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1. Introduction

We study the bifurcation of solutions of equations which have one of the following
forms:

Su—F(u) = Zu, (L.1)
or

Su = 2{u—F(u)}, (1.2)

where S is a linear self-adjoint operator and F is the gradient of a real-valued function.
We suppose that F(0) = 0 and that F is of order higher than linear at the origin. The
classical results deal with bifurcation from isolated eigenvalues, 4, of finite multiplicity
of S. At such points, S— Al is a Fredholm operator and the method of Lyapunov and
Schmidt reduces the problem to the study of an equation in the null space of S—AI. In
this paper we are especially interested in bifurcation from points 4 at which S— Al is
not a Fredholm operator. In particular, the case where S— A/ is injective but not
surjective occurs naturally in the L?-theory of elliptic equations on unbounded
domains. For such problems the Lyapunov—Schmidt reduction cannot be used and
we must work directly with the infinite-dimensional problem.

In §2 we introduce the basic notation and assumptions adopted throughout the
paper. The special hypotheses used to establish bifurcation for the equations (1.1) and
(1.2) are given in §§ 3 and 4. The remainder of the paper is devoted to applications of
these general results to the following two non-linear eigenvalue problems. Find
u e L}R" and 2 € R such that

— Au(x)—r(x) | u(x) |°u(x) = Au(x) for x e R", (1.3)
or

—Au(x) = Au(x)—r(x)| u(x)|’u(x)} for x e R", (1.4)

where the function r: R" — [0,00) and the constant ¢ > 0 are given. For such
problems, one of the requirements of the general theory is that the functional,

o) = s f A )2 dx,

be weakly sequentially continuous on the Sobolev space
WiR") = {u e LR"): du e L*R" for 1 <i < n}.

(Here d,u denotes the ith partial derivative of u in the sense of distributions.) In § 5 we
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ensure this by requiring that r(x) - 0 as |x| - oo (Lemma 5.2). If r is merely
bounded, ¢ is not necessarily weakly sequentially continuous. However, for n > 2,
this behaviour can be recovered by restricting attention to the radially symmetric
elements of W1(R"), provided that r is radially symmetric. This device, which allows us
to cover the case where r is constant, is used in §6.

In the one-dimensional case, the weak sequential continuity of ¢ is not recovered by
restricting attention to even elements of W3(R). In this case (1.3) is equivalent to the
Neumann problem,

—u"(x)—r(x)| u(x)|°u(x) = Au(x) for x >0,
w(0)=0, ue L¥0,00),

provided that r is even. The persistent lack of weak sequential continuity means that
the problem (1.5) requires special attention [4, 12].
In §7, we discuss the corresponding Dirichlet problem,

—w"(x)—r(x)| w(x)|"w(x) = Aw(x) for x >0,

w(0) =0, we L0, ),

(1.5)

(1.6)

where the function r: (0, ©0) — [0, c0) is bounded and measurable on compact subsets
of (0, c0). This problem arises if we seek radially symmetric solutions of (1.3) in the case
where n = 3 [10, 11], but it is also of independent interest.

For the problems (1.3) and (1.4), A =0 is the infimum of the spectrum of the
linearized problem,

—Au(x) = Au(x) for x e R",

u e LAR",
and the results in §§3 and 4 furnish conditions on ¢ > 0 and the function r which
imply that 0 is a bifurcation point for the non-linear problems. These conditions

depend upon the measure of the size of a solution with respect to which bifurcation is
considered. Here we concentrate on bifurcation in terms of the measures

(1.7)

Ju(x)zdx and J | Vu(x)|? dx.
R® Rn

Elsewhere [10, 11, 13] we have considered bifurcation with respect to the quantities

I {u(x)*+ | Vu(x)|*}dx and f {u(x)* + [Au(x)]*}dx,
R" Rn
and we have treated more general non-linearities.

As in the related articles [9-13], our results give conditions under which there is
bifurcation to the left of the lowest point of the spectrum of the linearization.
Complementary results, dealing with bifurcation to the right of the lowest point of the
spectrum, have appeared recently [1].

The relationship between equations (1.3) and (1.4) and some problems from physics
is discussed in [7, 8].

2. General assumptions

Let H denote a real Hilbert space with norm |- || and scalar product {-,->. If
L: 9(L) < H — H is a linear operator whose domain, (L), is a dense subspace of H,
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then its adjoint in H [14] is denoted by L*: 2(L*) =« H — H. We suppose henceforth
that the following condition holds.

(CO) Let S: 2(S) =« H — H be a positive self-adjoint operator.

That is to say, S = S* and (Su,u) > 0 for all u € 2(S). In particular, S is a closed
operator and its domain, %(S), equipped with the graph norm of §,

lully = {lul®+ I Sul?},

is a Hilbert space which will be denoted by H,. Let T: 2(T) «c H — H be a closed
operator which is densely defined and such that S = T*T. (For example, we could
choose T to be the positive self-adjoint square root of S, but this is not always the
most convenient choice [9-12].) The domain of T equipped with the graph norm of T,

Hully = {0l + 1 Tull?}?,

is a Hilbert space which we denote by H,. Then H, =« H, = H and these embeddings
are continuous. Furthermore, T can be regarded as a bounded linear operator from
H, into H and, as such, it will be denoted by T,: H; —» H. Then the dual (or
conjugate) operator T : H* — H¥ is also bounded [14]. Now 2(T) is a dense subset
of H and so H* can be simultanously identified with H and with a subspace of H}.
Thus we can write H, ¢ H = H* <« H¥ and this identification is such that we can
write f(v) = {(f,v)> whenever

feH*andve H or fe HfandveH,.

With these identifications, it is easy to see that

T is an extension of T*,

9(T*)={ve H: T\ve H},

T,T,: H' — H%* is an extension of S,

H,=9(S)={ve H,: T\T,v e H},
and

{Tu, Tv) =T T u,v>= (T, Tyv,u),

for all u,v € H,. (These identifications and their consequences are dealt with in detail
in [13]))
We can now formulate our basic assumption about the form of the mapping F.

(Cl) Let ¢: H; — R be a continuously Fréchet differentiable mapping such that
¢(0) = 0. Then, for each u € H,, ¢'(u) € H} and so we can write
@'(Wv = (F(u),v> forallu,ve H,,
where F: H, — HY is a continuous mapping.
When the condition (C1) holds, we say that F is the gradient of ¢ and that ¢ is a

potential for F. We note that the operator T, T,: H, - H¥ is a gradient and that
1) Tyu || is a potential for T} T,.



172 C. A. STUART

3. Bifurcation for the problem (1.1)

In this section we give results concerning the bifurcation of solutions of equations of
the form

Su—F(u) = Au. (3.1)

We use the general notation and assumptions introduced in §2. In particular, the
conditions (C0) and (C1) are supposed to hold.
We say that (u,1) € H xR is a generalized solution of (1.1) if

ue H, and T \Tu—F(u)= lu. (3.2)
If, in addition,
ueH, and Fu)e H (3.3)

then (u, A) is called a strong solution of (3.1).
We have previously [9-11] discussed (3.1) under the following stronger assumption.

