
Laver-tree T such that p(T) # 0 and for each n:

{O’ €eT: p(T) ﬁ[[th(a) =o] € Dn}

contains a front.
M has strong fusion:

Proor. Let D C M be dense open and p = (s,.S) an M-condition. For each o
suchthate C s or (s Co Aag \ s CS) we define the rank of o, tkp (o) as follows:

tkp(c) =0 & 3J4€[S]*({o,4) € D),
tkplo) =a & -3Jf < altkp(o) = B)and
{n:ne SArtkp(o™n) < a}|=w.

If rkp () is undefined, we put tkp(g) = oo.

Note that if ¢ € dom(rkp), then tkp(o) < occ. Otherwise almost all successors
(in S) of & have rank = oo, hence the complement of Sy := {n : n € SAtkp(c™n) =
oo} with respect to S is finite. Let s, := min(S,), then the complement of

Spi1:={n:ne S, ANtkp(¢"t" s, n) =0 forallz € [{so,...,5.—1}]""}

with respect to S, is finite. Let 4 := {s; : i € w} C S andtake (p, 4’) < (0, 4) such
that (p, A") € D. Then p = 67175, (foran n) and A4’ € [A]“, hence rkp (p) = oo,
a contradiction.
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For two uniform Laver-trees 7 and 7’, the expression T' <, T’ means that the
first n elements of ur and ur, are the same. Let Ty be the uniform Laver-tree
constructed in the proof of part (ii) above.

Define a uniform Laver-tree T, and the corresponding set u7,,, recursively such
that T+ <, T, and if ¢ € T, then one of the following is true:

max(c) < ur,(n) Ao €T,

(rkp,(0) = 0AVk < lg(o)(tkp,(a]s) > 0)) — (0,ur,,, \ (max(c) + 1)) € D,

tkp,(¢) > 0 AVk € ur,,, \ (max(c) + 1)(tkp, (o) > rkp, (6 "k)).

Now T, is a uniform Laver-tree and T := ()., T» is also uniform, p(T') # 0
and {o € T : p N [mly,) = o] € D,} contains a front, (consider rkp, ). 8

(3) A Laver-like P is closed under finite changes if given a p € P and Laver trees
T and T’ so that for all ¢ € T’ : |sucer (o) \ succr (o)| < w, if p(T) # 0, then
p(T’") # 0, too.

M is closed under finite changes:

Proor. Use a standard fusion argument. -

(4) We call P a flexible forcing notion iff’ P is Laver-like, has strong fusion and is
closed under finite changes.
Hence, the Mathias forcing M is flexible. -

3.3. Essential theorems about Al-sets of reals. Now we will give the relationship
between the Ramsey property and Mathias forcing.

Facts 3.8.

(1) [14] Theorem 1.7:

For every P(D)-sentence ® and for all p € P(D) there exists a ¢ € P(D) such
that ¢ < p, stem(p)=stem(q) and

ql-p(py® or gl p(py)—®(g decides D).

(This is known as pure decision.)
(2) [14] Theorem 1.14:
IfV C V' C V" are models of ZFC and D € V is an ultrafilter and x € V' is
P(D)-generic over V, then forevery y € [x]“N V", y is P(D)-generic over V, too.
(3) [14] Theorem 1.15:
If D € V and g is P(D)-generic over V, then

Vigl k=23 (&)y.

(4) [14] Theorem 1.16:
If D € V, then

r € [w]? is P(D)-generic over V if and only if

VYa € D(r C* a)andVr € 2T NV : 3n € w such that 7t|[y\n? i COnstant.
(5) [14] Theorem 2.7:

V = AN(Z) if and only if V = Z3(Z).
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(6) [14] Theorem 2.11:

For an s € [w]” define D; := {a € [w]” : s C* a} (where s C* a means
|s\a| < w)and D* := D,NL[D,]. If D* is an ultrafilter in L[D*]and r C* s, then
D" = D’ and we write P, for the forcing notion P{D?) in L[D"].

