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Introduction

LET Q be an algebraic closure of the rational numbers and let X” (resp.
X7) denote the finite completion of X (resp. the p-completion of X). In
[12] Dennis Sullivan has defined a homotopy action of Gal (Q; Q) on
BU” and BU(n)" i.e. a homomorphism of Gal (Q; Q) into a group of
homotopy equivalences of BU" and of BU(n)". In this paper “action”
will always mean this homotopy action of Galois groups. Sullivan showed
that the action of Gal (Q; Q) on BU” factors through an action of
Gal (Q; Q)/[Gal (Q; Q); Gal (Q; Q)]=2*. In the case of finite Grass-
mann manifolds and BU(n) he asked whether the action of Gal (Q; Q) is
abelian as well. He also considered the actions of the groups Gal (I:"p; F,)
(F, being a finite field of p-elements) on the r-completion of BU(n) for
different p and asked which subgroup of the group of homotopy equi-
valences of BU(n); these actions generated. In this paper we show the
following results which are partial answers to some of his questions.

THEOREM A. The action of Gal (Q; Q) on BU(n)},, factors through an
action of Z*.

Let S”(X) denote a suspension spectrum and (S”(X)); the localization
of the spectrum $%(X) with respect to the homology theory Hy( ; Z/r).

THEOREM B. For all primes r the action of Gal (Q; Q) on (S*BU(n))?
factors through an action of Z*.

Our last result concerns the actions of Gal (FD;FD) on BU(n); for
various p’s. Let LI Gal (F,; F,) be the direct sum. The group Gal (F,; F,)

pYr
has a natural compact topology given by the inverse limit structure and

we equip I_I Gal (F,; F,) with the topology of a direct limit of finite

pYr
products. The set [BU(n)}; BU(n);] also has a compact topology and is a
semigroup with composition as multiplication. We shall see further that
the composition is a continuous operation in [BU(n);; BU(n)].
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Tueorem C. Let r be a prime greater than n. The actions of Gal (F,; F,)
on BU(n); yield a continuous homomorphism of semigroups

o: U Gal (£,; F,) > [BU(n)?; BUm)L.
pYer
® factors through a surjective map

o: U Gal(F,; )22,

pYer
where ¢ maps the Frobenius automorphism of I-_T,, onto p.

Now we shall briefly explain the main ideas of the proofs. The algebraic
action of Gal (Q; Q) on a simplicial scheme V_VGLmO induces an action of
Gal (Q; Q) on the rigid etale homotopy type of WGL, &. The comparison
theorem allows one to define a homotopy action of Gal Q; Q) on
BGL(n; C);. Let W, § Q/Z)® Q be a disjoint union of spec Q inde-
xed by W(Z,, § Q/Z) with obvious faces and degeneracies. There is a map
of simplicial schemes W(,§Q/Z)® Q— WGL,s. This map is
Gal (Q, Q,,)-equivariant where Q,, is 2 maximal abelian extension of Q.
The action of Gal(Q; Q,,) on (WE, [ QZ)® Q). is trivial because
W(E § Q/Z)® Q is a disjoint union of copies of spec Q. (WS, [ Q/Z)®
Q). is weakly homotopy equivalent to WE fQ/Z and
(W2, §Q/Z)}1/n! is homotopy equivalent to BU(n),1/n! for r>n.
Hence it follows that the action of Gal(Q;Qu)=
[Gal (Q, Q); Gal (Q, Q)] on BU(n)*1/n! is trivial. These are the main
ideas of the proof of Theorem A. The proof of Theorem C is quite similar
though more complicated.

In the proof of Theorem B we use the stable splitting

(S"’BE,, J Z/r""")'A =(S"BU(n));vl (*),

which follows from the existence of the transfer.

We show that the induced action of Gal(Q; Q) on (S"BE, | Z/r);
factors through 2* and then using the splitting (*) we show that the
action of Gal (Q; Q) on (S*BU(n)); also factors through 2*
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1. Simplicial spaces and notations

In [S5] Eric Friedlander has defined the rigid etale homotopy type
functor for a simplicial scheme. He denoted it by ( )., Using local
homeomorphisms instead of etale maps we can define a functor ( )4 on
the category of simplicial spaces in strict analogy with ( ). Let X. be a
simplicial space and let S.X. be a bisimplicial set of singular simplexes of
S.. Let A denote the diagonal functor. Then A(X),, and AS.X. are
homotopy equivalent (see [6] p. 211).

