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We use Chen's iterated integrals to integrate representations up to homotopy. That is,
we construct an A, functor [:Rep™(A) — 7A2ep°°(1'[oo(A)) from the representations up
to homotopy of a Lie algebroid A to those of its infinity groupoid. This construction
extends the usual integration of representations in Lie theory. We discuss several exam-
ples including Lie algebras and Poisson manifolds.

The construction is based on an A, version of de Rham's theorem due to
Gugenheim [15]. The integration procedure we explain here amounts to extending the
construction of parallel transport for superconnections, introduced by Igusa [17] and

Block-Smith [6], to the case of certain differential graded manifolds.

1 Introduction

The purpose of this work is to understand Lie theory for representations up to homotopy.
That is, we study the way in which the L., representations of a Lie algebroid are related
to the A, representation of the corresponding global object.

Let us first consider the case of ordinary representations. If G is the source

simply connected Lie groupoid integrating the Lie algebroid A, then the categories of
Received September 11, 2011; Accepted May 28, 2012
Communicated by Prof. Anton Alekseev

© The Author(s) 2012. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail: journals.permissions@oup.com.


https://core.ac.uk/display/85222883?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

The A, de Rham Theorem and Integration of Representations 3791

representations Rep(G) and Rep(A4) are naturally equivalent. From the point of view
of differential graded manifolds, this can be seen as an instance of the fact that flat
connections on M correspond to representations of the fundamental groupoid 7, (M).
Indeed, there is a precise sense in which G is the fundamental groupoid of the differen-
tial graded manifold A[1] associated to A. Hence, ordinary representations only capture
information about the fundamental groupoid of the associated differential graded man-
ifold. On the other hand, representations up to homotopy capture information about the
higher homotopy group(oid)s as well.

Igusa [17] and Block-Smith [6] showed that flat Z-graded superconnections on
a smooth manifold M correspond to representations up to homotopy of its infinity
groupoid, namely, the simplicial set of smooth singular chains on M. Building on this,
we will show that, for any Lie algebroid A, there is an A, functor [ from the category
of representations up to homotopy of A to the category of unital representations up to
homotopy of the infinity groupoid of the differential graded manifold A[1] associated to
A. Moreover, we show that, ultimately, the A functor [ relies on an A, version of de
Rham's theorem that is due to Gugenheim [15], which is constructed using the theory of
Chen's iterated integrals.

It has been observed in [2, 3] that some of the natural representations associated
to Lie groups and Lie algebras appear as representations up to homotopy in the case of
Lie groupoids and Lie algebroids. These constructions provide many examples to which
the A functor [ can be applied. We hope to come back to those examples, particularly
in the case of Poisson manifolds, in a sequel.

The paper is organized as follows. In the remaining part of the introduction, we
will make some comments on simplicial sets, describe in more detail the question that
we study and explain in general terms how the A, functor [ is constructed. In Section 2,
we review Chen's iterated integrals and give a proof of the A,, de Rham theorem, orig-
inally due to Gugenheim [15]. In Section 4, we show that general considerations about
A algebras allow one to construct the integration A, functor [ using the A, de Rham
theorem. In Section 5, we discuss some examples to which the construction applies,
including smooth manifolds, Lie algebras, and Poisson manifolds. We also show that,
when applied to ordinary representations, the A, functor [ specializes to the usual
integration of representations in Lie theory. In the Appendix, we review the definitions
and some general facts concerning representations up to homotopy of Lie algebroids

and A-algebras.
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1.1 General comments on simplicial sets

It is well known that the theory of simplicial sets allows one to look at some aspects of
homotopy theory, higher category theory, and Lie theory in a unified way. Let us briefly
recall this point of view. We denote by A the category of nonempty finite ordered sets,

and by [n] the ordered set

[M={0<1<---<mnj,

seen as a category. We are interested in simplicial sets that appear via the following

constructions.
Example 1.1. The nerve functor
N:Cat — Set,,
from the category of small categories to the category of simplicial sets, is defined by
N(C)n :=Homcai([n], C).
In this way, one can view the category Cat as a full subcategory of the category Set,,
and it is easy to characterize precisely the simplicial sets that are nerves of categories
in terms of horn-filling conditions. O
Example 1.2. We will denote by A, the geometric n-simplex:
Api={t,.... ) ER": 126> > >8>0}
The sequence of spaces A,, together with the usual face and degeneracy maps,

forms a cosimplical space. There is a functor Sing: Top — Set, from topological spaces

to simplicial sets given by the formula

Sing(X), := Homtop(Ay, X).

The simplicial sets obtained by this procedure are always Kan complexes, also called
infinity groupoids (see, e.g., [7, 19, 20]). This means that they satisfy some horn-filling

conditions similar to those that characterize the nerves of categories. O
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Example 1.3. Let us also consider the spatial realization functor from rational homo-

topy theory introduced by Sullivan [27]. This is a functor

S:DGCA — Sety,,

from the category of differential graded commutative algebras to simplicial sets. It is
defined by

S(£2)n=Hompaca(£2, 2(An)),

where £2(A,) denotes the algebra of differential forms on A,,. O

The homotopy type of a space X can be reconstructed from the simplicial set
Sing(X) and, as we mentioned before, any category can be reconstructed from its nerve.
Thus, one can think of the theory of simplicial sets as a simultaneous generalization of
category theory and homotopy theory. An explanation of the role of simplicial sets in
higher category theory can be found in the first chapter of Lurie [20].

Given a space X, there is always a map of simplicial sets

7 :Sing(X) — N(IT; (X)),

which sends a simplex to the sequence of homotopy classes of paths associated to its
edges. Thus, the simplicial set Sing(X) is a refinement of the fundamental groupoid,
which captures information not only about homotopy classes of paths, but also about
the higher homotopy group(oid)s. Because of this, Sing(X) is often denoted by IT..(X)
and called the infinity groupoid of X.

Observe that the relationship between Examples 1.2 and 1.3 is also very close.
Given a smooth manifold X, denote by Sing(X) the simplicial subset of Sing(X), which
consists of smooth simplices, and by £2(X) the algebra of differential forms on X.

Clearly, there is a natural isomorphism of simplicial sets

S(22(X)) = Sing(X).

Since the inclusion Sing(X) < Sing(X) is a homotopy equivalence, one can think
of the spatial realization functor S as a generalization of the singular chain functor.
This point of view is quite useful in Lie theory. First, recall that a Lie algebroid

structure on a vector bundle A is the same as a differential on 2(A) = I"(AA*), which, in
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turn, is equivalent to equipping the graded manifold A[1] with a cohomological vector

field. There are natural identifications
Hom\je-aig(TM, A) = Homgg-man(T[11M, Al1]) = Hompgca($2(4), £2(M)).

With these identifications in mind, it becomes natural to think of the simpli-
cial set S(£2(A)) as the space of singular chains in the dg-manifold A[1], and to use the
notation

S(£2(A)) = Sing(All]) = M (Al1)),

which, for simplicity, will be denoted by I1,,(4) in the following.

If instead of looking at the infinity groupoid of A[l], one considers the funda-
mental groupoid I7; (Al1]), one obtains a candidate for the groupoid integrating the Lie
algebroid A. Indeed I7,(A[1]) is always a topological groupoid and in case the algebroid
is integrable, it is the unique source simply connected Lie groupoid integrating A; see
[8, 11, 23, 28] for more details on this construction. The integration of L.,-algebras can
also be interpreted as the computation of higher homotopy groupoids of dg-manifolds;
see [13, 16, 23].

1.2 The problem

Our goal is to understand the relation between the global (Ay) and the infinitesimal
(L) version of representations up to homotopy. If A is the Lie algebroid of G, one can
differentiate any unital representation up to homotopy E € 7A2ep°°(G) to obtain a repre-
sentation up to homotopy of A. This process is explained in [4], and can be summarized

as follows.
Theorem. Suppose that Ais the Lie algebroid of G. Then there is a dg-functor
¥ Rep™(G) — Rep™®(A). O

The differentiation functor ¥ is constructed by differentiating along the flows
of vector fields in all possible directions in order to obtain infinitesimal cochains from
global ones. Appropriately, the inverse process of this iterated differentiation is given
by Chen's iterated integrals.

One is led to ask whether it is possible to integrate a representation up to homo-

topy of A to one of G. The answer to this question is: no, as explained in Section 5.6.
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Indeed, the global counterpart of a representation up to homotopy of A turns out to be
a representation up to homotopy of the infinity groupoid I7,,(A) of A, not of its funda-
mental groupoid G.

Observe that a representation up to homotopy of a groupoid G is essentially—
that is, up to a smoothness condition—an A, functor to the dg-category of dg-vector
spaces. These data can be expressed purely in terms of the simplicial structure of the
nerve NG of G, and therefore it is sensible to speak about representations up to homo-
topy of an arbitrary simplicial set.

Alternatively, one can take the adjoint point of view via Cordier’s nerve construc-
tion [10] to define a representation up to homotopy as a map of simplicial sets; see [6,
Appendix].

Our main result is the following theorem.
Theorem 4.19. Let Abe a Lie algebroid. The assignments
Rep™®(A4) 5 E — J[E] € Rep™ (s (4))
and
J :sHom(E, Eo) ® - - - @ sHom(Ey, Ep1) — sHom(Ey, Eo),
n
1@ ® ¢nt—>s(HOl(—, ¢1. ..., ¢n))

define an A, functor

J :Rep™(4A) — Rep™ (IMx (A))

between the dg-category of representations up to homotopy of A and the dg-category of

unital representations up to homotopy of I7,,(A4). |

The construction of the A functor [ is based on and inspired by the paral-
lel transport of superconnections studied by Igusa [17] and Block-Smith [6]. It seems
to us that—beyond the extension to arbitrary Lie algebroids—our contributions are as
follows.

We show that the parallel transport from [6, 17] can be derived from the A
version of de Rham's theorem due to Gugenheim [15]; this allows us to extend parallel

transport to an A, functor.
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Moreover, we establish that the integration process lands in the category of uni-
tal representations up to homotopy. Observe that the unitality condition is important for
the construction of Reidemeister torsion of flat superconnections given in [5] and also
comes up naturally in the construction of the differentiation functor ¥ : Rep™(G) —
Rep*(A4) from [4].

2 Simplicial Sets and Representations up to Homotopy

In this section, we give the definition of a representation up to homotopy of a simplicial
set and discuss some examples. Later on, we will be interested in the case where the

simplicial set is the co-groupoid I7,,(A) of a Lie algebroid A.

2.1 Definitions

Remark 2.1. Let X, be a simplicial set with face and degeneracy maps denoted by
d:Xy— X1 and s;: Xyp— X1,
respectively. We shall use the notation

Pi= ()" X — Xi,
Qi:=dy10--0od: Xx— X;
for the maps that send a simplex to its ith back and front face. The ith vertex of a simplex
o € Xi will be denoted by v;(¢), or simply v;, when no confusion can arise. In terms of
the above operations, one can write
v; = (Po o Q;)(0).
A cochain F of degree k on X, with values in an algebra A is a map

F:X,— A.