(C1Y The condition (C1) holds and F maps H, continuously into H.

Our terminology is justified by the observation that if the conditions (C0) and (C1)’
are satisfied and (u, 1) is a generalized solution of (3.1), then (u, 4) is in fact a strong
solution.

Suppose that the conditions (C0) and (C1) hold and that F(0) = 0. Let

EG ={(u,A) e H xR: T, T,u—F(u) = Au and u # 0}

and
ES ={(u,A) € EG: u € H, and F(u) € H}.

The notion of bifurcation depends upon the quantity used to measure the size of a
solution. The following two cases seem natural. We write Ay € BG if and only if there
exists a sequence {(u,,4,)} in EG such that A4, - 1, and || u, || » 0 as k — o0. (We
allow the possibility that + oo € BG.) We write A, € BG* if and only if there exists a
sequence {(u,, 4} in EG such that 4, — A, and || Tyu, | - 0 as k — oo.

Similarly, when dealing with bifurcation from infinity we use the notation
2o € BG(c0)/ BG*(0) if and only if there exists a sequence {(u,, 4,)} in EG such that
e = Ao as |y |l = oo/ Tyu | - o as k - co.

The following assumptions allow us to study bifurcation by a simple variational
argument.

(C2) For all t > 1 and all u € Hy, o(tu) = t*p(u) = 0 and {F(u), u) = 2¢(u).

(C3) There exist constants K > 0, « € [0,2), and § > 0 such that «+ § > 2 and
[ {Fu),u)| <K || Tul*||ull® forall ue H,.

Note that (C1) and (C3) together imply that F(0) =0, and, if F: H, — HY is
continuously differentiable at 0, that F'(0) = 0 [10, 11].

Let ¢:H, - R be defined by yu)=%|Tul*—em). For ¢>0, let
S(c)={ueH,:||lull =c} and m(c) = inf{yy(u): u € S(c)}. Note that S(c) is an un-
bounded subset of H, (unless S is a bounded operator in H).
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LemMa 3.1. Let the conditions (C0), (C1), and (C3) hold. Then BG < [0, 0) U { + 0}
for equation (3.1).

Proof. Suppose that {(u, 4,)} is a sequence in EG such that lim,_, [| 4[| = 0 and
A <O for all k e N. Then, for all k e N,

(T, Tugy — CFu) ugy = A | |1?
and s0, by (C3), —K || Tu, |I* | u, I” < A | uI>. On the other hand, since 4, <0,

I Tu 12 <K || Tug 1 1l e 1.

Hence
Al 12 = —KIK | w P19 |y |1#

= —K?2Q2-a) " u, " 20/(2—a)’

and so 4, = — K279 |y, ||2e*E-2/2"2 gince |u,| # 0. Since a+p—2 >0 and
2—a > 0, we thus have that liminf, _, ,4, = 0. This proves that BG c [0, o) U { + 0}.

PROPOSITION 3.2. Let the conditions (CO0) to (C3) hold. Suppose in addition that
() @: H, -» R is weakly sequentially continuous (i.e. ¢(u,) — @(u) whenever u,
converges weakly to u in H,),
(i) m(c) < 0.
Then m(c) > — oo and there exists (u,, A,) € H, x R such that

lull=c, | Tull < K2, glu) = mic),

— K2 ag2erb=niz=a < ) < 2m(c)/c? < 0,
and T \Tyu,—F(u) = Au,in HY.
Proof. Let {(u, A,)} be a sequence in S(c) such that Y(u,) — m(c)ask — co. We may
suppose that (i) < 0 for all k € N and hence, using (C2) and (C3), we have that
I T |12 < 20(w) < CFu)swe) < K| T [1* [ uy |
Thus we see that || Tu, || < [K | u?]V?"% = [KcP]M2~® for all ke N, since

a € [0,2). This implies that the minimizing sequence {,} is bounded in H,. By passing
to a subsequence, we may suppose that u, —u, weakly in H,. That is,

{w,u,—u,y - 0 as k — oo for all we HY.

In particular, u,—u, weakly in H since H = H* < H¥. This implies that
Il u.ll < liminf,_ || 4 || = c. Furthermore, for v € H,

<o, Ti(ue—u)) = <Tv,uy—uy - 0
as k —» oo and so Tyu,— T,u, weakly in H. This implies that
| Tyu | < liminf,_ || Tyu, |l
From (i), it now follows that

Yu) =31 Tiu 11> — o(u) < “,?_]. inf {3 | Ty 12— o(w)} = mlc).
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Since m(c) < 0 and ¢(0) = 0, we have that u_ # 0. Setting t = ¢/| u. ||, we have that
1 <t < oo.But
Wltu) = 52 1| Tu, 12— o(tur) < 2¢(u)  (by (C2))
< t*m(c) (since t> > 1 and Y(u,) < m(c))
< t2Y(tu,) (since tu, € S(c)).

Hence (t2—1)y(tu,) > 0 and y(tu,) < t®m(c) < 0. This means that t2 < 1. Since we
already have that t > 1, we conclude that t = 1. Thus we see that u, € S(c) and that

Y(u) = m(c).
It now follows from the Euler-Lagrange principle [13] that there exists A, € R such
that T', Tyu.— F(u,) = A.u,. Since Y(u,) = m(c) < 0, it follows that

I Tu || < [KcP1HE2.
Furthermore,
Aellucll? = || Tu |12 — <F(ue), uy < 29(u) = 2m(c), by (C2),
and so
2. < 2m(c)/c* < 0.
On the other hand, as in the proof of Lemma 3.1, we have that
o> — KY@-a2eri-n/2-o

This completes the proof of the proposition.

THEOREM 3.3. Let the conditions (CO) to (C3) hold and suppose also that ¢: H, — R is
weakly sequentially continuous. '

(a) If there exists ¢y > 0 such that m(c) < 0 for all ¢ € (0,¢,), then 0 € BG for equation
@3.0.

(b) If m(c)/c® - —o0 as ¢ = + 0, then — oo € BG(w0) for equation (3.1).

Proof. These results follow immediately from Proposition 3.2.

In dealing with bifurcation with respect to || T,u |, it is appropriate to replace (C3)
by the following condition.
(C3)* There exist constants K > 0, « > 0, f € [0,2) such that a+f > 2 and
[ CFu),u>| < K| Tul*|ul® forallue H,.

As before (Cl) and (C3)* together imply that F(0)=0. Let y*: H, - R be
defined by y*u) =4|lull>*—¢@(u). For ¢ >0, set S*(c)={ue H,: | Tu| =c} and
M(c) = inf{y*(c): u € S*(c)}. Note that S*(c) is an unbounded subset of H, (unless S
has a bounded inverse in H).

