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Manin’s conjecture for the asymptotic behavior of the number of rational points of
bounded height on del Pezzo surfaces can be approached through universal torsors. We
prove several auxiliary results for the estimation of the number of integral points in
certain regions on universal torsors. As an application, we prove Manin’s conjecture for

a singular quartic del Pezzo surface.

1 Introduction

The distribution of rational points on smooth and singular del Pezzo surfaces is pre-
dicted by a conjecture of Manin [10]. For a del Pezzo surface S of degree d > 3 defined
over the field Q of rational numbers, we consider a height function H induced by an an-
ticanonical embedding of S into P4, where H(x) = max{|xy|, ..., |xz|} for x € S(Q) c P4(Q)
represented by coprime integral coordinates xy, . .., x4. Manin’s conjecture makes the fol-
lowing prediction for the asymptotic behavior of the number of rational points of height

at most B on the complement U of the lines on S. As B — oo,
Ny g(B) = #{x € U(Q) | H(x) < B} ~ cB(log B!,

where k is the rank of the Picard group of S (resp. of its minimal desingularization if S is
a singular del Pezzo surface), and the leading constant c has a conjectural interpretation
due to Peyre [13].
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One approach to Manin's conjecture for del Pezzo surfaces uses universal torsors.
This approach was introduced by Salberger [14] in the case of toric varieties. It also led
to the proof of Manin's conjecture for some nontoric del Pezzo surfaces that are split,
i.e., all of whose lines are defined over Q: quartic del Pezzo surfaces with a singularity
of type D5 [1], D4 [9] resp. A4 [3], and a cubic surface with Eg singularity [2].

These proofs of Manin's conjecture for a split del Pezzo surface S consist of three

main steps.

(1) One constructs an explicit bijection between rational points of bounded height
on S and integral points in a region on a universal torsor 7s.

(2) Using methods of analytic number theory, one estimates the number of inte-
gral points in this region on the torsor by its volume.

(3) One shows that the volume of this region grows asymptotically as predicted

by Manin and Peyre.

Step 1 is the focus of joint work with Tschinkel [9, Section 4], giving a geometri-
cally motivated approach to determine a parameterization of the rational points on S by
integral points on a universal torsor explicitly.

For step 2, we estimate the number of integral points on the (k + 2)-dimensional
variety 7s by performing k + 2 summations over one torsor variable after the other; the
remaining torsor variables are determined by the torsor equations defining 75 as an affine
variety. In each summation, the main problem is to show that an error term summed over
the remaining variables gives a negligible contribution (see Section 2 for the error term
of the first summation in a certain setting).

For these summations, the previous papers rely on some auxiliary analytic results
dealing with the average order of certain arithmetic functions over intervals that are
proved in a specific setting. In this paper, we harmonize and generalize many of the
analytic tools that have been brought to bear so far (see Figure 2 for an overview of
the sets of arithmetic functions that we introduce). We expect that our results can be
applied to many different del Pezzo surfaces, at least to cover the more standard bits of
the argument. This will allow future work on Manin’s conjecture for del Pezzo surfaces
to concentrate on the essential difficulties in the estimation of some of the error terms,
without having to reimplement the routine parts.

As an application of our general techniques, we prove Manin’s conjecture in a
new case: a quartic del Pezzo surface with singularity type Az + A; (Section 8). This
example also demonstrates how we can deal with a new geometric feature. In the final k

summations, the previous proofs of Manin's conjecture for split del Pezzo surfaces made
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crucial use of the fact that the nef cone (the dual of the effective cone with respect to the
intersection form) is simplicial (in the quartic D5 and D, cases and in the cubic Eg case)
or at least the difference of two simplicial cones (in the quartic A4 case). The nef cone
of the quartic surface treated here has neither of these shapes. However, the techniques
introduced in Section 4 are not sensitive to the shape of the nef cone. In our example,
they allow us to handle the final k + 1 = 7 summations at the same time.

In fact, we expect that the techniques of Section 4 will cover the final k sum-
mations for any del Pezzo surface. This would narrow down the main difficulty of the
universal torsor strategy to the estimation of the error term in the first and second sum-
mations of step 2. For example, in recent joint work with Browning, a proof of Manin's
conjecture for a cubic surface with D5 singularity [4], we make extensive use of the re-
sults in this paper to handle the final seven of nine summations, so that we can focus on
the considerable additional technical effort that is needed to estimate the first two error
terms.

Step 3 is mixed with the second step in the basic examples of the quartic Ds [1],
D4 [9], and cubic Eg [2] surfaces. However, it seems more natural to treat the third step
separately in more complicated cases, motivated by the shape of the polytope whose
volume appears in the leading constant. First examples of this can be found in the
treatment of the quartic A4 [3] and cubic Ds [4] surfaces, and we take the same approach

in our example in Section 8.

2 The First Summation

Let S C P4 be an anticanonically embedded singular del Pezzo surface of degree d > 3,
with minimal desingularization S. The first step of the universal torsor approach is
to translate the counting problem from rational points on S to integral points on a
universal torsor 73. Then the number Ny, z(B) of rational points of height at most B on
the complement U of the lines on S is the number of integral solutions to the equations
defining 73 that satisfy certain explicit coprimality conditions and height conditions.
In several cases (see Remark 2.1), the counting problem on 73 has the following

special form: Ny g(B) equals the number of («g, Bo, 0, @, B, ¥, 8) satisfying

o (xo,Bo,v0) €2, xZ xZ, where Z, is Z or Zgy, o= loy,...,00) €Zl, B =

Brvo-wiBs) €Z3g, ¥ =1, ve) € 2, 8 € Lo,
e one torsor equation of the form

Qo a1 Ct

ao al a?r+ﬁgo flﬁfs_’_yoylclyt :O' (21)
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AO Ar Ar—l Al
BO Bs Bl D
Co Cy Cia Ch

Fig. 1. Extended Dynkin diagram.

with (aq,...,a,) € Zr;{,l, (bg,...,bs) € ZS;BI, (c1,...,¢) € Zio. In particular, y, ap-
pears linearly in the torsor equation, while § does not appear;
e height conditions that are written independently of y, (which can be achieved

using (2.1)) as
hlag, Bo, o, B,y,8; B) < 1, (2.2)

for some function h:R™FH3 xR.; - R. We assume that
hlao, Bo,a, B,y.8; B) <1 if and only if By is in a union of finitely many
intervals I,..., I, whose number n = nlxg, o, 8,y,8; B) is bounded indepen-
dently of g, @, B,y,5, and B. By adding some empty intervals if necessary, we
may assume that n does not depend on «g,«,B,y,§, and B. For j=1,...,n,
let to,, t1,; be the start and end point of I;;

e coprimality conditions that are described by Figure 1 in the following sense.
Let A; (resp. B;, C;, D) correspond to ¢; (resp. Bi, i, 8). Then two coordinates are
required to be coprime if and only if the corresponding vertices in Figure 1 are
not connected by an edge. For variables corresponding to triples of pairwise
connected symbols (besides Ay, By, Co, this happens for triples consisting of D
and two of Ag, By, Cy if at least two of r, s, t vanish), we assume that «g, Bo, 1o
are allowed to have any common factor, while each prime dividing § may

divide at most one of «g, Bo, o.

Remark 2.1. The geometric background of this special form is as follows. A natural

realization of a universal torsor 75 as an open subset of an affine variety is provided by
Tz < Spec(Cox(3))

[11, Theorem 5.6]. The coordinates of the affine variety Spec(Cox(g)) correspond to gener-

ators of the Cox ring of S.
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Table 1 Extended Dynkin diagrams in [6].

Degree Shape of Figure 1 Different shape
6 Ay, Ay -
5 Ay, Aj, Ay A,
4 Az, Ag+A;, Ay, Dy, Ds 3A;, A+ A
3 Ay + Ay, As + Ay, Dy, D5, Eg Az +2A,, 2A+ A

In [6], we have classified singular del Pezzo surfaces S of degree d > 3 where
Spec(Cox(9)) is defined by precisely one torsor equation. It includes the extended Dynkin
diagrams describing the configuration of the divisors on S that correspond to the gen-
erators of Cox(S). In many cases, the extended Dynkin diagram has the special shape
of Figure 1 (see Table 1 for their singularity types). In all cases, besides one of the two
isomorphy classes of cubic surfaces of type D4, the torsor equation has the form of
equation (2.1).

If we construct the bijection between rational points on S and integral points on
T3 using the geometrically motivated approach of [9, Section 4], then we expect to obtain
coprimality conditions that are encoded in the extended Dynkin diagram.

Indeed, in the quartic D4 [9], A4 [3], and the cubic Ds [4] cases, both the extended
Dynkin diagram and the counting problem have the special form. In the quartic D5 [1]
and cubic Eg [2] cases, the extended Dynkin diagram has the shape of Figure 1, but the
coprimality conditions are different. The reason is that the bijection between rational
points on the del Pezzo surface and integral points on a universal torsor is constructed
by ad hoc manipulations of the defining equations. If one uses the method of [9, Section 4]

instead, the coprimality conditions turn out in the expected shape. O

Given a counting problem of the special form above, we show in the remainder
of this section how to perform a first step toward estimating Ny g(B). This will result in
Proposition 2.4.

Our first step can be described as follows, ignoring the coprimality conditions
for the moment. We determine the number of 8y, ¥y satisfying the torsor equation (2.1),

while the other coordinates are fixed. For any S, satisfying
afat - afr = —pBY B (mod P - ),
there is a unique yy such that (2.1) holds. Our assumption that the height conditions

are written as hlwg, Bo, @, B8,y,3; B) <1 (independently of ) has the advantage that the

number of By, yo subject to (2.1) and (2.2) is the number of integers By that lie in a
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certain subset I of the real numbers described by this height condition and satisfy the
congruence above. If by = 1, one expects that this number is the measure of I divided by
the modulus y;* - - - y{*, with an error of O(1).

Before coming to the details of this argument, we reformulate the coprimality
conditions.

Definition 2.2. Let

M) = af' - o, 1, o) =

and we define T1(B), I[T'(3, B), [1(y), [T'(8, y) analogously. O

Lemma 2.3. Assume that (ag, Bo, yo, o, B,y,8) € Z'5+t+* gatisfies the torsor equation
(2.1).
The coprimality conditions described by Figure 1 hold if and only if

ged(ao, IT'(8, ) TIB)TI(p)) = 1, (2.3)
ged(Bo, IT'(8, f)Tl(e)) = 1, (2.4)
ged(yo, '8, ¥) =1, (2.5)
coprimality conditions for «, 8, ¥, § as in Figure 1 hold. (2.6)

U

Proof. We must show that conditions (2.3)-(2.6) together with (2.1) imply
gcd(Bo, IT(y)) = 1 and ged(yo, ) I1(B)) = 1.

