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On the positive, “radial’” solutions of
a semilinear elliptic equation in HY
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Abstract. We discuss various kinds of existence and non existence results for positive so-
lutions of Emden—Fowler type equations in the hyperbolic space. The main tools are per-
turbation analysis, variational methods, Pohozeav type identities and reduction to Matu-
kuma equations.
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1 Introduction

In this paper we consider the equation
Agnvu +Au+uf =0, u >0, (1.1)

where Agw is the Laplace—Beltrami operator on the hyperbolic space HY, N >3,
A is a real parameter and p > 1.

The corresponding equation in the Euclidean space arises in geometry and phys-
ics and has led to interesting mathematical studies. It is called scalar field equation
if A < 0, the Emden—Fowler equation if A = 0 and the conformal scalar curvature
equation if p = %

We are interested in solutions which depend only on the hyperbolic distance
from a fixed center. In order to express (1.1) for such “radial” solutions, we recall

that the hyperbolic space HY is the set of points of the hyperboloid
Ho={(x1,x2,...,XN+1) : x12v+1 — (xf —|—x§ + .- +x,2V) =1, xy4+1 > 1}
in RV *1 endowed with the Lorentz metric

dg(x,y) = arccosh(—=x1y1 —++ = XNYN + XN+1YN+1)-

Note that the distance from an arbitrary point to the origin ey +1 := (0,0,...,1)
isd(en+1,y) = arccosh(yn+1).

Y. Kabeya is supported in part by the Grant-in-Aid for Scientific Research (C) (No. 23540248),
Japan Society for the Promotion of Science.
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2 C. Bandle and Y. Kabeya

For the analysis it is more convenient to use the ball model. It is obtained by a
stereographic projection from # onto RY. A point x € J is mapped to the point
z € RY which is obtained by intersecting the line joining x and —epy 41 with
{x e RV*1: xy41 = 0). Then H¥ is given by the unit ball B; C RY with the
Riemannian metric
4

2 _
=TT EPe

|dz|*>, z e By.

In these coordinates the hyperbolic distance from z to the origin becomes
dg (z,0) = 2arctanh(|z]).

In polar coordinates we have z = pf, where |z| = p and @ is a point on the unit
sphere SV ~1. The change of variable p = tanh(/2) leads to

ds? = di* + sinh®(t)|d6)?.

Consequently
o (N=D) O (o N1, O )
Agn~ = sinh (t)g sinh (I)E + sinh™“(¢)Ag,

where Ag is the spherical Laplacian and ¢t = dg (0, z) is the hyperbolic distance.
This reduction is well known, cf. e.g. [9, Section 3.9]. The “radial” solutions of
(1.1) satisfy the ordinary differential equation

u”(t) + (N — 1) coth(t)u/(t) + Au(t) +uP(t) =0 inRT, u>0. (1.2

Kumaresan and Prajapat [13] observed that the moving plane method of Gidas, Ni
and Nirenberg [7, 8] extends to HN . Thus the radial solutions play an important
role.

The goal of this paper is to present a general picture of the set of positive, radial
solutions. Particular results have been obtained by Stapelkamp [18, 19], Mancini
and Sandeep [15] and Bonforte, Gazzola, Grillo and Vazquez [4]. We also mention
the paper [1] where more general solutions of (1.1) are considered.

In [15] and [4] it was observed that for any solution u the energy functional

u'(1) _Muz(l) 4 uP* (1)

&) :=
®) 2 2 p+1

is monotonically decreasing since &’(t) = —(N — 1) coth(z)u’?(t) < 0. This im-
plies that u is bounded for ¢ > 0. Notice that u can be singular at the origin. Denote
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by J = (do, d1) the maximal interval of existence of a positive solution u. Hence
if 0 < dy < di < o0, then u vanishes at its endpoints and yields a solution in an
annulus. This class will be denoted by S(do, d1). If J = (0, d1) where d; < oo,
then u vanishes at dy. The class of these solutions defined in a (possibly punctured)
ball will be denoted by B(dy). Similarly if J = (d;, c0) where 0 < dj, then u
vanishes at dy. These solutions defined in outer balls belong to the class B¢ (dy).
All other solutions exist for all # > 0 and form the class £(0, co).

This paper is organized as follows. In Section 2 we discuss the local behavior
of the solutions at the origin and at infinity. The main tool is perturbation analysis
([3,10]). This method provides also the existence of local solutions. We then study
their global behavior. The first approach carried out in Section 3 is by combining
the local results of Section 2 with variational methods proposed in [15] and nonex-
istence results derived by means of Pohozaev type identities. The second approach
in Section 4 consists in transforming (1.2) into a Matukuma equation and applying
the criteria derived by Yanagida and Yotsutani [20, 22].

It should be pointed out that the local structure is almost completely understood
whereas many questions concerning the global behavior and uniqueness are still
open.

2 Classification of the positive radial solutions

2.1 Asymptotic behavior as t — oo
2.1.1 General remarks

Throughout this section we shall assume that u(¢) exists for large ¢. Then either
u(t) € B¢(dy) oru(t) € E(0,00). Because & (¢) is decreasing and bounded from
below, u(¢) converges to a constant solution as ¢t — co. Hence as t — oo we have

0 ifA >0,
u(t) — .
Oor A := (=V)Y@=D  if)r <o.