V = AY(R)1pg & Vr € L[u]3s € [r]” N V(s is P-generic over L[«][D"]).
3.4. Some properties of Mathias forcing.

Facts 3.9. (1) Using the Fact 3.8 3. and the Lemmas 3.5 and 3.6 we see that if m
is Mathias over ¥, then V[m] = (%) y. Thus, (with [16] Lemma 5.14 on p. 276)
an wj-iteration of Mathias forcing with countable support gives a model in which
each Z}-set is Ramsey. (2) We call r a Ramsey real over V if and only if there exists
a D € V such that: ’
(i) D is an ultrafilter, Va € D(r C* @) and
(ii) for all 7 € 21V 7z € V¥ thereis an n € w such that 7|\ a2 I8 constant.
(See also [14] Definition 1.17).
Now we see that if s is P,-generic over L{u][D*], then (by 3.8 4.) it is Ramsey over
L[u][D*] and even a dominating real with respect to L{u][D"].

Proor. To each real r € L[u][lD“] consider the function 7, € 2% (which also
belongs to L[u}[D*]) defined as follows:

7 ({1, 1) = 0 <= F(r (2%) < 1, j < r(251)).
Because s is P-generic and by 3.8 4. we have
3n € (7| .p is constant).
Thus, because s \  is infinite, 7|\ ,» = 1 and for k > 2n we get s(k) > r(k), hence
Vr € L[u][D']N [w]°3] € wVk > I(s(k) > r(k))
which says, that the reals of L{u][D*] are dominated by s. -

We close this section by mentioning two useful corollaries.

COROLLARY 3.10. If pis an M -condition and % is an M -name for a real, then there
exists an M-conditionq <® p andareal X € V such that V = “q -y ¥ = %7

ProoF. Let X be an M -name for a real. Each real can be considered as an infinite
0-1-sequence, so X is such that for all natural numbers #:

() =Torx(n) =0.
Take p = (s, X). Because Mathias forcing has pure decision (by the Lemmas 3.5,
3.6and Fact 3.8 1., or by [2] Theorem 9.3) in V¥ there is a condition (s, Xp) such that
Xo C X which decides %(0). Let ag be the least member of Xp, then there are ¥, X;
such that Xp \ {0} 2 ¥ 2 X and (s"ag, ¥), (s, X1) both decide %(I). Let now
a; be the least member of X|. There are Y, Y3, Y3, X> such that X1\ {4} 2 Y1 2
... 2 Xpand (s7agay, V1), (s"ay, Ya), (s"aq, ¥3), (s, X2) all decide %(2). Now
let a; be the least member of X and so on. Define r := {a; : i € w}. We encode
now £ by % :={s"t: 1 € [r]<* A (s™t,r \ (max(¢) + 1))arZ(1g(z)") = I}. Then
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X is a real and if m is a Mathias real over V' such that (s, r) € m then ¥[m] = x[m],
where X[m](n) = lif and only if m|, € %. -

COROLLARY 3.11. If p is an M -conditionand V }= “p bpy Ix®(x)”, then there is
an M -condition ¢ <° p and an M -name % for a real such that V = “q IFpy ®(3)”.

Proor. We will follow the proofs of [2] Theorems 9.1 and 9.3.

Assume p = (s, A) by 3x®(x). First we prove that there isa B C 4 such that
if (z,C) < (s, B), ¥ an M-name and (t, C) I-p; ®(x), then we find an M-name
7 such that (¢, B \ (max(¢) + 1)) Ikpy ®(5). For this we construct a sequence
by < b1 < ... of elements of 4 and a sequence By 2 B) D ... of subsets of 4 such
thatforallb € B,,, b, < b. Let By := A. Given By, let s, s5,...,s; enumerate
all the subsets of {b; : i < n}. Now construct a sequence B D B} O ... D B¥ as
follows. BY := B, and given B.~! let B! C B!~ be such that for some M-name %,
(s Usi, Bl) IFar ®(%), if it exists; otherwise let B := B/~!. Finally let b, := (] BX,
B..1 := B*\ {b,} and B := {b, : n € w}. Suppose (t,C) < (s, B) and we find
an M-name X such that (¢, C) Iy ®(X). Because there is an n € w such that
s;:=1t\'s C {b; 1 i < n} we must have chosen B/ so that for some M-name 7,
(s Us;, Bl) IFpr @(7). Now B\ (max(¢) + 1) C B/, hence (¢, B \ (max(t) + 1)) <
(t, B!) IF3 ®(7) and we are done.