Suppose a prime p divides yy, [1(a), i.e., p divides the first and third terms of
(2.1). Then p also divides the second term, ,Bgol'l(ﬁ). However, by (2.4) and (2.6), we have

ged( é’“l‘[(ﬂ), [M(e)) = 1. The remaining statements are proved analogously. [ |

For fixed B € R.3 and (ag, @, B,¥,8) € Z, x ZFT*! subject to (2.3) and (2.6), let
Ny = Nylwg, &, B,y,6; B) be the number of By, o subject to the torsor equation (2.1), the
coprimality conditions (2.4) and (2.5), and the height condition hlw«g, 8o, , 8,y,8; B) < 1.
Then

NU,H(B): Z Nl(a()lalﬂl}’l(S;B)~

(0,0, B,y 8) €Ly x ZHTHH!
(2.3), (2.6) hold
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Our goal is to find an estimation for N;, with an error term whose sum over «g, o, 8, ¥, 6
is small.

First, we remove (2.5) by a Mobius inversion to obtain that

kcln/((g’y) (24 (X(),ﬂ(),(x ﬂ Y, 8 B) < 1

% Tl(a) + B TI(B) + ke T1(y) = O, }

Ni= Y ulk# {ﬂo,yé e

The torsor equation determines yj uniquely if a congruence is fulfilled, so

% Tl(e) = —APT1(B) (mod k.I1(y)),
(2.4), hlao, Bo, @, B.y,8:B) < 1 '

M= ) ulko# i,Ber

Ke|T1'(8,p)

This congruence cannot be fulfilled unless ged(k, o IT(e) IT1(B)) = 1 Indeed, if a prime p
divides k. and oy°(«), then it divides also ﬁé"’l‘[ (B8), but gcd( (a), B H(ﬂ ) =1 Dby (2.4) and
(2.6), while gcd(ao, IT1(8)) = 1 by (2.3), and p| k¢, «g, Bo is 1mp0551b1e because of (2.3) and
since p | 8, ap, Bo is not allowed by assumption; p dividing k. and I1(8) can be excluded
similarly. Therefore, we may add the restriction gcd(kc, o IT(e) T1(8)) = 1 to the summation

over k. without changing the result, so that

Ny = > ko) Ny (Ko,

klTT'(8,¥)
ged(ke,oo () IT(B))=1

where

adTl(e) = —ALTI(B) (mod k.I(y))

Ny (ke) Po€Z
(24)1 h(aOI ﬂOIalﬂl Y. 8, B) =< 1

We note that both «;°Il(e) and I1(B) are coprime to kcI1(y). Indeed, we
have gcd(kc,aol'l(oc)l'l(ﬂ =1 by the restriction on k. just introduced, and gcd(Il(y)),
aoll(a)T1(B)) = 1 by (2.3) and (2.6).

We choose integers A;, A; resp. By, B, depending only on «g, & resp. 8, such that

A A = o®Tl(), B;BY =TI(B). (2.7)
For example,

Ay =a)°M@), Ay=1, B =II(B), By=1
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is one valid choice. Often it turns out to be convenient to move coordinates to A, that
occur to a power of by in «y°(e); similarly for B,.

Then A;, Ay, By, By are coprime to k.I1(y). For each By satisfying
@@ Tl(e) = —APTI(B) (mod k.I(p)),
there is a unique ¢ € {1, ..., k:I1(y)} satisfying
gecd(o, kJI1(y) =1, A, = —o»B; (mod k.I1(y)) (2.8)
and
BoB2 = 0 Ay (mod k.I1(y)).
This shows that

BoB2 = 0A; (mod kI1(yp))

NMkd= Y #ipecz| . ’
1<o<kI(y) (2.4), hloo, Bo, e, B, y,8;B) < 1
(2.8) holds

We remove the coprimality condition (2.4) on B, by another Md&bius inversion;

writing By = kpf;, we get

Nl(kc) = Z Z M(kb)Nl (Qr kbl kC)I

1<o=<kcI1(y) ky|T1'(8,8) T (cx)
(2.8) holds

with

kpB. By = 04, (mod k.I1(p))
Ni(o, ky ko) =# B, € Z vByB2 = 042 Iy
hlco, kpBy, e, B, y.8; B) <1

Here, we may restrict to kp satisfying gcd(kp, kcI1(y)) =1 because otherwise
gcd(o Az, k:I(y)) = 1 implies that NV; (o, k», ko) = 0. We note that we have gcd(kp Bz, k I1(y)) =
1 after this restriction.

We recall that {t € R | hlag, t,,B8,y,8; B) < 1} is assumed to consist of intervals

I,...,I,, with I starting at o ; and ending at ¢, ;. Let ¥ (t) = {t} — 1/2, where {t} is the
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fractional part of t € R. For j =1,...,n, by [1, Lemma 3],

#1BreZ
kb,B(/) ST
_ t1,; — to,j +y k;ltoyj — 04k, B, _ kb_ltlyj — 0AskyB;
kpkI(y) kI(y) k:I(y) '

where tg ;,t1,; (depending on «g, @, 8, 7,8, and B) are the start and end points of I;, and X
is the multiplicative inverse modulo k.I1(y) of an integer x coprime to k.I1(y).
We define

1
Vl(aOIarﬂl )’: 8/ B) = f E— dt (29)
hlag,t,a,B,y,8;B)<1 H(}’)

The sum of the lengths of the intervals I,..., I, is I1(y) V; («o, &, 8, ¥, 3; B), so

1
Nilo, kp, ko) = ——Vilag, a, B,y,8; B) + Rilo, kp, k¢),
kpke
with
" . k_lt' i — QAzkag
Rilo, kb, ke Z (— wf( b )
—1i€{0,1) keI(y)
Tracing through the argument gives the following estimation for Ny g (B), where,
for any n € Z.q, ¢*(n) = "’(”) Hp\n —1/p) and w(n) is the number of distinct prime

factors of n.

Proposition 2.4. If the counting problem has the special form described at the beginning
of this section, then

Ny,u(B) = > Ny,

(0,00, B,y 8) €Ly x ZIHFHH!
(2.3), (2.6) holds

with

Nl = ﬁl(aOI(xl Br }’,S)Vl(aol(x,ﬂ: )’: 5/ B) + R](aO/al ﬂ/ V, (Sr B)I
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where V; is defined by (2.9) and, with 4,, 4;, By, B, as in (2.7),

(ko)™ (TT'(8, B)TT(a))
hleow By = D g ﬁ(gccﬁ(n/(a ﬂl)} o, 2 !
kolTT'(5,p) ¢ T 1<o<kcI(y)
ged(ke, o) IT(B))=1 (2.8) holds
and
Rilao, @, B,y,8; B) = > uko Y k)
ke|TT(8,p) K| ITT'(5,8)TT (ex)
ged(ke oo () TT(B)=1 ged(kp, kcI(y)=1
kilti i — 0Axky B,
x (—1)iy | 22 :
Y3y (e
<o<k.Il(y) j=11ie{0,1}
(2.8) holds
We have R (ag, o, B8,y,8; B) = 0 if hlag, t,a,B,y,8; B) > 1 for all t € R, while
Ry(oo, e, B, y,8; B) < 207N ol A poonity)
otherwise. O

Proof. For the main term, we note that 9 is

(ke) (kp)
Z Mkc Z Z M\Rp

k
keI (6,p) l<o<kNly) kT'GAN@ 0
ged(ke.ao M) () =1 (2.8) holds  ged(ky koIl (y))=1
> a5 B LT S !
Wi keop*(ged(IT'(8, B)IT(e), kI1(p))) L<ol)
ged(ke,ao @) TT(B) =1 2.8) holds

and use gcd(IT(e), k:I1(y)) = 1 by (2.6) and the assumption on k..

Our discussion before the statement of this result immediately gives the ex-
plicit formula for the error term R;. Additionally, we note that both N; and V; vanish if
hlog, t, e, B,y,8) > 1forallt € R. Otherwise, we estimate the inner sums over j,i by O(1).

The total error is

< Z ko)l Z | iep) BT

kelTl’(8,y) kp |T1(8, B) T (et)

’

o(IT'(8,7)) no(IT'(8,8)TT(a)) 3, T1(y))
K2 2 b0

w(kI(y))

since (2.8) has at most b, solutions ¢ with 1 < o < k.I1(y). [ |
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In this estimation of N;, we expect that ¢ V; is the main term and R, is the error
term. It is sometimes possible (see Lemma 8.4 for an example) to show that the crude
bound for R; at the end of Proposition 2.4 summed over all «g, &, 8, ¥, for which there
isat € Rwith hlag, t, e, B8,y,8; B) < 1 gives a total contribution of o(B(log B)*~1), In other
cases, this is impossible, and one has to show that there is additional cancellation when
summing the precise expression for R; of Proposition 2.4 over the remaining variables

(see [4], for example).

3 Another Summation

As the main result of this section, we show under certain conditions how to sum an
expression such as the main term of Proposition 2.4 over another coordinate (Proposi-
tion 3.9 and Proposition 3.10).

In this section, we will start to define several sets ®; of real-valued functions in
one variable and, for any r € Z., several sets ©;, and @’j'r of real-valued functions in r
variables. We will be interested in the average order of these functions when summed
over intervals.

Figure 2 gives an overview of the relations between these sets of functions, for
appropriate constants C,C’,C”,C;,C3,C3 € R5g, and b € Z.(, where each arrow denotes
an inclusion. In case of an arrow from a set ©;, to a set ®;, we regard the functions in

the first set as functions in one of the variables.

Lemma 3.1. Let ¢ : Z — R be any function for which there exist ¢ € R.o and a function
E : R — R such that, for all ¢t € Ry,

> vn)=ct + E@).

O<n<t

Let t;,t; € Rog, witht; < t,.Let g: [¢1, t2] — R be a function that has a continuous deriva-

tive whose sign changes only R(g) times on [t;, t2]. Then

[2)
Z ?(n)gn) = c/ g(t)dt + O <(R(g) +1) < sup |E(t)|> < sup |g(t)|)) . =

t ety t ti<t<t ti<t<t,

Proof. The proof is similar to [3, Lemma 2]. For any ¢ € R, let

Mt)= Y vn),  St,t)= Y vngn.