For the next considerations it will be useful to transform (1.2) into a first order
system. Set

e (u’) A= (—l —(N-1) cotht)  FU)= <—|u|1’_1u) :

In this notation (1.2) reads as

U' = A(t)U + F (U). @.1)



4 C. Bandle and Y. Kabeya

By the variation of constants the system (2.1) can be written in the form
t
U@t) = y(t) + / A=) F (U (s) ds, (2.2)
to

where y(¢) is a solution of the linear system y’ = Ay.

The results on the asymptotic behavior of the solutions as ¢ — oo are based on
well-known stability analysis for perturbed linear systems, cf. [3] and [10, Chap-
ter VIII and X]. Let us now recall the principal results.

Let || 4] = Zf?,j:l |a;;| be the matrix norm. Assume that there exists 7o > 0
such that A(t) = Ag + B(¢) where Ag is a constant matrix and B(¢) has the
property ftzo |B(s)|| ds < oo. Under these assumptions the behavior of the per-
turbed nonlinear system (2.1) is very similar to the behavior of the linear system
Y' = AoY.

Let w; and w; be the eigenvalues of Ag and ¢; and ¢, be the corresponding
eigenfunctions. Then the following lemma holds true.

Lemma 2.1. Let U(t) be a solution of (2.1) such that U(t) — 0 ast — oc.

() Ifor =axif, a <0and B # 0, then there exist constants c1, ¢ such that
U(t) = c1e*[cos Bt Re{gpy} — sin Bt Im{¢p;} + o(1)]
+ cpe™[sin Bt Re{pa} + cos Bt Im{pa} + o(1)]
as t — oo. Conversely for given cy, ¢ such a solution exists for large t.
(i1) If w1 < wy < O, then there exist constants c1, ¢ such that

U(t) = c1e® (1 + 0(1))g1 or U(t) = c2e® (1 +0(1))ps ast — oo.

Moreover, such solutions exist for large t.
(i) If w1 < 0 < wy, then there exists for large t a one-parameter family of solu-
tions to (2.1) such that U(t) — 0 as t — oo. In addition,
U(t) = ce®'(1 +o(1))p1 ift — oo.
(iv) Ifw; = wy < 0and ¢y = const.x@y, then either U(t) = c1e®' (1+0(1))¢1
or U(t) = c2e®""t(1 + o(1))@1. Moreover, such solutions exist for large .

(V) If wa > 0, then U = 0 is unstable.!

! The case wp = 0 is more involved and no general statements are possible.
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2.1.2 Thecaseu(t) > 0ast - o

In this case we set

AO:(O ! ) B(t)z(o 0 )
A —(N-1) 0 (N —1)(1 —cothr)

The eigenvalues of Ag are

N —1
w1 = —JAZ—A1—21o, where A9 := — (2.3)

From Lemma 2.1 it follows immediately that no positive solution tending to zero
exists if A > A2.

Definition 2.2. Let u be a positive solution of (1.2) tending to zero a infinity. It is
said that u decays rapidly at infinity if e*'u(t) — us < 00 ast — co. However,
if 1imy s 00 €*9u = 00, then we say that u decays slowly at infinity.

Lemma 2.1 applied to (1.2) yields

Lemma 2.3. (i) Ler0 < A < A2. Ifu is a solution in E(0, 0o) or in B€(dy), then
two possibilities can occur if t — o0

f2_
u(l‘)e(ko—i_ Aot Uoo (rapidly decaying solution),

—Jaz—
u(l)e()LO Ao~ Uoo (slowly decaying solution).

Moreover for fixed ty > 0 and sufficiently small |u(to)|? + |u’(to)|? there ex-
ists a one-parameter family of rapidly decaying and a two-parameter family
of slowly decaying solutions of (1.2).

(ii) Assume A < 0. Every solution u € E(0,00) or u € B€(dy) tending to zero
satisfies

[2_
u(t)e(%+ LN Uso ast — o0 (rapidly decaying solution).
In addition for fixed ty and sufficiently small |u(tg)|? + |u'(to)|? there exists
a one-parameter family of rapidly decaying solutions.
(iii) Let A = )k(z). Thenast — o0

u(t)ekot

— Uso (rapidly decaying solution),
u(l‘)e)mtt_1 — Uoo (Slowly decaying solution).

Conversely such solutions exist for large t.
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Let us now discuss the case A = 0 which requires an additional argument be-
cause wp = 0 (cf. the footnote to Lemma 2.1 (v)). It has already been studied in [4].
We give here a different proof.

Suppose that u(¢) exists and tends to zero for t — oo. It is not difficult to see
that all solutions tending to zero are either monotone decreasing if they belong to
E (0, 00) or they have at most one local maximum if they are in B€(d1). In fact, this
follows immediately from (1.2) in the case A > 0. If A < 0, we need in addition
the monotonicity of &(¢). Hence there exists 7o > 0 such that u’ # 0 for > ¢,.
Consider the function w := ”7/ For large ¢ it is negative and satisfies the Riccati
type equation

w + w?+(N =D +8@)w+uP~t =0, (2.4)
where §(¢) := coth(t) — 1 — 0 as t — oo.