If p, g are two M -conditions, then p N ¢ denotes the weakest M -condition which
is stronger than p and g, (if it exists). Let ¥ be an M -name and p an M -condition,
then %(p) denotes the following name. (¢,q) € %(p) if and only if there exists an
M -condition ¢’ such that (¢,¢’) € X and ¢ = pN¢’. For two M-names %, j let
XUp={(G,p):(d,p)€XV(,p) € J}

Now we are prepared to prove the corollary. Given p = (s, A) Ibp; IxD(x). Let
B C A4 be as above. We construct a sequence by < b; < ... of elements of B and
subsets By 2 B; 2 ... of B by induction as follows. Let By := B. Given B, find
B, ., C B, sothatforall s’ C {b; : i < n} one of the following cases holds:

(1) Forallb € B, we find an M-name X (depending on b) such that (s Us’ U

{6}, By, \ (b + 1)) Ikay ).
(2) Forno b € B, | we find an M-name X (which may depend on b) such that
(sUs"U{b}, B, \(b+1)) lFp @(X).

Because of the choice of B, foreachnwefinda B, |, C B, C B. Letb, := (B, _,,
B,y =B, \{b,} and A" := {b, : n € w}. Suppose for (t,C) < (5, 4") we find
an M-name %, such that (¢, C) Iy, ®(X). Let |¢| be minimal. If || = |s|thent = s
and we find an M -name j such that (s, 4) IFa, ®(p). If |¢| > |s| then max(¢) = b,
for some n and at stage n, the first case held for some s’ = ¢\ (sU{b,}). Now for each
b; € A' (i > n) take an M -name %; such that (s Us'U{b;}, A"\ (b; + 1)) IFps ®(F;).
Furtherlet § := J{&:(p:;) : i > nAp; = (sUs"U{b;}, A’\ (b; +1))}. Then we have
(sUs’, 4"\ (max(s’) + 1)) IFpy ®(F), which is a contradiction to the minimality
of |¢]. =

§4. Zl-sets and the Ramsey property. In this section we start to show the rela-
tionship between Mathias- absoluteness and the Ramsey property of projective sets
of reals.

It is well-known that for £1(%8) and Z}(#) there are characterizations with
forcing absoluteness (cf. Theorem 2.3). Such a characterization exists also for
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2}(%). Although the proofs for the Baire property and the Lebesgue measurability
are similar, the proof for the Ramsey property is different. This is because Mathias
forcing does not have the countable chain condition. (But fortunately it has a lot of
combinatorial properties.)

TueoreM 4.1. V |=XN(R) if and only if V is T1-Mathias-absolute.

ProoOF. First we prove that £}-M-absoluteness implies £5(%). For this let ®(x)
be a Al-set:
D(x) = p(x) = y(x),
where o(x) is a Ti-set and w(x) is a [1}-set. Because Vx(p(x) < w(x)) is a
I1}-sentence, by !-M -absoluteness we have

VM = vi(p(F) & w().

By Fact 3.9 1. we know that '™ |=“each Al-set with parameters in ¥ is Ramsey”.
Therefore

VM | 35(Vio(Fo € [7]” — w(F0)) VVEL(R1 € [F]” — —p(£1))).