O<n<t t1<n=<t;
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BO,r'(O)
| Definition 3.2]
TDCf. 3.8
[ ©1,:(Cone) ] O3, Def. 7.7 [ (')é,r
| Definition 3.8 Definition 7.1 Definition 7.7
Tnef_ 4.2 Def. 7.2T Tl)ef. 7.8
62,7"(0) 1 Cor. 7.5 ®4vT(C,) (—)il,l'(c//)
Def. 3.8 =

| Definition 4.2 Definition 7.2

Definition 7.8

Lem. 7.3 Def. 7.1
©0(C2)  Jcor. 6.0[ O2(b, C1, C2,C3)] pet. 6.6 | i
| Definition 3.7 Definition 6.6 | Definition 6.4 |

Fig. 2. Relations between our sets of functions.
Using partial summation, the estimate for M(¢) and integration by parts, S(t;, t;) is

t2
Miltz)g(tz) — Mlt1)g(t:) — M(t)g'(t) dt
t

12 ta
—c / g(t) At + Elta)glts) — Elt)gltr) — / Et)g(¢) dt
t ty

ta to
= C/ g(t)dt + O (( sup |E(t)|) (Ig(t1)| + 1g(t2)] —i—f g’ ()] dt)) .
t1 t1<t<t; t1

The result follows once we split [¢;, t2] into R(g) + 1 intervals where the sign of g’ does

not change. u

Definition 3.2. Let C € R.g. Let ©g(C) be the set R of real numbers. For any r € Z.,,
we define ®q,(C) recursively as the set of all nonnegative functions ¢ : Z7 ; — R with the

following property. Forany i € {1,...,r}, thereis v; € ©g,_1(C) such that, for any ¢t € Ry,

Z ﬂ(nll'-~/nr) S 7-91'(,711~~-r’7ifllni+lr'~~l77i") ° t(IOg(t +2))C

O<ni=<t

For any ¢ € ©¢,(C) andi=1,...,r, we fix a function ¢; € ®g,_1(C) as above and

denote it by M(&(n1,...,ns), n;). For any pairwise distinct iy,...,i, € {1,...,7}, let

M@, ) iy emiy) = M- MO, 0 i) ) € Oor—nl(C).



2660 U. Derenthal

For any t € R, we have

S Bn,n) S M@0, e logl + 2)7C O

0<iy ol <8

Example 3.3. For any n € Z.o, let

(n) 1 ' 1
* ___ll 1—=-), 1 _||<1+_).
¢*(n) ( ) ¢'(n)

pln pin

<

Let C € Z>. For any t € R, we have

Y rm) < Y ') <c t,

O<n<t O<n<t

(see [3, Equation 3.1]) and

> 1+ 0" <« tllog(t +2))°

O<n<t

(see [1, Section 5.1]).
Therefore, for any C € Z-¢ and r € Z-o,

r r

[ [@* )¢ € ©0,0), []@' ) € ©,0), []1+C)" eep.C).

i=1 i=1 i=1 O

Lemma 3.4. Let C € R.o. Let ¥ : Z — R be a nonnegative function such that, for any
t € R.o, we have ) ,_,_, #(n) < t(log(t + 2))°.
Let t; <t; € Ryg, k € R. Then

tzli’((log(tz + 2))01 K < ]-r
¥(n)
> o <o (logltz + 2))¢+1, k=1,
t1<n<t
e min(“"g‘t?—jz”CJ) Cexl, k>1. O
1

Proof. Let Sbe the sum that we want to estimate. Let M(t) =} ,_,, ?#(n).
By partial summation,

dt

M(t,) Ml(ty) t2 Mi(t)
S="=_""""_ | (=«
ty ty t gett
log(t, +2)¢  (loglt; + 2))¢ 2 (log(t + 2))¢
<<K(Og(fj ) +(Og(i_1 ) +f (log( ) dt.
i, t t t«
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If « = 1, the result follows from

/tz (log(t + 2))¢ dt — (log(ty 4+ 2))°*! — (log(t, + 2))°*!
4 t+2 B C+1 '

For « # 1, the result follows by induction over C from

dt K¢

to C
/ (log(t + 2)) dt.
ty

(log(ty +2)¢  (log(ty +2))¢1 /tz (log(t + 2))¢1
(t 4+ 2) ¢

(t2 + 2 (t + 2] (+ 2K

which is obtained using integration by parts. Depending on whether x < 1 or « > 1, the

first or second term gives the main contribution. |

Now we come to the setup for the main result of this section. Let r,s € Z-o. We
consider a nonnegative function V : RZ5*"" x R.3 — R with the following properties. We
assume that, for j =1,...,s, there are

koj ... krij1; €R, kryjj € Ruo,  Keijirjo-oo krisj =0, aj€Ro,
such that
1-A
V(no, ..., nrysi B) K T A 1AL’ (3.1)
Mo o Nrgs

where we define, fori =0,...,r+s,

S S
A:Zaj, Ai:Zajki,j.
j=1 j=1
We also assume that V(nq, ..., nrs; B) = 0 unless both
ko : Kris. i ko Krii i
nOO’J PP nr_:s’] = nOO’J oo 77r++JJ"J 5 B, (3.2)
forj=1,...,s,and

1<n =<8, (8.3)

fori=1,...,r+s.
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Remark 3.5. In (3.1) and for the remainder of this section, we use the convention that
all implied constants (in the notation <« and O(---)) are independent of ng,..., 75 and

B, but may depend on all other parameters, in particular on V and ¢. O

Lemma 3.6. In the situation described above, let 9 € ©¢;1s+1(C) for some C € R-o. Then

> P00, i) Vo, - Mrisi B) K ngt Mo, -, i), Mg, - - m) Bllog B HHI¢ . 0

Proof. Forany{¢ e {0,...,r+s—1},let

1913(770: ey 7712) = M(ﬂ(nOI ey 77r+s)/ Nrdsre«-y 77£+1) S ®0,5+1(C)’

For{¢ =s,...,0, we claim that
Orselno, ..., mrrd) BV 4" (log B)s—0C
Z 79(770, ceey 7}r+s)V(7)0, c ooy Nrtsy B) K 4 rw T ,
1—A0 17A_r+(
Nr4€+11-e01 Nr+s )70 e nr+£
where

£ £

(0) (0)

A= "a;, A=) ajki;.
j=1 j=1

For ¢ = s, this is true by (3.1). To prove the claim in the other cases by induction, we must

estimate
Brielno, - .., nrH)Bl*Am (log B)'s—0¢
Z 1-AY lfA‘f'é ’ (3.4)
Nr+-¢ }')0 e nr+e +t
for £=s,...,1. Since Vl(ng,...,nr+s; B) =0 unless (3.2), the summation can be re-

stricted to nry, satisfying ¢ < T if kryee > 0 resp. npe > T if kyypy <0, with T =
kO,é kr+271,(

(B/(ng™ -+ - n 5=y Nkt An application of Lemma 3.4 (with x =1 — A(ﬁl =1—akriee)
shows that (3.4) is

—_Al0) _(/—
< Urre—1(no, ..., 77r+£—1)Bl A +“‘(log B)(s (e=1)c
lfA‘O“Jra(kolg I—A'Tl+'571+a(kr+[,1,{ :
Mo B/ PSS

The induction step is completed by observing A¥ —a;, = A“"V and A" — ak;, = A7,
fori =0,...,r+¢—1.
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For¢=r,...,0, we claim that

19(’(770: o, ng)B(IO B)r—€+(r+s—€)C
} 29(770, ~-r77r+s)V(770'-~'rnr+s; B) < 7 g?] .
0 Me

This is also proved by induction. The case ¢ = r is the ending of our first induction. From

here, we apply Lemma 3.4 (with « = 1) for the summation over 5, subject to (3.3). [ |

Definition 3.7. For any C € Rsq, let B¢(C) be the set of all nonnegative functions ¥ :
Z-o — R such that there is a ¢y € R>o and a bounded function E : R-¢o — R such that, for

any t € R>o,

> 9 = cot + Et)(log(t + 2))°.

O<n<t

If ¥ € B¢(C), the corresponding ¢, E(t) are unique since ¢t grows faster than any

power of log(t 4+ 2) for large t; we introduce the notation

A@(n),n)=cy, EWn),n)= sup{|Et)}. O

teR-o

Definition 3.8. For any C € Rs¢ and r € Z.o, let ®1,.(C,n,) be the set of all functions

v : ZL , — Rin the variables 7y, ..., n, such that
(1) 9(p1,...,ns) as a function in 5y, ..., n, lies in B¢ (0).
(2) ®(n1,...,n,) as a function in 7, lies in ®(C) for any 7y,...,n—1 € Z, so that we

have corresponding
A0y, .. ) 20— R, E@, ... n)ny) 1 205 — R

as functions in 51, ..., nr_1.
(3) A(®(n1,...,nr), 1) lies in Oq,_1(0).
4) @1, ...,nr),ny) lies in Og,1(C).

We define O, .(C, n;) for any other variable »; analogously. O

We want to estimate

Z 19(770! e Ur+s)V(7)0, coor Nryss B)
Mo
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We assume that V is as described before Lemma 3.6 with the additional property that
V as a function in the first variable 59 has a continuous derivative whose sign changes

only finitely often on the interval [1, B] and vanishes outside this interval.

Proposition 3.9. Let V be as above, and let ¥ € ©1,,5+1(C, no) for some C € R-¢. Then

Z ‘0(770! ey 77r+s)V(770, ceey 7]r+s; B)
o

= A(ﬁ(nof - 77r+s), 770) V(tOI Nireeo s Nr+tsr B) dtO + R(nlr ceer Nrass B)r

to>1

where
Z Ry, ..., nrys; B) < B(log B) (loglog B)™axils), 0
Migeeer Nr+s
Proof. We note that we may always assume that 1 < ng,...,n, < B since all terms and
error terms vanish otherwise. Let ¢ € g ,15(0) and ¥ € ©g,+s(C) be defined as
M1y rrs) = AW (Mo, - -« Nrs)s o),
19//(’71, ey 77F+S) = 5(19(770, sy 77r+s): 770)~
We proceed in three steps. Let T = (log B)S*r+s+1C,
(1) We show that
Z *Mo, - - Mr4+s)V(no, . .., nr4s; B) < B(log B) (loglog B).
N0seeer Nr+s
no<T
(2) Combining # € ®¢(C) as a function in ny with Lemma 3.1, we have
Z 19(770: s 77r+s)V(770r <o Nryss B):ﬁ/(nl, ceey 77r+s)/ V(to, Niree s Nr+ss B) dt,
no=T tozT
+0 (ﬂ”(m, o ris)(log B) supV(to, 1, - - . ) s B)>.
to>T
Here, we show that summing the error term over 1, ..., n4s gives O(B(log B)").

(3) To complete the proof, we must estimate
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Ifs = 1and ko, > 0, we consider the case Tk ... n’:f:f'l < B and its opposite
separately. If s > 1, we distinguish 2° cases.
For (1), we use ¥ € Og,4s+1(0) and Lemma 3.6 for the summation over 7y, ..., Nris

and Lemma 3.4 for the summation over 7 to compute

> 0o, V00, nresi BY <D ng "M@ Gno, - - rss), s, - - m) Blog BY

N0/ Mr+s 1<no<T
« B(log B) (loglog B).