Proposition 2.4. The solutions of (2.4) satisfy either
lim w() =0 or lim w()=—-(N-—1).
t—00 t—00
Proof. Tt is easy to see that w is bounded from above. We claim that w is also
bounded from below. Suppose the contrary. Then
1
(t —t0)(1 +o(1)) + wl(20)

Since w (o) is negative for large ¢, it follows that w blows up for finite ¢, in contra-
diction to our assumption. Hence lim; .o w’(¢) = 0 implies that we have w — 0
orw — —(N —1)ast — o0. |

w' = —w?(1+o(1)) implies w(t) =

This proposition leads to

Lemma 2.5. Assume A = 0. Ifu € E(0, 00) orin B€(dy), then one of the two pos-
sibilities occur ast — 00:

u(t)e(N D v (rapidly decaying solution),

1
1 N —1\7-T1
u(t)t T s c(N, p) = (—1) (slowly decaying solution).
p —_—
Moreover, there exist locally a one-parameter family of rapidly decaying solutions
and a two-parameter family of slowly decaying solutions.

Proof. The first case occurs if in Proposition 2.4 we have w — —(N — 1). Then
u(t)e(N D 5 yoast — ocoanduisa rapidly decaying solution. The existence
of such local solutions follows from Lemma 2.1 (ii).
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If w — 0, we deduce from
/" V4
AN 180+ =0

and from Bernoulli-L’Hospital’s rule that 0 = lim;— o "7/ = lim;— oo '1‘4—/,/ that

This implies that
lim ¢ 71 u(t) = c(N, p).
t—00

It remains to prove the existence of such a solution. Set
(1) := w2 (1) + (N — 1) coth(t)w(t) + u?~L(1).

Choose u(t9) and u’(fo) such that €(¢p) < 0 and w(ty) > 1 — N. Then by equa-
tion (2.4), w’ > 0 near fo. Observe that w(¢) increases until w’(t) = 0 or equiv-
alently ¥ (7) = 0. This is impossible because w(¢) > 1 — N. Consequently w(?)
increases and tends to zero as t — oco. This completes the proof. o

2.1.3 Thecase A <0Oandu(t) -> A ast — oo.

The goal of this section is to determine the decay rate of u near A. The arguments
will be exactly the same as for Lemma 2.3.

Replace u in (1.2) by A + v. Then v solves for large ¢ the linearized equation
v" 4+ (N — 1) coth(r)v' — A(p — 1)v + O(v?) = 0. (2.5)

Exactly the same arguments as in Section 2.1.2 apply. The only differences are the
matrix Ag which has to be replaced by

~ 0 1
A() = s
(x(p ~1) —(N- 1))

and the inhomogeneous term F V),V = (v,v’) which has to be changed accord-
ingly. The eigenvalues of A¢ are

B+ = :i:ﬁk%—f—l(p—l)—lo.
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This implies that either

oo+ /1(2)+)L(p—1))tv(l) — Voo aSTt — 00, (2.6)

or

_ 2 _
o=y Ao tAlp 1))tv(t) — Doo  ast — oo. 2.7

In accordance with the solutions u tending to 0 we say that u tends rapidly to A in
the first case of (2.6) and it decays slowly to A in the second case.

Lemma 2.6. Suppose that u is a solution of (1.2) which exists for t > to and tends
to A ast — oo.

@) If—/\% < (p—1A <0, then either
e_tﬂi(”(t) —A) = v or e_lﬂ+(u(t) —A) > U ast — oo.

Moreover for (u,u’) close to (A,0) there exists a one-parameter family of
rapidly decaying local solutions and a two-parameter family of slowly de-
caying solutions.

(ii) Assume A(p —1) < —A%. Then u oscillates around A and tends eventually
to A. Moreover for (u,u’) close to (A, 0) there exists locally a two-parameter
family of solutions of this type.

(iii) Let —A(p — 1) = A3. Then
(u(t) — A)ekot —> Vo or (u(t)— A)e’lott_1 — Voo aSt —> 00.

Conversely such solutions exist for large t.

2.2 Behaviorattr =0

Assume that u exists at t = 0. It belongs therefore either to B(d1) or to E(0, 00).
For small ¢t we can write (1.2) as

N -1
u” + T(l +a)u' + iu +uP =0,

where a(t) = t cotht — 1 = O(t?). Proceeding as in [2] we shall first perform the
Emden—Fowler transformation
(2 — N)log(t) (7T 2
x=02- og(t), v=tru, 0:=—-—"——.
(p—1D(N -2)

Then, setting v’ := dv/dx we have

V' —(1=20)0 —a(l —0)v + O(e " N2)(v + v') + vP(N —2)"2 = 0. (2.8)
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We are interested in the behavior of v(x) as x — o0. According to the results in
[2] which are based on the analysis of perturbed linear systems [10] considered in
the previous sections, it follows that v is bounded and converges either to vy := 0
or,inthe case 0 < 1,to vy := {o(l —0)(N —2)?} 71,

If v — 0 at x — oo, then the corresponding linear system is

Y,:< 0 1)y
o(l—o0) 1-20

The eigenvalues of the matrix are —o and 1 — 0. Hence for all positive o there is
a family of solutions behaving like

v(x) =e 7" (c +o(1))

(equivalently u(z) = uo(1 4+ 0(¢)) ast — 0).
If o > 1, there is an additional family of solutions behaving like

v(x) = e17% (¢ + o(1))

(equivalently u(t) = = V=2 (¢ + o(r)) as t — 0).

