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Using the spectral theory of unitary operators and the theory of orthogonal polynomials
on the unit circle, we propose a simple matrix model for the following circular analog of

the Jacobi ensemble:

ah TT 1€% — e P []a—e™®pa — ey

1<k<l<n j=1

with Res§ > —1/2. If eis a cyclic vector for a unitary n x n matrix U, the spectral measure
of the pair (U, e) is well parameterized by its Verblunsky coefficients («g,...,an_1). We
introduce here a deformation (yy,...,y»—1) of these coefficients so that the associated
Hessenberg matrix (called GGT) can be decomposed into a product r(yp) - --r(y,—1) of
elementary reflections parameterized by these coefficients. If yy, . .., y,—1 are independent
random variables with some remarkable distributions, then the eigenvalues of the GGT
matrix follow the circular Jacobi distribution above.

These deformed Verblunsky coefficients also allow us to prove that, in the regime

8 = 8(n) with §(n)/n — Bd/2, the spectral measure and the empirical spectral distribution
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weakly converge to an explicit nontrivial probability measure supported by an arc of the

unit circle. We also prove the large deviations for the empirical spectral distribution.

1 Introduction
1.1 The circular Jacobi ensemble

The theory of random unitary matrices was developed using the existence of a nat-
ural probability uniform measure on compact Lie groups, namely the Haar measure.
The statistical properties of the eigenvalues as well as the characteristic polynomial
of these random matrices have played a crucial role both in physics (see [25] for an
historical account) and in analytic number theory to model L-functions (see [19] and
[20] where Keating and Snaith predict moments of L-functions on the critical line us-
ing knowledge on the moments of the characteristic polynomial of random unitary
matrices).

The circular unitary ensemble (CUE) is U(n), the unitary group over C", equipped
with its Haar probability measure uy,). Weyl's integration formula allows one to average

any (bounded measurable) function on U(n) which is conjugation-invariant

1 ) ) . L de doy,
/fduU(n) = m/.../|A(el‘)l,...,.ewnnzf(diag(e191,...,el@n))2—1-.-

T 21

where A€, ..., %) =], j<k§n(ei"k — é'%) denotes the Vandermonde determinant.

The circular orthogonal ensemble (COE) is the subset of U(n) consisting of sym-
metric matrices, i.e. U(n)/0(n) = {VVT; V € U(n)} equipped with the measure obtained
by pushing forward uy(, by the mapping V — VV7T. The integration formula is similar
to (1.1) but with |A(e, ..., €)? replaced by |A(e?,..., %) and with the normalizing
constant changed accordingly.

For the circular symplectic ensemble (CSE), which will not be recalled here, the
integration formula uses |A(el”, ..., el%)|%.

Dyson observed that the induced eigenvalue distributions correspond to the
Gibbs distribution for the classical Coulomb gas on the circle at three different tempera-
tures. More generally, n identically charged particles confined to move on the unit circle,
each interacting with the others through the usual Coulomb potential —log|z; — zj|, give

rise to the Gibbs measure at temperature 1/8 (see the discussion and references in [23]
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and [12], Chapter 2):
E(f) = c(()"%/f(ei"l,...,ei(’")|A(ei‘91,...,ei9")|/’d91...d@n, (1.2)

where cgf/)g is a normalizing constant chosen so that

hgf},(&,...,@n) = c})'f,’3|A(ewl,...,ei9")|ﬂ (1.3)

is a probability density on (0, 27)" and where fis any symmetric function. The unitary,
orthogonal, and symplectic circular ensembles correspond to matrix models for the
Coulomb gas at 8 = 1, 2,4 respectively, but are there matrix models for general g > 0 for
Dyson's circular eigenvalue statistics?

Killip and Nenciu [23] provided matrix models for Dyson's circular ensemble,
using the theory of orthogonal polynomials on the unit circle. In particular, they obtained
a sparse matrix model which is five-diagonal, called CMV (after the names of the authors
Cantero, Moral, and Velasquez [8]). In this framework, there is not a natural underlying
measure such as the Haar measure; the matrix ensemble is characterized by the laws of
its elements.

There is an analog of Dyson's circular ensembles on the real line: the probability
density function of the eigenvalues (xj, ..., X%,) for such ensembles with temperature 1/8

is proportional to

n
AG, . x)l [T (1.4)
Jj=1

For B =1,2, or 4, this corresponds to the classical Gaussian ensembles. Dimitriu and
Edelman [10] gave a simple tridiagonal matrix model for (1.4). Killip and Nenciu [23] gave
an analog matrix model for the Jacobi measure on [—2, 2]", which is up to a normalizing

constant,

n

A(xy, ..., %,)|° H(Z —-x)42+ Xj)bdX1 .. dXy, (1.5)

j=1

where a, b > 0, relying on the theory of orthogonal polynomials on the unit circle and its
links with orthogonal polynomials on the segment. When a and b are strictly positive
integers, the Jacobi measure (1.5) can be interpreted as the potential |A(xy, ..., X q15)|?
on [—2,2]"t%*d conditioned to have a elements located at 2 and b elements located at
—2. Consequently, the Jacobi measure on the unit circle should be a two parameters

extension of (1.3), corresponding to conditioning to have specific given eigenvalues.
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Such an analog was defined as the circular Jacobi ensemble in [12] and [14]. If § € R, we
recover the cJUE as in Witte and Forrester [35].

Definition 1.1. Throughout this paper, we note hg”}j the probability density function on
(0, 27) given by

n
RO, ... 0n) = GIAEN, . eMP ] —e ) (1 — %) (1.6)
j=1

with § € C, Re(8) > —1.

If § gN, this measure coincides with (1.3) conditioned to have eigenvalues at
1. For 8 = 2, such measures were first considered by Hua [18] and Pickrell [28, 29]. This
case was also widely studied in [27] and [5] for its connections with the theory of repre-
sentations and in [7] for its analogies with the Ewens measures on permutation groups.

One of our goals in this paper is to provide matrix models for the circular Ja-
cobi ensemble, i.e. a distribution on U(n) such that the arguments of the eigenvalues
(e, ...,é%) are distributed as in (1.6). One can guess that additional problems may ap-
pear because the distribution of the eigenvalues is not rotation-invariant anymore. Nev-
ertheless, some statistical information for the circular Jacobi ensemble can be obtained
from Dyson's circular ensemble by a sampling (or a change of probability measure) with

the help of the determinant. More precisely, let us first define the notion of sampling.

Definition 1.2. Let (X, F, 1) be a probability space, and h : X — R* be a measurable and
integrable function with E,(h) > 0. Then a measure ' is said to be the h-sampling of p,
if for all bounded measurable functions f,

E.(fh)

Eu’(f) = ]E/L(h)

If we consider a matrix model for hg’”ﬂ, we can define (for PRe(§) > —1/2, due to an
integrability constraint) a matrix model for hg”‘)g by the means of a sampling, noticing
that when the charges are actually the eigenvalues of a matrix U, then (1.3) differs from
(1.6) by a factor which is a function of det(Id — U). We define dets for a unitary matrix U

as
det;(U) = det(Id — U)’det(Id — U)°,

and we will use this dets-sampling.
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Actually we look for an effective construction of a random matrix, for instance
starting from a reduced number of independent random variables with known distribu-
tions. Notice that in the particular case g = 2, the density hg , corresponds to eigenvalues
of a matrix under the Haar measure on U(n) and the det;-sampling of this measure is the

Hua-Pickrell measure studied in our previous paper [7].

1.2 Orthogonal polynomials on the unit circle

We now wish to outline the main ingredients which are needed from the theory of
orthogonal polynomials on the unit circle to construct matrix models for the general
Dyson's circular ensemble. The reader can refer to [33] and [34] for more results and
references; in particular, all the results about orthogonal polynomials on the unit circle
(hereafter OPUC) can be found in these volumes.

Let us explain why OPUC play a prominent role in these constructions. In this
paper, D denotes the open unit disk {z € C:|z| < 1} and T denotes the unit circle {z €
C:|z| = 1}. Let (H, u, e) be a triple where H is a Hilbert space, u be a unitary operator,
and e be a cyclic unit vector, i.e. {uje}?;oo is total in H. We say that two triples (H, u, e)
and (I, v, €) are equivalent if and only if there exits an isometry k : H — K such that
v = kuk~! and € = ke. The spectral theorem says that for each equivalence class, there

exists a unique probability measure u on T such that
(e, uke)y = / ZXdulz), k=0,+1,....
T

Conversely, such a probability measure u gives rise to a triple consisting of the Hilbert
space L%(T, i), the operator of multiplication by z, i.e. h — (z — zh(z)) and the vector 1, i.e.
the constant function 1. When the space H is fixed, the probability measure u associated
with the triple (H, u, e) is called the spectral measure of the pair (u, e).