LEMMA 3.4. Let the conditions (C0), (C1), and (C3)* hold. Then
BG* = [0,00) U { + 0}
for equation (3.1).
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Proof. Suppose that {(u,, 4,)} is a sequence in EG such that lim,_, ,, || Ty, || = 0 and
A <O for all k e N. Then

I Tu 12— (Fu), u,> = Al u |* forall k e N.

Hence
—K || Tup | e 11 < Al |12

and
I T 12 < KN T 1w 11P.
Since u, # 0 and 4, <0, it follows that || Tu, | # 0. If § > 0, we have that
Al < K T || * g 1P72
< K || Tuy [ {K || Tuy [[@=2}2 =518
= K2 || Tyu, |?@*#-2% for allk e N.
This proves that lim,_ {4, | =0 and so BG* < [0,c0)u {+ 0} if > 0. If =0,

| Tu, ||> < K || Tu, ||* where a > 2 and so || Tyu, || = KY2~®, But | Ty, | — 0 as
k — oo. Hence BG* < [0,0) U {+ o0} if B =0.

We can deduce a sufficient condition for bifurcation with respect to | Tu || from the
results proved in §4 provided that F is homogeneous of degree ¢+ 1 for some ¢ > 0,
that is,

F(tuy=t°*'F(u) forallt>0andallueH,.

THEOREM 3.5. Let the conditions (C0), (C1), (C2), and (C3)* hold. Suppose also that
¢©: H, = Ris weakly sequentially continuous and that F is homogeneous of degree o + 1
where ¢ > 0.

(@) If M(c)/c**® - — 0 as ¢ - + 0, then 0 € BG* for equation (3.1).

(b) If B> 0 and there exists cy > 0 such that M(c) <0 for all c € (0,cy), then
— o0 € BG*(c0) for equation (3.1).

Proof. This follows immediately from Proposition 4.4 and the observation that, for
A <0, (u,4) is a generalized solution of equation (4.1) if and only if (| 4]y, ) is a
generalized solution of equation (3.1).

REMARKS. 1. We have chosen to stress the results obtained for bifurcation with
respect to ||u|| and || Tyu| = || S*u||, but Proposition 3.2 also yields information
about bifurcation with respect to other measures of the size of a solution. For
example, under the hypotheses of Theorem 3.3 (a), O is a bifurcation point with respect
to

Nully = {Hul+] Tul?}.

Furthermore, if (C1) is replaced by the stronger assumption (C1) then we have
bifurcation of strong solutions with respect to the norm

lully={lull+|Sul?}?,
under the same hypotheses. (See [13] for details.)
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2. Under the hypotheses of Theorems 3.3(a) or 3.5 (a) we have that 0 = inf g(S). (See
[10] for details.)

4. Bifurcation for the problem (1.2)
In this section we deal with equations which have the form
Su = M{u—Fu)}, 4.1

where we again adopt the general hypotheses and conventions set out in §2. We use
the notation introduced in § 3 for the sets of bifurcation points for the equation (4.1),
except that in the present context,

EG = {(u,/) e H  xR: T} Tyu = A[u— F(u)] and u # 0}
is the set of all generalized solutions of (4.1) and
ES = {(u,A) € EG: u € H, and F(u) € H}

is the set of strong solutions of (4.1).

LEMMA 4.1. Let the conditions (CO0), (C1), and (C3) hold. Then
BG < [0,0) U {+ 0}
Jor equation (4.1).

Proof. Suppose that {(u,, 4,)} is a sequence in EG such that lim,_, ||, | = 0 and
Ax <0 for all k e N. Then

I T ? = A 1l e 11* — CF i) wed}
and so
AT T > =K | Tug [ we |)P
and
T * < K I Tu I* | for all k e N.

Hence, if & > 0, we have || Ty, || # 0 and

ATV =K | T 1272 | ue ||
>

—KLK™Y* [ u |95 2 g P
= _K2/a ” u, ”2(a+ﬂ—2)/a'

This proves that 4, - —oo if a > 0. If x =0, then || u, |2 < K || 4, || where § > 2,
and consequently ||u, || > K'2~#_ This proves the lemma.

THEOREM 4.2. Let the conditions (CO) to (C3) hold. Suppose also that ¢: H, — R is
weakly sequentially continuous and that F is homogeneous of degree o + | where ¢ > 0.

(a) If m(c)/c**® - — o0 as ¢ = o0, then — o € BG for equation (4.1).

(b) If « >0 and there exists co > 0 such that m(c) <0 for all c € (0,¢cq), then
0 € BG(oo) for equation (4.1).
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Proof. This follows immediately from Proposition 3.2 and the observation that, for
2 <0, (u,A) € EG for (4.1) if and only if (| 4|*7u, A) € EG for (3.1).
LemMMA 4.3. Let the conditions (C0), (C1), and (C3)* hold. Then
BG* = [0,0) U { £+ o0}
for equation (4.1).

Proof. Let {(u, 4} be a sequence in EG such that lim,_, | Tyu, || =0 and 4, <0
for all k e N. Then

I Tu 12 = 2 1w 112 = CF(wy), e }
and so
AT Tu > 2 =K || Tu |* [, |1°
and
llu 1> < K || Tug |*] u ||P for all k e N.
Combining these inequalities we obtain
| Tul #0 and 0> A4,~' = —K*C=P | Ty, ||2erb-2i2=h
This proves the result.
PrOPOSITION 4.4. Let the conditions (C0), (C1), (C2), and (C3)* hold. Suppose in
addition that
(i) @: H, - R is weakly sequentially continuous,

(i) M(c) <O.
Then M(c) > — oo and there exists (u,,A,) € H, x R such that

I Tull =c, lull <K TP, Y¥(u) = M(c),
¢2/2M(c) < A, € — KHB~ D2+ p-210-2)
and
T'l Tluc = Ac{uc_F(uc)} in H;lk
Proof. Let {(u,, 4,)} be a sequence in S*(c) such that y*(u,) - M(c) as k - co. We
may suppose that y*(u,) < 0for all k € N. Hence, using (C2) and (C3)*, we have that
el < OK Il T 702 = [Ke#) =P,

for all k e N. This implies that the sequence {u,} is bounded in H,. Hence, as in the
proof of Proposition 3.2, there exists u, € H, such that u, — u_ weakly in H (and in H,)
and Tu, — Tu, weakly in H. In particular,

I Tu Il <liminf || Tu, || = c
and
Y*u) =3 lu 11>~ olu) < li:n inf {3 w 11> — ()} = M(c).
Since M(c) < 0, we see that ¢(u,) > 0. But according to (C2) and (C3)*,
0<20u) < K| Tu.||*|u®? where a > 0.
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This shows that Tu, # 0. Setting t = ¢/ || Tu, ||, we have that ¢t > 1. Then, arguing as
in the proof of Proposition 3.2, we find that ¢t = 1. Hence u, € $*(c), ¥*(u) = M(c),
and there exists £, € R such that

uc_F(uc) = échlTluc in H’f
Since Y*(u,) = M(c) < 0, it follows that || u, || < [Kc*]}*~P. Furthermore,
Eoll Tucll® = |l u 1* = (Fue), ue)
< 2y*(u) = 2M(c), by (C2),

and so ¢, < 2M(c)/c* < 0.Let 2, = €.~ '. Then ¢?/2M(c) € 4. < 0 and, as in the proof
of Lemma 4.3, we then have that

J < — K3B-2c2a+p-206-2)
This completes the proof of the proposition.
THEOREM 4.5. Let the conditions (CO0), (C1), (C2), and (C3)* hold. Suppose also that
¢@: H, - R is weakly sequentially continuous.
(a) If there exists ¢y > 0 such that M(c) < 0 for all ¢ € (0,c,), then — o0 € BG* for

equation (4.1).
(b) If M(c)/c? - —o0 as ¢ — oo, then 0 € BG*(0) for equation (4.1).