Lemma 2.1 does not apply if 0 = 1 because wp = 0. The arguments of Theo-
rem 5.1 (iii) in [2] show that if a solution u exists which is singular at the origin,
then

lim NV 2u(t) = 0,

t—>0
(2.9)
limsuptﬂu(t) =00 forall0<f <N —2.

t—0

Let us now discuss the case when v — v and consequently o < 1. To this end,
set v(x) = v; + 1 and observe that for small 7

7" —(1=20) +o(l—0)(p—1n+ 00) = 0.
The linear equation has solutions of the form

n = cle(y1+y2)x and 7, = cze(_y‘+”2)x

1—-20
2

y2 and y1 = \[y2—o(l—0)(p—1).

Notice that these solutions tend to zero at x = oo only if o > 1/2.
In conclusion we have the following lemma.
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Lemma 2.7. (i) Ift — O, then either u is regular and behaves like u(t) — ug
and u'(t) — 0, or u is singular and behaves like

VD +o@) ifp <5
ut) =4 _ 2 N
1 7=T(1 +o(1)) if y= <P

Furthermore there exists for all p > 1 a one-parameter family of regular so-
lutions. In the cases listed above there is a two-parameter family of singular
solutions.

@{i) If p = N/(N — 2), then the singular solutions satisfy (2.9)

i) If p > % no solutions exist which are singular att = Q.

Remark 2.8. From the monotonicity of & (¢) it follows that if u(¢) — A ast — 0,
then u(z) = A.

If 0 = 1/2, then the linear system has a center in v;. A more subtle analysis is
required to determine the behavior of 1 for the nonlinear equation.

3 Global behavior

In this section we study the different classes of solutions. For the sake of com-
pleteness we shall also list some known results.

Write Ey for the set of solutions in E(0, c0) which are regular at zero and
rapidly decreasing at infinity and Es for the set solutions in E(0, co) which are
singular at zero and slowly decaying at infinity. Likewise we define Ey, Eg., By,
Bg, Bf and B¢.

3.1 The case S(dg,d1),0 <dy < dq
By classical arguments the variational problem

di
J(v) = (2 = Av?)sinh¥ 7' ¢ dt — min,
do

where v € KX and

d
K = {v e Cl(do, dy) : v(dy) = v(dy) =0, /

1
[Pt sinh¥ s dr = 1},
do

has a positive solution for every p > 1 provided A < Ag(dp, d1) where Ag(do, d1)
is the Dirichlet eigenvalue of the radial part of Ay~ in (do, d1).
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3.2 Pohozaev type identity: Integral form

An important tool for proving the nonexistence of solutions is the Pohozaev iden-
tity. We present a version which has been derived in [19] for the study of the
Brezis—Nirenberg problem in H" and also in [15]. Since we use here different co-
ordinates, we shall state it for the sake of completeness.

In a first step we transform (1.2) into an equation without first order derivatives.
For this purpose set

—1

u(t) = sinh™"Z ()v(t) = sinh™(t)v(r).
Then v(t) solves
v —a(t)v + b(t)v? =0, (3.1
where

N -3
2

a(t) =xo—A+4o coth®(r) and b(r) = sinh 2@~ D ).

If we multiply (3.1) with v'g and integrate, we obtain

1 T V20T  qov2|T bovPt1 T
/ gv2 dt = g‘ _ag ) g ‘
0

2 2 o 2 o p+1 1o
- T (3.2)
+ l/ (ag)v?dt — ;/ (bg)vPt dr.
2 Jo p+1Jo
Multiplication of (3.1) with g’v and integration yields
1 T 1,12 1 r 1 r
— dt = —o'vv!| — = 2.1
2/0 &v 28 T3V E g
(3.3)

T " / T 'h
+/ g 48 v2dz+/ 82yp+1 gy,
0 4 2 0 2

v(0) =v(T) =0, [|V(T) <oo and tlirr%) v(t)'(t) = 0. (3.4)

Suppose that

Then (3.2) and (3.3) lead to the following Pohozaev type identity:

20T T ’ " T bo) h
g| ag ;8 2y _/ (bg) g p+1
— - t = -— dt. (3.5
3 0+/0[2+ag 4}1) 0[p—|—1+2 v (3.5)

<




12 C. Bandle and Y. Kabeya

33 B(T)

Let Ap(T) be the first Dirichlet eigenvalue of Ay~ in the geodesic ball Br. Ob-
serve that Ag(T") > )t% and that for N = 3 we have Ag(T) =1 + (%)2.

The variational method described in Section 3.1 for subcritical exponents ap-
plies also in this case. Mancini and Sandeep [15] established the uniqueness. More
precisely

cifl < p< N +2 and A < Ap(T), then there exists a unique, positive solution
of (1.2)in B (0 T) which is regular at the origin.

S. Stapelkamp [19] (cf. also [18]) has studied the case of the critical exponent

p= N +2 and she has obtained the following result:

. If
NN=2) N > 3,

14 (&) iftN =3,

then there exists a unique solution in B(0, 7') which is regular at the origin.

Ag(T) > A > A* :={

e If A < A* or A > Ap(T), no solution exists in B(0, T') which is regular at the
origin.
She has established the existence by means of the method of concentration com-

pactness and the uniqueness by an argument of Kwong and Li [14]. The nonexis-
tence was shown by means of (3.5).