For (2), we note that (3.1) and (3.2) imply
V(tOI Nireeoy 7]r+s; B) <<

tony - - 77r+s.

Combining 9" € @ ,4s(C) and (3.3) with Lemma 3.4 in the second step,

> 9", nris)log B)C sup Vito, n1, ..., Nrisi B)

to>T

< Z 9"(n1, ..., nr+s)B(log B)®
Ty Nres

<< T*lB(log B)T+S+(T‘+S+1)C
<« B(log B)".

For (3), we assume Ay = 0 first. We use ¢’ € ©g,4s(0) and Lemma 3.6 (with 7y = 1)

to compute

ﬂ/(nl""’nlﬂks)Bl_A /T 1
< Y L 5 1
Mreeerllr+s T]} A n:+;4r+s . to

Now, we suppose 4 # 0. Let

kl,j kr+s,j klrj kr+jr]'
Xj=mn" - mphs” =m0 7
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for j=1,...,s. We distinguish 2° cases, labeled by the subsets J of {1,...,s}. In case J,
we assume X; < min{BT%oj, B} for each j € J, and X; > min{BT %/, B} for each j ¢ J.

By (3.2), V(to,n1,-..,nr4+s; B) = 0 unless tgo'ij < B. Therefore, we may restrict to X; <
kO,j}

max; <z <r{Bt,

In total, in case J, we may restrict the summation over 5y, ..., ns to

[0,BT %], jelJ, koj=0,

(BT %.4,Bl, j¢J, ko >0,
XJ' 1S

[0, B], jedJ ko <0,

(B,BT %], j¢.J, koj<0;

in particular, the summation is trivial if kg ; = O for some j ¢ J, so we assume there is no

such j. Furthermore, we may restrict the integration over ¢ty to the interval [T}, T;] where

_1\1/ko,; . —1\1/kojy.
lejex{x%?')ycs}'{l,(Ble) o1, Tzzjez{I}'l“I}S}{T,(Ble) oY,
ko,j<0 ko,j>0

we may assume that T3 < T» since the integral vanishes otherwise. We note that 1 <
(BX;')/kos < T if and only if j ¢ J.

We define
A=) a;, A=) ake; A=) ajki
jeJ jeJ jeJ
k0,j>0
fori=1,...,r+s.

Combining (3.1) with

T 1 4 4 ok 1 BA*A’ TA(/)
TAO dtO < Tl + T2 < | | ) | l (BX] ) = A -4 Arys— Al !
n it jeJ jeJ 1 T lrts

k0,j>0

we obtain as the contribution of case J to the error term of (3)

T 4 1-A T
(1, ..., 0ras)B z 1
E z?/(nl,...,nﬂrs)/l Vito, n1, ... nres; B) dtp < E oy VIS_AHS /T e dto
1 lg

Nireeer Nr+s Nreenr Nr+s 771 s

(1, ... Nras) B4 T4
< Z 1-4, 1-A.,, :
N1seeillrts Ukt o Nrys
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For j=s,...,1, we handle the summation over 7., ; using ¥’ € ®g,5(0) and Lemma 3.4.
After the summations over 9,4, . .., 441 are done, the exponent of 7, ; in the denomina-

toris 1 —ajk,.j;if j € Jand itis 1 otherwise. For j € Jand ko j > 0, we use X; < BT oJ,

ie.,
a:m—aiky
ajkreiy BT "0
r+J - ajkl,]' lZ]'errj,l/j :
- nr+j_1
For j € Jand ky,; <0, weuse X; < B, i.e,
@
ajkrsj B%
nr"’] - (ljij a,-krﬂ-,l,j :
r’ PP nr+],71

For j ¢ J, we use that BT %/ < X; < B, for ko,; > 0, resp. B < X; < BT %0, for ko ; <0,
implies that, for 5y, ..., 7 ;- fixed, there are « T'%o.! possibilities for nr+j, which shows
that we pick up a factor (loglog B).

It follows that we can continue our estimation as

Z M(ﬁ/(nll ey 77r+s)r Nr+sr---r 7]r+1)B(10g 10g B)S_#J
— n---Nr
<« B(log B)"(loglog B)®
since 0 < #J <. [ |

The next result is concerned with a similar situation as in Proposition 3.9, with
reZ.oands=1.

Let V: R™*2 x R.3 — R be a nonnegative function, and
ko,...,krGR, kr+1 GR;&O, a,beR>0

such that

Bl—a B1+b

1—aky 1—akys1 ' 1+4bkg 1+bky+q
Mo RS Mo RS

V(ng,...,nrs+1; B) < min (3.5)

We assume that V(ng,...,n-+1; B) = 0unless, fori =0,...,r+1,

1<mn <B. (3.6)
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We assume that V as a function in the first variable 59 has a continuous derivative whose

sign changes only finitely often on the interval [1, B].

Proposition 3.10. For some C € R-, let ¥ € ®;,,2(C, no). Let V be as above. Then

Z 29(’70! ey 77r+1)V(770r ey nr+1; B)
Mo

= A(ﬂ(nOI ey 77r+1), nO) V(tOI Nireeo o Nr+ss B) dtO + R(nll ceor NMrt1s B)I
to>1
where
Z R(n1,...,nr41; B) < B(log B) (loglog B). 0
Niseeaillr+1

Proof. We define ' € B¢ ,1(0) and ¥” € Og,+1(C) as in the proof of Proposition 3.9. Let
M = Mg, ..., 041, B) =90, ..., 0041 V(no, ..., 0r41; B)
and

M(t)=M(t,n ..., 0041, B) = z‘/"(m,...,nr+1)/ V(to, m, ..., nry1; B) dio.

to>t

We want to show that M summed over all o € Z., agrees with M'(1) up to an acceptable

error. We do this in three steps, where T = (log B)!*"+2¢,

(1) We show that M summed over all g agrees with M summed over ng > T up to

an acceptable error, by proving that

Z M « B(log B) (loglog B).

R'(n1,...,n41; B) with Zm ____ - R « B(log B)".

(3) We show that M'(T) summed over #;,..., 741 agrees with M'(1) up to an ac-

ceptable error, by proving that

> (M'(1) — M(T)) < B(log B) (loglog B).
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If ko < 0, we distinguish three cases, where n’f‘ e nf;f is at most B, or at least

BT %, or between these two numbers.

For (1), we use (3.5), ¥ € Og,42(0), and (3.6). For ng”-nn’:j:f < B, we apply

Lemma 3.6 to compute

Z M« Z (o, ..., Nr41) B2
1—ako L 1-akyi
N0s---r Nr+1 N0s---r Nr+1 0 nr"rl

< Y 15" M@, .., nri1) 41, - m) Bllog BY

Mo

<« B(log B)"(loglog B).

In the opposite case, by Lemma 3.4, we have

M ﬁ(nOr--'lnr+l)Bl+b
Y M<K Y o
N0seeerllr 1 Noseitrgr 110 M1

< Z M(ﬂ(nO! ey 7lr+1)r 7Ir+1)B
7”0 DY ]”r

<« B(log B)"(loglog B).

For (2), we combine ¥ € ©q(C) as a function in ng with Lemma 3.1. This shows
that M summed over 7y > T gives the main term M'(T) as above and an error term

which can be estimated (using V(yo, ..., n5r+1; B) < B__ by (3.5), 0" € ®or+1(C), (3.6), and

1o Mr+1

Lemma 3.4) as

< Y (ogB)°®"(n1, ..., nr1)sup Vlto, n1, .-, nri1; B)

to>T

< Z (log BY°®" (1, ..., nr+1)B
Ty nr

&« T7'B(log B)"*1+r+2¢ — B(log B)".

For (3), we suppose k,+1 > 0; the case k,1 < 0 is similar. In the following compu-
tations, we use (3.5), ¥’ € ®g,+1(0), (3.6), and Lemma 3.4.
If kg < 0, we split the summation overy, ..., n41 and integration over ¢y into three

parts, the first defined by the condition 1" n’:jf < B. We estimate using Lemma 3.6
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(with no = 1)

T
< Z 19(771,~--,77r+1)f Vlto, m, ..., 0r41; B) dtg
1

----- Nr4+1
lfa
i

< Z 4 (nl" T rnr+1)/ tl ako 1—ak; 1-akyy; dto

N1peeiMr41 1 1 LN |

ﬁ/(nll ey nr-ﬂ—l)Blia

< Z 1—ak; 1—akri1

N1+l 771 LN |

B(log B)".

For the second subset defined by B < n’fl : nr”l < BT %, we get

Bl+b
< 29(}71/~'-r7/’ l)X / _ dto
Z r+ to<(nlf1 --nfrl'l/B) 1/kg té+bk07]1+bkl n1+bkr+1

M llrd 1 RS

Bl—@
/ 1/k - to
- o ,1-ako 1—ak 1-ak;
t0>(171 n’:ﬁ'/B) t 0771 arL L n +

r+1
r)lr ey 777‘-‘-1)3
<
Z C M4

N illr+1

<« B(log B)"(loglog B).

For the third subset defined by n’fl : nrj:f > BT %, we get

?'(n, ..., nrp)BP
< Z /1 1+bk0n1+bk1 PR dto

..... Nr+1 1 r+1

& Z v’ (Tlll" . rnr+1)B1+bT7bk0
R T
----- a1 M1

M@ (n1, ..., nr41), nr41)B
<

<« Bl(log B)".

If kg > 0, the computations are similar.
If ky =0, we split the summation over 5,...,n-41 into two subsets, the first

defined by ¥ ... n¥7 < B.
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Here, we compute

T Blfa
< > ﬁ/(nl,...,nr+1)/ o
N1 yeeeiirsl 1 tonl Ty

19/(771! ceey 777"+1)B17a(10g log B)
< Z 1—-ak; 1-aky
Nigeees Nr+1 7"1 N |

< B(log B)"(loglog B).

For the subset defined by n’fl e n’:jf > B, the computation is similar. |

4 Completion of Summations

Letr,s € Zso with r > s. In this section, we consider functions
Tt . T+
Orys 1 205 — R, Vs 1 RLG x Rog — R,

In the previous section, we summed the product of such functions over one variable;

here, we sum over all variables and therefore want to estimate

Z ﬂr-t-s(rll: ceey 77r+s)Vr+s(771r coe o Nrtss B).

N1 illrts

This will be done in the case that 9,5 and V,,; fulfill certain conditions described in the
following that allow us to apply Proposition 3.9 repeatedly.

For the implied constants in this section, we use a similar convention as described
in Remark 3.5, i.e., the implied constants are meant to be independent of 5y, ..., 5.5 and
B, but may depend on everything else, in particular on V¢ and 9.