If X is a simplicial scheme (resp. a simplicial space) then (X)), (resp.
(X)) is a pro-object in the category of bi-simplicial sets. To this
pro-object we apply a diagonal functor, then the geometric realization
functor and finally, to each space, the finite completion functor. Such an
inverse system of spaces forms an inverse system of Brownian functors
(see [13] § 3). We shall denote by (X)%, (resp. (X)4,) the space which
represents the inverse limit of these functors. We shall also use the
p-completion functor instead of the finite completion. In that case we
shall denote the spaces which result by ((X).)5 and ((X)u)5.

We shall be concerned with a simplicial space WG, G being a con-
nected Lie group or a discrete group. We have the following proposition.

ProOPOSITION 1.1. (WG),4, is homotopy equivalent to BG and (WG)j,
(resp. (WG),)3) is homotopy equivalent to BG” (resp. BG}).

Proposition 1.1 follows from the discussion at the beginning of this
section and the fact that the geometric realization of AS. WG is homotopy
equivalent to the geometric realization of WG (see [8] Theorem 11.13
and [10] Lemma p. 94 if G is connected). The geometric realization of
WG is a classifying space of G (see [11] § 3). The proof for G discrete we
leave to the reader.

2. The action of Gal (Q; Q) on BU(n)"

In this section we prove Theorem A. The following two propositions
allow us to define the action of Gal (Q; Q) on BU(n)".

PrOPOSITION 2.1. There exists a homotopy equivalence
j: (WGL(n, C))* = (WGLy.0)eed™

This map is given by interpreting an etale covering as a local homeo-
morphism. It is one of the homotopy equivalences from [§] Proposition
2.8.
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ProposITioN 2.2. Let a: Q — C be an inclusion. Then there exists a
homotopy equivalence

a*: (WGL, )" = (WGL,,6)ed)”
induced by «.

Proof. 1t follows from [14] Expose XVI Corollaire 1.6 that
H*(GL, &, Z]m) — H*(GL, ¢, Z/m) is an isomorphism for each m. Hence
it follows from [§] Lemma 3.4 and a spectral sequence argument of the
type used in the proof of Proposition 2.8 of [5] that «* is a homotopy
equivalence.

The homotopy action of Gal (Q; Q) on BU(n)" is defined as follows. If
oeGal (Q; Q) and U.— WGL,,@ is an etale covering then the pullback
a!(U) is also an etale covering of WGL, 5. Hence o induces a map of
the category of rigid etale coverings of WGL,LO into itself. This map is an
equivalence because o has an inverse o~'. Hence o induces a homotopy
equivalence of ((WGL, &))" and therefore (by Proposition 2.1, 2.2 and
the results of Section 1) a homotopy equivalence of BU(n)" which we
also denote by o.

Now we begin the proof of Theorem A.

LEmMMA 2.3. Let X" be the finite completion of a simply connected space
X. If f: X*— X" then f=]1f, where f,: X;— X}.
14

Proof. The projection X"=[[ X} — X} is a p-completion. Let
p

fo: X; — X} be the p-completion of f. The lemma now follows from the
homotopy commutative diagram

Iy, .
HX'; — pr-
Let P be the set of primes <n. Then

UG )m=(I] BU; )< (T ([T K@ ® 2,:20)))

because if p>n then 1/n'e Z, and if p<n then 2, ® Z;,,n=0® 2,
If o €Gal(Q; Q) then by Lemma 2.3 we have o =[] op: BU(R) —
P

BU(n)". Let [Gal (Q; Q); Gal (Q; Q)] be a commutator subgroup of
Gal (Q; Q).
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ProPOSITION 2.4. If p<n and oe[Gal(Q; Q);Gal (Q; Q)] then
(o rmny: BUMD1mn = (BU(N)j1/ny is homotopic to the identity.

