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Abstract

We show that in quasi-logarithmic additive number systems A all partition sets have
asymptotic density, and we obtain a corresponding monadic second-order limit law for ad-
equate classes of relational structures. Our conditions on the local counting function p(n)
of the set of irreducible elements of A allow situations which are not covered by the density
theorems of Compton [6] and Woods [15]. We also give conditions on p(n) which are suffi-
cient to show the assumptions of Compton’s result are satisfied, but which are not necessarily
implied by those of Bell and Burris [2], Granovsky and Stark [8] or Stark [14].

1. Introduction and overview
1-1. Monadic second-order limit laws

A problem that is addressed in finite model theory is to determine the probability that a
finite structure, chosen randomly from a class K of structures, satisfies a given sentence ¢
of some logic. In this paper, we examine this problem for classes /C of finite relational struc-
tures and a monadic second-order logic, extending previous results of Bell and Burris [2],
Granovsky and Stark [8] and Stark [14].

We briefly introduce the notion of a monadic second-order limit law. Burris [4, chapter 6]
serves as main reference. For an introduction to logic and model theory we refer to Ebbing-
haus et al. [7] and Chang and Keisler [5], respectively. To construct our monadic second-
order logic and to introduce K, we start with a finite purely relational language L, a finite set
of relation symbols along with their arities. A finite L-structure S of size n is a pair (S, J),
where S is a finite set with n elements, the universe of S, and where 7 is an assignment of
the relation symbols of L to relations on S which preserves arity. Thus, S consists of an ap-
propriate interpretation 7 of the relation symbols of L in S. Two L-structures S = (S, J)
and S, = (S, J») are isomorphic if there is a bijection f:S; — S, such that for each rela-
tion R; of S; and the corresponding relation R, of S, we have R (xy, ..., x;) if and only if
Ry(f(x1), ..., f(x)) forall xq,...,x; € S;. A first-order logic with language L consists,
in addition to the symbols of L, of logical symbols: parentheses, the connectives A (and)
and — (not), the quantifier V (for all), a binary relation symbol = (identity), and first-order
variables, which range over elements of structures. A first-order L-formula, that is, roughly
speaking, a “meaningful” combination of symbols, is defined inductively using prescribed
rules, starting with atomic formulas (cf. Ebbinghaus et al. [7, section 3]). A first-order
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268 BRUNO NIETLISPACH

L-sentence is a formula where each variable is bound by a quantifier. For each sentence
@ an L-structure will either satisfy or fail to satisfy ¢. A monadic second-order logic with
language L extends the first-order logic by introducing unary relation variables. These range
over subsets of structures. Monadic second-order L-formulas are obtained by augmenting
the inductive definition of the first-order formulas by introducing U (v) as an atomic for-
mula for any unary relation variable U and any first-order variable v, and by defining (VU ¢)
to be a monadic second-order L-formula if ¢ is one.

Now fix a class K of finite L-structures. The notion of probability mentioned at the be-
ginning of this introduction is defined as the limit as n — oo, if it exists, of the proportion
of isomorphy types of structures of size n in K that satisfy ¢ among all isomorphy types of
structures of size n in K. If this limit exists for all monadic second-order L-sentences, the
class K is said to have a monadic second-order (local) limit law.

In the context of a monadic second-order logic with a finite, purely relational language
L, Compton [6] introduced a method of proving such limit laws for K simply by analyzing
the growth rate of a(n), the number of isomorphy types of structures in /C of size n. His
method relies on the notion of an adequate class of structures. A class K of L-structures is
adequate

(1) if it is closed under disjoint union,
(i1) if elements of K can be decomposed uniquely, up to commutativity and associativity,
into a disjoint union of K-indecomposable structures,
(iii) if the L-structure with empty universe is contained in /C,
(iv) and if, up to isomorphism, /C contains only finitely many structures of each size.

If K is adequate, the set of isomorphism types of structures in K can be endowed naturally
with the structure of an additive number system Ay. For such a class &, the task of proving
the existence of a monadic second-order limit law is reduced to the proof the existence of
asymptotic density of partition sets in Ax.

In the following subsection we briefly recall the basic definitions related to additive num-
ber systems that we use in the proofs in this paper, and that are needed to state Compton’s
results in their precise forms. For a comprehensive introduction to the theory of additive
number systems and Compton’s approach to logical limit laws, we refer to Burris [4].

1-2. Additive number systems, densities and partition sets

Let (A, 4+, 0) be a free commutative monoid, 0 € A being the neutral element for the
operation 4. An element of A \ {0} is called indecomposable element or component if it
can not be written as a sum of two non-zero elements from A. We denote the set of all
indecomposable elements of A by P. Let ||-| : A — Z, := {0,1,2,...} be an additive
norm on A. For each B C A and each n € Z, we define B(n) := {w € B : ||w|| = n}, the
subset of all elements of B of norm n. This gives rise to a map b: Z, — Z, U {oc}, defined
by b(n) := |B(n)|, the (local) counting function of B. The generating series of B is denoted
by B(x) := fo:o b(n)x". The counting functions of A and P are denoted by a(n) and p(n),
respectively. Note that a(0) = 1, since ||-|| is a norm and thus ||w|| = 0 implies that w = 0.

The tuple A := (A, +,0, P, ||-])) is an additive number system, if (A, +,0) is a free
commutative monoid, P the set of indecompsable elements of A, and ||-|| an additive norm
on A, such that A(n) is finite for all n € N := {1, 2,3, ...}. The radius of convergence
p of A is the radius of convergence of the generating series A(x) := > a(n)x" of A.
If P &+ ¢, which we assume from now on, then a(n) > 1 holds true for infinitely many
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Asymptotic density in quasi-logarithmic additive number systems 269

n, and we have 0 < p < 1 in this case. The number system A is reduced if gcd{n € N :
p(n) > 0} = 1, which is equivalent to the property that a(n) > 0 for all n large enough (cf.
Burris [4, lemma 2-42 and theorem 2-52]).

For B C A, the limit

provided it exists, is the (local) asymptotic density of B. If p > 0, we define the Dirichlet

density of B C A as the limit
. B(x)
J0(B) ;= lim ——,
() x—>p~ A(x)

again provided it exists. For every B C A and every m € Z, we set

{0} ifm =0,
mB = .
{by+---+b,:bjeB} ifm>1,

and define

(<Em)B := LmJjB and (=Zm)B = O JjB.