As usual, the cup product of two cochains F and F’ of degree i and j, respectively, is the

cochain of degree i + j defined by the formula

(FUF')(0):=F(Qi(0)F'(P;(0)). O
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Definition 2.2. A representation up to homotopy of X, consists of the following data:

(1) a graded vector space Ex =, , E¥, for each zero simplex x € Xo;
(2) asequence of operators {Fi}i=0, Where Fi is a k-cochain that assigns to o € Xj

a linear map

Fi(o) e Hom' 8By, Evyo))-

These operators are required to satisfy the following equations:

k-1 k
D (=1 F1(dj(0)) + ) (=) (F; U Fr_j)(0) =0. (1)
j=1 j=0

A representation up to homotopy is called
(1) wunital if

Fi(sg(o))=id and Fi(s;(c))=0fork> 1.

(2) of finite rank if the sum of dimensions of E¥ is finite for each x € X. O

We will always assume that we are dealing with representations up to homotopy

of finite rank.

Remark 2.3. The definition of representation up to homotopy of a simplicial set is such
that when applied to the nerve of a category, it is the same as an A, -functor to the dg-
category of differential graded vector spaces. These equations were first considered by
Sugawara [26]. The structure of a representation up to homotopy can also be described
from the adjoint point of view via Cordier’s nerve construction [10, 20], as explained
in [6, Appendix]. The case where the simplicial set is the nerve of a Lie groupoid was
considered in [2].

Observe that the structure equations of a representation up to homotopy imply
that Fp gives each of the vector spaces Ey the structure of a cochain complex. We will

often write 9 instead of Fy for this coboundary operator. O

Remark 2.4. The representations up to homotopy of X, form a dg-category: Let E, E’

be two representations up to homotopy of X,. A degree n morphism ¢ € Hom"(E, E’)
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is a formal sum

¢=¢o+P1+P2+ -,

where ¢ is a k-cochain that assigns to a simplex o € Xj a linear map
pi(0) € Hom™ M(Ey,0). B, (,))-

The differential

D :Hom“(E, E') - Hom™ ! (E, E')

is defined by

D(¢) =D(¢)o+ D(P)1 + D(P)2+ -,

where

k—1
Do)=Y (~D"FjUgi(o) + Y (=)™ ;U Fi(0) + Y _(~1)/ "¢y 1(dj(0)). (2)

i+j=k i+j=k Jj=1

If ¢' : E' — E” is a morphism of degree m, the composition ¢’ o ¢ € Hom™"(E, E”)

is given by

pop=(@ oplo+@op)+@ o+ -,

where

@ op:i= Y (=1)7(¢;Ug).

i+j=k

One easily checks that these operators define a dg-category—the category of
representations up to homotopy of X,—which we denote by Rep®(X,). We implicitly
assume here that the graded vector bundles underlying objects of Rep*(X,) are of finite
rank.

We will be particularly interested in the category of unital representations up
to homotopy, which we denote by 7@ep°°(X.). This is the sub-dg-category of Rep>(X,)
whose objects are unital representations up to homotopy and whose morphisms are

unital morphisms, that is, morphisms ¢ such that ¢(s;(c)) = 0. O
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2.2 Some examples

Example 2.5. Let G be a group and NG be the nerve of G. A unital representation up to
homotopy of NG on a graded vector space V, which is concentrated in degree O, is the

same as a representation of G. O

Example 2.6. Let C be a category and NC be the nerve of C. A representations up to
homotopy of NC is the same as an A, -functor from the category RC to the dg-category
of complexes of vector spaces. Here RC denotes the dg-category whose objects are those

of C and whose morphisms are the linear spans of morphisms of C. O

Example 2.7. The most important simplicial set for our purposes is the co-groupoid
I, (A) of a Lie algebroid A4, given by

(I (A))k :=Hompgca(£2(4), 2(T Ay)),

that is, the morphisms of differential graded commutative algebras between §2(A) and
the de Rham algebra of the k-simplex Ax. Observe that this is the same as the set of Lie
algebroid morphisms from T A; to A. The structure operations for a representation up
to homotopy of I1,,(A) are rules that assign holonomies to simplices, and the structure
equations are compatibility conditions between the holonomies. In the pictures below,
a shaded face of a simplex denotes the holonomy assigned to it. For the 1-simplex y :
[0, 1] = M, we obtain

[0Hol(y)] := 9, (o) o HOl(y) — Hol(y) 0 9,1y =0; in pictures:
(G N = 0.
This says that the holonomy assigned to a path should be a chain map between
the chain complexes associated to the endpoints of the paths.(Note that in our conven-

tions Hol(y) is a linear map from E, ) to E,().)

The compatibility condition for a triangle o : {1 >t > >0} > M is

[, Hol(o)] = Hol(c (¢, 0)) o Hol(o (1, £)) — Hol(o' (¢, t));  in pictures:

A -AA
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requiring that—even though two homotopic paths are assigned different holonomies in
general—any specific homotopy between the two paths induces a homotopy between the
corresponding chain maps.

For a tetrahedron o : {1 >t > t, > t3 > 0} — M, one obtains

[0, Hol(o)] =Hol(o (¢, 0, 0)) o Hol(o (1, &, tz)) — Hol(o (1, t2, 0)) o Hol(o (1, 1, t))

+ Hol(o (t;, t;, t;)) — Hol(o (41, t;, &)); in pictures:

3 Differential Forms and Singular Cochains

In this section, we explain how to use Chen's iterated integrals to construct a natural

A, quasi-isomorphism

¥ (82(M), —d, N) = (C(M), 8, ),

between the algebra of differential forms and the algebra of smooth singular cochains
of a manifold M. This result is originally due to Gugenheim [15]. (Implicitly, the quasi-
isomorphism v is also present in [6, 17].) We review the explicit construction of v/ below
and use it to establish the following additional properties, needed in order to apply v

to the problem of integrating representations up to homotopy:

(1) The image of ¢ is contained in the subcomplex of normalized cochains C (M);
see Proposition 3.27.

(2) The A, morphism " :=idgnqv ® ¥ obtained by tensoring ¥ with the endo-
morphism algebra End V of a finite-dimensional graded vector space V
induces a well-defined push-forward map End V ® 2(M) - End V ® C (M);
see Corollary 4.6.

Remark 3.1. Given a differential graded algebra (4, d, A), the bar complex

B(sA) := @(sA)®k

k>1
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carries a coboundary operator D given by

n
D(sa ® -+ ®say) =y (-1 Hlalsg ... @ s ®s(da) @ $ai11 ® -+ @ Sa,
i=1
n—1
+ Y (Dt tldlsg @ - @54 ®8(a A 1) @ SG ® -+ © S

i=1

The morphism ¢ is constructed out of two maps

B(s$2(M)) (PM) sC(M).

Here,

B(s2(M)) 2(PM)

is given by Chen's iterated integrals, while

Q(PM)

sC (M)
is constructed with the help of a certain family of maps
O : IF! > PA1,

from the cubes to the path spaces of the simplices. The crucial property of this family is
that it relates the cellular structures of the cubes to those of the simplices. Such a family
was already considered by Chen [9]. We will make use of the explicit family constructed
by Igusa [17].

3.1 Chen’'s iterated integrals

Here, we explain how Chen's iterated integrals provide a map
C:B(s2(M)) — 2(PM)

from the bar complex of the suspension of £2(M) to the differential forms on the

path space of M. The most important property of C is that it is almost a chain map
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between B(s$2(M))—equipped with the bar differential D corresponding to the dg-
algebra (£2(M), —d, AN)—and 2(PM)—equipped with the de Rham differential. In fact,

C fails to be a chain map only because of two boundary terms; see Theorem 3.10.

Remark 3.2. We use the conventions from [14], except for the definition of the simplices

Ag, where we follow Igusa [17]. O

Our first task is to introduce the path space PM of M, as well as differential

forms on it.

Remark 3.3. The path space PM of a smooth manifold M is the topological space
C*®(I, M), equipped with the C!-topology. By definition, a map f: X — PM is smooth if

I x X—> M, fx) = (f(@0)(©)

is smooth.

Differential forms on PM are defined as follows:

(i) Denote by C*(—, PM) the category whose objects are pairs (X, f), with X a
smooth manifold and f a smooth map from X to PM; the morphisms from
(X, f) to (Y, g) are all smooth maps h: X — Y such that f=go h.

(ii) Let R(—) be the functor from C*(—, PM) to the category of real vector spaces
Vect, which maps any object in C*(—, PM) to R and every morphism to the
identity.

(iii) The functor £2(—) from C*°(—, PM) to Vect is defined via (X, f)— £2(X) and
g—g-.
(iv) A differential form on PM is a natural transformation from R(—) to £2(—).

Put another way: a differential form « on PM is a natural association of a differ-
ential form on X, which we will denote by f*«, to a pair (X, f: X — PM). The idea is sim-
ply that it suffices to know all the pull-backs of a differential form to finite-dimensional
manifolds in order to know the differential form itself. The wedge product and the de
Rham differential are defined by requiring the pull-back operation to preserve them.

We call a continuous map h: PM — PN smooth if the composition of any smooth
map f:X— PM with h is smooth. Smooth maps induce pull-back maps 2(PN)—
$2(PM). Moreover, observe that every smooth map hA: M — N induces a smooth map

Ph:PM — PN on the path spaces via composition. O
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Remark 3.4. Let X be a manifold and Ag be the k-simplex, that is,
Aei={t, ..., t)eRrF: 1>t >8> >t >0} CR-
We define the push-forward along the projection
T A X X—> X

to be the linear map
Ty 2(A X X) = £2(X)

of degree —k determined by setting

T (f(t, x) deh - der dx) - dxF) = (J f(t, x) dt - -dtir) dx/ ... dxb.

Ak

Observe that, for X compact and oriented,

J () :J o
X AxX

holds for all « € 2(Ax x X).

3803

O

Lemma 3.5. The push-forward m,: (A x X) > £2(X) is a morphism of left £2(X)-

modules of degree —k, that is, for every o € 2(X) and every § € £2(Ax x X), we have
mo(ra A B) = (—=1)*Fa A m.(B).
Furthermore, let 97 be the composition

(xid b g

N xX ——————> MxX ——> X,

where d Ay denotes the disjoint union of the codimension 1 strata of Ag.

Then the following formula holds:

meod— (—D*dom, = (97)s o (¢t x id)*.

Here, the push-forward along dx is understood as the sum over the push-forwards of

the individual faces that appear as the connected components of 9 Ay.

O
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Remark 3.6. Next we define Chen's iterated integrals for differential forms on a smooth

manifold M. This is a degree 0 linear map:

C:B(s2(M) := P(s2(M)** > 2(PM).

k>1

Letsa; ® - - - ® say, be an element of the bar complex B(s$2(M)). Given any smooth

map f:I x X — M, we define a differential form on X by the following procedure:

(i) Thinking of A,, as the compactified configuration space of (unordered) points

on the interval I, one obtains an extension of f: 1 x X — M to

J i Apx X—>Mx---x M, fipt,...,t %) :=(f(t.X),..., f(t, X)).

We will sometimes omit the subscript (n) if the dimension of the simplex is
clear from the context.
(ii) Pull back the differential form g; to M x --- x M via the ith projection map

pi: M — M,

and pull back the wedge product pja; A --- A pia, to A, x X via fin.

(iii) To obtain a differential form on X, push the differential form f;, (pjai A --- A
piay) forward to X along 7 : A, x X — X.