Proof. First we shall show that the action of Gal (O;Q) on
H*(((GL1.6)")er; 2,) factors through Z2*. Let

Y, .=1Spec Qlty, ..., t, 7%, ..., 67"]
—Spec Qlty, ..., 1, 67" - 7' T =(GL, o)"

be an etale map given by t, — t; '. Then

X _‘L-times v

X
(GL1 o) (GL, o)

has (k, - - - k,)* components. All components are equal (GL, »)" and are
indexed by elements of (p ) X - -- X () where p, is the group of
k;th-roots of unity. Any elements o € Gal (Q; Q) permutes the compo-
nents according to its action on roots of unity. The Cech nerve of this
covering is W%k, X - -+ X WZ/k,. The homotopy inverse limit of the
pro-simplicial set {W?%/k,x - - - x W?/k,} indexed by Uy, i is weakly
homotopy equivalent to ((GL, 5)")x:.. The action of Gal (Q; Q) on the
pro-simplicial set {W?/k; X - - - X W?/k,}q,,, ,. factors through Z*. Hence
the action of Gal (Q; Q) on H*((GL, &) )a:; 2Z,) also factors through
Z*. There is a fibration ((GL, 8)")et = (W(GL 1 6)ret = (W(GL1 )" )rer
and for any o € Gal (Q; Q) we have a commutative diagram

((GL1.6)"ret = (W(GL1.6))eer = (W(GL1,0)" et

{ g !

((GL1,6) et = (W(GL1.0)")ret = (W(GL1,6) st

This implies that the action of Gal (Q; Q) on H*((W(GL1.6)")wed?; Zp)
also factors through Z2*.

The natural map W(GL,s)"— WGL, s induces a monomor-
phism on cohomology. Therefore the action of Gal(Q, Q) on
H*(((WGL,,,Q)M)Q;Z,,) also factors through Z* 1t follows that o, in-
duces the identity on the cohomology of BU(n), with Z, coefficients.
Hence after inverting n! o,[1/n!] is homotopic to the identity because
then the space in question is a product of K(Z, ® Q; n)’s. (These are
essentially arguments of Sullivan from [12].)

Now we examine the action on the first factor of (BU(n)")y.y. We
apply a standard trick of approximating BU(n) by the classifying space of
a discrete group (see [1]).

We set S=3,, { Q/Z. The embedding i: Q/Z — Q* into roots of unity
and the inclusion a: Q— C induce ¢;: S— GL(n,Q) and : S—
GL(n; Q).
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LEMMA 2.5. The maps «: (BS); — BGL(n; C); and u: (WS),s)r —
(WGL(n; C),4); are homotopy equivalences for every prime r>n.

Proof. The cohomology of BS with Z/r coefficients is Z/r[t,, . . ., t. P~
This can easily be seen from the spectral sequence of the fibration
B(Q/Z)" — BS — BZ,. The cohomology ring of BGL(n; C) is the same.
The map B(Q/Z)" — B(C*)" is clearly an isomorphism on H*( ; Z/r)
and therefore ty: (BS)} — BGL(n; C) is a homotopy equivalence. The
fact just proved and the discussion in Section 1 imply that the second map
is also a homotopy equivalence.

Let S® C (resp. S® Q) be a group scheme equal to the disjoint union
of copies of spec C (resp. spec Q) indexed by S. Then W(S® C) and
W(S ® Q) are simplicial schemes (see [7] Example 1.1). The maps of
schemes S® K — GL, x on the component indexed by s are given by
Klx;)(det (x)™) > f(x) — f(§) € K where £ =1,(s) if K= Q and { = u(s) if
K = C. These maps induce maps of simplicial schemes 1x: W(S ® K) —
WGL, x for K=C or Q.

LemMma 2.6. The following diagram commutes up to homotopy and after
applying the functor ( )} (r>n) all arrows become homotopy equivalences.

(WS —— (WGL(n; O))un

b

(WS ® C)ret (_LC):’ (WGLn.C)ret

bk
W(S ® Q)ee ~2% (WGL, )

Proof. The commutativity of both small diagrams is clear. It follows
from Propositions 2.1 and 2.2 that j and a® are homotopy equivalences
after applying ()7. The fact that (spec K),., is contractible for algebrai-
cally closed fields Q and C implies that j, and a?} are weak homotopy
equivalences. It follows from Lemma 2.5 that vy after r-completion is the
homotopy equivalence. Hence all other arrows are homotopy equi-
valences after applying the functor ().

Prorosrrion 2.7. If o e[Gal (Q; Q); Gal (Q; Q)] then a;: BU(n); —
BU(n); is homotopic to the identity for every r>n.