But thisis a £}-sentence and because V = ¢(x) < w(x), also ¥ = “@is Ramsey”.
Now because ®(x) was arbitrary and (%) is equivalent to A} (%) (by the Fact
3.85.), we have V |= Z}(#). :
Now we prove that =} (%) implies T\-M-absoluteness. Let ¥ = 3xy(x) be
a Zg-sentence. If V = ¥, then by the Shoenfield absoluteness Lemma (see [9]
Theorem 98), the £1-sentences are upwards absolute, hence V¥ |= ¥. For the other
direction assume that V'™ |= V. Then, because of V'™ is full (cf. [9] Lemma 18.6),
there is a name %, such that V™ | w(%). By Corollary 3.10 there exist reals
r,x € V such that x C r and V | “rl-p X = X7. Now, because V' =X1(%), there
isans € [r]” such that s is P-generic over L[x][r][D*]. Let m C s be a Mathias real
over V, then m is also P.-generic over L[x][r][D*] (by 3.8 2.). V[m] = w(x[m]),
hence L{x][r][D*]{m] = w(X[m]) because y is I1},m C s C r and ¥ may be
regarded also as a P,-name. So there must be a condition p € L[x][r][D"] such
that L[x][r][D*] = “plrpw(%)”. Let k = max(range(stem(p))), then s’ := s \ k is
P,-generic over L[x][r][D*] and there is an n € w such that s” := (s’ \ n)U stem(p)
satisfies p, (by [14] Definition 1.8 and Lemma 1.12). Hence (again by [14] Lemma
1.12), s” is P,-generic over L{x][r][D*] and because of s’ satisfies p and pl-py(x)
we have L[x][r][D*1[s"] & w(x[s"]) and finally V' | 3xw(x), (by Shoenfield).

So, we have found a forcing characterization for £} (#). Such a characterization
with Mathias forcing does not exist for higher degrees of Mathias-absoluteness as
we will show in the next section.

§5. X!-M-absoluteness and the Ramsey property.
THEOREM 5.1. I}-Mathias-absoluteness implies A\().

PROOF. Assume that V' is £}-M-absolute. Let ®(x) be a Al-set in ¥ with para-
metersin V: ®(x) & ¢(x) < y(x) where p(x) is a Z}-set and y(x) is a IT}-set. So

V= Vx(p(x) < w(x))and Vx((p(x) V- (x))A(~p(x) Vi (x))) isa I1}-sentence,
hence M-absolute. Therefore ®(x) is still a Al-setin VM.
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Assume ¥V = “@(x)is not Ramsey”. Hence V = Vx3Iyy2(y1 € x Ays C

x A ®(y1) A =®(y,)). Obviously we have ®(31) iff w(y1) and ~®(y7) iff ~w(y2)
but o(x), ~w(x) are both El-sets. So V' |= “®(x) is not Ramsey” is equivalent to

VEVXIn»m(n Cx Ay CxAp(yn) A-w()(=: 0)

where O is a I1}-sentence. Thus by X}-M -absoluteness we have
(%) VML,

Let m be the canonical name for a Mathias real m over V. Then there is a
condition p with empty stem such that pl-arp(m) or plbp—~@(m), (see Lemmas
3.5 and 3.6 and Fact 3.8 1.). Assume pl-yr(m), then plFp3Xp(X) (otherwise
plry—y(m) and —y (m) is also £}). Because each y € [m]® is Mathias over ¥ and
stem(p) = () we have V[y] = o(p). Because V'[y] C V[m] and ¢ is I, hence
upwards absolute, V' [m] is also a model of ¢(y). So, we get

plrm3RVH(5 €[] — (7).
Now because V'™ &= Vx(p(%) « w(X)) we finally have
Plea3VE(5 € [2]” — o(F) Aw (7)),
but this is a contradiction to (*). ~

THEOREM 5.2. A_% () does not imply L}-Mathias-absoluteness.

Proor. For this it is enough to find a model ¥ in which all A}-sets are Ramsey,
all Al-sets have the property of Baire and ; in this model is the same as wf.