Let us consider the finite n-dimensional case. Assume that u is unitary and e is
cyclic. It is classical that u has n different eigenvalues €%, j=1,...,n) with 0j €10, 2m).
In any orthonormal basis whose first vector is e, say (e; = e, e, ..., €,), u is represented
by a matrix U and there is a unitary matrix IT diagonalizing U. It is then straightforward

that the spectral measure is
n
M:anaewj, (1.7)
j=1

where the weights are defined as n; = |{e;, [1e;) |2. Note that mwj > 0 because a cyclic vector

cannot be orthogonal to any eigenvector (and we also have Z?:l mj =1 because II is
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unitary). The eigenvalues (e, j=1,...n) and the vector (ry, ..., ;) can then be used as
coordinates for the probability measure u.

Keeping in mind our purpose, we see that the construction of a matrix model
from a vector (¢, j=1,...,n) may be achieved in two steps: first, give a vector of
weights (71,...,7my,), then find a matricial representative of the equivalence class with
a rather simple form. The key tool for the second task is the sequence of orthogonal
polynomials associated with the measure u. In L%(T, 1) equipped with the natural basis
{1,z,2% ...,2" '}, the Gram-Schmidt procedure provides the family of monic orthogo-
nal polynomials ®g,..., ®,_;. We can still define ®,, as the unique monic polynomial of

degree n with || ®, [|z2(r,)= 0, namely

Dp(z) = [ [z - ). (1.8)
j=1
The ®;'s (k =0, ..., n) obey the Szegb recursion relation
Djyi(2) =2z0;(2) — o'cfbj.(z), (1.9)
where
Di(z) =2/ @;(z7Y). (1.10)

The coefficients «;'s (0 < j <n — 1) are called Verblunsky coefficients and satisfy the
condition «g, ..., 0n_2 € Dand a,_; € T.

When the measure p has infinite support, one can define the family of orthogonal
polynomials (®,),>0 associated with u for all n. Then there are infinitely many Verblunsky
coefficients («y,) which all lie in .

Verblunsky’s theorem (see for example [33, 34]) states that there is a bijection be-
tween probability measures on the unit circle and sequences of Verblunsky coefficients.
The matrix of the multiplication by z in L2(T, u), in the basis of orthonormal polynomi-
als, has received much attention. This unitary matrix, noted Glao, ..., ®,_1), called GGT
by Simon (see Chapter 4.1 in [33] for more details and an historical account), is in the
Hessenberg form: all entries below the subdiagonal are zero, whereas the entries above
the subdiagonal are nonzero and the subdiagonal is nonnegative (see formulae (4.1.5)
and (4.1.6) in [33] for an explicit expression for the entries in terms of the Verblunsky
coefficients, or formula (1.11) in Lemma 1.3 below).

For H an n x n complex matrix, the subscript H;; stands for (e;, H(ej)), where
(%, ¥) = Y r_; ZkVk. Killip and Nenciu state that any unitary matrix in the Hessenberg form

with nonnegative subdiagonal is the matrix of multiplication by z in L%(T, u) for some
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measure u. More precisely, from Killip-Nenciu [23], Lemma 3.2, we have the following
lemma.

Lemma 1.3. Let p be a probability measure on T supported at n points. Then the
matrix H of f(z) — zf(z), in the basis of orthonormal polynomials of L?(T, u), is in the
Hessenberg form.

More precisely

—oy 1@ [0 ppe ifi < j+1,
Hii1,j41 = | pj_1, ifi=j+1, (1.11)
0, ifi>j+1

with p; = /1 —|o;|? and «_; = —1, the ox's being the Verblunsky coefficients associated
with u. Conversely, if g, ..., a,_; are given in D"~ ! x T, and if we define the matrix H by
(1.11), then the spectral measure of the pair (H, ¢;) is the measure u whose Verblunsky

coefficients are precisely «g, ..., an_1.

Besides, there is a very useful decomposition of these matrices into product of
block matrices, called the AGR decomposition by Simon [31], after the paper [2]. For
O0<k<n-2let

o Pk

0" () = Id; @ (
Pk —0k

) @ Idn—k—Z ’

and set ©" V(a, ;) =Id,_; ® @,_1), with |a,_1| = 1. Then the AGR decomposition states
that ([31], Theorem 10.1)

Glao, ..., an 1) = 0%a)0M(a)) - - - O Ve, 1).

Now, we state a crucial result of Killip and Nenciu which enabled them to obtain
a matrix model in the Hessenberg form for Dyson’s circular ensemble. The challenge
consists in randomizing («, ..., o, 1) in D*~! x T in such a way that the angles (61, ..., 6y)

of the spectral measure
n
M= Z 7Tj5eiej
j=1

have the density hg‘)g (see (1.3)). To make the statement precise, let us introduce three

definitions (for the properties of the Beta and Dirichlet distributions, see [30]).
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Definition 1.3. For a;,a; > 0, let Betala;, a;) be the distribution on [0, 1] with density

I'a, + az)

= x" (1 —x)%
Fla)ray) ™ 1%

Its generalization is the following definition.

Definition 1.4. Forn > 2anda,,...,a, > 0, let Dir(a,, ..., a,) be the distribution on the

simplex {(x1,...,%,) € [0,1]" : """ | % = 1} with density

Tla +--- +an) ~ 1
Fl@)---Tlan) "

Ifa; =--- = a, = a, it is called the Dirichlet distribution of order n > 2 with parameter

a > 0 and denoted by Dir,(a). (For a = 1, this is the uniform distribution.)

Definition 1.5. For s > 1 let v; be the probability measure on D with density

s—1
2n

(1 _ |Z|2)(S73)/2.

It is the law of re!¥ where r and v are independent, v is uniformly distributed on (0, 27),
and r? has the Beta(l, (s — 1)/2) distribution. We adopt the convention that v; is the
uniform distribution on the unit circle. We denote by r;gf)g the distribution on D"~! x T
given by

n)

Nop = ®Z;évﬂ(n7k71)+l . (1.12)

Proposition 1.7 (Killip-Nenciu [23], Proposition 4.2). The following formulae express

the same measure on the manifold of probability distributions on T supported at n

points:
21—YL . . n 2
—|AE", ..., e [[=/*"do, - dbpdm - drmny
n! il

in the (9, 7) coordinates and

n—-2

d
l_[(l _ |ak|2)(ﬁ/2)(nfk71)71d2ao . dZan_2_¢ (1.13)
2o 2

in terms of the Verblunsky coefficients.
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Proposition 1.7 may be restated as follows: to pick at random a measure p such
that («g,...,ap_1) is 17(0"‘}3 distributed is equivalent to pick the support (6,,...,6,) accord-
ing to hgf)g (see (1.3)) and to pick the weights (ry,...,7,;) independently according to
Dir,(8/2).

As a consequence, if one takes independent coefficients («y, . . ., @,—1) such that o
is vgn—k—1)+1 distributed for 0 <k <n — 1, then the GGT matrix Glao, ..., @,—1) will be a
matrix model for Dyson's circular ensemble with temperature 1/8 (see also Proposition
2.11 in [12]). Actually in [23], Killip and Nenciu provide a matrix model which is much
sparser (five-diagonal), as explained in Section 4.

Let us now define the laws on U(n) which we will consider in the sequel.

Definition 1.8. We denote by CJ gl)g the probability distribution supported by the set of
n x n GGT matrices of the form (1.11), corresponding to the law of G(ay, ..., @n—1) defined
above. We denote by CJf{% the probability distribution on U(n) which is the dets-sampling
of CJ(O'%.

The standard GGT approach is not sufficient to produce matrix models for the
circular Jacobi ensemble because, as we shall see in Section 3, under the measure CJES’;’,,
the Verblunsky coefficients are not independent anymore. To overcome this difficulty, we
associate with a measure on the unit circle, or equivalently with its Verblunsky coef-
ficients, a new sequence of coefficients (yx)o<k<n—1, Which we call deformed Verblunsky
coefficients. There is a simple bijection between the original sequence («x)o<k<n—1 and the
new one (yx)o<k<n—1. These coefficients satisfy among other nice properties that |ax| = |ykl,
and that they are independent under CJE{% (and for § = 0 the ax's and the y;'s have the
same distribution). They have a geometric interpretation in terms of reflections: this
leads to a decomposition of the GGT matrix G(ay,...on—1) as a product of independent
elementary reflections (constructed from the y;'s). The explicit expression of the densi-
ties allows an asymptotic study (as n — oo) of the y%’s, and consequently of the spectral

measure, and finally of the empirical spectral distribution.