Proof. The action of Gal (Q; Q) on the set of closed points of the
algebraic group GL,s Wwhich is a subvariety of (Q)* is given in the
following way. o € Gal (Q; Q) maps a point (v;) into a point (o(v,)). In
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terms of the affine coordinates ring the action of o is given in the
following way. If f= Y a;;.x¥ then f7 =Y o(a,,)xf,. Similarly it acts
itk Lik

on the affine coordinate ring of spec Q i.e. on Q. Let Q,, be a maximal
abelian extension of Q. We shall show that the map of simplicial schemes
to: WS®Q)—> WGL, 5 is Gal(Q; Q,)-equivariant. The map of
schemes S® Q — GL, 5 on the component of S® Q indexed by s is
given by homomorphism

3 Olx)det (k) )= O, 1i(P)=f(£) where £ =t,(s).

Hence for any o € Gal (Q; Q,,) we have

(1) =o( T aadt) = T otauo@
L0k i1k
= Z;(C’(at.;.k)CfFf"(C) =4(f).

This implies that the map of schemes S® Q — GL, 4 is Gal (Q Qu)-
equivariant. Hence also a map of simplicial schemes WS RO - WGL‘,"O
is Gal (Q; Q,)-equivariant. Hence we have a commutative diagram

(WS ® O)i -2 (WL 3)e
WS ® O)s 2% (WGLn)re

for any o €[Gal (Q; Q); Gal (Q; Q)] because
[Gal (Q, Q); Gal (Q, Q)]=Gal (Q; Q).

The map o: (WS ® Q)..,— (WS ® Q))m is homotoplc to the 1dent1ty
because o preserves components spec Q of W(S ® Q) and (spec Qs is a
point. Now it follows from Lemma 2.6 that o7: (WGL,,,O)M)"
((WGL,, &).)? is homotopic to the identity. This implies the proposition
by Propositions 2.1 and 2.2. Theorem A now follows immediately from
Propositions 2.4 and 2.7.

The action of Gal (C; Q) on BU(n)" is not interesting as we see from
the following proposition.

PrOPOSITION 2.8. The action of Gal (C; Q) on BU(n)" factors through
Gal (Q; Q).

The proposition follows from Proposition 2.2 and the commutativity of
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the diagram

P
(WGL,0)rer =2 (WGLy6)rer

where & is the restriction of o € Gal (C; Q) to Q.

3. The stable action of Gal (Q; Q)

If X isa CW complex let S”X ={S"X}.,_, be the suspension spectrum.
Bousfield [4] has constructed localizations of the category of spectra with
respect to all homology theories. The localization of a spectrum E with
respect to the Eilenberg—-MacLane spectrum K(Z/r) we denote by E;
because of its behaviour on homotopy groups (see [4] Proposition 2.5 and
Theorem 3.1). We shall be mainly concerned here with suspension
spectra of (WG),.)?. Their K(Z/r)-localizations we shall denote by
(S™(WG) . )

Let S=3,_[2Z/r". The embedding i: Z/r*— Q* induces a map of
simplicial schemes

wy: W(S®Q)— WGL, 5 whichis Gal (Q; Q. )

equivariant where Q, , is an extension of Q obtained by adjoining all
r*-roots of unity. Hence for any o €[Gal (Q; Q); Gal (Q; Q)] we have a
commutative diagram

- - (ae .=
W(S® Q)ree —> (WGLng)re:
- - (t8)e -
W(E® Qe —> (WGLn0)rer-
Using the same argument as in the proof of Proposition 2.7 we obtain
that 0: W(S® Q). = W(S® Q). is homotopic to the identity. If the
group of coefficients of cohomology is Z/r, then W(S ® Q),., can serve as
a homological model for a classifying space of a normalizer of a maximal

torus in U(n). Hence it follows from [3] Theorem 5.5 that there is a
transfer

7: (S™(WGL, 8)d? = (S"W(S ® Q). )"
such that

jo T= id(s‘(WGLlo)'_)? where j = (S‘(?qs).)f):
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Let [X; Y] be the set of homotopy classes of maps between spectra. In
order to prove Theorem B it is sufficient to show that for every spectrum
X the map from [X;(S™(WGL, )] into [X; (S™(WGL,8)x)?] in-
duced by S¥(o); is the identity. Let fe[X; S”(WGL, &).)r]. Then g =70
felX; (S"W(S® Q).Jr] and jog =, so that S™(o)7of = 8¥(a)7°jog = je°
g =f. This completes the proof.