Jj=0 Jj=m

A set B C A is a partition set of A if there is a partition of P into non-empty pairwise
disjoint sets P, ..., P, and if there are non-negative integers my, . . ., my, such that

B=y P+ + P,

where y; is of the form m;, (< m;) or (= m;) forall I < i < k. With these definitions, we
can state Compton’s results. The first is referred to as Compton’s density theorem.

THEOREM 1-1 (Compton [6]). Let A be a reduced additive number system with radius
of convergence 0 < p < 1. If there are constants K > 0 and C > 0, such that

iy
a(”()) <Co*  forall (k,n) with K <k <n, (1-1)
an

then all partition sets of A have asymptotic density which equals the Dirichlet density.

THEOREM 1-2 (Compton [6]). Let L be a finite, purely relational language, and let K be
an adequate class of finite L-structures. If all the partition sets of the additive number system
Ajc have asymptotic density, then KC has a local monadic second-order limit law.

Woods’s density theorem, a modification of Compton’s first result, is used to prove mon-
adic second-order limit laws for classes of unary functions with additional unary predicates.

THEOREM 1-3 (Woods [15]). Ifthere are constantsc > 0,0 < x < land —oc0 < u < 1,
such that

p(n) =0(x"n"") and a(n) ~cx"nH,

then all partition sets of A have asymptotic density which equals the Dirichlet density.
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270 BRUNO NIETLISPACH
1-3. Conditions on the component counting function

The first examples of additive number systems that satisfy the hypotheses of Compton’s
density theorem were provided by Knopfmacher et al. [10]. Their assumptions on the addit-
ive number system invoke the counting function p(n) of the set of irreducible elements rather
than a(n). These asymptotics were generalized by Bell and Burris [2] as a consequence of
the following general result.

THEOREM 1-4 (Bell and Burris [2]). Let S(x) = Z:ozos(n)x” be a power series with
non-negative coefficients s(n) and let S*(x) = Ziio s*(n)x", where s*(0) := 0 and
s*(n) = ijzn s(j)/k for n > 1, be its star transformation. Let T(x) =Y >~ t(n)x"
be the exponentiation of S*(x). If thereis a0 < x < 1 with

-1
lim M = and liminfns(m)x" > 1,
n—oo  s(n) n—00
then it follows that t(n — 1)/t(n) < x for all n large enough, and that
tn—1)
n— o0 t (n) -
In the context of additive number systems, Bell and Burris then derive the theorem below,
setting s(n) := p(n) and t (n) := a(n).

THEOREM 1.5 (Bell and Burris [2]). Let A be an additive number system with the prop-

erty that
—1
pin—1D =xe€(0,1) and liminfrnp(n)x" > 1.
n—oo p(n) n—oo

Then A is reduced with radius of convergence x and a(n) satisfies condition (1-1).
Bell and Burris also show that if, for some 0 < x < 1,
p(n) ~cx"'n7", (1-2)

where either (i) —00 < ¢ < land ¢ > 0, or (ii) # = 1 and ¢ > 1, then their conditions
of Theorem 1-5 are satisfied. Granovsky and Stark [8] and Stark [14] have shown that some
weakenings of (1-2), cases (i) and (ii), also lead to the conclusions of Theorem 1-5.

THEOREM 1-6 (Granovsky and Stark [8]). Let A be an additive number system such that,
for constants cy, c;,r >0,0<e <r/3and0 <x <1,

cx"nERTETL < pn) < ex'n! foralln e N.
Then A is reduced with radius of convergence x, and a(n) satisfies condition (1-1).
THEOREM 1.7 (Stark [14]). Let A be an additive number system such that

1 < infnp(n)x" < supnp(n)x" < oo,
neN neN

where 0 < x < 1. Then A is reduced with radius of convergence x, and a(n) satisfies
condition (1-1).
1-4. Quasi-logarithmic additive number systems

In this paper we consider a different weakening of condition (1-2), case (ii). We require
that there are constants 0 < x < 1 and 8 > 0, such that the sequence np(n)x", n € N,
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converges to 6 “in an averaging sense”, and such that “not too few” of the values p(n) are
strictly positive. These conditions are made precise in Subsection 2-2 as condition C, (6) and
C,. They allow the counting function p(n), for n large enough, to be, for example, of the

form
p(n) ~x"n71, (1-3)
p(n) = [(14+cosn)x"n""], (1-4)
p(n) = (1/24 (logn) Hx~"n~" +O(1), (1-5)
p(n) = [6,x"n~"], (1-6)

where, in (1-6), 6, converges on some set I :={a + kb,a+kb+1:k € Z,}, witha € Z,
and b € N, and where 6, := 0 for n € N\ . Note that (1-3) is referred to as the classical
abstract prime number theorem (cf. Knopfmacher and Zhang [11, section 3]).

If A is an additive number system where, for some 0 < x < 1, np(n)x", n € N, satisfies
conditions C; () and C,, the elements of A(n) = {w € A : ||w|| = n} are quasi-logarithmic
multisets of total weight n, as introduced in Nietlispach [13]. We then refer to A as a (x, 0)-
quasi-logarithmic additive number system. We show that, in a quasi-logarithmic additive
number system, all partition sets have asymptotic density which equals the Dirichlet density
(Theorem 3-1), and obtain a monadic second-order limit law for adequate classes K of fi-
nite relational structures whose associated additive number system Ay is quasi-logarithmic
(Corollary 3-4).

To prove Theorem 3-1, we first show in Section 2 that an (x, 6)-quasi-logarithmic additive
number system satisfies

a(n) ~ cx"n’ o), (1-7)
where ¢ > 0 is a constant, and £(n) is a specific slowly varying function (see (2-13) and
(2-14)). By definition, a function £: N — R is slowly varying (at infinity) if

e(Lan) _

n—00 E(n)

1 forall A > 0.