1.3 Organization of the paper

In Section 2, after recalling basic facts about the reflections introduced in [7], we define
the deformed Verblunsky coefficients (yk)o<k<n—1 and give some of their basic properties.
In particular, we prove that the GGT matrix G(ay,...an—1) can be decomposed into a

product of elementary complex reflections (Theorem 2.8).
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In Section 3, we derive the law of the yx's under CJ(") (Theorem 3.2); in partic-
ular we show that they are independent and that the actual Verblunsky coefficients are
dependent if § # 0. We then prove an analog of Proposition 1.7 on the (¢, ) coordinates
of i (Theorem 3.3).

In Section 4, we propose our matrix model (Theorem 4.1). It is a modification of

the AGR factorization, where we transform the ®;’s so that they become reflections:

e“"
ER (@) = 1d, ® (a P

@Idn k-2
p —elq

with €% = 1 1=@ "Of course, the CMV representation [8], which is five-diagonal, is also
available, but this time the ay's are not independent. Using the following elementary fact

proven in Section 2:
®,(1) = det(Id — U) = ]_[(1 — ),

we are able to generalize our previous results in [6] and [7] about the decomposition of the
characteristic polynomial evaluated at 1 as a product of independent complex variables
(Proposition 4.3).

In Section 5, we study asymptotic properties of our model as n — oo, when
8 = Bnd/2, with RRed > 0. We first prove that the Verblunsky coefficients have determin-
istic limits in probability. This entails that the spectral measure converges weakly in
probability to a deterministic measure (denoted by ug) which is supported by an arc of
the unit circle (Theorem 5.1). Besides, we consider the empirical spectral distribution
(ESD), where the Dirac masses have the same weight 1/n. Bounding the distances be-
tween both random measures, we prove that the ESD has the same limit (Theorem 5.4).
Moreover, starting from the explicit joint distribution (1.6), we also prove that the ESD
satisfies the large deviation principle (LDP) at scale (8/2)n? whose rate function reaches

its minimum at uq (Theorem 5.5).

2 Deformed Verblunsky Coefficients and Reflections

In this section, we introduce the deformed Verblunsky coefficients and establish some of
their relevant properties, in particular a geometric interpretation in terms of reflections.
One remarkable property of the Verblunsky coefficients, as it appears in Proposition
1.7, is that they are independent under CJB’%. As we shall see in Section 3, this does

not hold anymore under CJé’f},. This motivated us to introduce a new set of coefficients
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(Vor++-1¥Yn—2,¥Yn-1), called deformed Verblunsky coefficients, which are uniquely associ-
ated with a set of Verblunsky coefficients. In particular, yx e Dfor0 <k <n—2,y, 1 €T
and the map (yo, ..., ¥n-1) — (ag, ..., on_1) is a bijection. Moreover, the characteristic poly-

nomial at 1 can be expressed simply in terms of (yg,..., ¥n_1).

2.1 Analytical properties

Let 1 be a probability measure on the unit circle supported at n points. Keeping the

notations of the introduction, we let (®x(z))o<k<, denote the monic orthogonal polyno-

mials associated with p and («g)o<k<n—1 its corresponding set of Verblunsky coefficients

through Szegé’s recursion formula (1.9). The functions

D (2)
iz)’

are known as the inverse Schur iterates ([34], p. 476, after Khrushchev [22], p. 273). They

bi(z) = k<n-1 (2.1)

are analytic in a neighborhood of D and meromorphic in C. Each by is a finite Blashke

product

ﬁ ( z—z; >

i1 1-2zjz
where z;,...,2; are the zeros of ®;. Let us now explain the term “inverse Schur
iterate.”

The Schur function is a fundamental object in the study of the orthogonal poly-
nomials on the unit circle. Let us briefly recall its definition (see [33] or [32] for more
details and proofs): if i is a probability measure on the unit circle (supported at finitely

many points or not), its Schur function f: D — D is defined as

é’ +z

1 Flz) — 1 where F(z) = f
el?

zF(z) +1'

flz) = du(elf’) (2.2)

It is a bijection between the set of probability measures on the unit circle and ana-
lytic functions mapping D to D. The Schur algorithm (which is described in [33] or [32],
p.- 438) allows us to parametrize the Schur function f by a sequence of so-called Schur
parameters, which are actually the Verblunsky coefficients associated with u (Geronimus
theorem). In particular, there are finitely many Verblunsky coefficients (or equivalently
the measure u is finitely supported) if and only if f is a finite Blaschke product. The
name “inverse Schur iterate” [21] for by comes from the result (1.12) of the latter paper
where by is identified as the Schur function corresponding to the “reversed sequence”

(—@k_1,...,—ap, 1) (see also [34], Proposition 9.2.3).
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Let us define our sequence of functions, which shall lead us to the deformed

coefficients.

Definition 2.1. If u is supported at n points and with the notation above, define yx(2)

forO<k<n-1,as

ch+1(Z)
=z —. 2.3
vk (2) o2 (2.3)
From the Szegd's recursion formula (1.9) and notation (2.1), this is equivalent to
Qg
= % 2.4
vk(2) e (2.4)

so that y; is meromorphic, with poles in D and zeros lying outside D.

The next proposition shows how the functions y,(z) can be defined recursively
with the help of the coefficients a. As a consequence, the y(z) are very closely related to

a fundamental object in the theory of random matrices: the characteristic polynomial.

Proposition 2.2. For any z € C, yy(2z) = &y and the following decomposition for ®i(z)
holds:

k-1
Olz) =[[z—yjl2), k=1,...,n. (2.5)
j=0

The y¢(2)’'s may be also defined by means of the «'s through the recursion

k-1

e 1 —zy;(2)
mm_%gETﬁZ’ (2.6)
V2 = ye(z7h). (2.7)

Proof. The first claim is an immediate consequence of (2.3). Now, using ®x(z) = ]_[l;;é (z —

vj(2)), we obtain
k-1
Dilz) = [ [(1 - zp;(2),
Jj=0

and hence (we use (2.4))

Ly zy;(2)
Yk(2) = ax [ ]
z—yjl2)



Circular Jacobi Ensembles and Deformed Verblunsky Coefficients 4369

Note that when |z| = 1, |yx(2)| = |ax|. Combined with the above proposition, this

leads us to introduce the following set of coefficients.

Definition 2.3. Define the coefficients (yx)o<k<n—1 by

e =wl1), k=0,...,n—1. (2.8)
We shall refer to the y;'s as the deformed Verblunsky coefficients.
Proposition 2.4. The following properties hold for the deformed Verblunsky
coefficients:

(@) Forall0 <k <n—1, |yk| = |ak|, and in particular y,_; € T;

(b) o = dp, and

o . k=1 7

Yk = akel‘ﬁk—l’ evr-1 — T
=0 Vi

k=1,...,n-1). (2.9)

The last term is special. Since |a,_;| = 1, we set a,,_; = e'¥», so that
Vo1 = el ¥n-1+en—2) . olfn ; (2.10)

(c) Let u be the spectral measure associated with (U, e;), U € U(n). Then ®,(z) is

the characteristic polynomial of U, in particular,

n—1
@, (1) = det(ld — U) = [ [(1 — . (2.11)
k=0

Proof. All the results are direct consequences of the Definition 2.3 and the formulae in

Proposition 2.2 evaluated at 1. |

Remark 1. In [24], Killip and Stoiciu have considered variables which are the complex
conjugate of our deformed Verblunsky coefficients as auxiliary variables in the study of
the Priifer phase (Lemma 2.1 in [24]). Nevertheless, the way we define them as well as the

use we make of them are different.