Proof. These results follow immediately from Proposition 4.4.

S. The Dirichlet broblem with decay

In this section we discuss bifurcation for the problems (1.3) and (1.4) for n = 2. The
results depend upon the value of the constant ¢ > Q0 and on the behaviour of the
function r. The following notation will help us to distinguish the different properties of
r which will be used.

(R1) The function r: R" — [0, 00) is bounded and measurable. Let 0 < r(x) < R for
all x e R".

(R2) We let r(x) » 0 as | x| — oo, where | x| = ()7-,x;)* and x = (x4,..., x,) € R".
(R3) There exist A > 0 and t € (0,2) such that r(x) > A(1+ | x|)™ for all x € R".

(R4) There exist B> 0 and 1 €(0,2) such that 0 < r(x) < B(1+ |x]|)™* for all
x e R".

(R5) There exists n > 0 such that | < ,/(x)dx > 0.

In order to use the general formulation introduced in §§2 to 4, we set

H=LYR" with |ull = {f

+
u(x)? dx} ,

PS)={ueH:00ueHforl<ij<n}
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and
Su=—Au= - 0 u forue 9(S).
i=1

Then S: 2(S) < H — H satisfies the condition (C0) and H, coincides (up to
equivalence of norms) with the Sobolev space which is usually denoted by W%R").
Furthermore, if we choose T = S*, the Plancherel extension of the Fourier transform
shows that H, coincides with the Sobolev space Wj(R"). In particular, for
ue 98 =H,,

I Tu)? = || S*ull* = .Zl Fow | = || Vul|®

where Vu = (0,4, ...,0,u). (See [13] for details.)
Let us now consider the non-linear term in (1.3) and (1.4). For ¢ > 0 and a function
r satisfying (R1), we set

Fu)=r|ul|’u
and

o) = (0%2) Ul

With these conventions, we see that the notions of generalized and strong solution
introduced in §§3 and 4 correspond to the usual notions of generalized and strong
solution of (1.3) and (1.4) used in the theory of partial differential equations.

In the following results we often encounter expressions of the form a/(n—2) where
a > 0. In the case where n = 2 such expressions are interpreted as + co.

LEMMA 5.1. Suppose that r satisfies the condition (R1) and that ¢ € (0,4/(n—2)). Then
F maps H, ( = W(R") continuously and boundedly into H*. Furthermore, o: H, —» R
is continuously Fréchet differentiable and ¢'(u)v = (F(u),v) for all u,ve H,. If
o € (0,2/(n—2)), then F maps H, continuously and boundedly into H ( = L}(R").

Proof. We recall that H; is continuously embedded in LP(R") for all
p € [2,2n/(n—2)) and consequently LP**~'(R) is continuously embedded in H*.
Hence F will map H, continuously and boundedly into H} provided that it maps
LP(R") continuously and boundedly into LP?~(R") for some p € [2,2n/(n—2)). Now
by the basic result on Nemytskii operators (see [3], for example) F maps L?(R")
continuously and boundedly into LR") provided that 6+ 1 = p/q. Hence F maps H,
continuously and boundedly into H¥ provided that ¢+1=p—1 for some
p € [2,2n/(n—2)). This is ensured by the requirement that ¢ € (0,4/(n—2)).

In the same way we see that F maps H, continuously and boundedly into H
provided that ¢+ 1 = 4p for some p € [2,2n/(n—2)). This is ensured by the require-
ment that ¢ € (0,2/(n—2)).

Finally, we consider the differentiability of ¢. For u,ve H,, we have
F(u) € LP»~'Y(R™ and v € LP(R"), where p = o+2 € [2,2n/(n—2)). Hence

(Fu),v) = J r(x) | u(x) |"u(x)v(x) dx
RN
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and

[ {F(u),vy| < || F(w) “wa-'»m")“ b "LP(R"),

where p=o0+2. In particular, @(u)=(c+2)"'(F(u),u) maps H, into [0,00).
Furthermore, for u,v € H,,

[ @(u+v)—@(u)—Fu),v) |

- J Rnr(x)“;%%g‘)il2 dt — | u(x) l"u(x)u(x)} dx

J r(x)J‘0 {1 u(x) + to(x) 1°Lu(x) + tv(x)] — | u(x)|"u(x)} dt v(x)dx
R"

1
< J | F(u+tv)—F(u) ”Lp/(p—n(nn) v ||Lp(nn) de,
0

where p=0+2 € [2,2n/(n—2)). But for p € [2,2n/(n—2)), there exists a constant
D > 0 (depending only on p and n) such that || v || sgm < D |l v ||, for all v e H,. (See
(5.1).) Hence

| plu+10) = ()~ CF) 03 | < D vy max | Flu+10)= F) oy
EIES

where p = 0+2. Since we have already shown that F maps H, continuously into
LP*=1(R™ it follows that ¢ is differentiable in the sense of Fréchet at u and that
©'(w)v = (F(u),v). This completes the proof of the lemma.

LEMMA 5.2. Suppose that r satisfies the conditions (R1) and (R2) and that
g €(0,4/(n—2)). Then ¢: H, - R is weakly sequentially continuous.

Proof. Let the sequence {u,} converge weakly in H, to u. Then there exists a
constant M > 0 such that

ludly, <M and [ull, <M forall ke N.