We have V |= Aé(.@ ) if and only if for all reals » in V there is a real in ¥ which
is Cohen over L[r]. To say this is a IT}-sentence: For s € 2<¢ consider 175 as a
binary code for a natural number # (n > 0) and let §n := 5, (§0 := 1 = ()). We
write n < m if §m|g(4,) = §n. Note that §in C fm is an arithmetical statement. The
sentence Vr € [w]”3c € [w]”Vx € [w]”(c is a branch A(x € L[r] A x encodes a
dense set — x N ¢ # () is a composition of the following sentences.

c is a branch is Yom((n € ¢ Am € ¢) —» (n < mVm < n)), which is an
arithmetical statement.

x € L[r] is a Z}-sentence with parameter r (cf. [9] Theorem 97).

x encode a dense set is Ym3In(n € x A m = n), which is arithmetic.

Finally x Nc # @ is 3¢(t € x At € ¢), which is arithmetic, too. .

So, if V' is a model with the desired properties and V is Z}‘-M -absolute, for each
real r € V[m] thereis (in V[m]) a Cohen real ¢ over L[r]. If r € V[m] is a real and
c is a Cohen real over L[r], then L[r] N e is a strong measure zero set in L[r][c]
(see [5] Theorem 1.3) and hence we find in ¥ [m] a covering of L N w® with respect
to thereal r. So L Nw® is a strong measure zero set belonging to V.

Now if wf = /" then we get in V'[m] a strong measure zero set of cardinality w,
with parameter in V', namely L N w®, but this is a contradiction, (cf. [2], proof of
Theorem 9.7 or cf. [10] Lemma 8.2 and recall that M ~ U * P; ~ U * P(D)).

It leaves to construct a model V' with the desired properties.
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Proofr. In{15]§3 they show, that an w, iteration of Mathias forcing starting from
L, yields a model in which every A%-set is Ramsey and w; in this model is the same
as wk. (By the claim of Theorem 5.3 this is already enough.)

Now in [11] Lemma 1.18 it is proved that if we make a suitable w; iteration
starting from L, and add alternately Kesef and Cohen reals, we get a model V in
which every Al-set is Ramsey, every Al-set has the Baire property and w| is the
same as ;. 8

The next theorem is in fact a consequence of the following: If V is £}-M-absolute,

then w|” is inaccessible in L.

THEOREM 5.3. Xl-Mathias-absoluteness implies T1(%).

ProoOF. We first give the following
CLaM: If V is £}-M-absolute, then for all reals r € V' we have colL
(hence /" is inaccessible in L).

Now we show that this claim implies that V' | Z}(%).
LemMa 5.4. If V is Zi-M-absolute and ¥r € V(a)ll‘["] <w!)thenV = T R).

M < o),

PROOF OF THE LEMMA. Let ®(x) = Jyw(x, y) be a £}-set with parameter @ € V.
If V = 3zVx(x € [z]” — —®(x)), then the set ®(x) is Ramsey in V. Therefore let
usassume that V' |= Vz3x(x € [z]” A®(x))(=: ©). Because @ is a [1}-sentence with
parameter a and by X}-M -absoluteness we have V'™ |= ©. Now there is a Mathias
condition p with empty stem, such that p decides ®(m). Because V¥ 0, V'™ is
amodel of 3% (X € [m]” A®(X)). Further VM is full and ®(x) = dyy(x, y), hence
we find Mathias names %, § such that V¥ = (£ € [m]” A w(%, 7)).

Consider the statement V[m] | Jyw(x,y) & V[x] | Jzw(x,z) and further
assume that V | “glbpw (%, 7) A V[X] £ Zw(%,2)” (for an M-condition g).
First we have to define the meaning of glty; “V[%] &= W(%)” where W is an arbitrary
formula with at most one free variable: If Z is a variable in W forareal and 71 € Z is
a subformula of 'V, then gol-3,“V[X] = 7i € 27 if and only if there exists a Mathias
condition (u, U) such that

(u, UM ppii € 2 and qolb Vi (k et ke s Ak e x — (ke UVk e ).