Remark 2. The formula (2.9) shows that the y;'s can be obtained from the ay's recur-
sively. Hence, starting from a spectral measure associated with a unitary matrix, one can
associate with it the Verblunsky coefficients and then the deformed Verblunsky coeffi-
cients. Conversely, one can translate any property of the deformed ones into properties

for the spectral measure associated with it by inverting the transformations (2.9).
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Remark 3. The distribution of the characteristic polynomial of random unitary matri-
ces evaluated at 1, through its Mellin—-Fourier transform, plays a key role in the theory of
random matrices, especially through its links with analytic number theory (see [26] for
an account). In [6] it is proven that it can be decomposed in law into a product of inde-
pendent random variables when working on the unitary and orthogonal groups endowed
with the Haar measure; since we will prove in Section 3 that the y;'s are independent
under CJ%, then we can conclude that this latter result holds for any circular Jacobi

ensemble.

2.2 Geometric interpretation

We give a connection between the coefficients (yx)o<k<n—1 and reflections defined below.
This allows us to obtain a new decomposition of the GGT matrix associated with a mea-
sure u supported at n points on the unit circle as a product of n elementary reflections.

Many distinct definitions of reflections on the unitary group exist, the most well
known may be the Householder reflections. The transformations which will be relevant

to us are the following ones.

Definition 2.5. An element r in U(n) will be referred to as a reflection if r — Id has rank
Oorl.

If v € C*, we denote by (v| the linear form w — (v, w). The reflections can also be
described in the following way. If e and m # e are unit vectors of C", there is a unique

reflection r such that r(e) = m, and

r=1Id - ;(m—e)((m— ). (2.12)
1—(m,e)

Let F := span{e, m} be the two-dimensional vector space which is spanned by the vectors
e and m. It is clear that the reflection given by formula (2.12) leaves F* invariant. Now

set

. 1-—
y=tem, p=Vi-IyP &=1—%, (2.13)

and let g € F be the unit vector orthogonal to e obtained by the Gram-Schmidt procedure.

Then in the basis (e, g) of F, the matrix of the restriction of r is

ele
Ely) := <y p_eiw> . (2.14)
P Y
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Conversely, for y € D, such a matrix represents the unique reflection in C? provided
with its canonical basis, mapping e; onto ye; + /1 — |y|?e;. The eigenvalues of r are 1
and —e'*.

Let u be a unitary operator in C" and e be a unit cyclic vector for u. We define
n reflections ry,...,r, recursively as follows. Let (¢1,...,&,) be the orthonormal basis
obtained from the Gram-Schmidt procedure applied to (e, ue, ..., u" le).

Let r; be the reflection, mapping e = ¢; onto ue = ue;. More generally, for k > 2
let 7y be the reflection mapping e, onto r; 7, .. .7 'uex. We will identify these reflec-
tions and establish the decomposition of u. Following the basics recalled about GGT
matrices in the introduction, we note that the matrix of u in the basis (g, ..., &,) is the
GGT matrix associated with the measure u, i.e. the matrix Glag, -+ ,@n_2, @n_1), Where
(g, -+ ,0n_2,0n_1) are the Verblunsky coefficients associated with the measure pu. We
will use formula (4.1.6) of [33] or formula (1.11) of (our) Lemma 1.3 for the identification

of scalar products.

Proposition 2.6. (1) For every 1 <k <n —1, the reflection r; leaves invariant the
n — 2-dimensional space Spanf{ey, ..., €k_1,8k+2,--.,n}. The reflection r, leaves invariant
Span{ey, ..., en-1}-

(2) The following decomposition holds:

u=ry---r,. (2.15)

Proof. (1) In view of Section 2.1, it is enough to prove that for j ¢ {k, k + 1}, the vectors
¢; and ryex are orthogonal.
Fork =1, (gj,r1e1) = (¢j,ue;) = 0 as soon as j > 3 from (1.11).

Assume that for every ¢ < k — 1, the reflection r, leaves invariant

Span{ey, ..., &¢—1,80+2,---,6n}. Forevery j=1,...,n, we have
-1 -1 -1
(€j, Teex) = <ej,rk71rk72 . usk> =(r - Te_16j, Usg) . (2.16)
For j > k + 2, by assumption, the reflections ry, ..., rx_; leave invariant ¢, so that

the above expression reduces to (g, uex), which is 0 again by (1.11).

For j=k—1, we have ry ---rx_16¢_1 = usr_; by definition of r;_;, so that (2.16)
gives (ex—1,Tkék) = (Uek—1, Usk), which is O since u is unitary.

For j < k —1, by assumption, the reflections rji,..., 71 leave invariant ¢;, so
that the right-hand side of (2.16) reduces to (r---rje;, ueg). By definition of rj, it is

(uej, uer) which is 0.
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(2) For k fixed, it is clear from (1) that ry---r,ex =1 ---rkex, which is usgg by

definition of ry. [ |

Proposition 2.7. For k=1,...,n — 1, the matrix of the restriction of r; to the basis

(¢, €k+1) 1s Elyk_1) as defined in (2.14). In particular
(€kr TkEK) = V-1 - (2.17)

The restriction of r, to Ce, is the multiplication by y,,_;.

Proof. Note that foreveryk <n —1
(€k+1,Tkk) = (11 -+ - Tk—18k+1, UEK) = (Ek+1, UEK) = Pk—1 - (2.18)

Since r is a reflection acting on the subspace Span{s, ex+1}, identities (2.18) and (2.17)
entail that the matrix representing ry; in the basis (¢1,...,&,) is precisely E(yx_1) (see
(2.14)). It is then enough to prove (2.17).

For k = 1 it is immediate that
(e1,1e1) = (€1, Ue1) =g = Yo .-

Let us proceed by induction. For j > 1 set q; := (¢, 7;¢;). Assume that g; = yj_, for j <k.

We have qi11 = (€k+1,Tktr18k+1) = (1 - . - TkEkt1, USK+1). Equation (2.12) implies

1
ThkEk+1 = Ekt1 — W(T‘kek — &) (Tkek, Ek41), (2.19)
— Yk-1

and since rje; = g, for £ > j + 2, we get

1
Tl Tk€kel = k41 — #(7‘1 C L TREE — T .. Tk—18k) (UK, Ex41)-
- Yk-1

Now, it is known that (ueg, erx11) = (€k+1, Usk) = pk. If we set vy = ¢,

Pj-1
Vi =n...Trj1€5, Qj=—_—-—", Wjt1 = &j41 — aAjuej,
1 —-yja
we get the recursion
Vjt1 = Qv+ Wiy, (j<k), (2.20)

which we solve in

k+1 k

k
Vk+1 = Haj &1 + Z a; | we. (2.21)
j=1 =2 \ j=¢
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Taking the scalar product with ueg,; yields

k+1

Gr+1 = aj | {(e1, ueg41) +Z l_[a] (we, Uk1).

—n

Jj=1

But (wg, Ueks1) = (¢, Uksr1) — Gr—1{UE¢—_1, UEk+1), and since ¢ < k + 1, we have

(we, Uek41) = (€0, UEK41) = —0kQlp—2 1_[ Pms
m={—1

which yields (with ¢_; = —1)

@ k+1 [ k -
+1 _
5 ([Ta)es TT om
=1 \ j=¢ m=t—1
k+1 k-1
_inpznl—)’ = 11 =y2)
m J -
=1 m=t-1 n (1_ s)
k+1 [ k-1 k—1
1
=—=—— 2| Il an]_[(l—w)— I1 pml_[(l—w
[Tco@ =¥ i | mmee m=t—1
-1
l_[ (1 — )
s=0 1—7/3
and eventually gx.1 = . [ |

Now, we can summarize the above results in the following theorem.

Theorem 2.8. Letu € U(n) and ea cyclic vector for u. Let u be the spectral measure of the
pair (u, e), and («g, . .., an_1) its Verblunsky coefficients. Let (¢y, . .., &,) be the orthonormal
basis obtained from the Gram-Schmidt procedure applied to (e, ue,...,u" 'e). Then, u

can be decomposed as a product of n reflections (rg);<k<n:
u=r...m (2.22)

where ry is the reflection mapping ¢; onto ue; and by induction for each 2 <k <n, ry
maps ¢ onto 1 ' ety .. 1y ue.

This decomposition can also be restated in terms of the GGT matrix:
Glao, - an1) = EQ)EV () ... E™ Viynon), (2.23)
where for 0 < k < n — 2, the matrix E% is given by

E* D (ye-1) = Idk-1 @ Elye—1) © Idn—g-1, (2.24)
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with E(y) defined in (2.14). Fork =n — 1,

E" V(yp1) =Tdy_1 ® (yn_1). (2.25)

3 Deformed Verblunsky Coefficients and independence

We now use the point of view of sampling (or change of probability measure) to compute
the distribution of the deformed Verblunsky coefficients under CJf{f/’s. Let us first remark
that if the ay's are independent and with rotational invariant distribution, then from
(2.9)

1
(aOI--~laVL71) gV(VOI'~-IV1’L*1)- (3-1)
This is the case under CJgf)S.