For Vs : Rrgf x R-3 — R, a nonnegative function, we require the following, sim-

ilar to Section 3. We assume that, for j =1,...,s, we have a; € R.o and

kijio.o k—syj1,j €R, kr—syjj € Ry, k—syjrrjr. . krj =0,

kr+1,j,...,kr+]‘,1,j GR, kr+jlj ER;go, kr+j+l,j/~-:kr+s,j =0.
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For{=1,...,sandi=1,...,r+s, we define

4 4
A — Zaj, Ay) = Za]‘ki,j.
j=1 j=1

We assume that

1—A®

Vers(n, .. nrisi B) < 1—a 1_ao '

TS
M o Nrts

and that V,.5(n,...,nr4s; B) = 0 unless both

ki,j kris,j ki1,j krij.

nl ...nr+s :7]1 ...nr+j EB,

forj=1,...,s,and

fori=1,...,r+s.

For¢{=r+s—1,...,0, we define recursively

Ve(m,---,nz;B)=/ Ver1(1, ... meg1; B) dneya
Ne41

= / Vr+s(771r ceey 7}r+s) d'?r+s c dr]€+1/
Net+1seeilr+s

(4.1)

(4.2)

(4.3)

(4.4)

and assume that V, as a function in 5, has a continuous derivative whose sign changes

only finitely often.

Lemma 4.1. In the situation described above, we have, for £ € {1,...,s},
17A1£|
Vive, ... 0re; B) € m
7]1 R nr+€
and, for¢ € {1,...,r},
B(log B)*

Veni, ..., ne B) K
ny---Ne
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Proof. The proof is analogous to the proof of Lemma 3.6, skipping the step of replacing

sums by integrals via Lemma 3.4. [ |
Recall the notation of Definition 3.7 and Definition 3.8.

Definition 4.2. Let C € R.o. Let ©,,(C) be the set R of real numbers. For any r € Z.o, we

define ®, .(C) recursively as the set of all functions ¢ : Z_ , — R in the variables n;,..., 7,
such that ¥ € ©,,(C,n,) and ¥’ € Oy,_1(C), where ¥'(n1,...,nr—1) = A& (1, ..., n0), 0r).
For ¥ € ©,,(C) and any pairwise distinct i;,...,1, € {1,...,r}, we define

A(ﬁ(nl/ e rnr')r r)ill L /nin) = A( . A(ﬁ(nlr e rnr)/ nil) e Inin);
it is a function in @3 ,_,(C). O

Proposition 4.3. Let V¢ be as described before Lemma 4.1, and let ¢,,5 € ®3,,(C) for

some C € Rsq. Then

Z ﬁrJrs(nl, ceey 77r+s)Vr+s(7]1: coo s Nrtss B) = CO/ Vr+s(771, c oo Nrss B) dnrJrs ce d771
m

Moyeesllr+s R Mrts

+ O (B(log B !(loglog By™axi!}) |

where Co = A(ﬁr—ks(r]ln--rrlm—s)r 77r+s:~--r771)- O

Proof. We proceed by induction as follows, for £ =r+s,...,1. Given ¥, € ©,,(C), we
define ¥_; € ®3,_1(C) by

Bo—1m1, .o me—1) = A1, ..., ne), me)

= A(ﬁr+s(7llr ceey 77r+s)f Nrdse--« 7)@)-

With V,, V,_; as in (4.4), we apply Proposition 3.9 to show that

Zﬁ((nll"'lnz)w(nll'"IT’K; B) == ﬂf*l(nll--~l”[*l)wfl(nll~-~ln[71;B) + R(nll~--an71;B)r
e

where

Z R(n1,...,ne—1; B) < B(log B !(log log B)max{l.t=7},

Nireeile—1
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Table 2 Application of Proposition 3.9.

Proposition 3.9 te{l,...,r} Lef{fr+1,...,r+s}
(r,s) (t—-1,0 r—1,£-r)
Mo Ne e
NirevsNr NirevrNe—1 NireeerMoe—s—1/MNe—s41r-+ -1 Mr
Nr4see v Nr+s - Nr41reeer Noe—1,Ne—s
¥ € O1,1511(C, o) V¢ € ©2,(C) Ve € ©2,4(C)
AW (no, ..., Nrss), no) Vo—1 € Oz,_1(C) Ve—1 € Oz,1(C)
v V,/(log B)* Ve
v Vi-1/(log B)* Vi1
kO,jl kl,j/ R kr+s,j - kl,jl ey k(,j
arranged as ny,..., 1

4 Ao, A,y A

(e—r). ple=r) (e—7)
AT A Al

arranged as n,..., 10
(3.1) Lemma 4.1 Lemma 4.1
(3.2) - (4.2)
(3.3) (4.3) (4.3)

How to apply Proposition 3.9 (especially with respect to the order of the variables
n1,-..,7m¢) depends on whether 1 <¢ <rorr+1 < ¢ <r+s; furthermore, there are many
prerequisites to check. Therefore, we have listed the details for the application of Propo-
sition 3.9 in Table 2. |

Remark 4.4. An analogous result to Proposition 4.3 holds if we want to estimate
Y1y, .o ) Ver1(m1, ..., pro1; B) summed over 5y, ..., 1041, but with (4.1) and (4.2) re-
placed by a bound analogous to (3.5). In the proof, we apply Proposition 3.10 instead of

Proposition 3.9 in the first summation over ;. O

5 Real-Valued Functions

The following result is often useful to derive bounds such as (3.1), (3.5), and (4.1) for real-
valued functions defined through certain integrals; for example, we recover the bounds

of [3, Lemma 8].
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Lemma 5.1. Let a,b € Ryy. Then we have the following bounds:

(1) f\at2+b|§1 dt < minfla|~'/?, |ab|~1/?}.

(2) f\at2u+buk|§1 dt du < |ab'/*|71/2, for k > 1.

B) fiarerpuricr At du < |al"V2|b| Yk, for k > 2.

(4) [far24pe<1 At < min{la|~V/2, b7}

(5) f\at2u+btu2|§1 dt du < |ab|™'/3.

(6) f\atZertuklsl dt du « |a|~*k-V/@Rp|=1/k fork > 1. O

Proof. We treat only the case a > 0; its opposite is essentially the same.

For (1), we consider t such that |at? + b| < 1; if there is no such ¢, the claim is
obvious. Otherwise, suppose first |b| < 2. Then |at? + b| < 1 implies |at?| <3, i.e., t K
la|~/? « |ab|~'/2. Next, suppose |b| > 2. Obviously b > 2 is impossible, so we assume
b < —2. Then |at? + b| < 1 implies

-b-1 -b+1

st=
a a

We note that the condition /x <t < ./x+ y for x, y > 0 describes an interval of length
« x 12y, Here, x=(b| — 1)/a > |b|/(2a) and y = 2/a, so the interval for ¢ has length
< lab|7V? < |a| V2,

For (2), we apply (1) and obtain

o0
/ dt du « / min {|au|™"?, |abu*™|71/2} du
lat?u+bu?|<1 0

L /2 * k /2
—1 +1,—1
< /0 lau] du+ fbl/k labu*""| du « —|ab1/k|l/2'

Similarly, for (3), we get
o0
/ dt du <</ min{|a|71/z,|abuk|*1/2} du
|lat24-buk|<1 0

Ib|-1/k ) o0 .
_1/2 —-1/2
< a du + abu du €« ———.
./o @] /bll/k| | la|1/2|b|1/k

For (4), we transform |at? + bt| < 1 to

b2 —4a [b% +4a
\/maX{OITaZ} <I|t+b/(2a)| < a2
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If b? < 8a then ((b? + 4a)/(4a?)'/? « |a|7'/? « |b|~!, which is also a bound for the length
of the interval of allowed values of t. If b?> > 8a, then we apply the above bound for
x = (b® — 4a)/(4a?) > b?/(8a?) and y = 2/a to conclude that the interval for ¢ has length
L b7« Jal V2,

For (5), we apply (4) to conclude

o0
/ dt du < f min(lau| "V, |bu?|"'} du
lat?u+btu?|<1 0

la/b2|\/3 00 1
< / lau|~Y? du +/ bu?|™! du < ——75-
0 la/b2|1/3 |ab| /

For (6), we have

o0
f dt du<</ min{|a|™"/?, |bu¥|"'} du
|lat2+btuk|<1 0

Ial/z/bll/k 00
<</ la|~1/? du+/ IbuX|~! du <«
0 |

al’2 b1k |a|(k—1)/(2k)|b|1/k'

This completes the proof. |

6 Arithmetic Functions in One Variable

In Sections 3 and 4, we were interested in the average size of arithmetic functions on
intervals, with certain bounds on the error term.

In this section, we describe a set of functions in one variable (Definition 6.6)
for which this information is computable explicitly (by Corollary 6.9). This includes the

functions f;, treated in [3, Lemma 1] (see Example 6.10).

Lemma 6.1. Let ¢ : Z.o — R be a function, and let ¢, y € Roo, with y<t. Leta,q € Z-o,
with gcd(a, g) = 1. If the infinite sum

Z (0 * u)(d)
d>0 d
ged(d,g)=1
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converges to ¢ € R, we have

s
Y oom=2v0l 3 wewant | 3 v i)

0<n<t O<d<y d>y
n=a (mod q) ged(d,g)=1 ged(d,g)=1

+ > Y, @@l |. O

O<n<t/y y<d<t/n
ged(n,g)=1 |nd=a (mod q)

Proof. Since ¢ = (¢ * u) * 1, we have

Yo ovm= Y Y @xwd= ) Y. W=l

O<n<t O<n<t din O<d<t o<n'<t/d
n=a (mod q) n=a (mod q) ged(d,@)=1 n'd=a (mod q)

Splitting this sum into the cases d < y and its opposite, we get

= > (z?*m(d)~<qid+om>+ > Yo W@,

O0<d<y O<n'<t/y  y<d<t/n’
ged(d,g)=1 ged(n/,g)=1 n'd=a (mod q)
and the result follows. n

Lemma 6.2. Let C € Rs;. Let ¥ : Z.o — R be such that, for any t € R,

> 1w« @) - n < tlloglt +2))°7".

O<n<t

Then, for any q € Z.¢ and a € Z with gcd(a, q) = 1, the real number ¢ as in Lemma 6.1

exists, and

> ot =24 oclloge +20°) 0

O<n=<t
n=a (mod q)

Proof. We apply Lemma 6.1, with y = t. It remains to handle the error term, whose third
part clearly vanishes. By Lemma 3.4 and our assumption on ¢, the first part of the error

term is

D 1w )| < (loglt +2)°,

O<n<t
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and the second part of the error term is

£y 10+ i

. <¢ q '(log(t +2))°¢71.

n>t

This completes the proof. |

Remark 6.3. For infinite products, we use the following convention. We require that
the partial products of all nonvanishing factors of an infinite product converge to a
nonzero number. If there are any vanishing factors, the value of the infinite product is

zero. Otherwise, the infinite product cannot converge to zero. O
Let P denote the set of all primes.