(iv) Finally, multiply this differential form with the sign

(_I)Zle[ail(n—i)’

where [a] denotes the degree of an element sa € s§2 ().
Note that this is exactly the signby which (87! ® --- - ®@ s V)(sa1 ® - -+ ®
say,) differs from (a1 ® - - ® ay).

We denote the resulting differential form on X by f*(C(sa; ® - - - ® say)). It is straightfor-
ward to check that this construction is natural and therefore defines a differential form

on the path space PM. Let us write down the whole construction more compactly. O

Definition 3.7. Chen’s map
C:B(sf2(M)) — 2(PM)
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from the bar complex of the suspension of differential forms to the de Rham complex of

the path space PM is defined by setting
F(C(sa ® - - ®8ay)) 1= (=X ((fo0y* (pray A -+ A pian))
for any object (X, f) in the category C*(—, PM). O

Remark 3.8. An important property of Chen's map is that the image of an element sa; ®
-+ ® say of B(s2(M)), for which one of the factors @; is a function, is zero. This follows
from the observation that in this case the pull-back f*C(sa; ® - -- ® sa,) by any smooth
map f:X — PM vanishes. Indeed, the differential form

(fo) (Plar A -+ A Pran) € 2(Ap x X)

is annihilated by the vector field aiﬂ" where t' denotes the ith coordinate on the simplex

A,. Hence, the push-forward of the differential form along 7 : A, x X — X vanishes. O

Lemma 3.9. Chen’s map C is natural, that is, for any smooth map A: M — N the dia-

gram

C

B(s2(M)) —— L2(PM)

Bh T T P~

C
B(s2(N)) —— R(PN)

commutes. Here, Bh denotes the linear map that extends
Sa ® - ® Say > Sh* (@) ® - - - ® Sh*(ap). U

Proof. This is essentially an exercise in unraveling the definitions. The key observation

is that, for any smooth map f: X — PM,
(Pho gy =(hx---xh)o foy

is satisfied. u
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Theorem 3.10 (Chen). For any element sa; ® - - - ® sa, of the bar complex B(s$2(M)), the
following identity holds:

d(C(say ® -+~ ®San) =C(D(sa; ® - - ® Sap)) + evi(a) A C(Sa ® - - - ® Say)

— (D@t HalC(sg @ - @ sa, 1) A evi(ay).

Here:

(1) D is the differential corresponding to the differential graded algebra
(Q (]VD, _dv /\)~
(2) The maps evy and ev; : PM — M are given by y — y (i) for i =0 or 1, respec-

tively. O

Proof. It suffices to establish the formula for the pull-back of C(sa; ® - - - ® sa,) by any
smooth map f: X — PM. Using Lemma 3.5, one sees that f*dC(sa; ® - - - ® sa,) is equal to

(=D d(fy (Drar A+ A Dhan)) + (= D)™ ((0m),(u x id)* iy (Piar A -+ A Dhan))

times the sign (—1)2=11@1D The first term gives
n
Y (—pl@rttlanl fCsa @ - @ S(—day) ® -+ ® Sap),
i=1

while the second one yields

n—1
Yo (nlelttal fOsa @ - @ S(a A1) ® - @ Say)
i=1

+(evio *a A fFC(sa, ® - - ® say)

(CD)@ e FC(say ® - - ® S 1) A (V0 0 ) an "

Definition 3.11. The set

C¥(,0I):={¢:1— I smooth and monotone: ¢(0) =0, ¢ (1) =1}
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is a monoid under composition and acts on C*(X, PM) via reparameterizations, that

is, via

CX(I, 8I) x C¥(X, PM) — C*(X, PM),

(@, /= (@ e HT(E, x):= (@@, x).

A differential form « € £2(PM) is reparameterization invariant if, for any smooth

map f: X — PM and any reparameterization ¢ € C°(I, 9I), the equation
fra=(@e f)a
holds. We denote the subcomplex of invariant differential forms by $2;,,(PM). O
Lemma 3.12. The image of Chen's map
C:B(sR(M)) — 2PM)

is contained in the subcomplex £2;,,(PM) of reparameterization invariant differential
forms on PM. O

Proof. Pick f: X — PM and ¢ € C{°(1, 9I) arbitrary. We have to check that
fCsa ® - -®san) =(@e f)'Clsa ® - ®san)
holds for any ay, ..., a, € 2(M).

Using
(o Ny ="Tmo@x - x¢xid): Ay x X— M*",

one sees that it suffices to prove the equation
Ty =74 0(p X -+ x P xid)": 2(A, x X) > 2(X),

where 7 denotes the projection A, x X — X. This equation can be deduced inductively

from the behavior of one-dimensional integrals under substitution. |
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Remark 3.13. Later on, we will use the reparameterization invariance of differential
forms in the image of Chen’s map C under piecewise linear reparametrizations. In order
to handle these kind of reparameterizations correctly, one should introduce the space
of piecewise smooth paths PM of M. By definition, a smooth map from X to PM is a
continuous map F® : 1 x X — M together with a finite partition ([a;, b;]) of I such that the
restriction of F® to Xxla;, b;[ is smooth. The set C*(X, PM) is acted upon by the monoid
of piecewise smooth reparameterizations of I (still monotone and endpoints preserving).
Observe that the definition of Chen’s map C extends to smooth maps X — PM and still
yields smooth differential forms on X. Furthermore, the reparameterization invariance

continues to hold in the piecewise smooth setting. O

3.2 Igusa's map

In this paragraph, we construct a map

S: 2(PM) — sC(M)

from the differential forms on PM to the suspension of the singular cochains on M. We
will need a sequence of maps from the cubes to the simplices, which relate their cellular
structures. These maps were originally considered by Adams [1] and—Ilater on—by Chen

[9]. We will use a construction due to Igusa [17].

Remark 3.14. As mentioned before, we use the following definition of the k-simplex Ag:

Ari={(ti,... . t)eRF: 1>t >, > - > >0} C R,

In this convention, the face and degeneracy maps that equip {Ax} with the structure of

a cosimplicial set are given by

(1, t, ..., %) fori=0,
al:Ak_)Ak-‘rla (t17'7tk)H (tlv'-'9tl:711t[1t[1ti+la~~-,tk) f0r0<i<k+1, and
(tlv"'9tk10) fOri=k+l,

€:Ar—> A1, (b, ... )+ (b, ..., 6 1,5, 41, ..., t), respectively.
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The ith vertex v; of Ay is the point

(1,...,1,0,...,0) € A
————— ——

itimes k—itimes

The simplicial set of (smooth) singular chains Sing(M) of M is given by
Sing (M) :=C*(Ag, M).

The simplicial structure maps {d;} and {s;} are defined via d, :=9; and s; :=¢€/.
Observe that the maps P; and Q;, which send an element Sing(M) to its back and

front face, respectively, are equal to the pull-backs of

U A — A, (t,....t)—~({1,...,1,t,...,) and

ViiAi—> Ay, (t,....65)—(t,...,4,0,...,0), respectively. O
Definition 3.15. Let M be a manifold. The dg-algebra of (smooth) singular cochains
(C(M), §, V) consists of:

(1) the graded vector space C (M) of linear functionals on the vector space gen-
erated by Sing(M) over R;
(2) the differential § defined by

k k

(¢)(0) =Y (~Di(d¢)(0) ==Y (~1)'¢(d;0);

i=0 i=0

(3) the cup product U defined by
(@ UP)(0) = (Vo) (U}o). O
Definition 3.16. For each k> 0, the map
O IF! = PA,
is defined to be the composition

Ao Py

1! PIk PAy.
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Here my: IF — Ag is given by mi(xy, ..., x¢) := (t1, . . ., t), with components
t;, ;= max{x, ..., X}.

The map i : I¥! — PI* is defined by sending a point (x, ..., X 1) to the path which
goes backward through the following k + 1 points:

0 <« x1e < (x18] +X28) < - < (X161 + -+ Xp_161) < (X181 + - + X161 + €r),

where (e, ..., e,) denotes the standard basis of R™. In other words, for j=0, ..., k, we set

J
Ao (X1, .o, Xk—1) (T) =xye + -+ xjej,

where x; = 1, and interpolate linearly.
By convention, ©, is the map from a point to a point.
We shall denote the map adjoint to O by Ok : I¥ — A O

Remark 3.17. Let us mention some properties of the maps O,:

(1) The maps O, are piecewise linear but not smooth. However, one can smooth
them via reparameterizations. The reparameterization invariance of ele-
ments in the image of Chen’s map then guarantees that, for all our purposes,
the maps O, behave as if they were smooth.

(2) One can check that the degree of the map @ IF — A is (—1)", that is,

J Ofa = (—1)’<J o
I* Ak

for every differential form « € £2(Ag).
(3) The image of @y lies in the subset P(Ag, v, vg) of paths starting at the last

vertex vy and ending at the zeroth vertex vy.

The key properties of the maps ®, are described in the following lemma from [17]. O
Lemma 3.18. The sequence of maps
O IF - PA

satisfies the following properties.
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(1) For1l=<i<k—1thediagram

;" Ow
=2 —— k1 ——— P(Ag, v, vo)

Ok-1) l T Pd;

P(Ak-1, Vi1, v0) P(Ak-1, Vi1, v0)

commutes, where the maps are as follows:

@ 8 1> Mis (x, . e 2) > (X X1, 0, X, X 2);

(ii) ¢; is the map induced by the following piecewise smooth repa-

rameterization

kt —1-1
— forO<t< ,
k—1
k—i—-1 k—i—-1 k—1i

(1) .= fi <t<

¢i(t) 1 or ——=st=——.
kt—1 fork_i<t<1'
k—1 kK — —7

hence, éi 0 Op-1)=d; ® Ox_1);
(iii) Po; is the smooth map induced by the ith face map 9; : Ax_; > Ag.

(2) Forl<i<k-—1thediagram

3 Ok

i

=2 ——— &1 ——————— P(Ag, vk, vo)

- l T m
O i) X O (ki)

-1 x ki1 P(A;, vi, vo) x P(Ak_i, vi—i, vo),

commutes. Here u; is the concatenation map

Uk-i <ﬂ<kk_ti)> forOftsk;l,

G0 5) o

wier, B)(t) =
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and 9, : I*2 — 1%°! is given by
(X],...,kaz)f—)(Xl,...,)fifl,1,){1‘,...,Xk72). O

Lemma 3.19. Let u; be the ith concatenation map from Lemma 3.18 and sup-
pose ai, ..., a, are differential forms on Ax. Also, let f:X — P(4A;,v;,v) and g: Y —
P(Ak_i, vk—i, vo) be smooth maps. Then the following factorization property holds:

J (fx@"(u)C(sar ® - - - @ say)
XxY

n

=Z <J fCsVia ®-~-®sVi*al)) X (J g C(sU;_;a11 ®~-~®sU,j_ia,n)>.
X Y

1=0

Here we extended the map C to the augmented bar complex R & B(s$2(M)) by
setting

C(1):=1. -

Proof. The main observation is that the diagram

1

Al X Ap g x X xY (A x X) x (Ap X Y)
T
yix (idxxy) l i (f*)x(g*)
Apx X xY (AD! X (A"
(um(fk L%Uki)n_l
(A"

is commutative, where y; is

VA X A = Ap

(@ ) > (%iur
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It is easy to check that y; is injective in the interior of A; x A,_; and maps on to

k—i
k

An(l):={lztlz--~ztzz

Observe that the interiors of A,() are disjoint for different values of I and that the
union over all [ differs from A, by a set of measure zero only. Moreover, y; is orientation-
preserving.