Such a function satisfies (cf. Bingham et al. [3, proposition 1-3-6 and lemma 1-9-6])

lim n°l(n) =00 and lim n 4(n) =0 for any ¢ > 0, (1-8)
and
Ln—1
fim (27D _ (1.9)
n—oo  £(n)
The proof of (1-7) relies on probabilistic methods. We consider the vector of component
counts
(CP,....C) - A(n) — Z7,
where A(n) = {w € A : |lw| = n} and where C;”(w) is the number of components

inw € A(n) of norm 7, as a random vector on A(n) endowed with the uniform probability
measure. Then its distribution is compared with the distribution of an associated sequence of
independent Z, -valued random variables Z,, ..., Z,, conditioned on 7, := Zl'.':l iZ, =n.
It is shown in Nietlispach [13] using coupling arguments that, under C;(6) and C,, the
unconditioned distribution of 7,, satisfies

P[T, = n] ~ pp()n~", (1-10)
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272 BRUNO NIETLISPACH

where p, is the density function of the Dickman distribution with parameter 6 > 0 (cf.
Arratia et al. [1, section 4-2] for an account of this distribution). Indeed, condition C, is
required only for the coupling arguments. We then use (1-10) to derive (1-7). In Section 3
we show that, if 8 > 1, the local counting function a(n), given as in (1-7), satisfies the
requirements of Compton’s density theorem. To prove Theorem 3-1 in the case 0 < 6 < 1,
we give an extension of Woods’s density theorem to situations where a(n) has the form
(1-7), by extending the underlying Tauberian theorem of Woods [15].

Our density theorem for quasi-logarithmic additive number systems holds true in situ-
ations which are not covered by the results obtained so far:

(i) an (x, #)-quasi-logarithmic additive number system with parameter & < 1 is not
covered by Compton’s density theorem;

(i1) if in addition the slowly varying function £(n) does not converge to a positive con-
stant, the form of the counting function a(n) in (1-7) yields additive number systems
to which Woods’s density theorem does not apply either;

(iii) if we have an (x, #)-quasi-logarithmic additive number system such that & > 1 and
liminf, ., np(n)x" < 1, then the requirements of Compton’s density theorem are
true, but p(n) does not satisfy the conditions of Theorems 1-5, 1-6 or 1-7.

2. Asymptotics of the local counting function a(n)
2-1. A conditioning relation for component counts

Let A be an additive number system. For each n € N with A(n) + & we endow the
finite set A(n) with the uniform distribution. Let C;” (w) be the number of indecomposable
elements of norm i in the unique decomposition of @ € A(n). Clearly, Y /_, iC{" (@) = n, so
that the random variables Cj"), ..., C" are not independent. However, the joint distribution
of these random variables can be expressed as a conditional joint distribution of independent
random variables. To do so, let 0 < x < 1 and let {Z;(x)};cny be a sequence of mutually
independent random variables, where Z;(x) has the negative binomial NB(p(i), I — x°)-

distribution for each i such that p(i) > 0,

p)+k—1
k

and where Z;(x) := 0 for each i with p(i) = 0. Then we define

P[Z;(x) = k] := ( >x”‘(1 —xHyrD  fork € Zy,,

n
T,(x):=Y iZ(x) forallneN, 2-1)
i=1
and set Tp(x) := 0. We use the following conditioning relation for the vector of component
counts of multisets w € A(n).

LEMMA 2-1 (Arratia et al. [1]). Letn € Nwitha(n) > Qandlet0 < x < 1. IfP[T,(x) =
n] > 0, we have

L(CP, .. C) = L(Zi(x), ..., Zy(x) | T, (x) = n). (22)
To express the counting function a(n) in terms of p(1l),..., p(n), we introduce a new
sequence {Z}(x)};en of independent random variables as follows. Let Z(x) := Z;(x) if
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p(i) > 0, and let Z}(x) be negative binomially NB(1, 1 — x')-distributed if p(i) = 0. We
define

T)(x) =T,_1(x) +nZ,(x) for eachn € N. 2-3)

LEMMA 2-2. Letn € N have a(n) > 0, andlet 0 < x < 1. If P[T,(x) = n] > 0, we have

a(n) . P[T (x) =n] H(l i)—p(i) -4, (24)

n(l _ xn)p(n)vl

where §, := 1{p(n) = 0}.

Proof. Fixn € N witha(n) > 0,and 0 < x < 1. Assume that P[7,,(x) = n] > 0. We
distinguish two cases, p(n) > 0 and p(n) = 0.
(i) First, assume that p(n) > 0. The conditioning relation (2-2) and the independence of
the random variables Z;(x), ..., Z,(x) yield
p(n)
a(n)

=P[C = 1]

=PU(Zi(x), ..., Zy-1(x), Z,(x)) = (0, ..., 0, D|T,(x) = n]

n—1

P[Z,(x) = 1] B
= Bt = LA =0

pm)x"(1 = x")P® 1 ;
= PIL®) =1l H(l 7,

and this implies equation (2-4), since 7, (x) = T,(x) and 6, = 0.

(i1)) Now, assume that p(n) =0. Here, P[T,"(x) =n] > P[Z;(x) =1] > 0, since Z(x) ~
NB(1, 1—x"). We define a new additive number system, A* := (A*, +*, 0*, P*, ||-|I*)
say, as the direct sum of .4 and an auxiliary additive number system that contains only
one indecomposable element, which has norm n. Let a*(n) be the counting function
of A*, and p*(n) that of P*. By construction we have a*(n) = a(n)+1, p*(i) = p(i)
fori % n,and, p*(n) = p(n)+1 = 1. We endow A*(n) with the uniform probability
measure, and consider random variables C,-*“’) that count the number of components
of norm i in the sum decomposition of elements in A*(n). Lemma 2-1 yields

L(CT",...,C") = L(Z(x), ..., Zy_1(x), Z; ()| T, (x) = n),

where Z7(x) ~ NB(1, 1 —x"), since p(n) = 0. We argue much as in i), and conclude
that

* n —— ) I
I pm)  p'mx"(1 —x")P H(l Y

am)y+1  a*(n)  P[T*(x) =n]
n(l n) (1)
TP () = H(l x)?

This yields equation (2-4), and finishes the proof.
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274 BRUNO NIETLISPACH
2.2. Conditions C(0) and C,

To examine the limiting behaviour of the local counting function a(n) given as in (2-4),
it is first necessary to establish the asymptotic behaviour of P[7,’(x) = n], as n — o0.
We therefore formalize conditions C;(#) and C, from Subsection 1-4 on the component
counting function p(i). We start with an arbitrary non-negative sequence {6, };cy, instead of

{ip()x'}ien.

Definition 2-3. Given a constant 8 > 0 and a sequence {m, },cy of positive integers such
that m, — oo and m, = o(n), a sequence {6;};cny of non-negative real numbers satisfies
C](Q, {mn}nEN) if

Oqp 1= supf; < 00

ieN
and
1
~ n— 00
Or = max |— E Ojm+i — 0] — 0, (2-5)
Jj€h lmy,

i=1
where J, :={j € Z, : 0 < j < |n/m,]}. If (2-5) holds true for every sequence {m,},cy as
above, we say that {0; };cy satisfies condition C(6).