Definition 6.4. Let ®; be the set of all nonnegative functions ¢ : Z.o — R such that

there is a ¢ € R and a system of nonnegative functions A, : Z>q — R for p € P satisfying

¥n) =c H Ap(v) l_[ Ap(0)

p'ln pin

for all n € Z (where the first product is over all pe P and v € Z.( such that p’ | n but

p't!  n). In this situation, we say that ¢ € ©, corresponds to c, Ap. O

Lemma 6.5. Suppose ¢ € ©; is not identically zero and corresponds to ¢, Ap and ¢, A,
Then there are unique b, € R. ¢, for p € P, such that ]_[p b, converges to anumber by € R.o,
A/p(v) =byApv) forall pe P, v € Zsp, and ¢ = c¢/by.

Conversely, given ¢ € ®; corresponding to ¢, Ap, and b, € R.o, for p € P, such
that by = ]_[p b, € R, exists. Then ¢ also corresponds to C, A/p defined as ¢ = ¢/by and
A’p(v) =DbpAyv) forallpe P, v > 0. [l

Proof. Fixn =], p"P € Z., such that #(n) # 0. Then A,(k(p) and A, (k(p)) are nonzero,
80 by € R.p is uniquely defined as A,(k(p))/ Ap(k(p)). Since

Ayv)  B(pHPn) AW

A, k(D) v Ak(p)

we have A (v) = bpAp(v) for all v € Z>o.



Counting Integral Points on Universal Torsors 2679

Since [ ], Ap(0) and [],,, A}(0) are well-defined nonzero numbers, also [[,,, bp €

R.o and therefore by € R.( exist. Since

o) =c [] 4,0 ][] 4,0 =cbo [] 4w ] 4pl0),
pin

p’'ln ptn p'ln

we conclude that ¢ = cby.

It is straightforward to check the converse statement. [ |

Definition 6.6. For any b € Z.q, C1,C3,C3 € R>1, let ©3(b,Cy,Cy, C3) be the set of all
functions ¢ € ®; for which there exist corresponding c, A, satisfying the following con-

ditions:
(1) Forall pe Pand v > 1,

Cl! pv |br

[Ap(v) — Aplv —1)| <
P P {Czp“, p’'1b.

(2) Forall k € Z. o, we have |cl—[pfk Ap(0)] < Cs.

Given 9 € ©y(b, C1,C,, C3), we will see in Proposition 6.8 that, for any q € Z., the

infinite product

CQ ((1 = %) i AI’;(VV)) [T 40

v=0 plq

converges to a real number, which we denote by A(%(n), n, q). O

If Ap(v) = Ap(v + 1) for all primes p and all v > 1, then the formula is simplified

to

1 1
AW (n),n,q =c[ | ((1 — —> Ap0) + —Ap(1)) []400.
Ha p p

plg

We will see in Corollary 6.9 how the notation .A(#(n), n,q) of Definition 6.6 is
related to the notation A(#(n), n) of Definition 3.7.

Remark 6.7. If v € ®;,(b,C1,C2, C3) corresponds to c, A, and d,A’p, where c, A, sat-
isfy conditions (1) and (2) of Definition 6.6, then ¢/, 4}, do not necessarily satisfy these
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conditions. However, with b, € R.( as in Lemma 6.5, if we replace C,,C3,C3 by

Cimax(by),  Casuplbpl,  Cs I o»
p

p
|bp|>1

then ¢, A/p satisfy conditions (1) and (2). O

In all statements regarding o € ©,(b, C1, C2, C3), we will mark explicitly by sub-
scripts if an implied constant in the notation « and O(- - -) depends on any of b, Cy, C5, C3,
or ©. The reason is that we will apply the results of this section in Section 7 to functions
in several variables 51, ..., .. As functions in 7,, they will lie in ©,(b, C1, C2, C3), but (some

of) b,C,,C5,C3 will depend on 7ny,...,nr_1.

Proposition 6.8. Let ¢ € ®; be nontrivial, with corresponding c, A,,.

(1) For any n € Z-q,

(0 * un _c]"[Ap(o]_[ »(v) — Apv — 1)).

p'ln

(2) We assume ¢ € O3(b,Cy,C3,C3). For any t € R-o,

Y 1@ x @) n <e, TBNC1C2)"PCatloglt +2)% 7",

O<n<t

where t(n) = _;, 1 is the divisor function.
(3) We assume 9 € ®,(b,Cy,C,, C3). For any g € Z. ¢, the infinite sum and the infi-

nite product

y *:)(n), ] ((1 ~ l) 5 Ap(vu)) [T 4,0
gmﬁi%=l Pl P i

converge to the same real number.
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Proof. Up to the converging product [],,, Ap(0), claim (1) is an identity of finite algebraic

expressions

c[T4p0 [T(ap0) = Apv = 1) = > c[[ 450 [] Apw) [ (=400 — 1))
pin

p’lin din pin p’lin p’lin
lu(d)=1]| pld pld
=Y uwdec][] 40 [ 4w
din Pty Pl
= > udpin/d)
din
= (9 * p)(n).

For (2), it follows from (1) that
Therefore,

Y e -n< Y ¢y egme, gedn, b)

O<n<t O<n<t

<<Z Z codceldn)c,g

dib  0<n'<t/d
ged(n/,b/d)=1

<c, Yy _(C1C2)" P Cst(log(t +2)) !
d|b

& 1(B)(C1C2)"P'Cst(logl(t + 2))¢2 7L,

using Example 3.3.

For (3), for p € P, let v, = min{v € Zso | Ap(v) # 0}. Since ¥ is nontrivial, v, = 0 for
all but finitely many p, so a = [[,, p'» defines a positive integer. If a { n, then ¢ (n) = 0 and
(% * u)(n) = 0.

We define the multiplicative function B : Z.o — R by

Ap(v +vp) — Ap(v+vp —1)

B(p') = Av,)

’
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forany pe P and v € Z.o, and

= cl_[ Aplvp) € R.
P

If n = an’ for some n’ € Z., then, by (1),

@ x ) =c ] 450 [] (4pv) — Aplv — 1) = ¢B(n).

pfan’ p’llan’

We assume that gcd(a, q) = 1. By (2) and Lemma 3.4, the following sum converges

absolutely, so that we may form the Euler product in the second step.

i (ﬁ*u)(n: i ¢B :_H<ZB;p>

n'=1 =0
gC ged(n’,q)=1
ZCH Ap(vp) l—[ ] +§: Ap(v 4+ vp) — Ap(v + vy, — 1)
p'’r — vap(”p)
p rfq v=1
-4 (- ) £ 4
plg p piq p V=vp p

Since Ap(v) =0 for any v < vp,, and v, = 0 for any p | g, this proves the claim in the case
gcd(a,q) = 1.

If ged(a, q@) > 1, then (& * u)(n) = 0 for all n satisfying ged(n, q) = 1, so that (3) is
trivially true. |

Because of the following result, A(#(n), n, q) should be viewed as the average size

of ¥ (n) when summed over all n in a residue class modulo g in a sufficiently long interval.

Corollary 6.9. Let © € ®,(b,C;,C,,C3) be nontrivial. If geZ.o and a €Z with
gcd(a,q) = 1, then

Y o= gA(z?(n),n,q) 1 Oc, (1(B)(C1C2)"PCalloglt + 2)°),

O<n<t
n=a (mod q)

foranyt € R.o. In particular, in the notation of Definition 3.7, ¢ € ®¢(C2), with A(¢(n), n) =
A(®(n),n,1) and £ (n), n) = Oc, (t(b)(C1C2)*Y'C3). 0

Proof. Let C4 = 7(b)(C1C2)?P'Cs5. By Proposition 6.8(2), Lemma 6.2 applies to C;lz?, with
¢ = C; ' A®(n),n, q) by Proposition 6.8(3). [ |
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Example 6.10. Fora,b € Z., we consider f; » as in [3, (3.2)]. Then f; 1, € ©,, correspond-

ing to ¢, Ap, where ¢ =1 and Ap(0) = 1 for any prime p, while

0, plb,
Aplv) =141, ptb, pla,
1
1—1—), ptab,

for any v > 0. Clearly, f,5 € @2(1—[17‘1, p.1,1,1), and we compute

AMMMm@h{TO—%)H(F—%)

plb plabq
plq

for any q e Z.o. Since t([],;,p) =2“?, Corollary 6.9 gives another proof of [3,

Lemma 1]. O

7 Arithmetic Functions in Several Variables

Here, we are interested in the average size of certain arithmetic functions in several vari-
ables when summing them over some or all of these variables. Our goal is to characterize
functions explicitly that typically appear in proofs of Manin's conjecture and to show

that they lie in ®,,(C) (see Definition 4.2), so that we can apply Proposition 4.3.

Definition 7.1. Letr € Zs¢. For any n1,...,nr € Z-o and any prime p, we define
kp(nlr cee Inr) = (klr cee /kr)/

where pFi | n; fori=1,...,r.

Let ®39 =R. For r € Z.o, let ®3, be the set of all nonnegative functions ¢ :
7", — R for which there are nonnegative functions @, : Z_, — R for any prime p such
that

D1, o) = [ [9p&p0n1, ..., 00,
p

for all ny,...,nr € Z.o. We call the functions 9, local factors of .
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For k € Z", we define
supp(k) ={i € {1,...,r} | ki #0}, k) =ki +--- + k. O

Definition 7.2. Let C € R.;. Let ©4(C) = R. For any r € Z., let ®4,.(C) be the set of all

functions ¥ € ©3, whose local factors #, fulfill the following conditions for any prime p:

(1) For any k, k' € ZL, with supp(k — k) = {i} and X(k — k') =1 (i.e., k, k' differ by

1 at the ith coordinate k;, k; and coincide at all other coordinates),

, C, k; =1, #suppk) > 2
ol — o) < {7 7 ouPP
Cp~ ", otherwise.
(2) For any k € ZZ,,,

1+Cp2, k=1(0,...,0),
Op(k) < p ( . )

1+ #supp(k)-Cp~!, otherwise. O
We recall Definition 6.6 of ®,.