Now we compute

J T © (F X V) (Bl A -~ A Platn)
XxY

=j (i o (F X @) (BLas A -+~ A Diaw)
Apx XxY

n

=0

J (i o (fFx D) (Piar A -+ A D)
Ap(H)xXxY

n

= J (7 x 1dxxv)* (i o (f X ) )*(Pia@r A - A Ppan)
1=0 A XAy xXXY

= nebamx | (f) % () p)"
=0

(A x X)X (Ap-1xY)

X (V) x (U= D*(Diar A -+ A Dian))

— i(_ 1)(n—l) dim X (J
1=0 4

xX

1

x (L Y(g?an)*(pi‘Uziliam A A piizUz?ian)>
n-1 X
n

=) (—1)hdimX (J @)D B VFa A A pl*vi*al))
X

=0

x (J (V) s (Gon1) " (PY U i@ A - -+ A p,’;lU;‘ian))-
Y

Taking the additional signs in the definition of Chen’s map C into account yields the

claimed factorization identity. |
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Definition 3.20. The map S: 2(PM) — sC (M) is the composition of

$2(PM) — C(M),

o> (0’ — J (@(k))*Pa*a) ,
Jk-1

and s:C(M) — sC(M). O
Remark 3.21. Let us evaluate the image of C(sa) under S on a k-simplex o : Ay — M:
S(Csa) (@)= | (©w)PrCisa=| (@) Cisa'a)
=J (O (c*a) = (—1)’<J o*a.
Ik Ak

Observe that this is valid only for k> 0, since C(s f) =0 for f a smooth function. O

3.3 An A version of de Rham's theorem

The aim of this paragraph is to show that the composition

B(s2(M))

QPM)

sC (M)

yields an A, quasi-isomorphism between the differential graded algebras (2 (M), —d, A)
and (C (M), 8, U); see also [15].

Proposition 3.22. Letay,..., a, be differential forms on M. Then the following equation
holds:

SdC(sa; ® - ®say)) =b(S(C(say @ - - - @ Say)))

n—1
+ ) B(S(Csa ®5@)) ® S(C(Sa11 @ -+ @ San))).

=1

Here b} and b, are the maps corresponding—at the level of the suspension—to
the differential and the multiplication of the dg-algebra C (M) of simplicial cochains. [J



The A, de Rham Theorem and Integration of Representations 3815

Proof. Let o be an arbitrary differential form on the path space PM and o : Ay — M be

a simplex. We want to compute

J d(O@) (Po)*« :J F(Ow)*(Po)a.
Ik-1 ]

Ik-1

Let 9 be the standard embeddings of I¥2 into I*"! as the top and bottom faces. Then

the expression above is equal to:

k—1 k-1
Y (Lkz(an*‘(@(k))*(Pa)*a) - > (Lk2<ai+)*(@(k))*(Pa)*a> .
i=1 i=1

We now take o« =C(sa; ® --- ® sa,). Using the commutativity of the first diagram in
Lemma 3.18, reparameterization invariance of differential forms in the image of Chen's

map C, and naturality of Chen's map, one concludes
Jk (af)*(@(k>)*(P0)*“=Jk (O@-1))"(Pdj o) o =S(a)(d;0).
2 2

Consequently, the strata of I¥~! given by the faces 3; I*"! yield

k-1
D (=1)/(S(C(sar ® - - ® 8an))) (3 0).

i=1

On the other hand, commutativity of the second diagram in Lemma 3.18 together

with Proposition 3.19 implies
J ) (0 (O (Po)*a= Z S(C(sa1 ® -+ ®@5@))(V;'0)S(C(S@+1 ® - - - ® San)) (Uy_;0).
ez 1=0

Summing over all the values of i, one obtains

k—1
G Vi (Lkzwb*(@(@)*(%)*a)
i=1

n—1

=) by(S(CEm ® - ®5a4) ® S(C(Sa1 ® -+ ® 3a1))(0)

=1

+S(C(sa1 ® - - - ® $a) (Uy_,10) + (—1)*S(C(sa ® - - - ® san)) (V" 0).
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n—1

=) Dy(SCsa ® - ®5a)) ® S(C(8a41 ® -+ ® Sa)))(0)
=1
+S(C6Ea ® - - ®5a)@50) + (~1)*S(Csa ® - -- ® 5@)) (3] 0). .
Definition 3.23. Given a smooth manifold M and n> 1, we define the map

Yn:$R2(M)®" — sC (M)

as follows.

(1) Forn=1, we set
W (@) : Ag— M) i= (—1)F (Lko*a> .
(2) Forn>1, we set
Yn(Say ® -+ - ®@Sap) :=(SoC)(sa; ® - - ® Say). O

Remark 3.24. Observe that v;(sa) coincides with (S o C)(sa), except for the case when
a is of degree 0, that is, a function. In that case, (S o C)(sa) =0, while

(V1 (s@)) (0 : {(} — M) := a(o (0)). D

We now come to the main result of this section, originally established by Gugen-
heim [15].

Theorem 3.25 (Gugenheim). The sequence of maps

Yn (82(M)®" — sC (M)

gives an Ay, morphism from (£2(M), —d, A) to (C (M), §,U). Moreover, this morphism is
a quasi-isomorphism and the construction is natural with respect to pull-backs along

smooth maps. O
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Proof. Let sa; ® --- ® sa, be an element of the bar complex of the suspension of
(£2(M), —d, N). By Theorem 3.10, the following equation holds:
d(C(sa; ® -+~ ®San)) = C(D(sa; ® - ® Sap)) + evi(a) A C(Sa ® - - - ® Say)

— (Dl HenlGse @ - @ san1) A evi(an).
On the other hand, Proposition 3.22 asserts that

S(dC(sa1 ® --- ®san) =b((SoC)(sa; ® - - - ® say))

n—1

+) Dy(SoC)sa ® - ®5a) ® (SoC) (S ® - ® Say)).
=1

Together, these two equations yield

(SoC)(D(sa;1 ® - ®8ay) =b((SoC)(say ® - - - ® San))
n—1
+ Y By((SoC)sam ®- - ®5a) ® (S0 C)(S@1 ® -+ ® Say))
I=1

—S(evi(m) AC(sa, ® - - - ® San))

+ (—DlttHalS(Csa © - ® sap1) A evy(ap)).
Direct computations lead to
S(evi(a) AC(saz ® - - Q@ san)) = —by(Y1(5a1) @ (S0 C)(sa, ® - - - ® Sap))
for |a;| =0 and
SC(sa1 ® -+ ® 8an-1) A eV(an) = (— 1)@ 1411, (S0 C) (5@, ® -+ @ San-1) ® Y1 (San))

for |a,| =0, respectively. For |a;| > 0 (respectively, |a,| > 0), the first (second) expression

vanishes. Thus, we obtain

n
Y o(=nlett ey, (sa @ - @ 561 @ S(—dai) ® Sa;41 ® -+ ® Say)

i=1

n—1

+ Y (—prttEly, (sa @ @81 ®S(ar A1) ®SAiy2 ® - ® Say)

i=1
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=(SoC)D(sa; ® - - ® Say))

n—1

=D, (Yn(S@ ® -~ @A) + Y _ by (Y1(S®1 ® -+ ®SA) ® Y 1(SH11 ® -+ ® SA)),
=1

which is precisely the structure equation for an A,, morphism.

We remark that, strictly speaking, the above argument is not valid for the case
n=2 with both @, and a, of degree 0, that is, smooth functions. However, in this case, the
defining relation for ¢ being an A, morphism is equivalent to the fact that (a;a)(x) =
a; (x)ay(x) for every point x € M.

The fact that the linear component

Y1 (82(M)* ! — (sC(M))* T,

o (om0 )

of the A, morphism ¢ induces an isomorphism in cohomology is the content of the
usual de Rham theorem. The naturality of the construction follows from the naturality
of S and C. [ |

Remark 3.26. Let A be a Lie algebroid. One can use v to define an A,, morphism 4
from (2(A) =T (AA*), —d, N) to (C(A4), s,V). Here C(4) is the dg algebra of cochains of
the simplicial set (Homyje_aig(T Ak, A))k=0-

The nth component of 4 is given by

(Y (sa1 ® -+ @ Sap), o) 1= (Yu(So*a; ® - - - ® S0 *ary), ida,),

where o1, ..., 0, € 2(4) and o : TAx — Ais a Lie algebroid morphism.
Observe that if A is not transitive, ¥4 fails in general to be an A, quasi-

isomorphism. 0

Proposition 3.27. The A, quasi-isomorphism i has the following properties:

(1) ¢ (sf) =sf for every function f e 2°(M);
(2) for n>1, yyu(sa; ® --- ® sa,) vanishes, whenever one of the elements @; is a

function;
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(3) the image of ¥, lies in the subspace C (M) of normalized simplicial cochains,

that is, the space of cochains that vanish on degenerate simplices. O

Proof. The first two claims are direct consequences of the definition of ¥ and the prop-

erties of Chen’s map C. Let us now prove the last claim. We need to show that
Un(Sa ® -+ - ® San)(e,0) =0,

where € : Ay — Ay_; is the Ith degeneracy map. Since

Un(sa1 ® - - - ® Sap)(ef0) = iJ (O (€M (pio* (@) A+ A Pho™(an)),

Apx Ikl

it is sufficient to show that the differential of

(Or) "

Agx IFl ———————— (A" —————— (A1)

is singular almost everywhere.
Fix a point (ti,...,t, X1, ..., Xk_1) € Ap x I¥1. We assume without loss of gener-

ality that each of the variables t,, lies in an open interval of the form

k—in k—in+1
k k '

where i,, is an integer satisfying 1 <i,, <k.

Evaluating (@r)m on (f1, ..., t, X1, . .., Xk—1) Yields an element of (Ax)" whose pro-

jection on to the mth copy is given by

(maX{Xl? LR} )(im*17 Ym}s e max{)(imfls Ym}v Ym» 6)7

with y, 1= k(ty, — k*ki'" )x;, . We can assume without loss of generality that all the variables
(X1,...,Xn, V1, ..., V) are pairwise different.
Now, consider the effect of applying the degeneracy map ¢ :Ax— A1 to

all the components of () (t, ..., t, X1, ..., Xk—1). The remaining expressions which
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(potentially) depend on x and (%»);,—; also depend on x_;, that is, we get either

expressions of the form
max{xj,...,X-1,%,...} Or max {X]‘, e X1, k(tm — —)Xl 6}
with j <l —1, or expressions independent of x; and (¢y);,—;. Hence, for
(€)oo Or)m) (s .-\ by, X1y - - o, Xn)
to depend on (x, (tm)i,,—1), we need
X1 < k(tm — %) x; for all m with i,, =1, and x_; <x.
Observe that this means that x;_; can only appear through expressions of the form

k—1-1 S
max{...,k(tm—T>Xz_1,0},

where i, =1 — 1. Therefore, the restriction of the differential of (¢)" o (®) ) at the point

(t1,...,ts, X1, ..., Xx_1) to the subspace spanned by
()
%1 \0tm /;
is not injective, and neither is the differential on the whole tangent space. |

4 The Integration A, Functor

In this section, the integration [[E] of a representation up to homotopy E, which satis-
fies a certain finiteness condition (see Definition 4.7), is defined. The key concept is the

holonomy map

o+ Hol(o, E),

which assigns a linear map Hol(o, E) € Hom'%(E,,), Es(y) to every k-simplex
o:TA— A.
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The main results are the following.
(1) The assignment

o+ Hol(o, E)

defines a unital representation up to homotopy of I7,,(A) (Theorem 4.14).