Next we extend this nonexistence result.

Lemma 3.1. (i) Assume
N(N-2) .
B , if N >3,
1+ (%) ifN=3.
pr>%,thenBr:®.
Gi) If p > N+2 , then for any A, By = 0.

Proof. () If u € B(0, T) is regular at the origin, then the properties (3.4) are sat-
isfied. Set g = sinht. Then the left-hand side of (3.5) becomes

”2 T _
v“(T)g(T) +/ [N(N 2)
0

_ 2
> 2 )t] (cosht)v” dt.

For A < N (N 2 and v = 0 this expression is positive. The right-hand side of (3.5)

however is pos1t1ve if and only if p < 11\\’,+2 If N = 3, we obtain a sharper result

by choosing g = sin(wt?), ® = 57. Then the left-hand side of (3.5) is positive if
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A <1+ (5%)?. The right-hand side is

T
1 1 — 1)t t cotht
/bwcoswt[——i— _(p ) tan i co i|vp+1dt.

Since tan wt cothz/w > 1, the integral above is negative if p > 5.

(i1) The second assertion follows from Lemma 2.7. O

Remark 3.2. (i) In general it is not clear if for 1 < p < % and A < Ag(T)

there exist solutions in By.

(i1)) From the maximum principle it follows that for any p no positive solutions
existin B, if A > Ap(T).

(iii) There is an interval (A*, Ag (7)) which is not covered by the nonexistence
result of Lemma 3.1 above. Stapelkamp [19] has shown that in the critical
case p = IX,"'%, B(T) has a regular solution in this interval. We conjecture

that this is also true for p close to N +§

34 E(0,)

Notice that A% is the lowest point in the L2-spectrum of A . It follows therefore
from the maximum principle that E (0, co) does not contain a solution which is
regular at the origin if A > AZ. Mancini and Sandeep [15] proved that there exists
a unique, rapidly decreasing solution which is regular at zero, in the following
cases:

s l<p<f¥tZandd <22,

e N >4, p_N+2andN(]\i 2)<A§)L%.

The existence was established by means of variational methods and the uniqueness
followed from an argument of Kwong and Li [14].

Mancini and Sandeep [15] observed that (3.5) implies the nonexistence of solu-
tions in £(0, co) which are regular at zero and rapidly decreasing at infinity in the
following cases:

. N23,pz%andkfw,

e N=3,p>5andA <.

Lemma 3.3. (i) Assumel < p < N +2 . Then at least one of the classes B(t) or

E (0, o0) contains a solution whlch is singular at the origin.

(i) If A < 0, then for any p > 1, E(0, 00) contains solutions which are regular
at zero and converge to A ast — oo.

@) If p > %f% and A < N(J\i—z)’ then E.s contains a continuum of solutions.
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Proof. The first assertion follows from Lemma 2.7 and the second is a conse-
quence of the monotonicity of &(¢). In fact, if 4 (0) is so small that & (0) < 0, then
&(t) stays negative and converges eventually to its minimum & (A). The third as-
sertion is a consequence of Lemma 2.7 which guarantees the existence of a regular
local solution at the origin. By Lemma 3.1 (i) this solution cannot vanish and be-
longs therefore to E£(0, 00). In view of Mancini and Sandeep’s result, £, = 0. O

3.5 B4(T)
The previous considerations lead to the following

Lemma 3.4. [fwe have p > N2 and } < Y2 i N > 30r L < 1if N =3,

then B€(dy) contains a rapidly decreasing solution for some d;.

Proof. By Lemma 2.3 there exists locally a one-parameter family of rapidly de-
creasing solutions. By Mancini and Sandeep’s nonexistence result this solutions
are not in E;(0, co) and by Lemma 2.7 (iii) and Remark 2.1 this solution cannot
belong to E:(0, 00). Hence it vanishes at some d;. The case N = 3 is treated in
Theorem 4.4. |

4 Global results for N =3

4.1 Main results

The aim of this section is to transform (1.2) into a Matukuma equation and to use
the existence and uniqueness results by Yanagida and Yotsutani [20].

Throughout this section we shall assume that N = 3. The arguments used here
apply also to higher dimensions, but the discussion is much more involved and
difficult to carry out.

Observe that for N = 3 we have Ag = 1. According to Lemma 2.3 a rapidly
decaying solution behaves like e~(UHVI=M1 and o slowly decreasing solutions
like e~(1—V1=M),

The main results of this section are stated in the next theorems. In order to ex-
press our first theorem, we introduce the following notation: u(#; ) is the unique
(local) solution of (1.2) such that u(0; @) = @ > 0 and u’(0; @) = 0.

Theoremd4.1. If 1 < p < 5andif A < 1, then there exists a unique positive rapidly
decaying solution to (1.2). More precisely, there exists an a* > 0 such that for all
a € (0,a%)

(1) u(t;a) converges slowly to 0 ast — oo if A > 0,

(i) u(t;a) > Aast > ooifA <O.
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In addition u(t; a™) decays rapidly to 0 as t — 0o and u(t; ) has a finite zero
ifa > a®*.

Theorem 4.1 is a sightly more precise version of Theorem 1.3 in [15] whereas
the next results are new to our knowledge.