For details on the following examples of sequences that satisfy condition C,(#) we refer
to Nietlispach [13].

Example 2-4.
(1) Let {6;};en converge to some n > 0 on the infinite set I := {i € N : §; > 0}. Let
{m,},en be a sequence as in Definition 2-3. We define

L) ={1<i<m,:0,,4 =0} foralln e Nand j € Z,,

and we assume that there is a 0 < x < 1, such that
L(j)

my,

n—oo
max 0.

J€Jn

— X

Then {6;};cy satisfies condition C; (0, {m, },en) With 0 := (1 — x)n.

(i1) If {6;};cn is the integer skeleton of a non-negative function with rational period, or of
a non-negative function with irrational period p and bounded variation on a closed
interval of length p, then {6;},y satisfies condition C;(6) for some 6 > 0.

(iii) Starting with sequences as in (i) or (ii), more complicated examples can be construc-
ted by noting that, if two sequences {0;};cn and {0,};cn satisty C; (6, {m,},cn) and
C.(0', {m,},en), respectively, then by the triangle inequality their sum satisfies con-
dition Cy(0 + 0', {m,},en). Moreover, if 6; > 0/ foralli € N and 6 > 6', then
{6; — 6/}ien satisfies C1 (0 — 0', {m, }nen).

The following lemma plays an important role in establishing properties of quasi-
logarithmic additive number systems.

LEMMA 2-5. Let {6;};cn satisfy condition Cy(0, {m,},cn). Then

n

£(n) :=exp (Zeii_9>, n €N,

i=1
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is slowly varying at infinity. Furthermore, if m, < n, we have uniformly

() ) o (1)
w0 g ) S0 () T prosi<ns @
where xi := 2P and
n) € (1) P
w{ S o<t (1) dormi<i < @)

where x, := 4e*P*1: ¢ is the Riemann Zeta function.

Proof. To show that ¢ is a slowly varying function, we use the notation ge-»

my' > " Qi yi forn € Nand j € Zy. Let 0 < A < 1. Since m,, = o(n), we find non-
negatlve integers a,, b, and r,,, s, < m,, such that |An| = a,m, +r, andn = b,m, + s,.
Note that a, — 00, b, — oo and a,/b, — A.Now 1 < a, < b, for all n large enough. For
these n it follows that

n -1 my n

Jmn+t - - Ob,m,+i — _ Oum, i —

i=§+l - ; 121: Jma £ ; bumn +1 Z ity +- 1
-1 m, 1 1 by =1 my, é’(m,) -9
_ 9(71 ) - _—
%; st j)(Jmn+l Jmn>+j=2un;]mn+l

-/

U

Sn I'n
+ ebumﬁ—t - eanmuﬂ' -0
g E —_—
b,m, +1i — a,m, +1i

where the term U uses E;"z"l(ejmﬁi — é‘"'”) = 0. Since |0, +i — 9~<”‘f)| < Ogyp, and
1
D = <log/ky  forl <k <l, (2-8)
) i

we conclude that

n b,m
9,'—6 n — 1 qu Sn esu I'n
> 0 a3 fn S gy e
i=|An]+1 Jj=an i=a,m,+1 e e
by—1
S 1 951] QSLI
< esup vy + 9;1’;;“ IOg(bn/an) + P + p
= by ay
n—0oQ 0'
This entails that
£(An]) . ~ 6,0
m = lim exp | — - =1
n—oo  £(n) n—00 i_%}-ﬂ i

forall 0 < A < 1. It follows from Bingham et al. [3, theorem 1-4-1] that £ is slowly varying.

Inequalities (2-6) and (2-7) are proved with similar arguments. We write [ = am, + r
and n = bm, + s, with non-negative integers a, b and r, s < m,, and we apply (2-8) and
>-i_,1/i <logn + 1 in the calculations below.
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If a < b we obtain

n b—1 n
0, — 0 1 ~
L o (n) -
ORI YRR
i=l+1 j=a+1 i=l+1
P P bm, +1i P — am, +r+i
b—1 1 n 1 2my, my 1
0 )
S SESE D DIV DRV S
j=a+1 i=l+1 i=m,+1 i=1

< Oup? (2) + 62, (10g(n /(L V 1)) + 1) + Oy log 2 + O (log m,, + 1).
If a = b it follows that

< qup(log my + 1)

This yields (2-6).
Ifl > m,, we have a > 1 and thus

my—r

1 1
2 amari S 2 Sloe2

i=1 i=m,+1

from which we conclude (2-7). This finishes the proof.

We turn to the second condition, C,. As before, let {0;};cn be a sequence of non-negative
integers. This condition generalizes the idea that there is an ¢ > 0, such that we find either

(i) two arithmetical progressions {;jr};cy and {js} ey, Where s < r are coprime, such
that 0;, > ¢ forall j e Nand u € {r, s},

(i) or arithmetical progressions {jr};cy and {jr — s};en, Where s < r are coprime, such
that0;, > e and 6;,_, > e forall j € N.

We relax assumptions (i) and (ii) by allowing “gaps” to appear within the arithmetical
progressions. We therefore consider the following auxiliary definition.

Definition 2-6. Letu e N, N € Z, and ¢ > 0. A set
Bi(N,u) ={N+ju+1,N+ju+2,...,N+(j+ Du}, where j € Z,,

is a (g, N, u)-good block, if Oy (j+1). > €. The set B;(N, u) is called a (¢, N, u, v)-good
blockifitis a (¢, N, u)-good block, and if thereisav € N, v < u, such that Oy (j+1)u—v > €.

Now we can state condition C, in its general form, which includes a third case, (iii), in
addition to the general forms of (i) and (ii).

Definition 2-7. Let {6;};cn be a sequence of non-negative integers. The sequence satisfies
condition C,, if one of the following properties holds true:

(i) there is a constant ¢ > 0, coprime natural numbers s < r, and non-negative integers
N,, N, with the property that for each u € {r, s} there are runs of (e, N,, u)-good
blocks B;(N,, u) in N, such that the length of each such run is larger than the length
of the longest gap between two consecutive runs of (g, N,, u)-good blocks;
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(ii) we find a constant ¢ > 0, coprime natural numbers s < r, and a non-negative integer
N, with the property that there are runs of (¢, N, r, 5)-good blocks B;(N,r) in N,
such that the length of each such run is larger than the length of the longest gap
between two consecutive runs of (g, N, r, s)-good blocks;

(iii) there exists some & > 0, such that ; > ¢ for every odd i € N.