For ¢ >0,

(0+2)| p(u)—o(w)| <

ﬁ I r(x){ 1 u(x) 17" 2~ u(x)|”* 2} dx

+J r(x)lu,[(x)["”dx+f r(x)|u(x)|"*2dx.

|x{>¢ Ix|>¢

Now, by the compactness of the Sobolev embeddings on bounded domains,
we have that |lu,—ull ppe = 0 as k — oo for pe[2,2n/(n—2)), where
B(c) = {x e R": | x| < ¢}. But

ﬁ | r(X){ lug(x) 172 = |u(x) " * 2} dx

j {F(u) (x)up(x) — F(u) (x)u(x)} dx
|xI<c

< | Flu)— F(u) | Laggeen Il 4y "me))‘*‘ | F(u) "La(B(c» [l up—u llLD(B(t)):
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where p = 6+2 and g = p/(p—1). But, as in the proof of Lemma 5.1, F maps L?(B(c))
continuously and boundedly in L%B(c)) where p = 6+2 and g = p/(p—1). Thus we
see that

-0 ask - o0,

J r(){ | (x) 17" 2 = | u(x)|”* 2} dx
Ix|<¢c

and consequently

lim sup (¢ +2) | () — o(u)] < supf PO 14(0) 17+ + | u(x) 2} dx.
k= keN Jix|>¢

Let ¢ > 0. Then, by (R2), there exists c(e) > 0 such that 0 < r(x) < & for | x|>c(e).

Hence

lim sup (o +2)| @(u,) — (u)| < EsupJ {172+ |u(x) [+ 2} dx
Ix|>c(e)

k= o keN
< 5{ Il ug ||1:-*%(R") +lu ”i"t%m")}
< 2¢(DMY* 2

by the Sobolev embedding, since o+ 2 € [2,2n/(n—2)). This proves that ¢(u,) — @(u)
as k — .

In order to verify the conditions (C3) or (C3)* in the present context, we begin by
recalling the special multiplicative form of the Sobolev inequalities due to Gagliardo,
Nirenberg, and Golovkin. (See [5, Theorem 2.2] or [13].) For p € [2, 2n/(n—2)), there
exists a constant D(p, n) (depending only on p and n) such that

' lliogm < D(pm) [ Va7 w77, (5.1)
for all u e H, (= W3(R"), where y = n(3—p~").

LEMMA 5.3. Let o € (0,4/(n—2)). Then there exists a constant K(a) > O such that
| CF(u),u) | <K() | Tu|*|ul|”*2~* for allue H,,

where
(@) o = 4no if r satisfies the condition (R1),
(b) a = nEo+s"1) if r € LR") for some s € 2n/(4—a(n—2)), o),
(¢) « € [inc,4no + ) where 6 = min{t,4(4 —o(n—2))} if r satisfies the conditions (R1)
and (R4).

Proof. We recall that, for u € H, (= Wi(R"), Tu = S*uand that | Tu|| = ||| Vul| .
(@) For u € H,, we have

| {F(u), up| SRL"W(X) I”*2dx < R{D(e+2,n) | Tull” |u|'~7}*2,
by (5.1) where y = n(3—1/(6 +2)), since g +2 € [2,2n/(n—2)). Setting

a=y0c+2)=4nc and K(a) = RD(c+2,n)°*2,

we have the desired inequality.
(b) For u € H,, by Holder’s inequality,

| <Fuw),uy| < ir ”LS(R") Il u(x) |a+2 Il Lsis - vygm) -
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Since s > 2n/(4—0a(n—2)) = 1, we have that s € (1, o) and that
q=(0+2)s/(s—1) e [2,2n/(n—-2)).
Hence
| CF),ud | < N7 Y oy 4 1T < 71| ooy {D(g, ) | T 17 L || 773 2,

by (5.1) where y=n(3—q~!) and g =(o+2)s/(s—1). Setting o =7y(c+2) and
K(@) = || 7 || lls@n D(g,n)"* 2, we obtain the desired inequality.

(c) The hypothesis (R4) implies that r € L(R") for all s > n/t > 1. Hence the result
follows from parts (a) and (b), provided that

1 ) {t 4—a(n—2)}
- < min{-,———%5.
s n 2n

REMARK. If r satisfies the conditions (R1) and (R4) and 4n™'(1—41) < 6 < 4/(n—2),
then (c) shows that F satisfies the condition (C3) but for a value of « > 2. As we have
noted elsewhere [10, 11] this implies that there is no bifurcation to the left at 4 = 0 for
equation (1.3). If we make some additional hypotheses about the regularity of r, it is
possible to show (as in [10, 11] for the one-dimensional case) that BG = & if
¢ > 4n~ (1 —41). This indicates that the following result is quite sharp.

THEOREM 5.4. Suppose that r satisfies the conditions (R1) and (R2) and that
0 < 0 < 4/(n—2). Then, for the equation (1.3), we have the following results.

(@) If r satisfies (R3), then 0 € BG provided that 0 < ¢ < 2n~'(2—1).

(b) If r satisfies (R5), then — oo € BG(o0) provided that 0 < o < 4n™ !,

¢) Ifn = 3 and r satisfies (R3), then 0 € BG* provided that 0 < ¢ < 2(n—2)"*(2—1).

(d) If n = 2 and r satisfies (R3) and (R4), then O € BG*.

Proof. By Lemmas 5.1 and 5.2, we have that the conditions (C0), (C1), and (C2) are
satisfied in all cases and that ¢: H, — R is weakly sequentially continuous.

(a) We shall apply Theorem 3.3 (a). By Lemma 5.3 (a), we have that the condmon
(C3) is satisfied. Let ¢ > 0. We shall show that

m(c) < 4c?aD(n)—c®* 2I(n)at ¥, (5.2)

for all a € (0,1], where

4 2
D(n) = )y f lyl?e™*P"dy,

din)? = j e P dy,
R'I

and

A2~
I(n) = =ty =(a+2)y?
(n) (a+2)d(n)"+2£,|>1|yl e dx,

A and t being the constants appearing in (R3). For « > 0, let w,: R" —» R be defined
by
a-}ne-alxlz

Wy(x) = i for x e R". (5.3)
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Then w, € H, and ||w,| =1 for all « > 0. Furthermore,

| Twg )2 = j S [wa()]? dx

ni=1

ni=1

= f i [20x,w,(x)]? dx

= 4oc2f | X [2wy(x)? dx
R"

4(12 +4n . s
= W—J‘ |X IZe—alxl dx = otD(n), (54)
R"

by the change of variable y; = a*x;. Now, for a > 0,

odrer® (+ 2|
o(w,) = —"J r(x)e =@+ 22 gy
(6 +2)d(n)°*? /n
Aarro™ D 2|x|)"fe~ e+ DI gy (by (R3
2— - —aloc [ X|
(a+2)d(n)"+2_£x|>1( |x])"'e x (by (R3))
Az—ta{-n(a+2)
— 4t —t1,=(a+2)ly12, —4n
(a+2)d(n)°+2£y|>aga M a”dy,

by the change of variable y;, = a*x;. Hence for a € (0, 1],
@(wg) = Iyt + 3, (5.5)
Since c¢w, e S(c) for all ¢>0, (52) follows from (54) and (5.5). Let

afc,n) = [cI(n)/ D(n)]*"* =", where y = 4ng +4t. Note that 0 <y < 1. Given n > 2,
there exists ¢(n) > 0 such that a(c,n) < 1 for all ¢ € (0,¢(n)) and so

m(c) € —3c"* 2 (n)a(c,n)’ < 0

for all ¢ € (0,c(n)). This completes the proof of part (a).