We first prove that when § # 0 the Verblunsky coefficients are not independent
anymore by studying the simple case n = 2, 8 = 2, and then we compute the distribution
of (¥o,...,yn_1) under CJ&?},. We then show that under this distribution, the weights of the
measure associated with the Verblunsky coefficients (o, ..., ®,_1) are independent from
the points at which the measure is supported and follow a Dirichlet distribution.

Let § € C such that Red > —1/2. The formula

1+ +9)

W) =—— """ 21 —¢)Pa-17°, T 3.2
() F(1+8+6)( Pa=2)r, ¢e (3.2)

defines a probability density with respect to the Haar measure on T, which is discontin-
uous at 1 when Jm§ # 0 (see [7]).

When 8 =2 and § # 0, the Verblunsky coefficients are dependent. Indeed, let
M e U(2) with Verblunsky coefficients oy and «;. Then

det(Id — M) = [1 — &g — a1(1 — ag)],

with |ag| <1 and || = 1. Under CJg)z, the variables oy and «; are independent and
uniformly distributed on D and T respectively (see [23] or Proposition 1.7). The CJf;z,)2 isa
dets sampling of CJgZ (see the Introduction for the definition and notation for the det;-

sampling). So, the joint density of (&, ¢) on D x T is proportional to

Flag, ) = 11 — dp — a1 (1 — )l’[1 — &g — o1 (1 — i)

= (1 — o)’ (1 — )1 — ya I°[1 — ye1°,
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where

_l—a

A

It is then clear that the conditional density of «; given «y is
ay = AYyady), @ e,

and this last quantity does not depend on «g (i.e. on y) if and only if § = 0. Otherwise,
the Verblunsky coefficients oy and «; are dependent.

The next theorem illustrates our interest in the deformed Verblunsky coefficients:
under CJSST?' they are independent. For the proof of this theorem, we need the following

lemma which will also be useful when we study limit theorems.

Lemma 3.1. Lets,t,¢ € CsuchthatRe(s+¢+1) > 0,Re(t + £+ 1) > 0. Then, the follow-
ing identity holds:

vl osir ayta2, . TLEOT(E+145+¢)
/I‘»(l |z|9) 7M1 — 2)°(1 Z)dz_l“(€+1+s)1"(£+1+t)' (3.3)

Proof. A Taylor expansion yields

_ (=S)n(=t)m ;
S(1 _ 7\t — m+n n m _i(m—n)o
(1-2°01-2"'= Z P atml e ,
mn>0

with z = pel” and 0 < p < 1. We obtain by integrating

- — 1
/(1 — 121 - 20 - 2'd*z =271 ) M/ (1= p2)1 p2nH g
) =0 nin! o
(=Sha(—t)y (=1 7 | |
_”; n! (n+2)! —zzF1(—s,—t,g+1,1),

where o F; is the classical hypergeometric function (see [3]) and an application of Gauss
formula (see [3]) shows that the last expression is exactly the right-hand side of (3.3). &

Theorem 3.2. Let 8 € C with %ed > —1/2 and 8 > 0. Set ' = f/2. Under CJJ", the dis-

tribution of (yy, ..., ¥n_1), denoted hereafter 77,(3',1,;: is the following:

(1) the variables yq, ..., ¥n—2, ¥n_1 are independent;
(2) for k =0,...,n — 2 the density of yx with respect to the Lebesgue measure

d?zon Cis

Cen(8)(1 — |2/2)F " 5=D-1(1 — 2)3(1 — 2)°1(2),
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where

FrBm—k—-—1)+1+8'Bn—-k—1)+1+35)
Cenld) = —; (3.4)
al(n—k-—1)rBn—-—k—-1))+14+8§+93)

(3) the density of y,_; with respect to the Haar measure on T is A (given by
(3.2)).
Proof. The distribution of the «'s in the B-circular unitary ensemble is né’,‘};- More pre-

cisely, as seen in Definition 1.4 they are independent and if
ap =1éV* 0<k<n-—2), ap,=eV1,

then ry and vy are independent, v is uniformly distributed and rZ has the Beta(1, 8/'(n —
k — 1)) distribution. Moreover, «,_; is uniformly distributed on T. From (2.11), the sam-
pling factor is

n-2
det(Id — U)’det(ld — U)° = (1 =y 1)’ (1 = 7 r)’ [ [ = w1 = 7%)°,
k=0

so that, under CJg’;, the density of (rg,...,Tn_2, ¥0,..., ¥y_1) is proportional to

n—2

! — _k — N -
A (1) 1_[ (1- I‘i)ﬂ =14 (1 — Y (1 — )% 10.1) (%),
k=0

with
vk =1k€% 0<k<n-2), yp1=¢e"".
Thanks to the relations (2.9) and (2.10), the Jacobian matrix of the mapping
(ro,...,Tn_2,%o,..., ¥n_1) = (ro,...,Tn_2,00,...,6n_1)

is lower triangular with diagonal elements +1, so that under CJ% the density of

(ro,...,Tn—2,60,...,0n_1) is proportional to
e (n—1-k)
"(n—1-k)—1 5 -
A (1) l_[ (1- ri)ﬁ " (1 — yi)* (1 — 7%)° Lo,y (rx) , (3.5)
k=0

which proves the required independence and the expression of the distributions, up to the
determination of ¢ ,(8). This quantity is obtained by taking ¢ = p'(n —k —1),s =6,t =4
in (3.3), which gives (3.4) and completes the proof of the theorem. |

Starting with a set of deformed Verblunsky coefficients, with distribution ng’g, we

obtain the coefficients («y, . .., @n_1) by inverting formula (2.11). These are the coordinates
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of some probability measure u supported at n points on the unit circle

n
M= Z ﬂkgeiﬂk ,
k=1

with 7x > 0 and ) ,_, mx = 1. The next theorem gives the distribution induced on the

vector (mwy,...,7q,01,...,60,) by Vo, ..., ¥n1).

Theorem 3.3. The following formulae express the same measure on the manifold of

probability distribution on T supported at n points:

n n
KMIAE®, .., e P[]0 - e’ — %) []xf 'do; - dbpdrm; - drny
k=1 k=1

in the (9, 7) coordinates and

n-2 n—-1
KN [1A = P02 TT0 = v’ (1= )’ dPyo - dPyn—2dp
k=0 k=0

in terms of the deformed Verblunsky coefficients, with y,,_; = €. Here, K ;’2 is a constant:

T(1 4801 +8) =2
g _ | 5),
8B n-1gT(1 46 +6) [ centd

k=0

with ¢k, (8) given in Theorem 3.2. Consequently, if (yo, ..., ¥n-1) is nf;"}, distributed, then
(ry,...,my,) and (64, ...,0,) are independent; the vector of weights (74, ..., m,) follows the
Dir, (') distribution and the vector (¢, ...,0,) has the density hf;",)s

Proof. In the course of this proof, we shall adopt the following point of view. Starting
with a measure supported at n points on the unit circle, we associate with it its Verblun-
sky coefficients («p, ..., o,—1) and then the corresponding GGT matrix which we note G
for simplicity. Then e; is a cyclic vector for G and p is the spectral measure of (G, e;).
Conversely, starting with the set of deformed Verblunsky coefficients with ;4 distribu-
tion, we construct the coefficients («g, ..., an—1) With the transformations (2.9), then the
GGT matrix associated with it and finally u the spectral measure associated with this
matrix and e;.

We use the following well-known identity (see [33] or [23] Lemma 4.1):

n n—2
A", @M ] [me =0 — el (3.6)
k=1 k=0
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Since |y| = |ax|, we can also write

n n—2
A", @M ] [me =0 =P (3.7)
k=1 =
Moreover, from (2.11),
det(ld - G) = ]‘[(1 %) = ]‘[(1 — V). (3.8)
k=0

In our setting, m; is modulus squared of the first component of the ith eigenvector of the

matrix G. Now, define
g =mn, fork=1,...,n

It is known (see for example Forrester [12], Chapter 2 and [13] Theorem 2) that the

Jacobian of the map («g,...,0n-1) > (61,...,6n, q1,-..,Gn-1) is given by
TTrzo(1 — oy ? )
an Hk 14k
Moreover, the map (yo,...,¥n_1) — (ag,...,an_1) is invertible and its Jacobian is 1, as

already seen. The result now follows from simple integral manipulations combined with
the identities (3.7) and (3.8). [ ]

4 Matrix Models for the Circular Jacobi Ensemble

The results of the previous sections can now be used to propose some simple matrix
models for the circular Jacobi ensemble. There are mainly two ways to generate matrix
models for a given spectral measure encoded by its Verblunsky coefficients.