Let x be the evaluation of % by the Mathias real m. Now because V¥ |= % Cm, x is
also Mathias over V and V[x] = W(x) if and only if there exists a Mathias condition
go € V such that g € m and gol-p V%] | W(X). Thus “gi-3 V[x] E ¥(X)” is
well defined.

Letr, %,y € Vbesuchthatr < gand V = “rlbpx = XAy = 7.” Furtherletr €
s € V be Ramsey over L[a][r][X, 7], then there is a condition ppe L[al[r][x, 7][D*],
po<r such that Lia][r][%, 7][D*] &= “polFpw (X, 7)”. This is because if m’ < s is
Mathias over V, then m’ is P,-generic and L[a][r][%, 7][D*1lm’] = w(x[m'], $[m'])
(by Shoenfield). Let s’ be P,-generic such that ppes’, further let s'€m be Mathias
over ¥ and x := X[m](= %[m]). We write P, as a two step iteration Q| * 0, and
choose g; such that g is Q;-generic over L{a][r][x, 7][D*] (=:N) and Nlg|] =
N[x]. Because of N[x] C V[x], V[x] N [@]” N N[x] is a El-set in V[x] and
Vx3yVz(z € N[x] — In(y, = z)) (this is: for all x,w;"I*] is countable) is a
I1}-sentence. Because of x C m is Mathias over V' and V is X}-M -absolute, it
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follows that e;”*] is inaccessible in N[x]. Hence, there exists a set g € V[x]
which is Os[x]-generic over N[x] such that N[x][g:] = w(x,7lg1 * £2]). Now
NIx][g2] E 3yw(x, y) and N[x][g2] C V[x] and because Z}-formulas are upwards
absolute, V'[x] = 3yw(x, y), which is a contradiction to gl-a “V[X] & 32w (X, 2)”.

(If m is Mathias over ¥ and x € [m]® NV [m], then we say that V" is =} - M -correct
if for every ! -set ®(x) with parameters in V: V[m] £ ®(x) & V{x] = ®(x).)

Let p be a Mathias condition with empty stem which decides ®(m), where m is
Mathias over V. Thus

V= “plFy3zy(Z,m)” or V = “plby ~®(m)”.

If the first case holds, let r, Z be such that: r C p and if m C r is Mathias over V,
then V[m] k= w(Z[m], m). In V there exists a Ramsey real s C r over L[a][r][Z] and
because I1}-sets are absolute (by Shoenfield) in L[a][r][Z] there exists a P,-condition
g with empty stem (note that all # € [s]* are also Ramsey over L[a][r][Z]) such that
L[a][r1Z][D*] = “q+pw(Z,g)” where g is the canonical name for the P,-generic
real over Lla][r][Z][D*]. In V there is a P.-generic real s’ such that s’ C g, hence
forall ¢t € [s"1° : L[a][r1[Z1[D*]1[¢] = w(Z[¢], t). Again by Shoenfield we get:

V k= w(Z[t],t) and this implies V = Jyvx € [y]”®(x).

Therefore the set ®(x) is Ramsey in V.
If the second case holds, we get

V = “plkpVE € [m]”—~®(%)”

hence V = “plkpIPVE € [F]”~®(X)” which is a X}-sentence (with parameters in
V') and says, that ®(x) is Ramsey. Therefore by X}-M -absoluteness the set ®(x)
has to be Ramsey in V. —

Now we have to show that the claim holds.

PROOF OF THE CLAIM. Assume V' is I}-M-absolute, then by Theorem 4.1 V |=
Z1(%#), and by the Facts 3.8 5., 3.8 6. and 3.9 2. the following is true in V:

Vu € [w]*Vr € Llu] N [w]”3s € [r]”(sis Ramsey over L[«][D"]).
To say this is a IT}-sentence:

Defineb: [w)} — o
{n,m} r— %(max({n,m})z—max({n,m}))+min({n,m}).