Theorem 4.2. If 1 < p < 5 and if A < 1, then there exists a continuum of positive
solutions in E (0, o0) which decay rapidly to zero ast = oo and which are singular
att = 0. Also, there exists a continuum of solutions in B€(dy) for some dy, which
decay rapidly at t = oo.

Remark 4.3. We can describe the structure of solutions, shooting from infinity.

Let
B* = lim eUHtVI=Miy (1. 0%),

where o* is defined in Theorem 4.1. Then

(i) any solution u to (1.2) with lim;— o e HV1=ty, — B € (0, 8*) is singular

att = 0.
(ii) any solution u to (1.2) with lim; o, e1TV1=2%y = B > B* must have fi-
nite zero.

(iii) the solution u to (1.2) with lim; e eI TV1=My = B* is nothing but the
unique solution u(¢; «™*) in Theorem 4.1.

We note that Chern, Z.-H. Chen, J.-H Chen and Tang [5] investigated the struc-
ture of positive singular solutions of Au — u + u? = 0 in the Euclidean whole
space case.

In accordance with Lemma 3.3 we have

Theorem 4.4.If p > 5 and if A < 1, then any solution of (1.2) which decays
rapidly at t = oo vanishes at some do > 0.

This result corresponds to the nonexistence result in Theorem 3.2 by Ni and
Serrin [16] for the equation Au + f(u) = 0 in the Euclidean space.
Theorem 4.5. Suppose that p > 5.

(1) If A < 0, then for any positive o, u(t; o) belongs to E(0, 00) and converges
to A.

(i) If 0 < A <1, then for any positive a, u(t;a) belongs to E(0, 00) and con-
verges slowly to 0.
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4.2 Transformation to a Matukuma type equation

Let ®(¢) be a solution to the linear problem?

—~p {(sinh? 1)®"Y + A® = 0. “.1)
Sin

Assume in the sequel that A < 1. For simplicity we shall set
w=~1-A
The solutions which are regular at the origin are multiples of

o) = {S;?Qhﬁ;f if >0 <1),

sintht ifpu=0(@A=1).

Substituting u(t) = v(¢)®(¢) into (1.2), we get’
@’ 1
v’ + 2(cotht + E)U/ + 0P PPl = m{g(t)v’}’ +vPeP =0, 42
g

where g(t) = sinh?  ®2(¢). We now introduce the new variable (see e.g. [21])
1 / R |
- = — ds.
T ¢ &)

1 .
1 {ﬁ(coth/u —1) ifA <1,

Hence

1 if = 1.

Note that T = (ue?** —1)/2if A < 1.
The function w(7) = v(¢(7)) satisfies the 3-dimensional Matukuma equation

1
T—Z(zzw’)/ + Q(®)w? =0 in (0, 00), (4.3)
where
0(0) g?or1 w4 sinh* (ur)®()P(cothut — 1)*  if u > 0,
T) = —— =
T4 o(1)P1 if u =0.

Observe that the same classification holds for positive solutions w(t) as for u(z).
If u decays rapidly to zero at ¢ = oo, then by the Lemmas 2.3 and 2.5, we have
lim; 00 TW(T) = Uo. If u is a slowly decaying solution or if u tends to A as ¢
tends to infinity, then lim; s Tw(7) = oo. If u is regular at¢ = 0, then w(0) > 0
and w’(0) = 0, and finally if u is singular at zero, the same is true for w and is
classified according to Lemma 2.7.

2 The argument in this subsection is also valid for N > 4.
3 This process is called Doob’s /i-transform, see p. 252 of [9].
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4.3 Auxiliary tools for the study of Matukuma equations

The basic tools used in this chapter to study (4.3) hold under the assumptions
0 € C1((0,00)) N C([0,00)), ©Q > 0in (0, 00),

{‘L’Q e L1([0,1]), t*>PQ e L'(l, ).

The third hypothesis guarantees the existence of a local solution which is regular at
the origin. By the classical results of the oscillation theory, if 7277 Q ¢ L!(1, c0),
then any solution must have a finite zero. Thus the last condition is necessary for
the existence of a positive solution for large t.

Q

The expression Q in (4.3) satisfies (Q). For a positive solution of (4.3) we have
(cf. Lemma 2.1 (c) in [22])

Lemma 4.6. The function tw(t) is concave. Hence for a positive solution defined
in (0, 00), Tw is increasing.

Next we introduce a function used by Ding and Ni [6] (originally an integral
form) to classify positive solutions. For a positive solution w to (4.3), set

1
P(t;w) = —72w'(zw’ + w) + 20 (r)wPtl,

2 p+1

In the sequel we set
-5
0 .= pT and Q«(1):= ‘L'_GQ(T)

Direct calculations yields

dp 1 3+60 7, p+1

_— = . 44

dt p+ 1" Qv 44

Hence P is monotone increasing. Kawano, Yanagida and Yotsutani [12] de-
scribed the asymptotic behavior for large t of the solutions of (4.3) by means of
P(t;w).

Proposition 4.7. Suppose that Q« is monotone near t = 0. Then the following
statements hold:

@) li)rgo P(t;w) < 0ifand only if w is a slowly decaying solution.
T
(ii) 1_i>m P(t;w) = 0ifand only if w is a rapidly decaying solution.
T—>00
(iii) 1_i>m P(t;w) > 0ifand only if w vanishes at a finite point.
T—>00

If Q. (t) is monotone on the whole positive axis, we have the following propo-
sitions which are found in [12].