The AGR decomposition. If U = 0@ (ag)®V(ay) - - - @7 V(w,,_;) (the O's are defined
in the introduction), the Verblunsky coefficients for the spectral measure associated with
(U, e;) are precisely (g, ..., an—1) (see[2] or [31], Section 10). Therefore, taking independent

og's with law 770 ﬂ, the density of the eigenvalues of
U= @‘0)((){0)@(1)(011) s ®(n_l)(01n71)

is proportional to |A(e?,...,€"%)f. The matrix U obtained above is the GGT matrix
associated with the ax's. It is in the Hessenberg form.
The CMV form. Set

£ = ®(0)(a0)®(2)(a2) ey
M = 0W(a)0®(as) . . ..



Circular Jacobi Ensembles and Deformed Verblunsky Coefficients 4379

Cantero, Moral, and Velazquez [8] proved that the Verblunsky coefficients associated with
(LM, e) are precisely («o, . .., an—1). Therefore, taking as previously independent ax's with
distribution 778?}3, the density of the eigenvalues of the spectral law of LM is proportional
to |A(é", ..., €%)|# [23]. This matrix model is very sparse: it is pentadiagonal.

We now propose a matrix model for the circular Jacobi ensemble: it is reminiscent
of the AGR factorization with the noticeable difference that it is based on the deformed

Verblunsky coefficients and actual reflections as defined in Section 2.

Theorem 4.1. If (yo,..., yn1) is ny?% distributed, then with the notation of (2.24) and
(2.25),

E(VL*I)(

200402V () - - Yn-1)

is a matrix model for the circular Jacobi ensemble, i.e. the density of the eigenvalues is
K, (see (1.6)).

Proof. We know from Theorem 2.8 that
Glao, ..., an-1) = B2 EV () - - E™ Viyn_y). (4.1)

We also proved in Theorem 3.3 that the set of deformed Verblunsky coefficients with
probability distribution nfg”; induces a distribution on the eigenvalues of the GGT ma-
trix Glao, ..., @n—1), which has exactly the density hsg. This completes the proof of the

theorem. u

Remark 3. We now explain the CMV form obtained by Killip and Nenciu in [23]. Cantero,
Moral, and Velazquez [8] introduced the basis xo, ..., xn—1 obtained by orthogonalizing

1

the sequence 1,z,z7',.... They prove that in this basis the matrix is pentadiagonal. We

name this matrix Clay, ..., @n—1). It turns out that there exists a unitary P such that
PGlag, ..., an_1)P* =Clag, ..., an-1) , Poo = xo.

The two pairs (Glao,...,@n_1),90) and (Clag, ..., an_1), xo) are equivalent, they admit the
ar's as Verblunsky coefficients and have the same spectral measure. We conclude that if
we start with the y¢'s distributed as nf{% and build the ax's by inverting the transformation
(2.9), then Clag, . ..,an—1) will be a matrix model for the circular Jacobi ensemble. But,
we do not know how to construct the CMV matrix from the yx's directly. We saw at the

beginning of this section that Cantero et al. introduced the matrices £ and M as direct
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product of small blocks ®*(a;) and obtained C as C = £LM. It would be interesting to

have an analog construction based on the independent y;'s.

Theorem 2.8, which is a deterministic result, has also the following consequence.

Proposition 4.2. Let (ag,...,0n 2,0, 1) € D" ! x T be independent random variables

with rotationally invariant distribution. Then

— law — ~(n—
0(ag)®@" (1) - - O Moy 1) Z EVag) BV (@) -+ E" Vet 1),

Proof. We give two proofs of this result. The first one is a consequence of Theorem 2.8

from which we know that
0%)0W(ay) - - - O V1) = Q)Y (1) - - - B V(ypy),

and the remark at the beginning of Section 3.
For the second proof, we proceed by induction on n. For n =1 the result is

obvious. Suppose the result holds at rank n — 1: thanks to the recurrence hypothesis
E%00) 8V (1) - - B Vo) ' B cg) OV 1) - - O ey ).
Let e% = IZ—Z? An elementary calculation gives

1

E%(a)0 (@) - 0" 2y _5) 0" Ve y)

= 090V (e %q,) ... @D (e 0, )0 V(e gy, ).

As the o's are independent with law invariant by rotation:
_j _j i law
(Ol(),e l¢0a11-~~re l¢0anfzrel¢0anfl) = (OlO,alw-wan—Zranfl),

which completes the proof. n

Now that we have a matrix model for the circular Jacobi ensemble, we can study

the characteristic polynomial for such matrices; the key formula will be (2.11).

Proposition 4.3. Let U be a unitary matrix of size n and let Z, = det(Id — U) be its

characteristic polynomial evaluated at 1. Then, in the circular Jacobi ensemble, Z,, can
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be written as a product of n independent complex random variables:

n—1
Zn = 1_[(1 - Vk) '
k=0

where the laws of the y;'s are given in Theorem 3.2. Consequently, for any s, t € C, with
Relt) > —%, the Mellin-Fourier transform of Z,, is
n—1

El|Z,|'e**8%] = [
k=0

FBk+1+80rBk+1+OMBk+1+8+8+1)

- - . (4.2)
FBk+1+8+80(Bk+14+8+F)T(Bk+1+5+12)

Proof. The first part is an easy consequence of (2.11) and Theorem 3.2. To prove the
second part, we note that if X; = (1 — y), then |Xj|'e$28Xk = (1 — 1)%(1 — 7%)?, where
a = (t +5)/2 and b = (t — s)/2. Consequently, by independence of the s, we obtain

n-1
El| Z,|'€**8 %] = [T El(1 — y)*(1 — 7)),
k=0
and formula (4.2) then easily follows from Lemma 3.1. |

5 Limiting Spectral Measure and Large Deviations

In (1.7) we defined the spectral measure, which is a central tool for the study of our

circular ensembles. Let us rewrite this measure on T as
n
(n) ._ (n)
I’Lsp = Zﬂk Sejel(cn)l (51)
k=1

where we put a superscript ™ to stress on the dependency on n. Besides, in classical
random matrix theory, many authors are mainly interested in the empirical spectral
distribution (ESD) defined by

1 n
Mo = ;8819,@ : (5.2)

We are concerned with their asymptotics under CJ(;,‘}; when n — oo with

8§ =468(n)=p'nd,
where %e d > 0 (and as usual # = §/2). In this framework the variables (6\",...,6%)
and (n{"), ... ,n,(l”)) are distributed as in Theorem 3.3. It is well known that in the CUE

(n)
esd

(i.e. for d =0 and B’ = 1), the sequence (u..;) converges weakly in probability to the
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uniform measure on T and that it satisfies the large deviation principle at scale n? ([16],
Chapter 5).

In this section, we prove that in our model, both sequences (M‘S’I’)’) and (1)) con-
verge weakly in probability to the same limit measure supported by an arc of the unit

(n)
esd

circle, and that (u.",) satisfies the large deviation principle at scale n?. In the next two
subsections, we first recall some definitions (which may be skipped by probabilist read-

ers) and then state the main results, which are Theorems 5.1, 5.4, and 5.5.

