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1. Introduction

It was proved in [12] that every finitely presentable group is the fundamental
group of an orientable closed 5-manifold which admits an almost contact structure.
In Section 2 of this paper we use a recent result of A. Weinstein [18] to prove the
following stronger result.

THEOREM 1. Every finitely presentable group is the fundamental group of an
orientable closed S-dimensional contact manifold.

The corresponding result is trivial in dimensions 2n—1 > 7, because for n > 4
every finitely presentable group can be realized as the fundamental group of an
orientable closed n-manifold M. The unit cotangent bundle of an arbitrary
Riemannian metric on M has the same fundamental group and a tautological contact
structure.

Thinking of a contact structure as a completely non-integrable hyperplane
distribution, there is a question dual to the one answered above: Does the existence
of an integrable k-dimensional distribution, that is, a foliation, on an orientable
closed n-manifold M restrict the fundamental group of M, or not? The answer is as
follows.

THEOREM 2. Ifn=5andn>=k >0 or n=4 and ke{0,2,4}, then every finitely
presentable group is the fundamental group of an orientable closed n-dimensional
manifold with a k-dimensional foliation of class C® with trivial Godbillon—Vey
invariant.

The proof of Theorem 2, given in Section 3, is elementary and explicit in all cases.
Even in the codimension 1 case we do not use Thurston’s deep existence theorem [17].
As with Theorem 1, the result is trivial in dimensions # > 7, and the interest lies in
sorting out the low-dimensional cases.

Theorem 2 is sharp in several respects, as follows.

REMARK 1.1. If one requires the foliations to be analytic rather than smooth,
then a result of A. Haefliger [8] shows that the fundamental group is restricted for
k =n—1, in that no finite groups are possible.
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ReMArRk 1.2. Considering smooth foliations defined globally by a closed
differential form restricts the fundamental group if K = n—1, because in that case the
first Betti number is positive. (We owe this remark to A. Haefliger.)

REMARK 1.3. A closed oriented n-manifold carries a k-dimensional foliation for
k =1 or n—1 only if its Euler characteristic vanishes. For n = 4 this imposes non-
trivial restrictions on the fundamental group. Again, the first Betti number has to be
positive, but this is not sufficient; compare [10].

The results of this paper (and of [16, 18]) can be thought of as an instance of
Gromov’s Homotopy Principle [7] applied to contact structures and to foliations.

For orientable closed manifolds of dimension 3, not all finitely presentable groups
arise as fundamental groups. However, those which do arise do not obstruct the
existence of contact structures [14] or of foliations [13). Our proof of Theorem 1 is a
generalization of J. Martinet’s argument [14] for the 3-dimensional case.

2. Proof of Theorem 1

Recall that a submanifold Y of a contact manifold X is said to be isotropic if its
tangent bundle is contained in the contact distribution. The contact distribution has
a natural conformal symplectic structure, and we denote by L the symplectic
orthogonal with respect to this structure. If Y is isotropic, then TY < (T'Y)*, so that
the conformal symplectic normal bundle CSN(X,Y) = (TY)'/TY is defined.
Weinstein [18] proved that the manifold obtained from X by surgery on an isotropic
k-sphere with trivialized conformal symplectic normal bundle is again a contact
manifold.

Now let T" be a finitely presented group. For each generator we take a copy of
S1x S* with its standard contact structure, and form the connected sum X as a
contact manifold using the case k = 0 of Weinstein’s theorem, or [15]. Each relation
of the presentation corresponds to a unique homotopy class of a map S* — X, and we
can represent these classes by disjoint embedded circles. Let Y be the union of these
circles. According to the lemma below, we may assume that Y is an isotropic
submanifold. The conformal symplectic normal bundle CSN (X, Y) is of rank 2, and
it follows from the connectedness of Sp (2) that it is trivial. Performing surgery and
using the case k = 1 of Weinstein’s theorem, we obtain an orientable contact 5-
manifold with fundamental group T'.

This completes the proof of Theorem 1 modulo the following lemma.

LEMMA 2.1. Let X be an orientable contact manifold, and ¢ S* > X an embedding.
Then ¢ is isotopic to an embedding with isotropic image.

Proof. The case dim X = 3 is a special case of Lemma 2.2.1 in [2].

The general case can be reduced to this as follows. Let o be a contact form
on X. Choose a vector field v along ¢ such that oy, (v,,,) = 1, with v, and ¢(?)
linearly independent for all e S*. Choose a second vector field w along ¢ such that
%y (W) = 0 and

(da)¢(¢)(w¢(¢)’ ¢(t) - (0‘(¢(t))) v¢(¢)) =1
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Now let M be a 3-dimensional submanifold of a tubular neighbourhood of ¢(S*) in
X, with ¢(S*) <=M and T,, M = Span{v,,, w,,, ()}. After shrinking M, if
necessary, «|,, is a contact form on M. An isotopy of ¢ in M to an embedding with
isotropic image exists by [2] and produces the desired isotopy.

ReMARK 2.1. Instead of using Weinstein’s theorem [18], we could phrase the
argument in the framework of Eliashberg [3]. This is completely equivalent, and
shows that the contact structures so constructed are holomorphically fillable.

REMARK 2.2. After we had found the above proof of Theorem 1, R. E. Gompf
[6], in reply to a question from the authors, proved the analogous theorem for
symplectic 4-manifolds. That case is much more difficult. Using the argument of [12],
it yields another proof of Theorem 1.

3. Proof of Theorem 2

All the manifolds considered in this section are orientable, closed and smooth.

Let ' be a finitely presentable group. We shall say that I' is (n,k)-realizable
if it is (isomorphic to) the fundamental group of an n-manifold with a smooth
k-dimensional foliation. Each of the cases in Theorem 2, except the trivial ones
(k€ {0,n}), is covered by at least one of the following five existence lemmas. Lemma 3.6
proves that the foliations constructed have trivial generalized Godbillon-Vey
invariants, completing the proof of Theorem 2.