(2) The integration map
J : Rep™(A) > Rep™ ([T (A)),

E+— Hol(—, E)

can be extended naturally to an A, functor of dg-categories (Theorem 4.19).
Before proving these results, we need to establish one more property of the A,
quasi-isomorphism

Y (2(M), —d, N) = (C(M), 8, V).

4.1 Gauge invariance

Let M be a smooth manifold and V be a finite-dimensional graded vector space. We

denote by " the A, morphism
Y :=1dgnav ® ¥ :End V ® (2(M), —d, A) > End V ® C (M).

In this paragraph, we will show that this Ay, morphism is natural with respect
to the gauge action. It turns out that this is a consequence of general arguments regard-
ing A, morphisms between differential graded algebras. This fact will imply that the
holonomies Hol(o, E), associated to elements of I1,,(A), are independent of the trivial-

ization of the graded vector bundle ¢*E.

Remark 4.1. Let A and B be differential graded algebras with unit. A Maurer-Cartan
element ue A! gives rise to a differential graded algebra A, with the same multiplication

and twisted differential

dya):=da+unra—(-1)%nAu

Observe that this is a special instance of the twisting procedure of A, -algebras

described in Appendix A.2.
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Given an A, morphism ¢ : A — B, we set

Y (w:=s" (Z wk<su®">> :

k>1

provided the sum converges. By Proposition A.13, ¥ (u) is a Maurer-Cartan element of B.

As explained in Appendix A.2, there is an A, morphism

Yo Ay — BW(u),

with structure maps (), given by

Wun(sa @ -+ - Q Sap) 1= Z Ynilpt--+1,(SW™ @ 8a1 ® -+ @ 54, ® (SW™).
l0>0,....[,>0

We assume the convergence of this sum. O

Definition 4.2. Let A* be the group of invertible elements of A that are of degree 0 and
let MC(A) be the set of Maurer-Cartan elements of A. O

Remark 4.3. Observe that there is a map
A* — MC(A),
fup:= fdf.

Conjugation by feA*
¢r@:=f'af

yields an isomorphism of differential graded algebras
¢f A— Auf. O

Proposition 4.4. Let ¥ :A— B be an A,, morphism between two differential graded

algebras with unit and let | be a subgroup of A*. Assume that:

(1) the map ¥, sends the unit to the unit;

(2) forn>1, yu(sa; ® --- ® sa,) vanishes whenever one of the g; lies in I.
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Then, for any element f €, the following properties are satisfied:

(1)
(2)
(3)

the element v, (f) has an inverse given by v (f~1);

¥ (ur) equals uy, 5.
the diagram

is commutative.

Proof. For the first claim, we use the fact that v is a morphism to compute

0=bY2(sfisf ) +by(Y1(HRVY1(f ) —va(sdf ®@sf )+ Ya(sfRsd(f 1))

—Yiba(sf®sf)

=b,(Y1(H @Y1 (f) —viba(sf@sf =0, (H @y (f1) +sl.

In order to establish the second claim, we first have to show that

W,p=v1(H AW (f) and Y(up) =) vr((sfdNH®H

k>1

3823

are equal. To this end, one observes that evaluating the structure equations for ¢ being

an A,, morphism on the element

yields

by(Y1 (5 f) @ (S F1dN®X) = Yi 1 (sdf @ (SF1dPPF) — yr(sdf @ (sf1dfH®F D),

and hence

sf®(sf'dH®*

Y B @ il £ dN®) =~y (sdf),

k>1

which is equivalent to uy, s =¥ (uy).
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In a similar manner, one proves the following equations:

D B, ) @ Y (s AN @ s(f'af) ® D)) = —yi1(s(af) ® D),

=0

Z Vierksi2(C @ s(af) ® (s AN @ s(f'bf) ® D) = Yie4x12(C @ sa® s(bf) ® D),

>0

D Vkun € ®s@h) @ 6f 1 dNH®) = (D, Y11 € @ 50) @ Y (s ),

>0

where C € (SA)¥ and D € (SA)* are arbitrary homogeneous elements of the bar complex

B(sA4) = @(sA)®k.

k>1

Together, these equations imply

Y B @ Vit ian(S AN @S(f T ) @ (s AHh

1,>0,...,1,>0
®--®@s(flanf) ® (sf1dNH®M))

= (D@l (s ® -+ ® san) ® Y (s ),
which is another way to express

Yu, 0=y, (fov. u

Definition 4.5. The gauge action of a differential graded algebra A is the right action

of the group of invertible elements A* of degree O on the set A given by

ae f:=flaf + fdf -

Corollary 4.6. Let M be a smooth manifold and ¥V be a finite-dimensional graded vector

space. We denote by vV the A,, morphism

YV i=idgnav @ ¥ :End V ® (2(M), —d, A) - End V ® C (M),
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given by the tensor product of idghqy and the A, quasi-isomorphism ; see
Appendix A.2.

Then the following conditions are satisfied.
(1) For any ac End V ® £2(M), the sequence

v (@ =) sy (sa)®)

k>1

converges, in the sense that evaluating every term of the above sum on some
fixed simplex yields a sum of endomorphisms which converges absolutely.

(2) The map ar ¥E(a) is equivariant with respect to the gauge action restricted
to |:= (End V)° ® C*(M), namely

vE@ae H=yF@e f

for all f e l. Here we use the fact that | can be seen as a subgroup of the group
of invertible elements of End V ® (2(M), —d, A) and End V ® C (M), respec-
tively. |

Proof. The first claim follows from a simple bound that one obtains from the fact that
the volume of the n-simplex is % The second claim is a formal consequence of Proposi-

tion 4.4, since Proposition 3.27 implies that /" satisfies the hypothesis there. |

4.2 Integration of representations up to homotopy

In this paragraph, we show that the A,, quasi-isomorphism 1 from the de Rham algebra
to the algebra of singular cochains, which was constructed in Section 3, can be used to

integrate representations up to homotopy that satisfy a finiteness condition.

Definition 4.7. A representation up to homotopy E is of finite rank if the sum of the

ranks of the homogeneous components E; is finite. O
For such representations up to homotopy, we use i to define the holonomy

Hol(o, E)
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of a simplex o € I1,(A) with respect to some representation up to homotopy E of A.

Theorem 4.14 asserts that, in fact, the assignment
o +— Hol(o, E)

defines a representation up to homotopy of I7,.(A).

Before that, we have to modify slightly the map ¢, by reversing the orientations
in order to be consistent with Igusa’s conventions in [17], as well as the conventions of
Arias Abad and Crainic [2]. (The need for this change of orientation comes from the fact
that Igusa’s maps @, are maps from I*~! to the space of paths in Ay from v to vo. This
is consistent with the conventions for the nerve of a category in [2], where by a sequence
of composable arrows (g, ..., gr) we mean a sequence such that the target of g; is equal
to the source of g; ;. The discrepancy of these conventions with the usual orientations
of simplices and nerves forces us to introduce this change.)

Definition 4.8. Given a manifold M, we denote by C(M) the dg-algebra (C (M), s, U)
with:

(i) underlying vector space the space of smooth singular cochains C (M),
(ii) differential

§:CkM) — cH (M, 5= (—1)Fs,

and
(iii) product given by
aUB:= (=) Pl U B.

Let i be the natural isomorphism of differential graded algebras

i:C(M)— C(M),

le| (| —1)
a—> (-1 2 «a,

and t be the natural isomorphism of differential graded algebras

7:(R2M), d, N) — (£2,—d, N)

n> (=D,
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We define
Vi=ioyor.

Clearly, ¥ : ($2(M), d, A) — C (M) is an A, quasi-isomorphism. Moreover, its components
U : $2(M)®" — sC (M) are given by

k(k—=1)

Un(Sa ® - ®8ay) = (=1)" 7 *ly(sa; @ - ® say),

where k=[q;]+ - + [a,] + 1. O

Remark 4.9. Let M be a manifold and V be a finite-dimensional graded vector space.
We identify the vector space End V ® C (M) with the space of cochains on M with values
in End V as follows. For an element ¢ ® n € End V ® C*(M) and a k-simplex o in M, we set

(@ ®n)(o) :=¢n(c) €eEnd V.
A simple computation shows that if « € End'V ® C¥(M) and B € End' V ® C¥ (M), then
(@UB)(0) = (D" (Vo)) 0 BT (0)). O
Proposition 4.10. Let M be a smooth manifold and V be a finite-dimensional graded
vector space.

(a) There is a natural bijective correspondence between

(1) Maurer-Cartan elements in the dg-algebra End V ® C (M);

(2) representations up to homotopy of the simplicial set T, (M) :=
Sing(M), such that the graded vector space associated to every
point is V.

The correspondence is given by
a—~>1+aeEndV®C(M).

Here 1 is the 1-cochain with values in End V, which associates the identity
to every 1-simplex.
(b) Suppose that E and E’ are representations up to homotopy of I1,,(M) on

trivial vector bundles M x V and M x V’, respectively. Then there is a natural
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isomorphism of vector spaces:
Hom(V, V') ® C(M) = Hom(E, E'),

where Hom(E, E’) denotes the complex of morphisms between E and E’.
Under this identification, the operator D:Hom(E, E’) - Hom(E, E’)

corresponds to the map

Hom(V, V) ® C(M) - Hom(V, V') ® C (M)
N> 8n+a'Un — (=D)"yUe,
where o and «’ are the Maurer-Cartan elements corresponding to E and E’,
respectively, and the product is taken in the algebra End(V @ V') ® C(M).

Moreover, under the identification, composition corresponds to the produet
in the algebra End(V @ V' @ V") ® C (M).

Proof. We write F =1 + «. The fact that « is a Maurer-Cartan element is equivalent to
S(F—1)+ (F -1)UF —1)=0.
Since —1 is a Maurer—Cartan element of End V ® C (M), this equation becomes
§(F) + (F)U(F) — 1UF — FU1 =0. (3)
We know that F can be written as a sum of homogeneous components

F=Fy+F+F+- -

where Fj € End' *(v) ® Ck(M). Looking at the homogeneous components, Equation (3) is

equivalent to the sequence of equations

§(Fien)+ Y F;0F; —10F; — F,01=0.
i+j=k

Using the fact that 1UF;_; = (—1)*1(id ® d})(Fx_1) and Fx_,Ul = —(id ® &)(Fx_1), we

obtain that the equation above is equivalent to

k—1

YDA ®@ &) (Fron) + Y FjOF; =0.

i=1 i+j=k
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This equations are precisely the defining relations of a representation up to homotopy.
This concludes the proof of the first statement.

For the second statement, we take an element

n=no+n-+mn+---

in (Hom(V, V') ® C(M))" and evaluate 55 + «’Uy — (—1)"7U« on a k-simplex o.