5.1 Weak convergence of measures

Let M;(T) be the space of probability measures on T. The weak topology on M;(T)
is defined from the duality with the space of continuous functions on T; that is, v,
weakly converges to v means [ fdv, — [ fdv for every continuous function f. Since T
is compact, it is equivalent to the convergence of moments. If we define the distribution
function of v € M;(T) as F,(t) = v({e?; 6 € [0, t)}), then v, — v weakly if and only if

F,,(t) — F,(t)

for all t €[0,27) at which F,(t) is continuous. The Lévy distance d; (whose precise
definition is not needed here, see [9], Theorem D8) is compatible with this topology and
makes M;(T) a compact metric space. It should be noted that for all pair of elements of
M, (T)

dr(w,v) < sup|F,(t) — F,(t)]. (5.3)
t

In the following, we consider random probability measures (v,) and the weak
convergence in probability of (v,) to a deterministic v € M (T). This means that for every
n > 1 we have a probability space (2, F,, Qn), an M;(T)-valued random variable v,,
and that d(v,,v) — 0 in probability, where d is any distance compatible with the weak

topology (e.g. the Lévy distance d;). In other words,

limv, =v (in probability) < limd(v,,v) = 0 (in probability)
& Ve >0 limQ,(d(v,,v) > ¢ =0. (5.4)
n

5.1.1 The spectral measure

The following theorem states the convergence of the sequence (,ug;)) to an explicit limit,

which we identify now, with the help of some more notation. We assume that Red > 0.
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Let
ag = —i_ (5.5)
1+d
and let 63 € [0, ) and &q € [—64], |64/] be such that
sinﬁz‘L, eiédzlij.
2 1+d 14d
If Red > 0,d # 0, let wq be defined by
/sin2((6 — &,)/2) — sin2(64/2) )
" , if 0 € (6g + &q, 2 — 64 + &4),
wal6) = |1 + ql sin(6/2) a+éa atéa (5.6)
0, otherwise.
In this case, let
do )
dua) = wal0) =— (¢ =€), (5.7)
27

and for d =0, let
do .
duol) :i= — (¢ =€9)
27

the Haar measure on T.

Theorem 5.1. Assume Red > 0. As n — oo,

lim pu = pa (in probability).

To prove this convergence, we use the parameterization of measures by their mod-
ified Verblunsky coefficients and the following two lemmas, whose proofs are postponed

until the end of the section.
Lemma 5.2. For every fixed k > 0, as n — oo,
. (n) d . e
lim 3, = ——— (in probability), (5.8)
1+d
and, consequently,

limo{” = age **1% (in probability). (5.9)

Lemma 5.3. The sequence of Verblunsky coefficients of 4 is precisely (age™*+5), _q.
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Proof of Theorem 5.1. For v € M;(T), let m(v) = [ €*dv(6) be its kth moment and let
ak(v) be its kth Verblunsky, in short V-coefficient. Moments are related to V-coefficients
in a continuous way: for every j > 1, m;(v) is a continuous function of (o, ..., @j.m-1),
where N is the cardinal of the support of v. We know for Lemma 5.2 that for every fixed
k, lima(ul) = a;(ua) for j < k, in probability. It entails the convergence of m;(ul?) to

my(nq), in probability, hence the weak convergence of the measures. |
Remark 3. The above method can be easily adapted to show the trivial asymptotics of
two different scaling regimes:

e if §(n) = o(n), the limit is the uniform measure on T;

e if §(n)is real and n = o(§(n)), the limit is the Dirac measure at —1.

(n)

Proof of Lemma 5.2. For ;" we use the Mellin transform
_T(m—k—-1)+86+85+s+ 1D n—k—-1)+5+1)

E((1 - »™)%) = = =
(1 =7")) Fm—-—k—-—1)+8+5+ UM -k-1)+5+s+1)

(this comes immediately from (3.3)).

Since for fixed z € C
n—oo [(n)n?
we get, for fixed s (and k),

— s
1+d+d
1' E 1— (n.)$= E— ’
lim E((1 - %)) ( 1+d)

which implies that

1+d+d
lim (1 —»™)= —"""" in probability,
n— oo ( )/k ) 1 + d p Y

which is equivalent to (5.8). The statement (5.9) is a direct consequence of (5.8) and (2.9).
[ |

Remark 3. The convergences in probability in the above lemma actually hold in LP, for

all p > 0 because all variables are bounded by 1.

Proof of Lemma 5.3. If d is real, the Verblunsky coefficients are all equal. In fact, mea-
sures satisfying this property are known to have an absolute continuous part supported
by an arc of the unit circle and a possible additional Dirac mass ([33], p. 87). More pre-

cisely, let @« € D and let v be the measure on T such that a(v) = « for every k > 0. If 6(«)
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and &(«) are defined by

6la) = 2arcsinfa], €5 =,
1+«
then
do )
d\)(é’) = u)(Q)_ (é- — elQ)I
2
where
— —
el (9/2') — (G(G)/Z)r if 6 € (0la), 27 — O(ar),
w@) ={ 11+ «|sin((® +&()/2) 5.10)
0, otherwise,
as soon as
1 1
**3152 (5.11)

(otherwise, there is an additional Dirac mass). The orthogonal polynomials with respect
to this measure are known as the “Geronimus polynomials.”

When o = a4, we set f(a) = 04, &(a) = &g and v = vg, w = wq. We see that

1 1-d
+o=—,
2 2(1+4d)
so that condition (5.11) is fulfilled if and only if Red > 0, which we assumed.
Moreover, it is known (see [34], p. 960) that if (ax)x>0 is the sequence of Verblunsky
coefficients of a measure yu, then the coefficients (e"'**+%q,; )., are associated with u

rotated by &4. Consequently,
dua(g) = dvalge ™),

which is precisely (5.7). |

5.1.2 The ESD

In matrix models, the convergence of the ESD is often tackled directly via the convergence
of moments or the convergence of the Cauchy transform. Here, we follow a different way:

we use Theorem 5.1 and prove that the two sequences (/,L(S';)))n and (u,),, are “contiguous.”
Theorem 5.4. Assume Red > 0. As n — oo,
lign ™, = ug (in probability),

where pq4 is given in (5.7).
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Proof. From Theorem 5.1, we know, with the notation from the beginning of Section 5.1,
that

lim dj (1%, na) =0 in probability.

n—oo
By the triangle inequality

(n)

(2 ) = (012, 00) + s (15 E2)
(n)

so it is enough to prove that d, (Msp , lasy) converges to 0 in probability. Thanks to (5.3), it

is enough to prove that

lim sup |F,w(t) = F,m (t)| = 0 in probability. (5.12)

n—oo

In fact,

k
— (n)
sup |Fm(t) — F,m (t)| = max | §" — ﬁ} . (5.13)

where S,(C") = Z’; 1 71(”) Using the union bound and the Markov inequality, we may write

n 4
s> < ZP(‘S}}’ —~ E‘ > a> <e 421@((5‘"’ E) ) (5.14)
k=1

and then use explicit distributions. Indeed, we showed in Theorem 3.3 that the vector
(z™,...,7[”) follows the Dir,(8') distribution. It entails that for k =1,...,n — 1, the
variable S,(c") is Beta(B'k, 8'(n — k)) distributed.

Recall that the Mellin transform of a beta variable Betala,b) with positive

P <m]?x S — =

parameters a and b is

I'a +s)T'(a + b)

E(Betala, b)’) = NETCE TR

for s > —a. As a consequence, EBetala, b) = a/(a + b) and a straightforward calculation

gives

E((Betala, b) — EBetala, b)))?) =

3ab(2a® + 2b* — 2ab+ a’b+ab?) ( ab )
(@a+b*a+b+1)a+b+2a+b+3) (a +b)*

When a = 'k and b = g'(n — k), this shows that the kth term in the sum of (5.14) is
0 (%), so that

P <m]?x S — =

k "\ kin—k) 1

Thanks to (5.13), this yields (5.12) and completes the proof. |
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5.2 Large deviations for the ESD

It turns out that the convergence in Theorem 5.4 is exponentially fast, and to make this
statement more precise we need to recall the definition of some notions of large devi-
ations, for which the reference is the book of Dembo and Zeitouni [9]. We say that a
sequence (P,) of probability measures on a measurable Hausdorff space (X, B(X)) satis-
fies the LDP at scale u, (with u,, — o0), if there exists a lower semicontinous function
I:X — [0,o00] such that

1

limsupu—loan(F) < —inf{I(x); x € F}, (5.15)
n

liminfuL log P,(G) > —inf{I(x); x € G}, (5.16)
n

for every closed set F C X and every open set G C X. The rate function I is called good
if its level sets are compact. More generally, a sequence of X-valued random variables is
said to satisfy the LDP if their distributions satisfy the LDP. From now on, we work with
X = M;(T), whose compacity makes our task simpler. In fact, according to [9] Theorem

4.1.11, in this case the LDP is equivalent to the following property: for every u € M;(T)

1
—I(u) = “}}} lim sup " log P,(B(w, €)), (5.17)
1
= lim lim inf — log P, (B(u, ¢)), (5.18)
el0 n Un

where B(u, ¢) is the open ball of radius ¢, centered at u
Blu, &) ={v:dplu,v) < e}
It is easy to see that the latter is equivalent to the pair of inequalities
1
lim lim sup — log P,(B(w, ¢)) < —I(u), (5.19)
el0 n Un
1
lim lim sup — log P, (B(u, €)) > —I(w). (5.20)
el0 n Un

For the sake of completeness, let us explain shortly why (5.19) and (5.20) lead
to (5.15) and (5.16), respectively. On the one hand, every closed (hence compact) set in
M;(T) may be recovered by a finite number of balls and applying (5.19) for all these balls
leads to (5.15). On the other hand, every open set contains open balls and it remains to
optimize with respect to the centers of the balls.