Note that b is a bijection and arithmetic. With b we can consider each 7 € [w]“ as
a function from [w]? to 2, namely by

n({n,m}) =0 <= b{n,m} € .
The sentence
Yu € [w]”Vr € L[u] N [w]®3s € [r]” (s is P,-generic over L[u][D*])

is a composition of the following sentences.
r € L[u] is a Z}-sentence with parameter u.
s €[r]?isVi(i € s — i € r), which is arithmetic.
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s is P.-generic over L[u][D*], which is again a composition of the following sen-
tences.

x € L[u][D*]is a Z}-sentence with parameters « and s.

7|\ #1218 cOnstant is an arithmetical sentence because of b is arithmetic.

D*is an ultrafilter in L[u][D*]isVx € L[u][D*]N[w]*3n(s\n C xVs\nnx = 0),
which is a [T}-sentence with parameters u and s.

v € L{u][D*]3n(n|;\,p is constant), which is also a I1}-sentence with the pa-
rameters u and s.

Therefore if V' is £}-M-absolute, in ¥ for each real u there exists a real s which
dominates the reals of L[u] (cf. Fact 3.9 2.). Let m be Mathias over V. Because M
is flexible (cf. Lemma 3.7), M adds a dominating family of size e {see [3] Theorem
3.1). If thereis areal r € ¥ such thatw; ") = /" and m is Mathias over ¥, then the
reals of L[r][m] dominates the reals of ¥ [m]. (Note that the M-names fo(a < w1)
which are constructed in [3] Theorem 3.1 can all be defined within L[r].) But this
contradicts that in V'[m] we have a dominating real over L[r][m]. -

This concludes the proof of the Theorem. -

We can prove even more, as we will see in the next section.

§6. Higher degrees of Mathias-absoluteness.
COROLLARY 6.1. Ii-Mathias-absoluteness implies AL ().

PROOF. Let ®(x) be a A}-set:

O(x) < o(x) & ~p(x)

where ¢(x) and y(x) are Z!-sets. By Zl-M-absoluteness, ®(x) is still a A}-set in
M Let p be an M -condition with empty stem such that

V E“plkp o(m)”,

(f V = “p by —p(m)” then V | “p Ikp w(m)”), then there is an M -name 7
and (by Corollary 3.11) a p’ C p with empty stem, such that

L2}

VIE“p IFym po(m, )
(where ¢(x) = Jyp(x, p) and ¢ is a [1i-formula). Let m C p’ be Mathias over V/,
then
Vm] = po(m, 3[m]).
Now in the proof of Lemma 5.4 in fact we showed, that if » is Mathias over V,
m' € [m]” N V[m],Vr € [w]” N V(o < o)) and ®(x) is a Z}-set (or a I-set)
with parameters in V/, then

Vim'] = ®(m') & Vim] = ©(m').

Because of m’ € [m]” N V[m], m’ is also Mathias over ¥ and the sentence Vx €
[m]”(po(x, §[m])) holds in V[m]. Therefore zVx € [z]”—w(x), which is a Zi-
sentence with parameters in ¥, is true in ¥ [m]. Hence, V = “®(x)is Ramsey” and
because ®(x) was arbitrary we get V = A}(Z). -

To prove the last results, we need two slightly technical lemmas.
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Lemma 6.2. If Vr € [0} N V(o < w]) and ®(2) is a Zi-formula (where % is
an M-name in V for a real), then: for all M-conditions q in V there is a real a and
an M-condition | in V such that (q is an M -condition in L[a) and | < q) and for
all reals m: if m is Mathias over V and 1 € m, then (m is Mathias over L[a] and
2{m] € L{a] and (L]alim] = ®(Z[m]) if and only if V' [m] = ®(Z[m]))).