A quasi-logarithmic additive number system A is defined by imposing the conditions
C, () and C, on the component counting function p(n) as follows.

Definition 2-8. An additive number system A is called (x, 6)-quasi-logarithmic for con-
stants 0 < x < 1 and @ > 0 if the sequence {np(n)x"},en satisfies conditions C; () and C,.
The constants x and 6 are unique if they exist.

Remark 2-9. Note that we require that & > 0 in contrast to the definition of condition
C.(9), where 6 = 0 is allowed.

The additive number systems defined by (1-3), (1-4), (1-5) and (1-6) in Subsection 1-4 are
indeed quasi-logarithmic. We show this for (1-4). It follows in this case that we have for all
ieN

ip(i)x' =1+cosi —ig;(x)x' >0  for suitable 0 < g;(x) < 1.

The sequence {1 + cosi};cy satisfies condition C; (1) as in Example 2-4 (ii). Condition C, is
satisfied in the form of Definition 2.7 (ii). Indeed, we can choose ¢ > 0 small enough such
that 1 4+ cosi < ¢ for at most one i every two periods, so that Definition 2-7 (ii) holds true
with (e, 0, 2, 1)-good blocks B;(0,2) = {2j +1,2j +2}. Since 0 < x < 1, {ig; (X)x}ien
converges to 0. Thus, {ip(i)x'};cy satisfies condition C;(1) by Example 2-4 (iii), and also
condition C,.

Example 2-10 (Mapping patterns). Consider the set Map(n) of all mappings from the set
{1,...,n} to itself. A mapping f corresponds to a labelled digraph with edges (i, f(i)),
1 < i < n, where every vertex has outdegree 1. The connected components are directed
cycles of rooted labelled trees. In a mapping pattern we consider the underlying topology
of such graphs. That is, we consider equivalence classes of mappings f under the relation
defined by

f ~ g :< There is a permutation 7 € S, suchthat f or =m0 g.

This gives rise to an additive number system A := (A, +,0, P, |-||), where A(n) :=
Map(n)/~ for all n € N, + is the disjoint union of graphs, 0 is the empty graph, P is
the set of connected graphs, and ||-|| gives the number of vertices in a graph. Meir and Moon
[12] showed that

p(n) = Q2n) 'x" 4+ O(n*3/2x*”) where x &~ 0.3383.

Example 2-11 (Multisets of aperiodic necklaces). Words of length  over a fixed alphabet
of size g form equivalence classes under rotation, called necklaces. They correspond to 2-
regular graphs with coloured beads. Consider the set Neck, (n) of all necklaces of aperiodic
words of size n over an alphabet of size g. This construction yields naturally an additive
number system A := (A, +,0, P, ||-|)) by setting P(n) := Neck,(n) for all n € N. We
define +, 0 and ||-|| as in Example 2-10. It follows that (cf. Arratia et al. [1, example 2-12],
Knopfmacher and Zhang [11, section 3-1-1])

pm)=n""'x"+0(n"'x"?)  wherex =1/q.
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Example 2-12.

(i) Every additive arithmetical semigroup, a terminology used by Knopfmacher and
Zhang [11] for additive number systems, that satisfies the “classical” abstract prime
number theorem (1-3), that is

1

pn) ~x"n" forsome 0 < x < 1, 29

is a (x, 1)-quasi-logarithmic additive number system. Knopfmacher and Zhang [11,
sections 1-1 and 3-1] give an exhaustive list of explicit additive arithmetical semig-
roups that satisfy (2-9). All of these examples satisfy (2-9) in the form

p(n)=x"n""+ O(x_”/zn_').

(i1) An additive arithmetical semigroup where the “non-classical” abstract prime number
theorem first examined by Indlekofer et al. [9] (cf. also Knopfmacher and Zhang [11,
section 5]),

np(m)x" =14+ (=" +o(1) forsome 0 < x < 1,

holds true, is a (x, 1/2)-quasi-logarithmic additive number system.

(iii) What is more, Knopfmacher and Zhang [11, examples 3-8-1 and 3-8-6] consider two
analytical examples of additive arithmetic semigroups. Both are examples of (x, 1)-
quasi-logarithmic additive number systems; the first satisfies

forsome 0 < x < 1,

2x"n~' +0O(1) ifnisodd
p(n) = e
1 if n is even

the second

p(n) =x"n"" +0(1) for some 0 < x < 1.

Remark 2-13. Additional quasi-logarithmic additive number systems can be constructed,
by “perturbing” the additive number systems considered in Examples 2-10, 2-11 and 2-12.
Components can be “deleted”, or additional instances of a component can be introduced
(e. g. by colouring).

2-3. Asymptotic behaviour of a(n) under C,(0) and C,
Recall the definition of the random variables 7,,(x) in (2-1) and 7, (x) in (2-3).

LEMMA 2-14. Let A be an (x, 0)-quasi-logarithmic additive number system. We have
PT,(x) = n] ~ P[T,(x) = n] ~ py(1)n"", (2-10)

where py is the density of the Dickman distribution with parameter 0.

Proof. Let 0; := ip(i)x', i € N. Under our assumption on A, {6;};cy satisfies conditions
Ci(0) and C,. Since 0 < x < 1 and

0;
iEZ;(x) = 1= > 0; fori e N,

the sequence {iEZ;(x)};cy satisfies these conditions as well. Under condition C, on
{iEZ;(x)}ien We can invoke the local approximation theorem for the Dickman distribution
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Asymptotic density in quasi-logarithmic additive number systems 279
P, in Nietlispach [13] to conclude that

Jim nP[T,(x) = ka] = po (D), (2-11)
for every integer sequence k, ~ n. Note that we have T, (x) = T,"(x), if p(n) > 0, and
PIT;(x) = n] = P[T,-1(x) = n](1 = x") + P[T,—1(x) = Ox" (1 — x"),
if p(n) = 0. Now (2-10) follows from (2-11), since 0 < x < 1, and so nx" — O.

THEOREM 2-15. Let A be an (x, 0)-quasi-logarithmic additive number system. Then A
is reduced. We have

a(n) ~ cx"n’ o), (2-12)
where
0 < ¢ = py(1)e” <lim [T a- xi))_p(i)> < 00, 2:13)
i=1

y being Euler’s constant and py the density of the Dickman distribution, and

£(n) := exp (Z ’p(’)x_e) , neN (2-14)

i
i=1
is slowly varying at infinity. In particular, x is the radius of convergence of A.