(b) We shall apply Theorem 3.3(b). By Lemma 5.3 (a), we have that the condition
(C3) is satisfied. Hence we need only show that m(c)/c? = — oo asc¢ — 0. Fora > 0,
let w, be defined by (5.3). Then

1

— —(a+2)|xlzd = J(n),
o(wy) ©T2) d(n),”L"r(X)e x = J(n)

where
i J (x)dx >0, by (RS)
Jn) =—m>—m—— r(x)dx > 0, .

") = e 2 J e y
Hence

Ylew)) =4 || Tw, |12 =" 2p(w)) < $c*D(n)—c"*2J(n), by (5.4).

Since c¢w, € S(c) for all ¢ > 0, this proves that m(c)/c* < 1D(n)—c°J(n), from which it
follows that m(c)/c* - — oo as ¢ — co. This proves part (b) of the theorem.

(c) We shall apply Theorem 3.5(a). By Lemma 5.3(a), we see that the condition
(C3)* is satisfied for n > 3. We must prove that M(c)/c*** - —c0 as ¢ = . For
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a >0, let w, = {aD(n)} ~*w,, where w, is defined by (5.3). Then W, € H,, || TW, | = 1,
and || W, || = {«D(n)} "%, for all & > 0. Furthermore,

@(Wy) = {aD(n)} ~H* Dgp(w,) > {aD(n)} ~Ho* DI(n)artro+ 4,

for all « € (0, 1], by (5.5). Now c¢w, € $*(c) for all « > 0, and so M(c) < Y*(cw,) for all
o >0, and

¥y < SeX{aD(n)) ~ — o {aD(n)) e Dl
for « € (0,1]. Hence
M(C)/c2 +a < {ZCG(ZD(H)} “1__ galtn=2)+e- ID(n)—s}(a-fZ)I(n) fora € (0’ 1]

Let a(c,n) = [D(n)**/c°I(n)]"/"* Y| where y = J6(n—2)+4t—1. Note that y+1 > 0.
Given n 2 3, there exists ¢(n) > 0 such that a(c,n) <1 for all ¢ = ¢(n), and so
M(c)/c**? < —4a(c,n)’D(n)~**2(n) for ¢ > c(n). Since y <0, this proves that
M(c)/c®*? - — o0 as ¢ = oo and the proof of part (c) is complete.

(d) We shall again apply Theorem 3.5(a). By Lemma 5.3(c), we see that the
condition (C3)* is satisfied. As in part (c), we have that M(c)/c?*" - —o0 as ¢ — o0.
This complete the proof of part (d) of the theorem.

THEOREM $5.5. Suppose that r satisfies (R1) and (R2) and that 0 < ¢ < 4/(n—2). Then
for the equation (1.4) we have the following results.

(a) If r satisfies (R3), then 0 € BG(c0) provided that 0 < o < 2n~'(2—t).

(b) If n=3 and r satisfies (R3), then 0e BG*(0) provided that
0<o<2n-2)"12-1).

() If n=2 and r satisfies (R3) and (R4), then 0 e BG*(c0).

Proof. By Lemmas 5.1 and 5.2, the conditions (C0), (C1), and (C3) are satisfied in all
cases. Furthermore, ¢: H; — R is weakly sequentially continuous.

(a) We shall apply Theorem 4.2 (b). By Lemma 5.3 (a), we have that condition (C3) is
satisfied. Furthermore the inequality (5.2) holds and so, as in the proof of Theorem
5.4(a), we have that there exists ¢(n) > 0 such that m(c) < 0 for all ¢ € (0, ¢(n)).

(b) We shall apply Theorem 4.5 (b). By Lemma 5.3(a), the condition (C3)* is satisfied
for n > 3. But, in the proof of Theorem 5.4 (c), we have shown that M(c)/c**° - — o0
as ¢ - c0, and so, a fortiori, M(c)/c* - —o0 as ¢ — 0.

(c) We again apply Theorem 4.5(b), noting that Lemma 5.3(c) shows that the
condition (C3)* is satisfied.

6. The Dirichlet problem with radial symmetry

In this section we continue our discussion of bifurcation for the problems (1.3) and
(1.4), but we no longer assume that r satisfies (R2). Hence the functional ¢ may fail to
be weakly sequentially continuous on W1(R"). Since the results of §§ 3 and 4 may fail
to hold if ¢ is not weakly sequentially continuous (see [10-12]), we must modify our
approach. Noting that ¢ is weakly sequentially continuous on the subspace formed by
the radially symmetric elements of Wi(R"), we may proceed by seeking radially
symmetric solutions of (1.3) and (1.4). Of course this means that r must also be radially
symmetric.

Let the spaces H and H, and the functions T, T;, and F be as in § 5. Let O(n) denote
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the group of all linear mappings, I, of R" onto itself such that |det I'| = 1. We suppose
that r is radially symmetric in the following sense:

(R6) r(I'x) = r(x) for all I" € O(n) and all x € R".

We need some properties of the projection of a function onto its radiaily symmetric
part. Let

w(l)

where u: R" - R, dS(1) is the usual Lebesgue surface measure on the unit sphere in
R", and w(1) is the total surface area of this sphere.

Pu(x) = LJ u(| x|s)ds(1), 6.1)
Isl=1

LeMMA 6.1. (a) The formula (6.1) defines an orthogonal projection, P: H — H,in H
with image
ImP={ueH:uol =uforallT € O(n)}.
(b) For u e H,, we have Pu € H, and
| TPull = |[|VPul| < | P|Vulll < || Tul.

Hence the formula (6.1) defines a bounded linear operator from H, into H, which will be
denoted by P,: H, — H,. The dual operator, P\: Hf — H¥, is an extension of
P: H — H. (Recall the identifications agreed upon in §2.)

(c) Forallue H,, P\T\Tyu= T ,T,P,u.

(d) Suppose that r satisfies (R1) and (R6) and that 0 < o < 4/(n—2). Then, for all
ue H,, P,F(P,u) = F(P,u).

Proof. See [13].

The next result establishes the uniform asymptotic decay of radially symmetric
elements in W3(R") for n > 2. It is this decay which allows us to recover the weak
sequential continuity of ¢.

LEMMA 6.2. For n = 2, there exists a constant B(n) (depending only on n) such that, for
ue HHnImP,

lu(x)| < Bn)|x ¥~ | u), for almostall|x|>1.

Proof. This result is contained in [7] and a different proof is given in [13].

With F and ¢ as defined in § 5, we set
®(u) = (P,u) and G(u) = PyF(P,u) forue H,.