60 +o'Op — (=D)™0a)(0) = [ dmes + Y @jOni— D (=1)";0w | (o)

i+j=k i+j=k
k—1
=D D" Hdaded)ma + Y FjOn | (o)
i=1 i+j=k

— Y (=D)™n;UF)(0)

itj=k
k-

Z( D M1 (di(o) + Y (=DIFj U i(o)
]_

= i+j=k

+ > (=)™ U Fi(o).

itj=k

The last expression is precisely the formula for the differential on the spaces of
morphisms defined in Equation (2). The remaining statements follow from similar

computations. [}

Definition 4.11. Let E be a representation up to homotopy of a Lie algebroid A and
suppose that E is of finite rank.
The holonomy Hol(o, E) of a simplex ¢ : TAx — A of 1, (4) is the linear map

Hol(c, E) : Eswo = Eoy)

of degree 1 — k defined as follows.

(1) Pull back the representation up to homotopy along o and choose a trivializa-
tion
h:c*"EZ A xV

of the graded vector bundle 6*E — Ay.
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(2) By Proposition A.5, the representation up to homotopy on Ax x V corre-
sponds to a Maurer-Cartan element w of End V ® £2(Ag). Apply the A, quasi-

isomorphism

YV EndV ® R2(Ar) — End V ® C(Ay)

to w. This yields a cochain ¥V (w) on A; with values in End V.
(3) Evaluating this cochain on the fundamental cycle [Ag] := (id : Ay — Ag) gives
an element of End V, which we interpret as a linear map from the fiber of

Ag x V over v to the fiber over vy. Finally, we set

Hol(o, E) :=h;' o (V" (@), [AL]) 0 hy,. O

Lemma 4.12. The holonomy Hol(o, E) of a simplex o € IT,,(A) is well defined. O

Proof. We have to prove that the linear map Hol(o, E) is independent of the chosen
trivialization h:o*E = A x V. Changing the trivialization can be encoded in an auto-

morphism of graded vector bundles

f!AkX V—)AkX Vu

which can also be seen as an invertible element of the dg-algebra End V ® 2 (Ag).

If one uses the trivialization f~! o h, the Maurer-Cartan element » changes to

o'=flof+ fldf=we f

Using Corollary 4.6, we compute

(I+y (e N, [Ad) = (1 + ¥V (w) o f [AL])
=(1+ 8 £ 1Ad) + (f 'Oy Y (@)U f, [Ak])
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= 71 (wo) o (L, [AK]) o f(ve) + 1 (vo) o (¥ (@), [Ak]) o f(vp)
= £ (wo) o (L + 9" (@), [AD) o f(wp).

This means that different choices of trivializations lead to linear maps, which

are related by conjugation. Consequently,
Hol(o, E) :=h, o (¥ (). [Ad) © Py,
is independent of the trivialization. |

Remark 4.13. (1) The definition of the holonomy Hol(c, —) of a simplex o : TAr — A does
not make use of all the defining properties of a representation up to homotopy. In fact,
it only uses the fact that the structure operators of the pull-back ¢*E = Ay x V can be
naturally assembled into a differential form » with values in End V. This is possible

because the linear operator
D: (A E)— Q(A, E)1],
which encodes the representation up to homotopy, satisfies the graded derivation rule
D(wn) = d(@)n + (=Dl wD ().

Hence, our definition of holonomy can be extended to Z-graded A-connections, that is,
linear operators D of 2(A, E) of degree 1, which satisfy the graded derivation rule, but

do not necessarily square to zero.

(2) Any connection V on a vector bundle E — M gives rise to a Z-graded T M-
connection
av:R2(A E)— Q(A E),

via the Chevalley-Eilenberg formula

dn(ar, ... omeD) = ) (=D nler agl, iy @ )

i<j

+ 3 D Vgn(@i L G ).
i
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We claim that the holonomy
HOI()/, E) : Ey(l) — EV(O)

associated to a path y is equal to the parallel transport of V along
t—y(1—1).
To see this, we pick a trivialization y*E = I x V and write

y*V =d+ a(t) dt.
Evaluating the cochain
Uy (5@)") = (=)™, (s@)™) = (=1)(S 0 C)((s®)™)
on the fundamental cycle [I] = (id: I — I) yields

J a(l —t)) o oa(l —t)dfy - - di,.
12t > 26,20

Hence—up to the identification o*E =1 x V—Hol(y, E) is given by

H::idv+Z<J

n>1

a(l—tl)o-~-oa(l—tn)dtl--~dtn>.

1262220

Observe that the 1-parameter family of endomorphisms
Hz::idv‘f‘Z(J a(l—tl)o...oa(l—tn)dtl,,,dtn>
=1 \Jizti>24,20

satisfies

Hy=idy and C%tha(l—t)oHt,

which is the differential equation defining the parallel transport of V along
t (1 —10). O

Theorem 4.14. Let Abe a Lie algebroid and E be a representation up to homotopy of A

which has finite rank.
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The assignments

(I1o(A))o 3 X Ex,

IT..(4) 3 0 — Fi(o) :=Hol(o, E)
define a unital representation up to homotopy of the co-groupoid I71,,(4) of A. |

Proof. We can assume that o*E is trivial, that is, c*E = Ay x V. Since w is a Maurer—
Cartan element of End V ® £2(Ax), so is ¢V (w) for End V ® C(Ax). By Proposition 4.10,
such a Maurer-Cartan element corresponds uniquely to a representation up to homo-
topy of I1,(Ax) =Sing(Ag). The defining relations of such a representation up to homo-
topy yvield the defining relations for Hol(—, E) being a representation up to homotopy,
evaluated on the simplex o.

Unitality follows from part (3) of Proposition 3.27. |
Definition 4.15. Let A be a Lie algebroid. The integration map
J : Rep™(A) — Rep™ (I (A)

assigns to any representation up to homotopy E of A the representation up to homotopy
JIE] of T (A). O

Remark 4.16. Every morphism of Lie algebroids f: A— B yields a dg-functor
f*:Rep™(B) — Rep™(A),
as well as a morphism of simplicial sets
My f: [ (A) — I (B),
which, in turn, yields

(Moo f)* : Rep™ (Mo (B)) — Rep™ (Moo (A)).
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The map [ is natural with respect to the pull-back, that is, the diagram

A (1700 f)* A
Rep™ (1 (B)) Rep™(I1x(4))
(1 1
rr
Rep>(B) Rep™(4)
commutes. O

4.3 The A, functor

Next, we extend the map

J :Rep™(A) > Rep™ (o (A))

E+— J[E] :=Hol(—, E),
which was defined in the previous subsection, to an A, functor of dg-categories
J :Rep™(4A) > Rep™ (Mo (A)).
The structure maps
L :sHom(E,, Eo) ® - -+ ® sHom(Ey, Ey 1) — SHom(Ey, Eo)

of this A, functor are given in terms of the holonomy Hol(o, ¢1, ..., ¢,) of a simplex

o : TAy — A with respect to a chain of composable morphisms

¢71 ¢n
EO S — E] Enfl < En.
Definition 4.17. Let E1, ..., E, be representations up to homotopy of a Lie algebroid A4,

each of finite rank, and ¢; : E; — E;_; morphisms in Rep®(A4).
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The holonomy Hol(o, ¢1, ..., ¢p) of a simplex o : TAx — A is the linear map

HOI(Os ¢11 RN ¢n) . En|a(vk) - EOla(uU)

of degree [¢1] + - - - + [¢pn] — k+ 1 defined as follows.

(1) Pull back the representations up to homotopy E; and all the morphisms ¢;

along o and choose a trivialization
h:io*(Eg®  OE)=Arx Vo® - ® V) =: A x V.

(2) By Proposition A.5, the representations up to homotopy on Ay x V; corre-
spond to a Maurer-Cartan element o' of End V ® £2(Ay), while the morphisms
correspond to elements 1 € Hom(V;, Vi_;) ® £2(Ay).

(3) Apply the A quasi-isomorphism

YV EndV ® 2(Ar) - End V ® C(Ay)
to 2:=wo+ -+ wp+n1 + -+, This yields a cochain ¥V (£2) on A; with
values in End V.
(4) Evaluating this cochain on the fundamental cycle [A] gives an element in
End V. We define Hol(o, ¢1, ..., ¢,) to be the composition
by BV (2).A1) hyg
En|a(vk) Vv 14 E0|o(vg)~ |:|
Lemma 4.18. The holonomy Hol(o, ¢1, ..., ¢,) is well defined. O
Proof. The proof is literally the same as the one of Lemma 4.12. |

Theorem 4.19. Let Abe a Lie algebroid. The assignments

Rep™®(A4) 5> E — J[E] € Rep™ (s (4))
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and

J :sHom(E,, Eo) ® - - - @ SHom(Ey, Ey—1) — SHom(Ey, Eo),
n

$1 Q- @ pnt—>s(HOl(—, @1, ..., dn))

define an A, functor

J : Rep™(A) — Rep™ (I (A))

between the dg-category of representations up to homotopy of A and the dg-category of
unital representations up to homotopy of I1,.(A). O

Proof. We need to prove the equations

ﬂ;oL+ > ﬂéo(J‘@)‘[‘): > J o(id® ® g ® 1d®)

i J n

i+j=n i+j+1=n
+ Y | e s eid) @)
it+j+2=n’n"1

where the operators

B; : sHom (J[E"]’ J[E0]> — sHom <J'[En]7 J[Eo]> ,
B, : sHom (J[Ei], J [E0]> ® sHom (J[En], J[Ed) — sHom (J[En], J[Eo]> ,

ﬂl :SM(Ei+la El) - SHOm(Ei+1, El)v and

B2 :sHom(Ej,1, E;) @ sSHom(E; 2, E; 1) — SHom(E; 2, E;),

are the maps corresponding to the composition and the differential on the spaces of
morphisms at the level of the suspension.

It suffices to show that the right- and left-hand side of (4) evaluate to the same
linear map on all simplices in I7,,(A). Since the construction is natural with respect to
the pull-back, we may assume that A= T Ay and that the simplex o is the fundamen-
tal cochain [Ag] = (id : Ax — Ag). Moreover, by Lemma 4.18, we can assume that all the

graded vector bundles E; are trivial, that is, E; = Ay x V;.
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In this situation, Propositions A.5 and 4.10 provide natural identifications of

graded vector spaces:

Hom(E;, Ej) =Hom(V;, V;) ® £2(Ap),

Hom (J[EL], J[Eﬂ) =Hom(V;, V;) ® C(Ag).

Under these identifications, composition of operators corresponds to multiplication in
the algebras End V ® £2(A) and End V ® C (Ay), respectively. Also, the differentials

6 :Hom(E;, Ej) - Hom(E;, Ej)

D :Hom (J[Ei], J[Ej]> — Hom (J[Ei]a J[Ef]>

and

correspond to

Hom(V;, V;) ® $2(Ar)s — Hom(V;, V) ® £2(A),

ndn+ o’ Anp—(=1)"y Ao
and
Hom(V;, V) ® C(Ay) — Hom(V;, V) ® C(Ayp),
ps S+ a/Op — (=) p0a,

where o' and o' are the Maurer-Cartan elements corresponding to the representations
up to homotopy E; and [[E;].