Lemma 7.3. For r € Z.o, C € Rx1, let ¥ € ®,4,(C), with local factors #,. As a function

in 777‘!

p

196(92( [[ »c.c.@reym ml]‘[( ))
plni-nr-1

The function ®' : Z ;' — R defined by
ﬁ/(nll cee 77}"71) = A(ﬁ(nll ceey nr)r Nr, 1)!

has local factors
, 1\ = 9,k k)
k=0
Proof. We have

O, om) = [T 9ppn, .. nr1) k) [ 9pp001, -, mr1), 0).
g phnr
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Therefore, ¥ as a function in 7, lies in ®;, with corresponding c=1 and A,(v) =
Vpkplni, ..., nr—1),v) forany v € Z>p and p € P.
Now we check that ¢, A, fulfill the conditions of Definition 6.6. For any k Z’zo,

Vp(k) is at most

r ki
9p(0,..., 00+ > > [9pky, ... ki-1,n,0,...,0) = Dplky,..., kiy,m—1,0,...,0)

i=1 n=1

r k;
<@+cpAH+) (c —i—ZCp")

i=1 n=2

< 1+Cp_2+r<C+L)

- p?(1—p1)

< 3rC.

Therefore,
3rC, M1,
14,(0)] < i plm--n—

]-+Cp_r p’i’nl"‘nr—lr

so that, for any k € Z.g,

C
c[TAp0)] < @re) T (1 + —) '
ptk p r’
Furthermore, for any prime pand v € Z.o,

|Ap(v) - Ap(v - 1)| - |19p(kp(nlr ey 777‘—1): V) - ﬁp(kp(nlr ceey 777‘—1)1 v — 1)|

c, v =1, #suppk,ni,...,n—1)) >0,

IA

Cp™’, otherwise,

where the first case applies if and only if p” | [],,,..,. , P-

Therefore, we may define ¥’ as in the statement of the lemma. By definition,

1\ S 9,01, ), K
19/()’)1,...,7],.1)21_[((1_5> Z p((p(nl pkr n 1) ))I

p kr =0

for any n;,...,n,—1. Here, we can read off local factors for ¢’ as claimed. [ |
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Lemma 7.4. Letr,C,?,v be as in Lemma 7.3. Then ¢’ € ©4,-1(3C). d

Proof. By Lemma 7.3, local factors of ¢’ are

9k, k)
ﬁ'(1)=(1——) Ay
P P ,; P

For k, € Z-(, we have

k-

C 2C
|l9 (O,,O,k)_l?(oll I _S_
P r p ; P2 D
Therefore,
/ [9p(0,...,0,k) —9,(0,...,0, O)I
| (0,...,0)—19(o,...,o,0)|5<1——> =
P i p ,;1 P p2
By the assumption on #p(0, ..., 0), this implies #,(0,...,0) <1+ 3Cp?
Fork e Z;gl \ {(0,...,0)}, so that #supp(k) + 1 < 2#supp(k), we have
1 1+ # k # k)-2
Pk) < (1__)2 +(1+ j;pp(()) <14 suppp(f) C‘

Now we consider k, k' € Z;‘OI with supp(k — k') = {i} and Z(k — k') = 1, so that we
have k; = k; + 1 for the ith coordinates k;, k; of k,k’. We have

! 'K |9,k k) — 9, k)|
[9,(k) — 9,(K)| < <1 — E)) Y e Dp .

kr
k=0 p

If k; > 2, then
’ ’ / C
|19p(k) — ﬂp(k )| < E

If k; = 1 and #supp(k) = 1, then

1\fc & ¢ 2C
¥ (k) — 9 (K)| < (1——) —+ <—.
75 P p (p kzzlp"> p
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If k; = 1 and #supp(k) > 2, then
[9,(k) —9,(K)| < C.

This completes the proof. n

Recall Definition 3.2 of ®¢,(C), Definition 3.8 of ®;,(C, n,), and Definition 4.2 of
®2,r(C)~

Corollary 7.5. For any r € Zso, C € Z=o, we have
©4,(C) C ©g,(0) N ©1,(67C°, nr) N ©2,(67(37C)°). 0

Proof. We prove the results by induction on r. The case r = 0 is trivial. Let r € Z., and

S ®4,r(C)-
Since
- c
Fny,...omp) < H(dﬂ(ni))c 1_[ (1 + ?> )
i=1 p
for any n1,...,nr € Z-o, we have ¥ € @q,(0) (see Example 3.3).

By Lemma 7.3 and Corollary 6.9, 9 € ©¢(C) as a function in 7n,. We define

7-9/(7717 ey nr—l) = -/4(19(7]1, ey T]r), rlr)/
0", omr1) = E@ O, ), ).

By Lemma 7.4, we have ¢’ € ©4,_1(3C). By induction, ¢’ € ®¢,_;(0). By Corollary 6.9,
9" (1, ..., nr—1) = Oc((6re3)etn =)

since 7([],, p) = 2*™ for any n € Z.o. By Example 3.3, 9" € @, (6rC?). Therefore, ¥ €

@1,;-(67‘03, 77r)-
Since ¥’ € ©,,_1(6(r — 1)(37"1(3C))%) by induction, this implies ¥ € ©,,.(6r(37C)3). R
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Lemma 7.6. Let r € Z.g and ¥, € ©4,(C), with local factors ¥, ,. Let £ € {0,...,r —1}.
Local factors of ¥, = A(Wr(n1,..., 1), 0, ..., nes1) are given by

1\ O plk, K')

r—{
k'eZl,

In particular, for 99 = A(%-(n1,...,9:), 1y, ..., m1) € R, we have

1\ — (k)
n=TT((-3) Z %% ) .

p keZl,

Proof. We prove the claim by induction on ¢. Local factors of ¢,_; are given by
Lemma 7.3. By an application of Lemma 7.3 to @ € ©4,(3"‘C) (Lemma 7.4) and the

induction hypothesis, local factors of ©#,_; are

Do (k) = (1 - l) 3 W

kg:O
(TS Or,plk, ke, K)
—(1-3) p g ¥ el
k=0 KeZ
_ 1\ ¢V O plk, k")
(1) ek
kuezgo(é‘fl)
This completes the induction step. [ |

In many applications, we are concerned with a function ¢ € ®3, whose local fac-
tors ¥ p(k) only depend on supp(k). In this case, the notation and results can be simplified

as follows.

Definition 7.7. Let ©5, =R. For r € Z.o, let ®;, be the set of all ©# € ®3,, with local
factors ¥, such that, for any k, k' € ZZ ; with supp(k) = supp(k’), we have ¥ ,(k) = ,(k').
Let ¢ € ©;, with local factors #,. For any I C {1,...,r}, we define 9,(I) as #,(k;)
for any k; € ZZ, with supp(k;) = I.
For any ny,...,n¢ € Z=g, let

Ipm,...,n)) =suppkp(ny,...,n) ={ief{l,....,r}: plni},
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so that

19(7]1,...,77,-)=H1?p(1p(n1,...,nr)). =
p

Definition 7.8. Letr € Z.o and C € R;;. Let ®} (C) be the set of all ¥ € ©}, such that,
foranyI c{l,...,r}and pe P,

Cp2, #I=0,
[Wp(I) =1 < {Cp~!, #I=1,
C, #I > 2

and ¥p(I) <1+ #I-Cp ' if #I > 0. O
Corollary 7.9. Foranyr € Z.o and C € R.;, we have
©,,+(C) C ©4,(2C) C Og,(0) N O1,48rC?, n,) N O4,(48r(3C)°). O

Proof. Let®# € ®, (C). Let k, k' € ZL, with supp(k — k') = {i} and X(k - k') = 1. If k; > 2,
then supp(k) = supp(k’), so that ¥,(k) = 9,(K'). If k; = 1, then #supp(k) = #supp(k’) + 1,
so that

) ) 2C, #supp(k) > 2,
[9p(k) — 9p(k')| = [9p(supp(k)) — Fp(supp(k))| <
2Cp7t, #suppk) = 1.

Furthermore, for any k € 2y,

1+Cp?, k=10,...,0),
¥plk) = 9 p(supp(k)) <
1+ #supp(k) - Cp~!, otherwise.

This shows that ¢ € ©,4,(2C), and the result follows from Corollary 7.5. [ |
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Corollary 7.10. Letr € Z.o and ¥, € ©} (C). Let £ € {0,...,r — 1}. The function ¢, defined
by ¢¢(n1,....ne) = AWrn1, ..., ) 0r, ..., mes1) has local factors ¥, , given by

1 r—{—#J 1 #J
ﬂ@,p(I) = Z (1 - _> <E) ﬂr,p(I U J)r

Jc{t+1,...,r} p

while A(d,(n1,...,n,),n,) has local factors

Byt (1) = (1—l>0 (1) + 20, (T U {r)
r—1,p - D r.p p rp . O

Proof. This is a special case of Lemma 7.6, which we may apply because of Corol-
lary 7.9. u

8 Application to a Quartic del Pezzo Surface

Let S C P* be the quartic del Pezzo surface defined by
X+ XoX3 + XoXg = X1 X3 — X3 = 0.

It contains exactly two singularities, namely (0:0:0:0: 1) of type Azand(0:1:0:0:0)
of type A, and three lines,

X=x=x%=0}, {N+x=x=x=0}, (X=x=x=0]

Theorem 8.1. We have

Ny #(B) = a(S) (]_[ wp> wssB(log B)° + O(B(log B)*(loglog B)?),
p
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for B > 3, where

~ 1
alS) = ,
8640
(5) (o)
wpy = —_— —_ —_— ,
i p p P
1
Woo = / —— dxp dx; dx,. -
|x0l,|%2 1,122 /31 1,|(x 31 +X03) /(31 %) <1, O<x <1 X1X2

Remark 8.2, We note that Sis not an equivariant compactification of the additive group
Gﬁ, so that Theorem 8.1 does not follow from the general results of [5].

Indeed, the projection S --+ P2 from the line {xy = x; = x, = 0} is an isomorphism
between the complement U of the three lines in S and the complement of two lines in P2.
If S were an equivariant compactification of G2, then there would be a G2-structure on

P2 fixing two lines, contradicting [12, Proposition 3.2]. O

Since all lines on S are defined over QQ, the minimal desingularization Sof S
is the blowup of P? in five rational points, so that Pic(S) = Z8. The effective cone in
Pic(S)g = Pic(S) ®; R = R® of S has seven generators. The investigation of the geometry
of Sin [6, Section 7] shows the intersection of its dual (with respect to the intersection
form (-, -) on Pic(S)g) with the hyperplane {t € Pic(S)g | (t, —K3) = 1} is the polytope

P:{“h“”%)eR%t1+m+¢3—2g—¢630, }
T2t + 282+ 3t3+ 2t + g =1

(8.1)

, 2t) + 2ty 4 3t3 + 284 < 1,
=P :{(tl,...,t5)€RgO ! z 3 4 }

3t1 + 3ty + 4t3 + 2t — 2t5 > 1

We check that Theorem 8.1 agrees with the conjectures of Manin [10] and Peyre
[13] that predict an asymptotic formula with main term cB(log B)¥, where k = rk Pic(S) — 1
and cis the product of local densities and Vol(P). Indeed, rk Pic(S) = 6 since Sis split. By
a computation as in [1, Lemma 1], w, resp. wy as in the statement of Theorem 8.1 agree

with the density of p-adic resp. real points on S. Finally,

1/180 1

Wmnzwmm:“mz#wmn#wmgzsmo

by [7, Theorem 4] and [8, Theorem 1.3], where W(A;) is the Weyl group of the root system
A;.
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Ey Ey
E; Es Es Ey——E3
Eg E2

Fig.3. Configuration of curves on S.