4. The action of Gal (F,; F,) on BU(n);

In this section we shall compare the homotopy self equivalences of
BU(n); induced by Gal (F, - F,) for different p. Let i: Z/r"— C* and
k: Z/r>— F* be embeddings into roots of unity. Set S=3,, §Zjr*.
map k mduces a map of simplicial schemes K: W(S® F,) > WGL,.J.-
The map K on the component spec F, of S"®F indexed by s=
(s1,...,s,) Is given by

Lél Fp[xij]/(det (x:j)_ D3fi® - ®f, —>filL) - fu(&)

where {; =_E(s,) and k: S— GL(n, P-"p) is induced by k: Z/r"— IE”,',‘ Let
t: WS — WGL(n, C) be a map induced by i: Z/r*— C*. The following
proposition will be fundamental in this section.

PROPOSITION  4.1. Suppose that there are given two embeddings
i: ZIr"— C* and k: Z/r°"— F} into roots of unity. Suppose also that
(r, p) =1 and r> n. Then these embeddings induce homotopy equivalences

- K, - _ -
(WGLyg)wed? —— (W(S® F,)e)? <™= (WSu)?

— (WGL(n; C),); =BU(n);.
In particular, i and k naturally determine a homotopy equivalence

0y (W/GL"j-“,)m)yA i (WGL('I, ) Iy

Proof. Let us notice that the pro-objects W(S ® F,),., and (WS),,,, are
weakly homotopy equivalent. The map between (W(S® F,)..); and
((WS),)! we shall denote by Jd. The map Jd and t, are clearly
homotopy equivalences. To show that Ky is a homotopy equivalence we
must compare the situation over F via the Witt vectors of F with the
situation over C. But in the character]stlc zero the map ((WGL,“C)M)A
(WS ® C),.)! is a homotopy equivalence because ((WGL(n, C))un); <
(WS,,); is a homotopy equivalence. This implies that Ky is a homotopy
equivalence.

Remark. To compare ((WG;.- )m)A and ((WGC)M)" one uses the em-
bedding f of the Witt vectors of F, into C (see [5] Proposition 2.8).
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However in our special case it is not necessary. The embedding f is
replaced by embeddings i: Z/r*— C* and k: Z/r”— F,. One can show
that the raising homotopy equivalences 6(k, i) are the same 'as one
obtains using the Witt vectors. This implies that in our special case
((r, p)=1 and r> n) the homotopy equivalence 6 from Proposition 2.8 of
[5] depends only on the restriction of f to roots of unity.

If o € Gal (F,; F,) we denote by o the induced map of (WGL,,£) )"

Set lb([_k)(o') = O(k i)°cr°9(k i)_l

LEMMA 4.2, Let k: Z/r™ —»F be an embedding into roots of unity and
let ¢,: Gal(F,;F,) — Aut (Z,/r‘”) Z* be the homomorphism given by
restriction. If o-eGal( ; F,) then the following diagram commutes up to
homotopy

(WGL, £ ) 2 W(S®F,).

la lvp(o).-(wo,(a))_

(WL 2 )rer < W(S®F,)ret

where Wo,(0): W(S® F,)—> W(S ®_Fp) is induced by ¢, (0): ZIr"—
Z/r""._chp(a) maps a copy of spec F, indexed by se€S" into a copy of
spec F, indexed by (idf ¢,(0))(s) by the identity map.

Proof. For any o € Gal (I:"p; F,) we have a commutative diagram

«_ W(SQ®F,)
_ «
WGL.z, I
lo W(S®FE,)
WGL,L B lwto.(a»
W(S®F,)

where o: W(S®F )—> W(S®F ) is the Galois action. Let us notice
that the map o: W(S® F,),.,— W(S ® F,)... is the identity. This implies
that the diagram in question is homotopy commutative.

Now we shall show that { ,,(c) does not depend on the choice of i and
k.