We observe that the map [, corresponds to

J :s(Hom(V;, Vo) ® 2(Ap) @ -+ ® s(Hom(Vy, V1) ® 2(Ap) — s(Hom(Vy,, Vo) @ C (Ap))
n
given by the formula

'@ @snM > Y a(50”) @sn' @ @ sn" @ (s,
1p>0,...,[,>0
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Let us define w=w’+ -+ 0"cEndV ® 2(Ay) and a=ag+ - +ap,c End V ® C(Ay).
Clearly, w and o are Maurer-Cartan elements and are related by /" () =a.

Let b, and b, be the operators corresponding to the products on End V ® £2(Ax)
and End V ® C(Ay) at the level of the suspension and b, and b} correspond to the twisted

differentials d, and §,, respectively. We need to prove

bgoj + Y b’zo<J ®J>: 3 J o (4% @ by ®1d®)
n itj=n i J i+j+1=n""

+ ) J o (1d® ® b, ®1d®/). (5)
i+j+2=n’ "1
For this we note that this is exactly the component in Hom(V,, V) of the equations for
the twist ¥ of ¥V by o to be an A, morphism. [ |
5 Examples
In the following, we describe some examples of representations up to homotopy of Lie
algebroids to which the A, functor
J 1 Rep™(A) > Rep™ (I (A)

can be applied.

5.1 Parallel transport for superconnections

The situation where the Lie algebroid is the tangent bundle TM of a manifold M has been
studied by Igusa [17] and Block-Smith [6], and was the starting point of our work. In this
case, representations up to homotopy are precisely the Z-graded versions of Quillen's

flat superconnections [21]. Since

Hompgca(£2(T M), $2(Ag)) = Homes (Ag, M),

we know that

M (T M) = Sing(M).

Thus, integrating a representation up to homotopy of the tangent Lie algebroid

TM amounts to assigning holonomies to smooth singular chains on M. As explained
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in [6], this procedure is a generalization of the Riemann-Hilbert correspondence. Just
as flat connections correspond, via holonomy, to representations of the fundamental
groupoid of M, flat superconnections correspond to representations up to homotopy of
the infinity groupoid of M.

5.2 Ordinary representations

Let A be an integrable Lie algebroid with integrating source simply connected Lie

groupoid G. By Lie's second theorem for Lie algebroids, every 1-simplex
o € Homyje-aig(T1, A) = Hompgca($2(4), $2(1))
integrates to a morphism of Lie groupoids
6:IxI—G

from the pair groupoid of I to G. We set the target (source) map to be the projection on
to the first (second) factor, respectively.
Let 7(o) be the value of 6 on (1,0) € I x I, that is,

t(0):=06(1,0).
One obtains a morphism of simplicial sets
7 [ (A) — NG
from the co-groupoid I71,,(A) of A to the nerve NG of the Lie groupoid G by setting
(o) :=(t(o1), ..., T(0%)).

Here, o is a k-simplex in I1,,(A) and o; is the 1-simplex given by the edge joining v; and

v;_1; that is: the 1-simplex given by pre-composing o with (the tangent map of)

t—(1,...,1,1-1¢0,...,0).
——

i-1 times
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The morphism 7 : [T, (A) — NG induces a functor of dg-categories
7% : Rep™(G) — Rep®(NG) — Rep™ (1 (A)).
The inclusion ﬁep‘”(G) — 7Azep°°(N G) reflects the fact that we require the graded vector

spaces (Ex)xey underlying a representation up to homotopy of a Lie groupoid G over M

to fit into a graded vector bundle E.

Proposition 5.1. Let E be an ordinary representation of the Lie algebroid A and denote
by E the corresponding representation of G.
Then

T'E = J[E]
holds in Rep™ (1 (4)). O

Proof. By degree reasons, we know that the only nontrivial structure operator for [[E]
is F;. Clearly, the same is true for 7*(E). Let us denote by u: G — End E the structure
operator for the representation E. We need to prove that, for any one simplex o : TI — A,

one has

Fy(o) =p(m(o)).

The naturality of the integration construction—see Remark 4.16—implies
Fi(0) =FE(o oid) = F7 ®(id).

We denote by 6:I x I — End(c*E) the structure map corresponding to the representa-

tion that integrates o*E and observe that since § = 1 0 6, we know that
0(1,0) = pu(a(1,0)) = u(o1(1, 0)) = u(n (o))
holds. Thus, it is sufficient to prove that

F{®d)=0(1,0),



The A, de Rham Theorem and Integration of Representations 3841

that is, we may assume without loss of generality A= TI and o =id. In this case, the
statement reduces to the fact that the holonomy of a path is given by parallel transport

along the direction-reversed path; see Remark 4.13. [ |
Remark 5.2. The differentiation functor
¥ : Rep™(G) — Rep™®(A)

constructed in [4] can be extended naturally to a dg-functor. The definition of ¥ involves
iterated differentiation and in a sense it is given by the inverse construction of the inte-
gration procedure described above. Proposition 5.1 shows that, when restricted to ordi-
nary representations, this is indeed the case. However, we would like to point out that

the diagram

Rep™(G) Rep™(ITx(A))

Rep™(4)

does not commute in general. We expect that it commutes up to homotopy, but this issue

will not be discussed here. O

5.3 Lie algebras and flat connections

Let us fix a finite-dimensional Lie algebra g and denote by G the simply connected Lie
group integrating it. We think of the Chevalley-Eilenberg complex CE(g) as the space of
functions on the dg-manifold g[1] determined by g.

The space of k-simplices on g

I (9)r = Hompgca(CE(g), £2(Ax))

can be naturally identified with the space of flat connections on the trivial G bundle over

Ag. In fact, any such map is in particular a map of graded commutative algebras, and
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since CE(g) is free as a graded commutative algebra, one obtains
Homgca(CE(g). 2(Ar) = Homyect (g%, 21 (Ap) Z g ® 2'(Ap).

One easily checks that the condition of commuting with the differential corresponds to
the Maurer-Cartan equation. We conclude that integrating a representation up to homo-
topy of a Lie algebra amounts to assigning holonomies to the spaces of flat connections

on the trivial G-bundles over the simplices.

5.4 The adjoint representation of a Lie algebroid

Given a Lie algebroid A, there is a representation up to homotopy ad(4) € Rep™(4)—
called the adjoint representation of A—which is well defined up to isomorphism. For

instance:

(1) if Ais a Lie algebra, ad(4) coincides with the usual adjoint representation ;

(2) if Ais a foliation, ad(A) is quasi-isomorphic to the Bott connection.

The cohomology associated to the adjoint representation measures the deformations of
the Lie algebroid structure, as one would expect from the Lie algebra case—see [3, 4, 12]
for more details.

In order to define the adjoint representation, one has to choose a connection V on
the vector bundle A. The adjoint representation of A induced by V is the representation
up to homotopy of A on the vector bundle A® TM, where A is in degree 0 and TM in

degree 1, given by the following structure operator:
D=9+ VP 4 Ky.

The differential 8 on the graded vector bundle is the anchor map of A, V3 is an A-
connection and Ky is an endomorphism-valued cochain. The latter two are defined by

the formulae

VIS (B) 1=V, (@) + la, B,
Vb3 (X) 1= p(Vx () + [p(a), XI,

Ky(a, p)(X) = Vx(la, B]) = [Vx(@), B = |, Vx(B)] = Ve x (@) + Vypasx ().
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This representation up to homotopy is denoted by ady(A). The isomorphism class of this

representation, which is independent of the connection V, is denoted by ad(4).

5.5 Poisson manifolds

Let P be a Poisson manifold with Poisson bivector field = € I'(A2TP). The cotangent
bundle T*P has the structure of a Lie algebroid with anchor map TP* — TP given by

contraction with 7 and bracket determined by the formula

[df, dgl = d{ f. g}.

The Poisson sigma model [8, 18, 22] is a two-dimensional topological field theory
associated to a Poisson manifold, whose perturbative quantization gives Kontsevich's
formula for a x-product of 7. Let us briefly recall the main ingredients of this theory: The
fields on an oriented surface ¥ are the vector bundle maps X: TX — T*P. It is conve-
nient to write X = (X, n), where X: X — P is the base map and n € I'(Hom(T X, X*(T*P))).

The action functional is
1
S(X,n):=| (n,dX)+ E(” o X,nAmn).
X

The classical solutions of this theory are those vector bundle maps that are Lie algebroid
morphisms from T'X to T*P.

We conclude that integrating a representation up to homotopy of the Lie alge-
broid T*P amounts to assigning holonomies to the classical fields of the Poisson sigma
model on the simplex. We hope to make the connection between the integration of repre-

sentations up to homotopy of T*P and the Poisson sigma model more precise elsewhere.

5.6 I (—) versus II1(—)

Remark 5.3. In Section 4, the integration [[E] of a representation up to homotopy E of
a Lie algebroid A was defined. It is a representation up to homotopy of the co-groupoid
I (A) of A.

Let us assume that A can be integrated to a source simply connected Lie

groupoid G, which is Hausdorff. In Subsection 5.2, a map of simplicial sets

w1 (A) — NG
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was constructed. One might wonder whether the above integrability assumption on A

implies that [ factors through =*, that is, whether it is possible to complete the diagram

Rep™®(G) Rep™ (M (A))

A
I
I
I
I
I
I

3?7

Rep>(4)

in a commutative way. Intuitively, one should not expect this to be the case, since G
only contains information about homotopy classes of A-paths and not about the higher
homotopies. In any case, we present an example that shows that this factorization is not

possible. O

Proposition 5.4. The integration [[E] of the representation up to homotopy E of TS?
associated to the graded vector bundle E = E° @ E! given by the trivial vector bundle

S? x R in both degrees, equipped with the structure operator
D=d+n,

where 1 € £2%(5?) is a volume form, viewed as an element of £2%(S?, Hom(E!, E?)), is not

quasi-isomorphic to any element of n*f%epo"(G). O

Remark 5.5. In order to prove the proposition, we need to introduce the cohomology

associated to a representation up to homotopy E of a simplicial set X,. O

Definition 5.6. Let E be a representation up to homotopy of X,. The cohomology of X,

with values in E is the graded vector space
H(X,, E):= HHom(R, E)),
where R denotes the trivial representation up to homotopy of X, on R. O

We can now proceed with the proof of Proposition 5.4.
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Proof. Observe that the source simply connected Lie groupoid integrating T'S? is the
pair groupoid S? x S?. Next, suppose that £ is a representation up to homotopy of G,
whose pull-back 7*€ is quasi-isomorphic to [[E]. By definition, this implies that the

fiberwise cohomologies are isomorphic, hence
H(Ex) =H(7*E)x) =EH <J[E]X) =H(Ey) =Ey=R® R[-1].

Since any representation up to homotopy can be transferred to its cohomology vector
bundle, we may assume without loss of generality that £ =R & R[-1].

By degree reasons, we know that the structure operator of £ is of the form
F, + F,.

Next, we claim that one can choose an automorphism of the vector bundle £ that conju-

gates F) to the identity. Indeed, choose a point x € S? and define the automorphism
¢:E—>E

by setting
¢ (y) = F1(y. X).

Since V is unital, one can easily check that id =¢~! o F; o ¢. Thus, we can further assume
F) =id.

The operator F, € C%(G) is a closed 2-cocycle of the pair groupoid S? x S2. Since
the nerve of this groupoid is contractible, we know that F, is exact and therefore £ is

isomorphic to the sum of trivial representations R & R[—1]. This implies
" (E)=Re R[-1].
We can now compute the cohomology associated to this representation:
H(ITo(TS?), 7€) = H(Sing(S?), R @ R[—1]) = H(S?) @ H(S*)[-1].
In particular, we observe that

H?(I1,o(TS%), n*E) = R.