8.1 Passage to a universal torsor

We carry out step (1) of the strategy described in Section 1. Let

k k
”Z(nll"'ln7)l n/z(nll"'lns)l n”z(nlr~--1n9)l 771(27’11"'7777:

foranyk = (ky,...,k7) e R”. Fori=1,...,9,let

(Z>0:R21,R31), ie{l,...,5},

(Z>Ol R>IIR>O)I l = 61
(Zi, J;, J) = - (8.2)
(Z?&OIR§71 ) RZIIR)I i == 7I

(Z,R,R), i€{8,9}.

The following result is based on our investigation [6, Section 7] of

Cox(S) = Qlny, ..., nel/ (e + n2ns + naninéns),

where 73 is an open subset of SpeC(Cox(g)). It is derived using the method developed in
[9, Section 4]. Figure 3 shows the configuration of curves Ej, ..., Eq on S that correspond
to the generators n;,...,ng of Cox(S), with edges between pairs of intersecting curves.
Here, E,, E,, E5 are strict transforms of the three lines {xp + x3 =% =% =0}, {x =x =
x; = 0}, {xo = x» = x3 = 0}, while E3, E4, Es, and E; are the exceptional divisors obtained

by blowing up the A3 and A; singularities.
Lemma 8.3. The map ¢ : 75 — S defined by

4 0,1,1,1,1,1,1) 2,2,3,2,01,0 .(1,1,2,22,2,1) .(0,0,1,24,3,2)
n" — (n ,

Ng, N ) n :777778779)
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induces a bijection ¥ between

To(B)={n" € Zy x --- x Zg | (8.3), (8.4), (8.5) hold}

and {x € U(Q) | H(x) < B}, where

Mo + N2ns + nangngn =0, (8.3)
max V()| < B, (8.4)
i€{0,..., 4}
N, ..., ne fulfill coprimality conditions as in Figure 3. (8.5)
O

Using (8.3) to eliminate 79, the height condition (8.4) is equivalent to h(y’; B) < 1,
where
(2,2,3,2,0,1,0)

|n(0,1,1,1,1,1,1) (1,1,2,2,2,2,1)

ns
(0,0,1,2,4,3,2) |
’

n n

’ ’ ’

h(y’; B) = B~ max : , 0
|ny " (nzn7ng + nandngnins)|

n
8.2 Counting points

We come to step (2) of our strategy. We recall the definition (8.2) of Ji,...,Js and
define

R(B)={p'e€ Jy x---x Jg | hly;B) <1}.

Using the results of Sections 2, 4, and 7, we show (Lemma 8.5) that the number of
integral points in the region R(B) on 73 that satisfy the coprimality conditions (8.5) can
be approximated by the product of the volume of R(B) and p-adic densities coming from

the coprimality conditions.

Lemma 8.4. We have

Nyu(B)= > »mW;B) + 0(B(logB)?),

NEZy X xXL7
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Table 3 Application of Proposition 2.4.

(r,s, t) (3,1,1) ) n3
(ao; 01, .-, 0t) (n7; N4, N6, Ns5) (ao;ay,...,ar) (1;1,2,3)
(Boi Bis- -1 Bs) (ng; n2) (bo; by, ..., by) (1;1)
(vor Yir--- 1 ve) (ng; m1) (cr,...,¢c) (1)
M(a) nan3ng (8, &) NaNans
I1(B) 72 I7'(s, B) N3
(y) m '@, y) N3
where
Vi(n; B) =/ ;' dng
WeR(B)
and, in the notation of Definition 7.7,
o1 = [ [ 91, pTpm)),
P
withI,(p) ={ie(1,...,7}: p| n;} and
1r I:@,{l},{Z},{7},
1— 1 1=1{4},{5},{6},{1,3}, {23} {3,4},{4,6},{5,6},{5,7},
ﬁl,p(I) = g
1 - EI I = {3}1
0, all other I c {1,...,7}. O

Proof. By Lemma 8.3, our counting problem has the special form of Section 2. Table 3
provides a dictionary between the notation of Section 2 and the present situation.

By Proposition 2.4,

Nyu(B)= > (1()Vily; B)+ Ri(n; B)),
NEZy XX L7

where local factors of #; as in the statement of Proposition 2.4 are easily computed to

be the ones in the statement of this lemma, and

Ri(y; B) € 9@(n3)+wlnznansis)
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Both N, and V; and therefore also R, vanish unless |y'11%2221| < B, so

Z Ry B) < Z 9@(n3)+alznansne)
n n

2w(ns)+w(nznansne) g
<

1,1,2,2,2,2,0
7' )

« B(log B).

This completes the proof. |

Lemma 8.5. We have

Ny u(B) = <l_[ a)p) Vo(B) + O(B(log B)*(loglog B)?),
P

where

Vo(B) = / Vi(y; B) dy =/ nytdy. O
1

7’ €R(B)

Proof. Clearly, ?) € ©,(2), so @ € ©,7(C) for some C € Z.o, by Corollary 7.9. By
Lemma 5.1(4),

1/2 B B -1/4 -1/4
Vi(n; B) € I TETNYE = EEBEEREET ' 92232010 |pl0.01.2432)] :

As Vi(p; B) = Ounless 1 < n1,...,1n6,|77] < B and |§?%32019| < B and 5012432 < B, we

can apply Proposition 4.3 with (r,s) = (5,2), a; = a; = 1/4,

2232010
(ki j)1<i<7 = .
1<j<2 0012432

We compute

1\° 6 1
A(l?l(ﬂ),ih,...,ﬂl):l_[(l—;)) <1+5+?)=pr

using Corollary 7.10. [ |
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8.3 The expected leading constant

We carry out step (3) of our strategy. This step is necessary as Lemma 8.6 shows that the
main term in Theorem 8.1 is obtained by replacing the integral over R(B) by an integral
over a region R'(B) that is closely related to the shape of the polytope P’ (8.1). Recalling
(8.2), we define

RY(B) = {(n1,...,ms) € J{ x --- x Jg | nininini < B, nin3ngnins” = B},
R/z(rlln--r’?S,' B) = {(776,777,778) € Jé X J’é X Jé | h(7711~--:778,' B) S l}r
R/(B) == {(nlr- . 'lnB) S RB | (nlr- . 'lnS) S R/I(B),(UB, )771 n8) S R/Z(nlr . /775; B)}r

and

Vs(B) = / nytdn'.
7 €R/(B)

Lemma 8.6. We have

V§(B) = a(S)wsB(log B)®. 0
Proof. By substituting

1,(2,2,3,2,0,1,0)

— -1,(1,1,2,2,2,2,1)
x3 =By , X2 =By

-1.(0,1,1,1,1,1,1
, X =B 'p' g

into the expression for w., given in the statement of Theorem 8.1, we prove

Bwso

-1
— / ny - dne dn7 dns.
Ni---1Ns (n6,n7,m8)ERY(M1,....,m5;B)

Substituting t; = igi'g into «(S) = Vol(P') = Jicp dt shows

~ 1
a(S)(log B)® :/ —— dn; -+ dns.
Ry(B) N1+ 15

This completes the proof. n

Lemma 8.7. We have

Vo(B) = V§(B) + O(B(log B)Y). O
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Proof. We define

V(i)(B) :/ n;l d”//
h(y’;B)<1, neR;(B)

where

Ro(B)={n € Jy x -+ x Jg | ne, In7] = 1},
Ri(B) = {0 € J x -+ x J | ns, In7| = 1, 9>232000 < B},

ne.In7l = 1,

Ra(B)={n € J x- - x Jg
p2232000 < B pB8342-200 5 p

Ra(B) = {n' € J, x -+ x J | 6 > 1, n2232000) < p 3342200 > g,

Ra(B) = {0/ € J x -~ x J | 2232000 < B pB3342-200 5 B).

Fori € {0,..., 3}, we will show that

\v9(B) — Vit (B)| S/ nrtdy
7' €(Ri(B)UR;+1(B)\(Ri(B)INR;41(B)), hi(y’;B)<1

is O(B(log B)*). Since Vy(B) = V%(B) and V}(B) = V" (B), this proves the result.

For i = 0, we note that h(y’; B) <1 and 5 > 1 imply 5>232000 < B Therefore,
vOo(B) = v(B).

For i =1, we note that 1’ € Ry(B)\ R2(B) implies n2 > »®3%2000/B and 1 <
n1,M2,M3, M2 < Band |n7] > 1. Combining these bounds for the integration over, ..., ns, 17
with

B3 1/4
—1
n, - dne dng < (—)
/h(n,;B)Sl 1 |p1:1.0.26,05)|

by Lemma 5.1(6) leads to the estimation

M @ B v
1 2
VIB) - VEI(B) < / <|,7(1,1,o,2,6,o,5)|> dny -+ dns dory

<</—dm~-~ dns dny
Mmnz2nsnalnz|5*

« B(log B)*.

Fori = 2, we note that ’ € R3(B) \ R2(B) implies |7] < 1,0 < ne < B/(n(2'2'3'2'0’0'0)),

n2 < 98342000/ ‘and 1 < n,,...,na < B. We combine these bounds for the integration
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over ny,...,n7 with

B1/2
/ ! dig < 1/2_1/2
h(y;B)<1 ny My |777|1/2

by Lemma 5.1(4) for the integration over ng to obtain

1/2
V(s)(B) - V(Z)(B) < / 7z 172 dny--- dng
Ny Mo

B3/2
< / 7/25/2,3,2,0,00) dny -+ dns

B
< / 1111000 dny - dia

< Bl(log B)*.
Fori = 3, we note that #’ € R4(B) \ R3(B) implies [ns| < 1, n? < B/(y¢%30000) and
1 < 1n1,n2,n3, 15 < B. We combine these bounds for the integration over 7, ..., ne with

) B2/3
n; dng dn; €
v[l(ﬂ/;B)fl 1’(1/3,1/3,0,1/3,1,2/3,0)

by Lemma 5.1(5) to show that

B2/3

v¥(B) - v¥(B) « / VERVEXRVER Y] dny --- dns

B
< / P LLL010,0] dn1 dnz dns dns

<« Bl(log B)%.
This completes the proof. n
Theorem 8.1 follows from Lemma 8.5, Lemma 8.6, and Lemma 8.7.
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