Proor. To simplify the notation we assume that the parameters of @ are in L.
Assume V E “qq IFpr W(Z,%)” where go < g and ®(z) = IxW¥(z, x). Let ro < g
and Z,x such that V = “rg lFayy Z = Z A X = X7, Let a be a real which encode
the reals ro, Z, X and g. In L[«] there must be an M -condition ¢; < ry such that
Lia] = “q) lbm ¥(Z, %)” (because of the absoluteness of I1}-formulas). Let/ € V/
be Mathias over L[a] such that g € / and further let m be Mathias over V' such
that/ € m, then L[a][m] = P (Z[m], X[m]) and V[a][m] | ¥(Z[m], X[m]).

If V | “qo Fp —®(2)” for all g < g which decides ®(Z), there is an M-
condition ¢; as in the former case, (because I} -formulas are downwards absolute).
The rest of the proof in this case is the same as above. -

We say L[a] computes well the T} formula ®(2) (the IT} formula —®(Z), respec-
tively) with respect to ¢qy.

LeMMa 6.3. If V is £i-M-absolute, then V is T}-M -correct.

PrOOF. If not, then there is a £}-formula ®(x) and an M-condition p € V such
that V |= “plbp X € [m]? AD(X) A V[X] £ @(X)”. Because V | “p lbpy O(X)”
there is an M-name j such that V' = “p by W(X, 7)” where O(x) = Jp\P(x, y)
and W(x, y) is a IT}-formula.

Letr, %,y besuchthatr < pand V = “r iy ¥ = X AP = .” By Lemma 6.2
thereis an a € V and an M -condition g < r such that L[a] computes well ¥(x, y)
with respect to ¢. Let / and m as in the Lemma 6.2 and further let x := x{m].
Because m is Mathias over L[a]and x € L[a][m] we can write the Mathias forcing as
a two step iteration Q; * O and choose (as in the proof of Lemma 5.4) g1, g € V[x]
such that g; is Q,-generic over L[a], g7 is Os[g]-generic over L{a][gi], g1 * g> is
M -generic over L[a] with respect to g and L[al[g,] = L[a][x]. With the same
arguments as in the proof of Lemma 5.4 we have L[a][x][g2] E Y(x, Jlg: * g2])-
Now because L[a] computes well the IT}-formula ¥ and g, € V[x], we finally have
V[x] = ®(x). -

THEOREM 6.4. Z}-Mathias-absoluteness implies ) (R ).

PrOOF. Let ®(x) be a Z!-formula with parameters in ¥ and further let p € V be
an M -condition which decides ®(m).

IfV | “plby ®(m)” then by Lemma 6.3 V = “p Iy IxVy € [x]°®(y)”.

If V |= “p Ibpy —®(m)” then by Lemma 6.3 V = “p -3 IxVy € [x]”-~D(y)”.

In both cases (by Z}-M-absoluteness) we get that ®(x) is Ramsey in V' and
because ®(x) was arbitrary we have V = Z}(%). -

COROLLARY 6.5. Z}-Mathias-absoluteness implies AL(%).

PROOF. Let ®(x) be a Al-set:

O(x) & p(x) < —y(x)
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where ¢(x) and y(x) are El-sets. By Z}-M-absoluteness, ®(x) is still a Al-set in
VM Let p be an M-condition with empty stem such that V' = “p Iy o(m)”, (if
Vi “plby —p(m)” then V = “p Iy w(m)”), then there is an M -name j and
{(by Corollary 3.11) a p’ C p with empty stem, such that

V E“p'lkar po(m, 3)”

(where p(x) = Jypy(x, y) and ¢y is a I} -formula). Let m C p’ be Mathias over
V7, then

Vim] = @o(m, 5[m]).

Because of Lemma 6.3 and because m’ € [m]® N V[m] is Mathias over V', the
sentence Vm' € [m]”po(m’, [m']) which is V[m] & JzVx € [z]?p(x), holds in
V[m). Therefore 3z¥x € [z]”—w(x) which is a E}-sentence with parameters in V/
is true in V'[m].

Hence, V' | “®(x)is Ramsey” and because ®(x) was arbitrary we get

V= ANR).
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