Proof. Let 6; := ip(i)x’ for i € N. By assumption, {6;};cy satisfies condition C,,
which implies that A is reduced. This is clear under condition C, (iii). Under condition
C, (i) and (ii) there are natural numbers j, k, [, m (not necessarily pairwise distinct) with
0,6k, 01,6, > &, or equivalently p(j), p(k), p(l), p(m) > 0, such that j —k = r and
[ —m = s, where gcd(r, s) = 1. Now, if we had g := gcd(j, k, [, m) > 1, then g > 1 would
be a divisor of both r and s, which contradicts the assumption that r and s are coprime.
Hence, gcd{n € N : p(n) > 0} = gecd(j, k, [, m) = 1, so that A is reduced.

Since A is reduced, a(n) > 0 for all n € N large enough. Moreover, (2-10) entails that
P[T,(x) = n] > 0 for all n € N large enough. Therefore, we can invoke Lemma 2-2 and
write

_PL@=n T e
a(n) + 5" - xn(l _ xn)p(n)\/l—p(n) H(l - X )

for every n € N large enough. Since 0 < x < 1, we have

lim (1 — x")P™VI=P =

n—o0

Since also 6y, < 0o, the product H?zl(exi (1 — ))_p(l) converges to some constant 0 <
¢ < 00, as n — 00, and it follows that

ﬁ(l —x)7PD ~ ' exp (Z p(i)x">
i=1 i=1

i=1 i=1
~ e n’e(n).
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Then we obtain, invoking (2-10), that

a(n) + 8, ~ cx"n’ e (n),
where ¢ := c’e’” pg(1) > 0. Finally, (2-12) follows from

1. n —
s x"nf=14(n)
The slow variation of £(n) is immediate from Lemma 2-5 and, since £(n) is slowly vary-
ing, we conlude from (2-12) and (1-9) that

.oan—1)
lim —— =
n—00 a(n)

’

so that x is the radius of convergence of A.

3. Asymptotic density in quasi-logarithmic additive number systems
3-1. A density theorem and a logical limit law

Now we can state and prove our main result, a density theorem for quasi-logarithmic
additive number systems.

THEOREM 3-1. Let A be an (x, 0)-quasi-logarithmic additive number system. Then all
partition sets of A have asymptotic density which equals the Dirichlet density.

Proof. We treat the cases 0 < 6 < 1 and 6 > 1 separately. For the first case we use
Proposition 3-8 below, an extension of Woods’s density theorem, whereas for the second
case we invoke Compton’s density theorem.

First, assume that 0 < 6 < 1. Here, from Theorem 2-15, the requirements of Proposi-
tion 3-8 hold true with p :=x, u ;= 1—6 and 9; := ip(i)x’,i € N. Hence, all partition sets
of A have asymptotic density which equals the Dirichlet density.

Now, let 8 > 1. Theorem 2-15 implies that 0 < x < 1 is the radius of convergence of A.
We show that there are constants C, K > 0, such that (1-1) holds true with p := x. Then
Theorem 1-1 implies that all partition sets of A have asymptotic density which equals the
Dirichlet density.

Let k = n. It follows from (2-12) and because a(0) = 1, that

a(0) 1 ;
~ x".
a(n) cn’Y{n)

Since £(n) is slowly varying by Theorem 2-15, and # > 1, (1-8) yields n’~'4(n) — oo.
Since A is reduced, by Theorem 2-15, there is a Ky > 0 such that a(rn) > 1 for all n > K.
It follows that, for some ¢; > 0,

— < cx foralln > K,.

If 0 < k < n, (2-12) implies that, for some ¢, > 0,

a(n — k) <n—k)9‘1 tn—k)
—— < X foralln > K. 31
a(n) n £(n)

Since, by assumption, {6;};cy satisfies condition C; (6, {m,},cn) for every sequence {m, },cn
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of positive integers with m,, — oo and m, = o(n), we choose {m,},cn such that there is a
K] > Ko with

my, < n@ V0142w forallp > K. (3-2)

Then we choose K > K such that

~ 0 —1
6—1—-0" > 5 foralln > K. (3-3)

max

Letn > K.If n — m, < k < n, we conclude from (3-1), using (2-6), (3-3) and (3-2), that
a(n _ k) OSUP P <n _ k>(6_1)/2 .
_ by

Sax o m”

a(n) n
0—1)/2
Oy my (
e ) M
Osup __k
< oaxy " xk

If0 < k < n—m,, we obtain from (3-1), using (2-7) and (3-3), that

0-1)/2
a(n — k) by (1 — K\ bup &
— < 02Xy Xt < ey, Txt
a(n) n

Now (1-1) follows with K as above, C := max{c;, czxfs“", czxfs"”} and p := x. This
proves the theorem.

Remark 3-2. Compton’s density theorem cannot be applied if & < 1. Indeed, it follows
from (2-12) that there is a constant ¢’ > 0, such that

alh) ., 1
=c X
a(n) n?=14(n)

and n°~'¢(n) — 0 by (1-8), since # < 1. Thus, assumption (1-1) of Theorem 1-1 is violated.

n=l foralln € N,

An immediate consequence of Theorem 3-1 and Example 2-12 is the following result on
additive number systems that satisfy an abstract prime number theorem.

COROLLARY 3-3. Let A be an additive number system which satisfies an abstract prime
number theorem in the form

pn) ~x"n7! or np(n)x" =14+ (=1)" 4+ o(1),

for some 0 < x < 1. Then all partition sets of A have asymptotic density which equals the
Dirichlet density.

As a consequence of Theorem 3-1 and Theorem 1-2 we obtain the following logical limit
law.

COROLLARY 3-4. Let L be a finite, purely relational language, and let K be an adequate
class of finite L-structures, such that the additive number system Ay is quasi-logarithmic.
Then K has a monadic second-order limit law.

The additive number systems from Examples 2-10 and 2-11, and also the explicit ex-
amples mentioned in Example 2-12 (i) and (iii) are covered by Woods’s density theorem
already. In these cases, the slowly varying function ¢(n) defined in (2-14), with x := 1/¢q
and 6 := 1, converges to a positive constant.
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For an additive number system whose counting function p(n) satisfies (1-6) neither
Compton’s nor Woods’s density theorem holds true. Nonetheless, all partition sets have
asymptotic density, as can be seen in the following example.

