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We study holomorphic Poisson manifolds and holomorphic Lie algebroids from the view-
point of real Poisson geometry. We give a characterization of holomorphic Poisson struc-
tures in terms of the Poisson Nijenhuis structures of Magri—-Morosi and describe a double
complex that computes the holomorphic Poisson cohomology. A holomorphic Lie alge-
broid structure on a vector bundle A — X is shown to be equivalent to a matched pair of
complex Lie algebroids (T%! X, A'?), in the sense of Lu. The holomorphic Lie algebroid co-
homology of A is isomorphic to the cohomology of the elliptic Lie algebroid T%! X Al°.
In the case when (X, ) is a holomorphic Poisson manifold and A = (T*X),, such an el-
liptic Lie algebroid coincides with the Dirac structure corresponding to the associated

generalized complex structure of the holomorphic Poisson manifold.

1 Introduction

The aim of this paper is to solve several problems naturally arisen in studying the
connection between holomorphic Poisson manifolds and holomorphic Lie algebroids

with real Poisson geometry.
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Holomorphic Poisson structures appear naturally in many places [4, 5, 12-14, 20,
23, 25, 37, 42]. For instance, any semisimple complex Lie group admits a natural Poisson
group structure [10, 11, 40], which is holomorphic. Its dual is also a holomorphic Poisson
group. Indeed, one of the simplest types of examples of holomorphic Poisson manifolds
are the Lie-Poisson structures on the dual of complex Lie algebras. Holomorphic Poisson
structures were also studied from the point of view of algebraic geometry by Bondal [2]
and Polishchuk [39] in the middle of the 90s. Recently, holomorphic Poisson structures
were linked to generalized complex geometry [16-19, 24].

There are several equivalent ways of defining holomorphic Poisson structures.
One simple definition is, like in the real case, a holomorphic bivector field = (i.e. 7 €
I'(A2T1°X) such that 7 = 0) satisfying the equation [r,7] = 0. Since A?TcX = A2TX @
i A2 TX, for any 7 € I'(A%2T:X), we can write 7 = 7y + in;, where g and 77 € I'(A2TX) are

bivector fields on the underlying real manifold X.

Problem 1. Are 7y and n; Poisson structures? And conversely,
given two Poisson structures wr and 77, when does m = g + i

define a holomorphic Poisson structure?

We give an affirmative answer to the first question. As for the second, we show
that 7 = g + in; is holomorphic Poisson if and only if (r;, J) is a Poisson Nijenhuis
structure and 7%, = J o 7}. Thus (7g, 7;) is a bi-Hamiltonian structure on X.

Poisson Nijenhuis structures were introduced by Magri and Morosi [34, 35] in
their study of bi-Hamiltonian systems, and were intensively studied afterward [27, 43].
A Poisson Nijenhuis structure [26, 27] on a manifold X consists of a pair (7, N), where
7 is a Poisson tensor on X and N : TX — TX is a Nijenhuis tensor that satisfies some
compatibility conditions (see Section 2.3 for the precise conditions). By a Nijenhuis
tensor, we mean a (1, 1)-tensor on X with vanishing Nijenhuis torsion.

Since Poisson Nijenhuis structures are related to generalized complex struc-
tures [8, 41], as a consequence, we recover the well-known correspondence between
holomorphic Poisson structures and generalized complex structures (of a special type)
(17, 19].

Another natural question is:

Problem 2. Given a holomorphic Poisson structure = = g + iny,
are the holomorphic symplectic foliation of 7 and the symplectic

foliations of 7 and =; related?
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Indeed, we show that all these symplectic foliations coincide. Also for a holo-
morphic symplectic 2-form w = wg + iw;, we show that the real and imaginary parts of
its holomorphic Poisson tensor are, up to a constant scalar, the Poisson tensors corre-
sponding to wg and wy, respectively.