PROPOSITION 4.3. Let i: Z/r™— C*, iy: Z/r*— C*, k: ZIr"— F* and
kq: Z/r"’—»i*:: be embeddings into roots of unity. Then for any o€
Gal (I:',,; F,) we have

Y (o) =Yg, x)(0).
Moreover Y1(0) = 1y°@,(0) 4o1g' where @,(0),: (WS),5.)7 = (WS) 5}
is induced by W(id 2, { ¢,(a)).
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Proof. Let a: Z/r” — ZJr” be a homomorphism such that i =i,ca.
From the definition of (o) and 6(k, i) we have

V(o) =0(k, i)ooo0(k, i)™ *
=14oJd o Kglogo KyoJdowy!.
It follows from Lemma 4.2 that
Yio(0) = xoJd Yo g, ()0 Jd oy

It is clear that the following diagram commutes

(WS ®F,)edr —— (WS))r

l‘v(”)t lo,(o)

(W(S® F,))re)? —— (WS),)?

where ¢,(0) 4= W(ids_[ ¢,(0));. This implies that

Yui(0) = o, (0) goug!
and similarly

llf(i,_k,)(o') = '-1*°<Pp(0')#°'~falz-

But the equality ¢,4=tg°a, where a,=(W(ids_f a)); and the fact that
Aut (Z/r”) is abelian implies that

L0 @p(0) 4ot Ta = e ago @, (o) goag oty
= o, (0)goagcag oy = Leo@p(0)wory’
i.e.
ll/(i,.k,)(a) = !P(i,k)(o')

We see that (o) does not depend on i and k. We set ¢(o)=
Y (o).

Let us notice that the formula ¢(a) = ty° ¢, () 4°t%' implies the follow-
ing corollary.

CoROLLARY 4.4. Suppose that (r,p)=1 and r>n. Then the action of
Gal (F,, F,) on BU(n); factors through ¢,: Gal (F,; F,)— 2*.

Now we shall prove Theorem C. First we shall show that the actions of
Gal (F,; F,) on BU(n); commute for all p# r and that they generate the
group Z*. Throughout the following discussion, r is a prime greater than
n.

Fix an embedding i: Z/r"— C* and embeddings k,: Z/r"— F, for
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each prime p#r. Hence for each prime p#r we have an action of
Gal (F,; F,) on BU(n);.
Let us define a map

o: I Gal(F,; F,) > [BU()?; BUn)]
pY¥r
by setting (o, 03, ..., 0, 1d,id, .. )=o) - - - o(a,).
Let us define also two other maps

®: U Ga (F,, F,) > Aut (Z/r") = 2*

p¥r

and
p: Aut(Z/r*)— [BU(n);; BU(n);).

If o, € Gal (FH;FH) we set

ooy, ...,04,id,...,id,.. ) =@, ()o@, (0r)°" - - 2@, (0,)
where ¢, (0;) is the restriction of o; to Z/r”. It is clear that ¢ is a
homomorphism and ¢ maps a Frobenius automorphism of Fp onto p. The
map p is defined in the following way:

n(u) = tgouyoly

where uy: (WS))r — (WS)); is induced by W(idy_fu). It is clear
that @ is a homomorphism.

It follows immediately from the formula (o) = t4°¢,(0) 4oty from
Proposition 4.3 that ®= g 0. Both 1 and ¢ are homomorphisms. Hence
® is also homomorphism.

Now we shall show that ¢ is epimorphic. Suppose that r>2. Let us
notice that Z’f=ljr_n (Z/r*)*. The group (Z/r*)* is a product of a cyclic
group of order r— 1 and of a cyclic group of order r"~' generated by r+1.
Suppose that a prime number q is a generator of (Z/r)* and r+1=
ps- - par. Let @,: G=Gal (F,: F,)xGal (F,: F,)x - - - XxGal (F,_:F,)
— (Z/r")* be a composition of ¢ restricted to G with a projection
onto (Z/r")*. Let &, be the Frobenius automorphism of F,.

The image of %, in (Z/r)* has order r— 1. Hence some power of ¢,(%,)
has order r—1 in (Z/r")*. Clearly ¢ (F5:, ..., Fom) =r+1 has order r" !
in (Z/r*)*. Hence it follows that ¢, is onto for each n. This implies that
©(G) is a dense subset of 2*. ¢(G) is also a closed subset of 2* because
G is compact and ¢ restricted to G is continuous. This implies that
e(G)=2%.

To finish the proof we must show that the semigroup operations are

continuous in ]_[Gal (FP;F) and [BU(n)}; BU(n)?] and that ® is a

pY<r
continuous map. First we show that @ is continuous. We shall denote the
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geometric realization of (WG),,, by the abbreviated form WG. ® is equal
to the following composition.