18 C. Bandle and Y. Kabeya

Proposition 4.8. If Q! < 0 on (0, 00), then any solution of (4.3) which is regular
at zero decays slowly.

Proof. First note that P(0, w) = 0 for any w(0) > 0. By (4.4), we see that

1 T
P(t;w) = —/ s3+9Q;(s)wﬁ+1 ds <0, £0.
r+1Jo

The assertion now follows from Proposition 4.7 (i). O

A similar argument yields
Proposition 4.9. If Q! > 0 on (0, 00), then any solution of (4.3) which is regular

at zero has a finite zero.

We now study the case where Q4 is not monotone everywhere. We will provide
a criterion for the uniqueness of rapidly decaying solutions belonging to E (0, co).

In order to state the result, we need the following two functions:

SN S P Y AP
G(7) '_p—{—lt 0(7) 2[0 s°Q(s) ds,
RS L
H(‘E).—p+1‘f P0O(1) 2/0 s TPQ(s) ds.

Straightforward calculations yield

1
G0 =T H @) = P TI0l)

+1
and 4
EP(‘L’; w) = G (DwPt! = H' () (zw)?P T 4.5)
Integrating (4.5) and keeping in mind that P (0, w) = 0, we find
T
P(t;w) = G(r)w? — (p + 1)/ G(s)wPw' ds (4.6)
0
and
T
P(t;w) = H(x)(zw)?T! — (p + 1)/ H(s)(sw)? (sw) ds. 4.7
0

In the sequel we assume

01 G >0in(0,7g), G <0in (zg,00),
1

H <0in (0,tg), H >0in (tg, ).

Thus, we assume that G and H has only one zero. The following result is essen-
tially Theorem 1 in [20].
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Proposition 4.10. [f there exists T« > 0 such that
0L,(t) >0, 7€(0,14), OQL(r) <0, T>14

and if the properties (Q1) hold, then there exists a unique positive rapidly decaying
solution to (4.3). More precisely, there exists y« > 0 such that w(t;y) is positive
and lim; o0 Tw(T;y) = 00 as t — oo for y € (0, y«), w(t; y«) is positive and
decays rapidly, and w(t;y) has a finite zero for y > Y.

Remark 4.11. Proposition 4.10 holds in fact under the weaker assumption
0<ty <16 < 00,

where 7y and g are the largest positive zero of H and the smallest positive zero
of G, respectively. This is the exact assumption in Theorem 1 in [20].

4.4 Proofs of the Theorems 4.1-4.5

First we want to analyze Q«(7) in order to apply Propositions 4.8, 4.9 and 4.10.
If & > 0, then
1— e—2ut)(p+3)/2
o) = )+t
0.(r) = (2) ——
Since dt/dt > 0 and since we are interested in the slope of Qx, it suffices to
examine the derivative of

4.1)

(1 _ e—2ut)(p+3)/2

sinh?~1¢

S@) =

as a function of 1. We have
(1 _ e—2pct>(p+1)/2

S'(t) = : {u(p +3)e > sinht — (p—1)(1—e ") cosht}.
sinh? ¢
Set
e—zm )
T(@):=pu(p+ 3)1—6—_2/” sinh# — (p — 1) cosht
so that

p(p +3)e  sinht — (p — 1)(1 —e ) cosht = T(¢)(1 — e 2H").

Since
e 2ut 1

I—e2mt — g2ut 1’
the essential part in order to determine the sign of S’(¢) is
T'(1)

X(t) = ———"-"—"—
®) (e2#t — 1) cosht

= u(p + 3)tanhz — (p — 1)(e?** — 1),
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For ¢ > 0 the graph of tanh# is monotone increasing and concave, while that of
e2*! _ 1 is monotone increasing and convex. Thus, if there exists zop > 0 such that
X(tp) = 0, then g is a unique solution of X(z) = 0. Near ¢ = 0, tanh¢ ~ ¢ while
e — 1 ~ 2ut. Hence, if

u(p +3)—2pu(p—1) >0,

then X(¢) = 0 has a unique solution for ¢ > 0. This condition is satisfied for all
p <5 1If p>5then X(t) <0, 0.

If u = 0, then
(p+3)/2 (p+1)/2
t t p+3 .
Q*(T) = m and Q;(T) = m{ 5 smht—(p—l)t COShl}.

Again, we see that the shape of the graph of Q. is the same as for y > 0.

The proof of Theorem 4.5 is now immediate. It follows from the previous ob-
servations, Proposition 4.8 and the Lemmas 2.3 and 3.3.