Lie algebroids are an extremely powerful tool in Poisson geometry. Indeed the Lie
algebroid structures on a given vector bundle are in one-one correspondence with the
so called fiberwise linear Poisson structures on the dual bundle. This correspondence
extends to the holomorphic context; any holomorphic Lie algebroid structure on the
vector bundle A — X gives rise to a fiberwise linear holomorphic Poisson structure on
A* — X. Thus, the real and imaginary parts of this holomorphic Poisson structure are
fiberwise linear Poisson structures on the dual bundle (being considered as a real vector

bundle). Hence, one obtains two real Lie algebroid structures Ay and Ay, respectively.

Problem 3. Obtain an explicit description of the Lie algebroid
structures Ay and A; in terms of the holomorphic Lie algebroid

structure on A.

Let A — X be a vector bundle endowed with a holomorphic Lie algebroid struc-
ture. Extending the Lie bracket on the space of holomorphic sections of A — X to the
space of all smooth sections so as to preserve the Leibniz rule, we get a real Lie alge-
broid structure Ag on the bundle A — X. It turns out that, up to a scalar constant, Ay
is isomorphic to Ag. The multiplication by +/—1 in the fibers of A defines a real vector
bundle map j: Ag — Ag over the identity map satisfying j? = —id.

We prove that the Nijenhuis torsion of j: Ag — Ag vanishes and that, up to a
scalar constant, Ay is isomorphic to (Ag);, the deformation of the Lie algebroid Agr by
j. Extending j by C-linearity, we get a bundle map j : Ac — Ac with j? = —id. Since the
Nijenhuis torsion of j vanishes, its eigenbundles A!* and A%! with eigenvalues i and —i
are complex Lie algebroids.

There is yet another connection between Poisson manifolds and Lie algebroids.
Given a Poisson manifold (X, i), it is well known that T*X carries a natural Lie algebroid
structure. This holds for holomorphic Poisson structures as well. Namely, if (X, ) is
a holomorphic Poisson manifold, then T*X is naturally a holomorphic Lie algebroid,
denoted by (T*X),. On the other hand, as highlighted earlier, each holomorphic Poisson
structure corresponds to a generalized complex structure J, whose (—i)-eigenbundle L is

a Dirac structure and thus a complex Lie algebroid [6, 44].

Problem 4. What is the precise relation between the holomorphic

Lie algebroid (T*X), and the complex Lie algebroid L?
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A key ingredient to answer this problem is the notion of matched pairs studied
by Lu, Mackenzie, and Mokri [31, 32, 36]. We show that (T%!X,(T'°X)*) is a matched
pair (here (T'°X)* = A0 for A= (T*X),) and T' XX (T'°X)* (see Theorem 4.2 for the
definition of X) is isomorphic to L. Furthermore, we prove that the holomorphic Poisson
cohomology of 7, which is defined to be the holomorphic Lie algebroid cohomology of
(T*X),, is isomorphic to the cohomology of the elliptic Lie algebroid T%! X X (T'°X)* . This

leads to our next problem:

Problem 5. Given an arbitrary holomorphic Lie algebroid A4, find
a complex Lie algebroid L whose cohomology groups are isomor-
phic to those of A.

The cohomology of a holomorphic Lie algebroid A is the cohomology of the com-
plex of sheaves (%, d4), as introduced by Evens-Lu-Weinstein [15] (see Definition 4.10),
while the cohomology of a complex (smooth) Lie algebroid L is the cohomology of the
cochain complex (['(A®L*), d.). So, in a certain sense, solving the problem above amounts
to finding a Dolbeault type of resolution for arbitrary holomorphic Lie algebroids.

The solution is L = T%' XX A!?, Indeed, we show that A is holomorphic if and
only if (T9'X, A'?) is a matched pair (see Theorem 4.8); one may thus form the complex
Lie algebroid T%! X X A0, which is in fact an elliptic Lie algebroid in the sense of Block
[1]. The Lie algebroid cohomology of the latter can be expressed as the total cohomology
of a double complex.