Example 3-5. Let A be an additive number system, where, for some 0 < x < 1, p(n)
satisfies (1-5), that is

p(n) = (124 (logn) Hx™n~' +0(1)  foralln e N,n > 2.
We have
6,(x) := np(n)x" == 1/2,

so that A is (x, 8)-quasi-logarithmic with 6 := 1/2. By Theorem 3-1, all partition sets of
A have asymptotic density which equals the Dirichlet density. It follows from Remark 3-2
that A does not satisfy the assumptions of Theorem 1-1. What is more we have, for some
K >0,

"L 0;(x)—0
Z%— loglogn
l

i=1

n

1
Z — loglogn| <K.
ilogi

9()
<Z - _leogl

i=1

This yields

£(n) :=exp (Z W) = logn,

i=1
so that (2-12) entails with 6 = 1/2 that

—1/2

an) < x"n V2n) < x"n logn.

Thus, A does not satisfy the requirements of Theorem 1-3 either.

3-2. Extending Woods’s results
We prove an extension of a Tauberian theorem of Woods [15] and obtain a extension of
Theorem 1-3 in this way.

LEMMA 3-6 (Extension of Woods’s Tauberian theorem). Let S(x) := Z:o:o s(n)x",
T(x) = Z:io t(n)x" be two power series, and let R(x) := Z;’;Or(n)x" be the Cauchy
product of S(x) and T(x), that is

r(n) = Z s(Htk)  foralln € Z,.
Jj+k=n
IfS(p) converges absolutely at p for some 0 < p < 1, and if for some c > 0and0 < p < 1
s(n) =0(p"n™, (3-4)
t(n) ~cp"n"L(n), (3-5)

where

"6, -0
E(n)::exp(Z ; ), neN,

i=1
and {6;};cn is a non-negative sequence that satisfies condition C,(0), then

r(n) S(p) = Ii m RO

1m
n—oo t(n) x%p T(x)

(3-6)
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Remark 3-7. In contrast to our assumptions, Woods [15] requires that ¢ (n) ~ cp™"n™*
for some constants ¢ > 0 and —oc0 < u < 1.

Proof of Lemma 3-6. We mimic the proof of Woods’s Tauberian theorem, as found in
Burris [4, appendix E].

The second equality in (3-6) is immediate from the fact that S(p) converges absolutely,
and that, from (3-5) and the slow variation of £(n), p is the radius of convergence of T(x).
In this case R(x) is equal the usual product S(x) - T(x) for all 0 < x < p, and S(x) is
continuous on [0, p].

To prove the first equality of (3-6) we consider a change of variable px +— x. Then we
have p = 1, and we have to show that

lim

n—o0

S(1) — ——

‘ r(n)
t(n)

We introduce

R,,:le(k)| and M, :=n\/R, + 1.

k>/n

Note that R, — 0, since S(1) converges absolutely, and that M,, — oo and n — M,, > /n
for all n € N large enough. We also have

M, = o(n) and nR, =o(M,).

For all n large enough for n — M, > /n to hold we consider

‘sa)—("’) sih— 3 sto|+| Y s -2
tn) 0<k<n 0<k<n t(n)
<[SM =D s+ > s ( t() )‘ > st
Osksn (USS v/ Ja<k<n
Ul‘(,n) Us(n) Us(n)
k)
+ D s =0 S s =0
Jn<k<n—M, n—M, <k<n

Us(n) Us(n)

The first and third expression, U, (rn) and Us(n), converge to zero, since S(1) is absolutely
convergent by assumption.

If f is a function on Nand A C N, we use arg max;c4 f (k) to denote the value k € A for
which f is maximal. To bound U,(n), let

t(n —k)
k, :=arg max |l — = o(n)
1(n)
Note that £(n) is slowly varying at infinity, by Lemma 2-5. Then we obtain from (3-5), with

p = 1, that

t(n—kn)w< n )“Z(n—kn) e

t(n) n—=k, £L(n)
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Invoking the absolute convergence of S(1) once more, we conclude that

kll
Us(n) < <Z|S(k)|>‘ (t( ) )

k=0

To bound Uy (n) from above, a similar argument is used. We introduce

, t(n—k)
k,:=arg max ————
ﬁ<k<n_Mn t(n)

and conclude that

tin—k)

U. <R, ——*. 3.7
4(n) Py (3-7)
Since n — k,, > M, — oo, we obtain from (3-5) with p = 1 that
t(n —k/ e -k,
(n-k) ( »n (= k) a8
t(n) n—k, £(n)

From the representation theorem for slowly varying sequences (cf. Bingham et al. [3, the-
orem 1-9-7]) it follows that

en — k) "L8G) no O\
iy P T > T g<n—k,;> ’ G9)

i=n—k;+1

where §(i) — 0 and e(n) := sup;, [6(7)| — 0. Using inequalities (3-8) and (3-9) together
with (3-7) we conclude that, for some constant ¢; > 0,

n nte(n) n e (n)
Us(n) < 1R, <R, .
<, () & ()

By assumption we have 0 < p < 1. Since e(n) — 0, we have u < u + e(n) < 1 for all
n € N large enough. For these n we have

n

R, u+e(n)
Us(n) < ¢ R7H5 <’;v1> : (3-10)

Recall that R, — 0 and nR, = o(M,). Therefore, the right-hand side of (3-10), and thus
U,(n), converges to zero forevery 0 < u < 1.
To bound Us(n), we rewrite this expression as
1 (k) 1(0) 1(k)

Usty= > Isti—kles <=kl +lst—kl 3, —osn - (1D

0<k<M, 1<k<M,
where

k! = arg ,max |s(n — k)| = o(n).
Under assumption (3-4), with p = 1, we have |s(n —k])| ~ 1/n, so that, since £(n) is slowly
varying and therefore n'=*£(n) — oo forall 0 < u < 1,
4, 10) t0) o
—k ~ 0. 3-12
|s(n ”)lt(n) W) (3-12)
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Furthermore, it follows from (3-5) that, for some constant ¢, > 0,
1(k) 1 n\~ £(k)
_ <crm (f) a2y 313
sn = kDI Y o <o > (% o (3:13)
1<k<M, 1<k<Mn

By assumption {6; };cn satisfies condition C; (8, {m, },cn) for every sequence {m, },cn of pos-
itive integers with m,, — oo and m, = o(n). Here, we choose a sequence {m,},cn defined

by
n (1=p)/ 2Osup V1))
m, ‘= ( ) v 1 foralln € N.
M,

Since M,, = o(n) and 0 < (1 — u)/(2(0sp vV 1)) < 1 we have m,, — oo and m,, = o(n) as
required. Now invoke (2-6) with this choice of {m,},cn. We obtain for all n € N, such that
M, <n,

R (T
< g (7) forall 1 <k < M,.
) M, k

Combining this result with (3-13) implies that

(I=w)/2
t(k) o, 1 n 1
o o o © o _° .
ls(n — k)| Z ) < X - \ M, 1<;M AR
SK<My

1<k<M,

Since 0 < < 1and 6 — 0 we have y < p + 6% < 1 forall n € N large enough, and

max
for these n
1 Ml—/t—é.(n?x
E T S
kl*L"’gmax 1 — 9(71)

1<k<M, max

holds true. Hence, we conclude that

¢ k esup Mn (l_ﬂ)/z_éri:la)x
s =KDl Y M e < . > . (3-14)

1<k<M, t(n ) l_ﬂ_gr({{éx

The right-hand side of (3-14) converges to zero since M, = o(n) and Qr(ﬁ;x — 0. Finally,

combining (3-11) with (3-12) and (3-14) yields Us(n) — 0, which proves the proposition.