LEMMA 6.3. Suppose that r satsifies (R1) and that 0 <6 <4/(n—2). Then
®: H - R is continuously Fréchet differentiable and ®'(u)v = {G(u),v)> for all
u,v € H,. Furthermore, ®: H, — R is weakly sequentially continuous and G maps H,
continuously and boundedly in H¥.
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Proof. By Lemmas 5.1 and 6.1(b), ®: H, — Ris continuously Fréchet differentiable
and
O'(u)v = ¢'(Pu)P,v
= (F(P,u), P,v)
= (P F(Pyu),v) = {G(u), v}
for all u,v e H,.

For the weak sequential continuity of ®, let {,} be a sequence in H, which
converges weakly to u. Then there is a constant M such that

lully, <M and flufl, <M

for all k € N. Let v, = Pyu, and ve P,u. Then by Lemma 6.1 (b), {v,} is a sequence in
H, which converges weakly to v. Furthermore,

logll; <M and |v]l, <M forallkeN.
Then, for ¢ > 0,

(0+2)] ©(u)—Ou)| = (0+2)| p(ve) — 0V}

< dx

J;|< r){ [ox) "2 = [v(x) |7 2}

+J r(x)luk(x)|a+2dx+j "(x)|v(x)|”2dx,
IxI>¢ |

x| > ¢

Hence, as in Lemma 5.2,
(o +2)lim sup | ®(u,) — D) | = (¢ +2)lim sup| ¢(v,) — @(v) |
k— o k=

< supJ- r(){ | 0(x) [T 2+ [ v(x) |° " 2} dx.
|x|>¢

keN
But, according to Lemma 6.2,
10,(x)| < B)| x*4=" | v ||, < Bm)M | x|~
and
[o(x)| < Bm)M | x ¥ 7"

for all k e N and almost all [x| > 1. Hence, forc > 1,

f r(x) { | 0(x) 7" 2 + | v(x) " * 2} dx
1x|>¢

< R[B(n)Mc#! ‘"’]"f {v(x)? +v(x)?} dx

1x|>¢

< R[B(n)Mct! ~™]72M2.

Hence, forc > 1,

(0 +2)lim sup | D) — D) | < 2M>R[BMc* =],
k- o0
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Since 6 > 0 and n > 1, this proves that
®O(u,) - Ou) ask - oo.

We shall now discuss the bifurcation of radially symmetric solutions of (1.3). The
equation (1.4) can be treated similarly. Let

EGR = {(u,2) € H, xR: T\Tju— F(u) = Au,u € Im P and u # 0},

where H,, T;, and F are as defined in §5 and P is defined by (6.1). Then we write
Ao € BGR*/BG*R if and only if there exists a sequence {(u,4,)} in EGR such that
e = Ao and |y | = 0/|| Tu, || =0 as k — oco. Similarly for bifurcation from
infinity, we write 1, € BGR(00)/BG*R(o0) if and only if there exists a sequence
{(u,4)} in EGR such that 2, — 2o and |, || = oo/ Tyu, || = o as k — co.

THEOREM 6.4. Suppose that r satisfies (R1) and (R6) and that 0 < ¢ < 4/(n—2). Then
we have the following results for equation (1.3).

(@) If r satisfies (R3), then 0 € BGR provided that 0 < ¢ < 2n~'(2—1).

(b) If n=3 and r satisfies (R3), then 0e BG*R provided that
0<o<2n-2)"'2-1).

REMARK. In the important special case where (R1) and (R6) hold and
0 < B < r(x) < Afor all x € R", the condition (R3) is satisfied for all ¢ € (0, 2). Hence,
in this case,

0e BGR if0<o<4/n
and

0e BG*R fnz3and0<o<4/(n-2).

The latter result has already been observed in [2] for the case where r is a positive
constant.

Proof. (a) We consider the problem
T\ T,v—G@) = v, (6.2)

which is of the form (1.1). By Lemma 6.2, G and ® satisfy the conditions (C1) and (C2)
of § 3 and it follows from Lemmas 5.3(a) and 6.1 that the condition (C3) is fulfilled by
G. Furthermore, ®: H, — R is weakly sequentially continuous. To apply Proposition
3.2 to the equation (6.2) we must show that m(c) < 0, where

m(c) = inf{3 || Tv || —®(v): v e S(c)}.

But the functions w, defined by (5.3) are such that w, € Im P for all « > 0 and so
®(w,) = @(w,) for all « > 0. Hence m(c) < 0 for all ¢ < 0.
Thus, by Proposition 3.2, there exists (v, 4,) € H, x R such that

vl =c, | Tol <[KcFJH2-o,

%” T, ||2—(D(l)t) =m(c) <0,

— K280 < 3 < Din(e)/c? < 0,
and

T Tyv.—G(v,) = 4.
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Let u.= P,v.. Then (u,2)e H; xR and u,e ImP. Also |u. || <|v. |l =c and

| Tu ll < Il T | < [KcP1'2=9, by Lemma 6.1. Since 1 || Tv, |2— ®(v,) < 0, we have
that ®(v,) = o(u,) < 0. This shows that u, # 0.
Finally we note that

P,l.T,lTlvc—PIIG(vc) = )”Pllvc
and so T, Tyu,— F(u) = Au, by Lemma 6.1. Thus (u., 1) € EGR for equation (1.3)
and result (a) is proved.
Part (b) is proved in a similar way using Proposition 4.4,

7. The Dirichlet problem on (0, cc)

In this section we consider the problem (1.6). In order to use the general results of
§§2 and 3, we set

o 3
H = L*0,00) with Jju| = {_[0 u(x)? ds} ,
9(S)={ue H:u" e H and 40) = 0},
and
Su= —u" forue 9(S).

The prime denotes differentiation in the sense of distributions. It is well known that
S:9(S)c H - H is a positive self-adjoint operator (i.e. the condition (CO0) is
satisfied). Let T: 9(T) =« H — H be the closed operator defined as follows:

9(T)={ue H:u e H and u(0) = 0}

and

Tu= —u forue P(T).
Then it follows that

9T*) ={ue H: v e H},

T*u=u forue P(T*),
and

T*T=S.

In terms of the notation and conventions of §2, H; = {u e H: ' € H and u(0) = 0}
and ||u|l, = {||lul|*+ ||« ||*}}. We recall that, if u € H,, then u can be identified with
a continuous function on [0, c0) and we have the following inequalities:

u(x)? = -2 J uu'(y)dy <2 ull |lw' || for x =0, (7.1)
lu(x)| < J w(y)dy| <xtlju'|l for x >0, (7.2)
0
and (Hardy’s inequality)
)
x 7 2u(x)?dx < 4| u'|3. (7.3)
JO
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In discussion of the equation (1.6) the following notation will help us to distinguish
various useful properties of the function r.

(Bl) Let r: (0,00) — [0, o0) be a measurable function which is bounded on compact
subsets of (0, c0). Furthermore, sup,.» ,#(x) < oo and there exists a constant y = 0 such
that x"r(x) » 0 as x — 0.