HGal (,; F,) - [Ws; Ws] 4> [Ws?; WS2]

pYkr
- [WGL(n, C);; WGL(n, C);]

where

i(o,04,...,0,1d,...)
= Wids. [ oto0) Wity [o(on) o ein=1:

and t(h)=uxchoz'. We topologized [WS; WS]=lim[WZ, | Z/r*;

k
WX, [ Z/r*] as an inverse limit of finite sets [WZ2,, | Z/r*; W2, | Z/r¥].
This definition of the topology on [WS; WS] implies immediately that i
is.continuous. We recall [12] that [Y; X}] is topologized as the inverse
limit of finite sets lj_Jp (1(1'31[1";F]) where {Y;} runs through the finite

i
subcomplexes of Y{ﬂand {f: X —> F} is the inverse system defining
X, [Y;X}]is a compact Hausdorff space. Now we show that j is contin-
uous. Let c*: [WSy; SA]—->[WS WS7] be a map induced by the
r-completion map c: WS — WS?. The map c* is clearly continuous. It
follows from the obstruction theory that c* is a bijection. This implies
that ¢* is a homeomorphism because both spaces are compact and
Hausdorfl. Let cy: [WS; WS]—[WS; WS?] be also induced by c.
We have that ¢y = c*°j. Hence to show that j is continuous it is enough
to show that ¢y is continuous.
Let X, be finite subcomplexes of WS =lim W, § Z/r') such that
i

i) X, < W, §Z/r') and i-skeleton of W(S, | Z/r')c X,
i) the homology groups of X, are finite,
ii)) WS = lim X..

The topology we have defined on [WS; WS] is equal to the inverse limit
topology obtained from the isomorphism [WS; WS]—I(u_n [X,; WS]. If
{f: WS — F} is an inverse system defining (WS)? then there is a map
from the inverse system [X;; WS], into the inverse system [X;; F),; and
the map of the inverse limits is continuous because maps between finite
sets with discrete topologies are clearly continuous. But this map is c.

It remains to show that ¢ is continuous.

The map ¢: WS — WGL(n, C) induces continuous maps

Jo: [WS?; WSP; WGL(n, C);]
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and
T*:[WGL(n, C);; WGL(n, C)}]—[WS}; WGL(n, O);.

These maps are homeomorphisms because all spaces are compact, Haus-
dorff. Let us notice that J* o ¢ = J. This implies that « is continuous.

It is clear that the composition is continuous in all the sets involved
except perhaps [BU(n);; BU(n);]. We shall give here a proof of a more
general fact shown to us by Eric Friedlander. Our first proof of the
continuity of the composition in [BU(n);; BU(n)}] used the properties of
the quotient of the compact-open topology from [9].

ProposiTioN 4.4. (E. Friedlander) Let ()" denote the Sullivan comple-
tion with respect to some subset of primes. Suppose that Y is a space of finite
type with ““‘good” homotopy groups (see [13] p. 44-45). Then the composi-
tion

m: [X™ Y IX[Y"; Z27] - [ X" 2]
is a continuous map. (Each set of homotopy classes has the Sullivan
topology.)

Proof. Let {Z;}; be an inverse system defining Z". We can suppose that
each Z; has only a finite number of non-zero homotopy groups. From the
definition of the Sullivan completion we have immediately that

[YA;ZA]=1;1;_H[YA;Zf] and [XA;ZA]=1;1;11[XA;Zf]'
to show that m is continuous it is enough to show that
poem: [X" Y Ix im [¥7; ] (X" 2]
is continuous for each f,, where

po: lim [X"; Z]— [X*; Z; ]
f

is a projection. The map pyem factors through a projection

[X™ Y XUm[Y?; Ze ] — [X7; YOIX[Y7; Z; ]
f

which is clearly continuous. Hence it is enough to show that the composi-
tion

(X7 Y IX[Y™; Z ] = (X7 Z )

is continuous. Our assumptions on Y and {Z}; imply that [Y"; Z] is a
finite set. Therefore it suffices to show that for any ye[Y"; Z; ] the map
R,: [X™; Y"]—=[X"; Z ] given by R;(x)=yox is continuous. If Y has
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“good” homotopy groups we can find z: Y — Z such that z* =y. The
maps of the form R, . are clearly continuous. This finishes the proof.
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