PROPOSITION 3-8 (Extension of Woods’s density theorem). Assume that A is an addit-
ive number system such that, for some 0 < p < 1,¢>0and0 < pn < 1,

pn) =0(p™"n™"), (3-15)
amn) ~ cp"nH*e(n), (3-16)

where

"6, —6
L(n):=e l , €N,
(n) := exp (2_; l. ) n
and {0;};en satisfies condition C(0). Then all partition sets of A have asymptotic density
which equals the Dirichlet density.

Proof. Tt follows from a(n) ~ cp"n "€(n) and the slow variation of £(n) that p
is the radius of convergence of A. The remainder of the proof is exactly the same as
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the proof of Woods’s density theorem in Burris [4, appendix E], so we only give a
short outline. Recall the definition of the asymptotic density § and Dirichlet density 9 in
Subsection 1-2.

If p = 1 then Burris [4, theorem 4-2] states that a(n — 1)/a(n) — 1,asn — oo, is
sufficient for all partition sets to have asymptotic density, which agrees with the Dirichlet
density on these sets.

Now let0 < p < 1, and let B be a partition set. Note that the Dirichlet density d(b) exists
by Burris [4, theorem 3-40]. If 9(B) = 0, then the asymptotic density §(B) is zero as well
(cf. Burris [4, corollary 5-7]).

It remains to prove the theorem in the case where d(B) > 0. Here, Lemma 3-6 is applied
with special forms of the power series S(x) = Y oo s(n)x" and T(x) = Y o t(n)x",
namely

S(x) :=Bx[1/A](x) and  T(x):=A(x),

where A(x) is the generating series of the additive number system A, [1/A](x) is the power
series expansion of 1/A(x), B(x) := Zzozol;(n)x” is the generating series of a special
partition set B, constructed from B (cf. Burris [4, p- 92]), and * denotes the Cauchy product.
In this special case, the conclusion (3-6) of Lemma 3-6 translates into

_bn) _ . B
nlgg a(n) S(p) = P—g Ax)’
which means that §(B) = d(B). But §(B) = &(B) and 3(B) = 9(B), by Burris [4,

lemma 5-12].

The assumptions of Lemma 3-6 hold true with our choices of S(x) and T(x). Indeed,
since t(n) = a(n) for all n € N, (3-16) immediately yields (3-5), and Burris [4, p. 278-279]
proves that (3-15) implies (3-4). What is more, it follows from Burris [4, corollary 5-11 and
p- 10 above] that S(p) converges absolutely.

Acknowledgements. 1thank Andrew Barbour for many helpful comments and sugges-
tions, and a referee for many careful and constructive suggestions.

REFERENCES

[1] R. ARRATIA, A. D. BARBOUR and S. TAVARE. Logarithmic combinatorial structures: a prob-
abilistic approach. EMS Monographs in Mathematics (European Mathematical Society, Ziirich,
2003).

[2] J. P. BELL and S. N. BURRIS. Asymptotics for logical limit laws: when the growth of the components
is in an RT class. Trans. Amer. Math. Soc. 355 (2003), 3777-3794 (electronic).

[3] N. H. BINGHAM, C. M. GOLDIE and J. L. TEUGELS. Regular variation. Encyclopedia Maths Appl.
27 (1989).

[4] S. N. BURRIS. Number theoretic density and logical limit laws. Math. Surveys Monogr. 86
(2001).

[5] C. C. CHANG and H. J. KEISLER. Model theory. Stud. Logic Found. Math. 73 (1973).

[6] K. J. COMPTON. A logical approach to asymptotic combinatorics. II. Monadic second-order proper-
ties. J. Combin. Theory Ser. A 50 (1989), 110-131.

[7] H.-D. EBBINGHAUS, J. FLUM and W. THOMAS. Mathematical logic. Undergraduate Texts in Math-
ematics (Springer, 1984).

[8] B. L. GRANOVSKY and D. STARK. Asymptotic enumeration and logical limit laws for expansive
multisets and selections. J. London Math. Soc. (2) 73 (2006), 252-272.

[9] K.-H. INDLEKOFER, E. MANSTAVICIUS and R. WARLIMONT. On a certain class of infinite
products with an application to arithmetical semigroups. Arch. Math. (Basel) 56 (1991), 446—
453.

[10] A. KNOPFMACHER, J. KNOPFMACHER and R. WARLIMONT. “Factorisatio numerorum’” in arith-
metical semigroups. Acta Arith. 61 (1992), 327-336.

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 11 Jul 2017 at 11:48:57, subject to the Cambridge Core terms of use, available
at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/50305004107000862


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004107000862
https:/www.cambridge.org/core

Asymptotic density in quasi-logarithmic additive number systems 287

[11] J. KNOPFMACHER and W.-B. ZHANG. Number theory arising from finite fields. Analytic and prob-
abilistic theory. Monographs and Textbooks in Pure and Applied Mathematics 241 (Marcel Dekker,
2001).

[12] A. MEIR and J. W. MOON. On random mapping patterns. Combinatorica 4 (1984), 61-70.

[13] B. NIETLISPACH. Quasi-logarithmic structures. PhD thesis. Zurich (2007).

[14] D. STARK. Logical limit laws for logarithmic structures. Math. Proc. Camb. Phil. Soc. 140 (2006),
537-544.

[15] A. R. WooDs. Counting finite models. J. Symbolic Logic 62 (1997), 925-949.

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 11 Jul 2017 at 11:48:57, subject to the Cambridge Core terms of use, available
at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/50305004107000862


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004107000862
https:/www.cambridge.org/core