Proof of Theorem 4.1. We apply Proposition 4.10; we have only to check the val-
ues of

lim G(zr) = /oo iG(r)azz = L/m r@“)/ZiQ (r)dt
T—>00 o drt p+1Jy dt =" '

lim H(r):/ooiH(t)dr:;/oor_(pﬂ)/ziQ (r)drt
=0 o drt p+1Jo dr ="
for 1 < p < 5. Since

n B u sinh jut _ pet —1

= — — — E(eZMt _ 1)
cothput —1  cosh ut — sinh put 2 2 '

we see that T ~ ¢ and

d 1 — 21t (p+3)/2
Qx _ (2M)—(p+3)/2( e

T 1) ~ l_(p_3)/2
e ()

sinh? ¢
near t = 0. Also, 7 ~ ¢2** and dQ«/dt ~ e~ P~V near r = co. Hence, we get
dG/dt € L'([0,1]) and dH/dt € L'([1,00))

and we have only to check the signs of lim; .o, G(7) and lim;_,o H(7) to ensure
that Proposition 4.10 applies. In the following, note that G(t), H(z) and Q«(7)
are indeed functions of ¢ although we use these expressions.
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By change of variables, we have

> d > d
/0 EG(T)dT_/O EG(‘L’) dt

and
d

[e.e] e .e] d
/OEH(I)dtzfo EH(T)dt'

Again first, we consider the case u > 0. Near t = oo, we see that

4 G2y ~ o+ D=1

dt

if (p 4+ ) — (p — 1) > 0. Then dG/dt ¢ L'([1,00)) and G must have a finite
zZero.

If (p+1)u—(p—1) < 0, then integration by parts yields, in view of dt/dt > 0
and Qx« > 0,

/ooiG(r) dt = ;T(pﬂ)/ZQ (1) e _1 /oof(p—l)/ZQ (T)ﬂ dt
o dt p+1 * =0 2 Jo * dt

1

© dt
= __ (p—1)/2 -
2/0 T Qx(7) p dt < 0.

Here we used the facts that
1?20 (1) ~ @PHDRI=(=D! _ 0 a5 1 - 00

and that
P20 (1)]1=0 = 0.

Thus, in any case G has a finite zero.

For H, since dQ+«/dt ~ t=P=3)/2 near t = 0 we always have for all & > 0,
dH/dt ¢ L'([0, 1]). Hence, H also has a finite zero. In case of ;. > 0, all the con-
ditions of Proposition 4.10 are satisfies and the conclusion follows.

If 4 = 0, we have T = ¢ and therefore

iG — t(p-i-l)/Z%Q*(T) ~ P2, (Pt

dt

near ¢ = oo and the integration by parts shows us

lim G(r) <O.
T—>00
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Similarly, we have

d d
—H = t_(P+1)/2_ ~ t_(l’_l)l.
dt a2+

If p € [2,5), we see that dH /dt & L'([0,1]). If p € (1,2), then integration by
parts again yields

foo iH(r) dt = [—1 r_(p+1)/2Q*(r)i|
0 dt p +1 t=0

1 [ dt
— — _(p_l)/z % _ d[
| e

=00

2

1 o0
= __/ =P D/20 (1)dt < 0.
2 Jo

Here also note that t~?+1/2Q (1) ~ ¢/sinh? ¢ nearr = 0 and 1 = 0o and
that the value convergesto O ast — Qort — oo if 1 < p < 2. Thus, H has a
finite zero near t = 0. Hence, all the conditions of Proposition 4.10 are satisfied if
1 < p < 5andif u > 0. Thus, we have proved Theorem 4.1. o

To prove Theorems 4.2 and 4.4, we first reduce our problem to (4.3) and then
use the Kelvin transform. Let 0 = 1/t and W(o) = tw(z). Then we see that
1 2.\ 3021177\
ﬁ(r w) =0’ (W',
and (4.3) is reduced to
1 2177\ =5 1
— (W) + 0?70 = |W? =0. 4.2)
o o
Then we need to consider the behavior of

0.u(0) 1= o~ P12 {GP_SQG)} _ =920 (p),

More precisely, we have to investigate the sign of

d -~ d dt
el — % (—(p—5)/2 ) hathd 4.3
0) = T T . .

= 0x0) = — ( 0m) 5 (43)
Prooi of Theorem 4.2. If 1 < p < 5, then as in the proof of Theorem 4.1, we see
that Q«(0) has the properties as Q «(t) has. Thus the conclusion comes from Pro-
position 4.10 and the structure of solutions which decay rapidly at t = oo is the
same as in Theorem 4.1. |
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Proof of Theorem 4.4. If p > 5, then Q* becomes monotone increasing in o by
equation (4.3) and dt/do = —o 2. Thus, we can apply Proposition 4.9 to show
Theorem 4.4. O

5 Concluding remarks and open problems

(1) The method presented here can be extended to more general problems, for
instance:

o Agn~vu + K(cosh(xy))u? = 0, for particular functions K,

* boundary value problems in balls with Robin boundary conditions
. . du
Agyvu+Au+u? =0 in B, u>0 in B, M+K8—=0 on 0B,
v

where B is the geodesic unit ball in H”Y and v is the unit outer normal, as
considered by Kabeya, Yanagida and Yotsutani [11] in the Euclidean space,

* to other semilinear quasilinear equations which can be reduced to an ordinary
differential equations.

(2) Except for B,(d1) and E(0, co) the question of uniqueness is still open. We
expect that there is at most one solution in S(dy, d1) for fixed 0 < dy < dy < o0,
and in By (dy) for fixed d.

This conjecture is supported by the fact that in contrast to the singular solutions
the regular and rapidly decreasing solutions form only a one-parameter family. For
singular solutions no uniqueness is to be expected.

(3) Since there are variational solutions in E (0, co) for p < % and A < )L%, it
is reasonable that there are also variational solutions in Bf (d;) for any d; > 0.
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