Lemma 3.1. Ifn= 5, then T is (n,1)-realizable.

Proof. One can easily construct an n-manifold X with fundamental group
n,(X) = T and Euler characteristic y(X) = 0. Then, by the Poincaré-Hopf theorem,
X has a vector field without zeros. Its integral curves yield the desired foliation.

LeMMA 32, Ifn>T7 and 2<k<n—2 or n==6 and ke{2,4}, then T is (n, k)-
realizable by a product foliation.

Proof. The assumptions imply m = max{k,n—k} >4 and min{k,n—k} > 2.
Thus we can find an m-manifold X with z,(X) = I, such that X x S* ™ shows that I'
is (n, k)-realizable by a product foliation.

LemMa 3.3. Ifn >S5, then T is (n,n—3)-realizable.

Proof. Let X be a 4-manifold with n,(X) = I'. By replacing X with its connected
sum with a number of copies of CP? if necessary, we may assume y(X) > 0 and
rank n,(X) =2 n—4.

The manifold X has a vector field v with zeros P, B, ..., P, all of index +1. Let
D}, D, ..., D; be a collection of small disjoint disks centred at the points F. We
identify these with the standard unit disk in C? and denote by S? < Dj the sphere of
radius ;. In the outside collar of S? we can deform the vector field v to make its flow
lines asymptotic to the fibres of the Hopf fibration of S?. Doing this near each S}
produces a non-singular !-dimensional foliation & on the complement of the disks
of radius } around the zeros of v, tangent and restricting to the Hopf fibration on each

boundary component.
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The complex coordinates around P, can be used to ‘blow up’ these points in a
standard way. This replaces a disk of radius } around P, by a D*-bundle E, over S*.
This does not change the fundamental group, because topologically it amounts to
forming the connected sum with one copy of CP? at each P. We now replace X with
this connected sum.

Let 7n: Y — X be an S*-bundle which has degree 1 on one 2-sphere free in 7,(X)
and is trivial otherwise. The exact sequence of homotopy groups induced by =
shows 7,(Y) = n,(X) (= I'). The pullback n*(#) is a 2-dimensional foliation on
\(U (E, x SY)), tangent and restricting to the product of the Hopf fibration with S*
on each boundary component. One can fill in standard Reeb foliations on each fibre
D*x S* of each E, x S to obtain a smooth 2-dimensional foliation on Y. This shows
that I is (5, 2)-realizable.

We have rank 7,(Y) = rank ny(X)—1 > n—5. If n > 5, we can take another circle
bundle Z — Y with n,(Z) = =,(Y) and rank n,(Z) = rank n,(Y)— 1, and pull back the
foliation. Iteration shows that I' is (n, n— 3)-realizable.

LemMa 3.4. Ifn>=4, then T is (n,n—2)-realizable.

Proof. Let X be an oriented 4-manifold with n,(X) =T, and X the same
manifold with the opposite orientation. It was proved in [11] that there exists an a
such that the connected sum Y = X # aCP? has an almost complex structure. Apply-
ing the same argument to ¥, we find that there is a b such that Z = X # aCP?# bCP?
and Z both have almost complex structures. (The construction of the second structure
does not destroy the first one because forming the connected sum with CP?, unlike
with CP?, is a complex operation; compare the proof of the previous lemma.)

This pair of almost complex structures for Z and Z corresponds to a 2-plane
bundle in TZ; compare [9]. According to Thurston [16], any 2-plane bundle can be
homotoped to a completely integrable one. Thus I' is (4, 2)-realizable, and (n, n—2)-
realizability follows by pulling back this foliation to the total space of iterated S’-
bundles, as in the proof of the previous lemma.

LemMma 3.5, Ifn> S, then T is (n,n—1)-realizable. If n > 7, then the realization
can be done by pulling back the standard 2-dimensional foliation of S°.

Proof. 1f n =7, then there is an (n— 3)-dimensional manifold X with n,(X) =
On X x S® we pull back the standard foliation from the second factor.

For the general case, let X be a 4-manifold with z,(X) = T and n,(X) large. We
foliate X x S* by the product foliation X x {¢}, t€ S*. From this we obtain a S-manifold
Y with 7,(Y) = T and a codimension 1 foliation & by surgery on {pt} x S*: foliate
(X\D*) x S* by Reeb spiraling applied to the above product foliation so that the
boundary S? x S* becomes a leaf, and fill in the foliation of S® x D? obtained in [1,
Corollaire 1]. This shows that I' is (5, 4)-realizable.

The general case now follows by pulling back & to the total space of an iterated
S'-bundle as in the proof of Lemma 3.3.

The Godbillon-Vey invariant referred to in Theorem 2 is the well-known
generalization of the definition in [5). If & is a k-dimensional foliation on an n- .
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manifold X, then GV (%) is a cohomology class in H*"*!(X, R), natural under
pullback, which vanishes for elementary foliations like products, bundles and the
standard 2-dimensional foliation of S®.

LEMMA 3.6. The foliations constructed in Lemmas 3.1-3.5 have trivial God-
billon-Vey invariants.

Proof. The foliations in Lemma 3.2 are products. The foliations in Lemma 3.1
have trivial GV (%) for dimension reasons, as do the ones in the basic cases ne {4, 5}
and k = 2 in Lemmas 3.3 and 3.4. In Lemma 3.5, the basic case for n > 7 is S?, so that
by the naturality of GV (&) there is nothing left to prove. The second construction
given in the proof of Lemma 3.5 leads to foliations almost without holonomy, so that
GV (#) =0 by a result of G. Duminy; see [4].
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