Our large deviation result follows the way initiated by the pioneer paper of Ben

Arous and Guionnet [4] and continued by Hiai and Petz (see [15, 17]).
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We work with the set M;(T) of probability measures on the unit circle. For

u € M;(T), the Voiculescu entropy is

2(u) = // log|c — ¢'ldul(e)dule’). (5.21)

With a different sign it is the logarithmic energy of i (see Chapter 5.3 in [16]). We also
define the potential

—2(Red)log (2sin §) — Gmd)(® —n), if ¢ =€",0 €(0,2n),
Q4(¢) = § oo, if ¢ =1 and Red > 0,
—|Jmd|m, if £ =1 and Red = 0. (5.22)
It should be noted that Qg4 is a lower semicontinuous function. The main result of this

section is an extension of the theorem of Hiai and Petz (Theorem 5.4.10 in [16]), which

corresponds to the case d = 0 + a continuous potential.

Theorem 5.5. Let d € C with Red > 0. Forn € N and (¢y,...,¢,) € T" let

higy, ... o) =[]0 = 0¥ - ¥ [ 1g; — ol
k=1

j<k
and let Pg‘) be the distribution on T™ having the density

1
Z4(n)

where Z4(n) is the normalization constant.

h({l, s {n) ’ (523)

(1) We have

111{)1o _ﬁ log Z4(n) = B(d), (5.24)

where

1 x(x + Red)
B(d) = log ————
(d) /o xlog PR dx

(2) The sequence of distributions of

m _ %+t
esd n

under ]P’g” satisfies the LDP in M, (T) at scale g'n? with (good) rate function

Liw) = — %00 + / 0alc)dule) + B(d). (5.25)
T

(3) The rate function vanishes only at yu = ugq.
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Proof. (1) An exact expression of Z(n) is obtained using the following lemma, whose
proof is postponed to the end of this subsection.

Lemma 5.6. If we define

n
Z4(n) = / [Ta—e*ra—e ™ []le" —e*Pdo, ---don,
[0.2m)™ 4

j<k
then we have

FBn+1) 7 TBj+ DB +1+s+1)
Z,(n) = | ' | |
t(n) T +1)n 1:[ TB L1+ +110) (5.26)

We have Z4(n) = Z34,, 45, (n) and then,

n—1
log Z4(n) =log(g'n+1) —nlogl(' +1)+ > logI(8'j+1)
Jj=0
n—1
+ ) TogT(B'j + 1+ 2%edp'n) — 2%e logN(B'j + 1+ d'nl.
j=0

From the Binet formula (Abramowitz and Stegun [1] or Erdélyi et al. [11], p. 21), we have
for Rex > 0

log'(x) = (X - %) logx—x+ %log(Zn) ~|—f fls)e™**ds, (5.27)
0

where the function f is defined by

1 1 1 1 nd 1
SS=l--+—— =2y " — —
1is) |:2 s+es—1i|s ;sz—l—élﬂzkz

and satisfies for every s > 0

0< fls) < flO)=1/12, 0< (sf(s)~|—%> < 1.

Using (5.27), a straightforward study of Riemann sums gives

1 ! x(x + Red)
——log Z log—————dx=B(d). 2
Bz og Z4(n) —>/0 xlog PR dx (d) (5.28)

(2) The proof is based on the explicit form of the joint eigenvalue density. We
follow the lines of [4, 15, 17], and [16]. We skip the index esd for notational convenience.

Our goal is the proof of the two inequalities (see (5.19) and (5.20)), which hold for every
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w e M;(T):
1
liI% lim sup B log PP (™ € B(u, ) < —Ialp), (5.29)
£—> n
1
y_{% limninfm log PP (1™ € Blu, ) = —Ia) (5.30)

We rest on the LDP known in the case of d = 0, and use the general method which consists
in estimating the Radon-Nikodym derivative ruling the change of probability. The key

formula is

Zo(n) o n
PO (™ € B, ¢) = %Egﬂ[lwn.emme nip [ Qadu™ (5.31)

The upper bound (5.29). Let us first assume Red > 0, so that Qq4(f) — oo as ¢ — 1. For
R > 0 we consider the cutoff QR = min(Qq, R). Since QF is continuous, the mapping

v e M;(T) — [ QRdv is continuous, so

inf | QBdv > / ofdu —r (e, R) (5.32)

B(u,e)
with lim, (¢, R) = 0. Since Qq > QF, we get

1
/3/77,2

028 [ Qudu™ 1
logEgl)[lulnieB(u,E)e np f ddu ] <

< G log Py (1™ € Bu, &) — /QRdu + 71, R).

(5.33)

Thanks to the LDP known for d = 0, we can take limsup in n and then limit in ¢ and
obtain

1 , n
lim lim sup o log E[Lymepyue ™ | 2641™] < 5(u) / QRdy,
& n

and thanks to (5.31) and (5.24)

1
,3/712

lim lim sup log P (u™ € Bu, &) < T(u) — f oRdu — B(d).
n
By the monotone convergence theorem limg_, o, f ofdu = f Qqd i, which proves (5.29).
If Red = 0, then Qg4 is lower semicontinuous and bounded, so that the mapping
v > [ Qqdv is lower semicontinuous and (5.32) still holds with Q4 instead of QF and
some r(¢) instead of 7 (e, R). The rest of the argument is the same as above.
The lower bound (5.30). If I3(u) = oo, the bound is trivial, so that we can assume

that p has no atom. To overcome the problem of the singularity at 1, we use a classical
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approximation of u by a probability vanishing in a neighborhood of 1, i.e.

Li—¢>m

duml(e) = =) = M_l)du(é‘).

The benefit is that the mapping v+ [ Qq dv is continuous in a neighborhood of 1.
Choosing M large enough, we ensure that d (y, #) < ¢/2 and then, thanks to the triangle

inequality,
Blu,€) D Blum, &/2),
which leads to
PP ("™ € Blu, ) = PP (u™ € Bluw, £/2)).

We come back to (5.31) with pp and /2. For v € Bluy, ¢/2), we have [ Qqdv < [ Qadpuu +
rz(e, M)) where lim, r;(e, M) = 0. We get

1
,3/7’1.2

, n 1
og EP[1mepi e P Gadn™] > WIP&W‘"’ € By, £/2)) — [ Qad iy — rale, M).

Again, we take liminf in n and lim in ¢ and use successively the LDP for d = 0, (5.31) and
(5.24) to obtain

1
pn?

lim lim sup log P (1™ € Bu, ) > % (um) — / Qaduy — B(d).
3 n
Now, since I(u) < oo and since Qq and X are bounded below, the monotone convergence

theorem yields
Jim S0 = 200, lim [ Qsdy = [ Qudp.

This ends the proof of (5.30).

(3) The uniqueness of the minimizer is a direct consequence of the strict convexity
of I which comes from the strict concavity of X.

We do not give a self-contained proof of the identity of the minimizer, but rather
use a probabilistic argument. On the one hand, in Theorem 5.4 we proved that ",
converges weakly in probability to uq and, on the other hand, the LDP combined with
the uniqueness of the minimizer imply that /Lg;)d converges weakly in probability to this

minimizer. This completes the proof. |

Proof of Lemma 5.6. We have

2ot _ pdetid — U)det(td — 0),
Zo,0(n)




4392 P. Bourgade et al.

where the mean is taken under the CJgf)S distribution. Under this distribution, det(Id — U)

has the same law as the product of independent variables 1 — &k, where ax is vgn—k—1)+1
distributed. We get

n—1
E(det(Id — U)*det(1d — U)!) = 1_[ E(1 —&;)*(1 —aj).
j=0

From (3.3) we get

Zeiln) 'ﬁ T(Bj+1UC(Bj+1+5+1)
Zopm)  AATBJ+1+8T(B+1+1)
Besides, Lemma 4.4 in [23] gives
1“(,3/n +1) [
Z =
00l = R
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