(B2) r(x) > O as r - 0.
(B3) There exist 4 > 0 and t € (0, 2) such that r(x) = A(1+x)~! for all x > 0.
(B4) There exist B > 0 and 7 € [0, 2] such that 0 < x'r(x) < B for all x > 0.

For ¢ > 0 and r a function satisfying (B1), let
Fu)=r|ul|’u
and

1
(6+2)

o(u) = Jwr(x) lu(x)|°+2dx.
0

LEMMA 7.1. Suppose that ¢ > 0 and that r satisfies the condition (B1) withy = 2+1g.
Then F: H, — H¥ is continuous and bounded, ¢ : H, — R is Fréchet differentiable, and
@' (W = (F(u),v> for all u,ve H,. If (B1) holds with y = 1+40, then F maps H,
continuously and boundedly into H.

Proof. Let £:[0,00) — R be a smooth increasing function such that

x for0<x<,
2 forx=2.

é(x) = {
Let u,v,w € H,. Then

[{F(u)—F(v),w> | =

f :r(x){ ) ) — | o) [70(x) i) dx

S W EFW)—CF) I E 1wl
But, using (7.3), we have that

a0

1
II€"W|12=J X'ZW(X)de+J &(x) ™ 2w(x)? dx

0 1
SAIw IP+Iwl? =4lwlli,
and so
[ <Fu)— Fo), w)| 2| EF)—CF@) I w Iy

forallwe H,.

Now x'*¥¢(x)r(x) - 0 as x — 0, by (B1). Thus the mapping ¢ér satisfies the
conditions (C1) and (C2) of Theorem 3.1 of [10]. (Clearly the differentiability of r
required by (Cl1) is not necessary.) Hence, ¢(F(u)e H for all ue H, and
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| EF(u)—EF(v)| —» 0 as |u—v], — 0. It follows that F maps H, boundedly and
continuously in H¥.

The differentiability of ¢: H, — R is now established much as in Lemma 5.1 and
we do not give the details. If (B1) holds with y = 1 +40, the boundedness and
continuity of F as a mapping from H, into H follow immediately from Theorem 3.1 of

[10].

LEMMA 7.2. Suppose that ¢ > 0 and that r satisfies the conditions (B1) and (B2) with
y =2+40. Then ¢: H, — R is weakly sequentially continuous.

Proof. Let {u,} be a sequence which converges weakly to u in H,. Then there exists a
constant M > 0 such that

luelly, <M and |ul|, <M forallkeN.

Choose ¢ < 0. By (B1), there exists > 0 such that 0 < x2**°r(x) < e for all x € (0, d).

Hence s

r(x)| u(x) >+ dx < SJ X~y (x) |27 dx
0

é

0

é
S ¢ sup {x'*luk(x)l}"J X2 |uyx) | dx
0o

0<x<d
< eM°4M?  (by (7.2) and (7.3))

=4gM**e,
Similarly, {3r(x)| u(x)|**° dx < 4¢eM?**°. On the other hand, by (B2), there exists z > 0
such that 0 € r(x) < ¢ for all x > z. Hence

f r(x)luk(X)I“”dxSssgpluk(xn"f | u(x) |* dx

<eM°M?  (by (1.1))
=:£A42+a
Similarly, [@r(x)|u(x)|**°dx < eM?**°. Hence

(0+2)| pu) —o(u)|

é 4
<j r(x)|“k(x)|2+adX+J r(x) | u(x)|**7 dx
[ 0

+’ L:r(X){ |32+ — () 2 7} dx

[«

+er(x)| u(x) |2+ dx +J r(x)|u(x)|?*7 dx

z

< 10eM?¥7 4

L:r(X){Iuk(X)I““— lu(x) |2} dx|.

Now u, — u uniformly on [d,z] as k — . Hence
lim sup(o +2) | o(u,) — @(u) | < 10eM?*°
k- o0

and the result is proved.
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LEMMA 7.3. Suppose ¢ > 0 and that r satisfies the conditions (B1), (B2), and (B4), with
y =2+440. Then, for allu € H,,

0 < <F(u),u> < 2!‘6+rB ” u " to+t “ u “2"‘4}0—1‘
Proof. For u e H,,

@

0 < CFu),up = j r(x) | u(x) |+ dx

<B f U dx (by (B4))

[+0]

< BR2 | | IluIIJ*"J x"u(x)2dx (by (7.1)).

0
But, using Holder’s inequality, we have that

0 0 4t
J x"u(x)?dx < | u||2"{J‘ x " 2u(x)? dx}
0 0

S lulP7H 4w 12} (by (7.3)
=2 |IF ]
Hence, 0 < (F(u),ud < B[2 | u || | u ] 182 & || | u|2~* and the proof is complete.

THEOREM 7.4. Suppose that ¢ € (0,4) and that r satisfies the conditions (B1), (B2),

(B3), and (B4) with t € [0,2—4%0). Then, for the problem (1.6), we have that 0 € BG
provided that 0 < 0 < 2(2—1t).

Proof. Since the condition (B4) holds with 7 € [0,2—30), it follows that we can take
7 =2+40 in condition (Bl). Hence the condition (Cl) of §2 is satisfied and
¢: H, - Ris weakly sequentially continuous (Lemmas 7.1 and 7.2). By Lemma 7.3,

the conditions (C2) and (C3) are fulfilled. To apply Theorem 3.3 (a) let ¢ > 0. We shall
show that

m(c) < dcta?—c?*Lat*' for a € (0, 1], (7.4)
where

22+a—rA ) o
= (a+2) Jl y2+a' le (o’+2)ydy.

For a > 0, let v,: [0,00) — R be the function defined by

L

vy(x) = 2032xe~** for x > 0.

Then v, € H, |v, || =1, and || v, || = « for all « > 0. By (B3),

— 1 ® 2+0
(p(va) - (0_ + 2) J‘ r(x) ’ va(x)l dx

0

S 22+0Aa3(2+a)/2j‘00

(6+2) L

22+a—1Aas}a+r ©
- (e+2) f

= La***t fora e (0,1].

(2x)—1x2+oe-a(a+2)x dx

y2+a—te—(o+2)y dy

a
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Hence we have that cv, € S(c) and
Ylevy) < dctoa® —c?*oLat*t for a e (0,1].

This proves the inequality (7.4). Let &(c) = (c’L)"/*~” where y = o +¢. Note that
0 <y < 2. Hence there exists ¢, > 0 such that 0 < &(c) < 1 for all ¢ € (0,¢g), and so

m(c) < —3c2*La(c)’ <0 for all ¢ € (0,¢y).

This completes the proof of the theorem.

REMARK. The preceding theorem deals with (1.6) in the case where r(x) — 0 as
x = + 0. We note that, for (1.6), there is no counterpart to the results presented in
§ 6. Indeed, if r satisfies (B1) and is increasing, then EG = & for all ¢ > 0 and sothere is
no bifurcation [10, 11]. For the problem (1.5) the situation is different and this matter
is discussed further in [12].
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