3846 C. Arias Abad and F. Schatz

Since quasi-isomorphisms induce isomorphisms in cohomology, it is enough to prove
that

H’ (noo<Tsz), J[E])

vanishes, in order to contradict our assumption that 7*£ and [[E] are quasi-isomorphic.
Simple degree considerations imply that the only nontrivial structure operator
of [[Elis F, € C?(S%). We claim that [F;] # 0 € H*(S%). Indeed

Fy(o)==% L 0%, (Po)*(C(sn) =+ L o*n.

2

By de Rham'’s theorem, we conclude that F, is a nontrivial cohomology class.

To compute the cohomology of Sing(S?) with coefficients in [[E], we consider the
filtration of C(Sing(S?), [IE]) given by the cochain degree. It induces a spectral sequence
that converges to H(Sing(S?), JIE]) and whose second page is

0 0 0

H?%(5%) H?%(S?) 0
d

0 0 0

HO(S?) H%(S?) 0

The operator d, is given by multiplication with [F}] and since this class is not

zero, the second cohomology

H’ (HOO<T52), J[E])

vanishes. [ |
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Remark 5.7. Mimicking the arguments from above, one can prove that there is no rep-

resentation up to homotopy £ of G, whose image under the differentiation map

¥ : Rep™(G) — Rep™®(A)

from [4] equals E. In fact, if such an £ would exist, the cohomology class of w would be

in the image of the van Est map and would hence vanish, since H?(S? x S?) =0. O
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Appendix
Representations up to homotopy of Lie algebroids

We review the definitions and basic facts regarding representations up to homotopy
of Lie algebroids. More details on these constructions, as well as the proofs of the
results stated here, can be found in [3, 4]. Throughout the Appendix, A denotes a Lie
algebroid over a manifold M and all graded vector bundles are assumed to be of finite

rank.
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Remark A.1. Given a Lie algebroid 4, there is a differential graded algebra £2(4) =
I'(AA"), with differential defined via the Koszul formula

do(er, ... one) =Y (~D ooy, ajl. .G G k)

i<j

+ Z(—l)LJrle(ai)w(Oll, ooy Gy, O,
i

where p denotes the anchor map and Lx(f)= X(f) is the Lie derivative along vector

fields. The operator dis a coboundary operator (d? = 0) and satisfies the derivation rule
d(wn) = dw)n + (=D)Pwd(m),

for all w € 2P(A), n € 29(A).
Given a graded vector bundle E =@, _, E¥ over M, we denote by £2(4, E) the
space
I'(E® AAY),

graded with respect to the total degree. The wedge product gives this space the structure
of a graded commutative module over the algebra §2(A), that is, £2(A4, E) is a bimodule
over 2(A) and

oAn=(=1)"yAw

holds for w € 2%(A) and n € $2(A, E)P. For a detailed explanation of the sign conventions
used in the definition in the wedge product; see [3, Appendix]. In order to simplify the

notation, we will sometimes omit the wedge symbol. O

Definition A.2. A representation up to homotopy of A consists of a graded vector bun-

dle E over M and a linear operator
D:Q(A E)— Q(A, E),

which increases the total degree by 1 and satisfies D? =0, as well as the graded deriva-
tion rule

D(wn) = d(w)n + (-D*oD(n)

for all w € 2%(A), n € (A, E). O
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Remark A.3. The representations up to homotopy of A can be naturally organized into
a dg-category Rep™(A): A morphism ¢ : E — F between two representations up to homo-
topy of Ais a map

¢:2(A E)— Q2(A,F),

which is £2(A)-linear in the graded sense. We denote the space of all morphisms from
E to F by Hom(E, F). This is a graded vector space and we denote by Hom*(E, F) the

subspace of homogeneous elements of degree k. There is a differential
8 : Hom*(E, F) - Hom*'!(E, F)

given by the formula

8(¢)=Drop — (=1)*¢ o Dg.

Let Hom(E, F) be the space of morphisms of degree 0 that commute with the
differentials. Observe that

Hom(E, F) = Z°(Hom(E, F)).

As before, we implicitly assume here that the graded vector bundles underlying
objects of Rep™(A) are of finite rank. O

Remark A.4. Let E be a graded vector space. The space 2(4, E) = E ® £2(4) is a differ-
ential left module over the dg-algebra End E ® 2(A). Given w € End E ® §2(A), we denote
the corresponding operator on E ® 2(4) by wA. |

One can describe representations up to homotopy on trivial vector bundles as

follows.

Proposition A.5. Let A be a Lie algebroid over M and V be a finite-dimensional graded

vector space.
(a) There is a natural bijective correspondence between

(1) Maurer—Cartan elements of the dg-Lie algebra End E ® 2(4);
(2) representations up to homotopy of A on the trivial vector bundle
Mx V.
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The correspondence is given by
wr>d+oA.

(b) Suppose that E and E’ are representations up to homotopy on trivial vector

bundles M x V and M x V', respectively. There is a natural isomorphism

Hom(V, V') ® 2(A) =Hom(E, E').

n—=nAn.

Under this identification, the operator §:Hom(E, E') > Hom(E, E’) corre-

sponds to the map

Hom(V, V) ® 2(A) - Hom(V, V') ® 2(A)

n—>dnp+o An—(=D)"n Ao,

where @ and o' are the Maurer-Cartan elements corresponding to E and
E’ and the wedge product is taken in the algebra End(V & V') ® 2(4). Fur-
thermore, composition corresponds to multiplication in the algebra End(V &
Ve V") 2(4). U

A--algebras and morphisms

The notion of an Ay -algebra was introduced in the 1960s by Stasheff [24, 25], and has
since proved to be important in several areas of mathematics. In order to fix our conven-

tions, we collect here some definitions and basic facts regarding A.,.-algebras.

Definition A.6. Let V=, , V* be a graded vector space. The suspension sV of V is

the graded vector space given by

(sV)k:= vk, O

Definition A.7. An A,-algebra is a graded vector space A, together with a sequence of

linear maps of degree 1

b, : (SA)®" — sA,
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satisfying, for each n> 1, the equations

Y bk 0 (d¥ @ b; ® id®) =0. (A.1)
i+j+k=n

Examples A.8. If the graded vector space A is concentrated in degree 0, an A,,-algebra
on A is the same as an associative algebra. A differential graded algebra is the same as
an Ay -algebra where b, =0 for n¢ {1, 2}.

Observe that b; always defines a coboundary operator on the graded vector
space A. O

Remark A.9. An alternative definition of Ay-algebras can be described in terms of
maps b,:A®"— A. The advantage of using the suspension is that no signs appear in
the structure equations. The definition in terms of the structure maps b, requires some

signs that can be determined by requiring the following diagram to commute:

by
(sA)®" ——= gA

(371)® \L T )
Bn

ABT —— A
Here, the map s: A — sA is given by s(v) =v € SA. ]
Definition A.10. Let A and A’ be two A, -algebras. A morphism ¢ : A— A’ is a sequence

of degree 0 maps
Y (SA)®" — SA,

satisfying, for each n> 1, the equation

> Vi o (d¥ @b ®@id™) = Y bo®, ® @) (A.2)

i+ j+k=n Li+-+l=n

A morphism ¢ : A— A’ is an A,, quasi-isomorphism if the chain map
Y1 (A, b)) — (A, by)

induces an isomorphism in cohomology.
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If ¥:A— A and ¢y':A’— A” are two morphisms, their composition v’ o ¢ is
defined by
W' ovin= > Yo ® @)

i1+ +ir=n

The identity morphism id: A — A is defined by setting id; =id and id,=0forn#1. O

Remark A.11. In the case where ¥ :A— A’ is an A, morphism between dg-algebras,

the structure equations (A.2) take the form

DoVt D bhoWi®y)= Y yno(id” @b ®id®)

i+j=n i+j+l=n

+ Y Y1 (id® @ by ®1d%). (A.3)
i+j+2=n
0

Definition A.12. Let A be an A -algebra such that b, =0, except for finitely many val-

ues of n. A Maurer-Cartan element of A is an element x € (sA)° satisfying

Z bp(x®™) = 0.

n>1

We will sometimes abuse our conventions and say that ye A! is a Maurer—Cartan ele-

ment if sy e (SA)? is a Maurer-Cartan element. O

Proposition A.13. Let :A— A’ be an A, morphism between A,,-algebras such that b,,
b;, and v, are nonzero only for finitely many values of n. If x € (sA)? is a Maurer-Cartan
element of A, then

Y(x) =Y Ya(x®")

n>1

is a Maurer-Cartan element of A’. O

Remark A.14. The hypothesis that only finitely many of the structure operators are
nonzero guarantees the convergence of the infinite sum above. The statement remains
true for arbitrary A,,-algebras and morphisms, provided that the infinite sums converge
appropriately. Similar issues arise in the definition of twisting by a Maurer—Cartan ele-

ment given below. O
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Definition A.15. Let A be an A, -algebra and x € (sA)? be a Maurer—Cartan element.

The A-algebra A, is given by the structure maps

Gon@ ® - @@= Y buptpril, P O @ @ X © - © X7 © @, ® X,
10>0,...,[,>0

Here, {b,} denotes the family of structure maps of the original A,,-algebra A.

We say that Ay is obtained from A by twisting by x. O

Definition A.16. Suppose ¥ : A— A’ is a morphism of A, -algebras and let x € (sA)° be

a Maurer-Cartan element. There is a morphism of A, -algebras
Yy Ay — A/w(x)
between the twisted A, -structures, given by

V(@ @ )= D Yntor 1, P Qa1 @™ @ - @ X @ 3, ® ™M),
10>0,...,1,>0

We say that v is obtained from ¢ by twisting with x. |

Constructing tensor products of A, -algebras and morphisms is a complicated

issue in general. For our purposes, we will only need the following special case.
Proposition A.17. Let A and A’ be differential graded algebras and v : A— A’ be an A,

morphism between them. Then, for any graded algebra E, we define a sequence ¢ of

maps ¢, ¢o, ..., where

¢ S(EQ A" > S(EQA)

is defined by the formula
Pnl(e1 ®Sa) ® - ® (€n ® $ap)) 1= (—)Zimlallenlt=Hed g ) @ yn(sa ® - - ® S).
Here, we see e ® sa as an element of s(E ® A) via

S(EQ AZE®sA, se®a) > (—1)e® sa.
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The family ¢ defines an A, morphism from E ® A to E ® A’, which we denote by

ide ® . O

Remark A.18. The notion of an A, algebra generalizes naturally to that of an A-

category in such a way that an A, -algebra is an A,,-category with only one object. For

the purpose of the present paper, we will only need to consider A, functors between

dg-categories. O

Definition A.19. Let C and C’ be differential graded categories. An A, functor ¢ : C —

C’ consists of the following data:

(1) afunction f: 0b(C)— Ob(C);

(2) for n>1 and any sequence of objects vy, ... v, a degree 0 map

Yn: SHom(vy, vo) ® - - - ® SHom(vy, vp—1) — Hom( f(vyn), f(vo)),

satisfying Equation (A.3), as well as y;(s(id)) =s(id) and ¢,(--- ® s(id) ®
-+.)=0forn> 1. O
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