The following notations are widely used in the sequel. For a manifold M, we use
qu to denote the projection TM — M. And given a complex manifold X, Tc X is shorthand
for the complexified tangent bundle TX ® C while T'°X (resp. T%!X) stands for the +i-
(respectively —i-) eigenbundle of the almost complex structure. By X*!(X), we denote
the space of sections of A¥T'0X @ AlT%1 X — X, and by Q**(X), the space of differential
forms of type (k,1). For a Lie algebroid A, the Nijenhuis torsion [26, 27] of a bundle map
¢ : A— Aover the identity is denoted N, which is a section in I'(A2A* ® A) defined by

Np(V, W) = [¢V, W] — ¢(lpV, Wl + [V, 9o W] — ¢[V, W), VYV, WeT'(A). (1)

When A is the Lie algebroid TX and ¢ : TX — TX is a (1, 1)-tensor, the Nijenhuis torsion
Ny is a (2,1)-tensor on X.

Note that the modular classes of holomorphic Lie algebroids were studied by
Evens-Lu-Weinstein [15] and Huebschmann [21] while the modular classes of holomor-

phic Poisson manifolds were studied by Brylinski-Zuckerman [5]. In a separate paper, we
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will investigate the relation between these modular classes and their counterparts in real
Poisson geometry, and in particular with the modular classes of Poisson Nijenhuis man-
ifolds recently studied by Damianou-Fernandes [9] and Kosmann-Schwarzbach-Magri
[28].

2 Holomorphic Poisson manifolds

2.1 Definition

Definition 2.1. A holomorphic Poisson manifold is a complex manifold X whose sheaf

of holomorphic functions Oy is a sheaf of Poisson algebras. O

By a sheaf of Poisson algebras over X, we mean that, for each open subset
U C X, the ring Ox(U) is endowed with a Poisson bracket such that all restriction maps
Ox(U) - Ox(V) (for arbitrary open subsets V C U C X) are morphisms of Poisson alge-
bras. Moreover, given an open subset U C X, an open covering {U;};,.; of U, and a pair of
functions f,g € Ox(U), then the local data { fly,, gly,} (i € I) glue up to { fly, gly} if they

coincide on the overlaps U; N Uj.

Lemma 2.2. On a given complex manifold X, holomorphic Poisson structures are in
one-to-one correspondence with holomorphic bivector fields = (i.e. # € T'(A2T1°X) such

that a7 = 0), satisfying the equation [, 7] = 0. O

Proof. This is a standard result. For completeness, let us sketch a proof here. Choose
any complex coordinate chart (U, ¢), which identifies U C X with an open ball of C".
As in the smooth case, Ox(U) is a Poisson algebra that is equivalent to the existence
of a holomorphic bivector field 7y on U, satisfying the relation [7y, 7yl = 0. Moreover,
the compatibility condition on the restriction maps implies that there indeed exists
a holomorphic bivector field = on X, whose restriction to U is ny for all such open
subsets U. |

2.2 Associated real Poisson structures

Since A’TeX = A2TX @i A% TX, for any 7 € I'(A2Te X), we can write 7 = g + im;, where
nr and m; € I'(A2TX) are (real) bivector fields on X (seen as a real manifold by forgetting

the complex structure). Note that sections of A2Tc X (in particular of A2T1°X) can be seen
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as bidifferential operators on C*(M, C). The real bivector fields ng and 7; are then the
real and imaginary parts of these bidifferential operators.
Both 7 and n; define brackets {-,-}g and {-,-}; on C*(M, R) in the standard way.

These extend to C*°(M, C) by C-linearity. The next lemma describes such an extension.

Lemma 2.3.

(a) TUnder the direct sum decomposition
AT X = APTYOX @ (TYOX A TO X)) @ A2TON X,

we have

(b) Vf,ge Ox(U), we have the following relations:

{frg}R: %{frg}r {7r§}R= %{frg}r {f,§}3=0,
{f.9)r

{flg}I = _%{flg}r = %{frg}l {frg}l =0.

(c) Both 7 and m; are Poisson tensors. 0

Proof. (a) Immediate. (b) If f,ge Ox(U), then f and g are antiholomorphic. Hence
d f =0 = dg. Therefore, 7(3f,d9) = {f, g}, (3 f,dg) = 0 and 7 (d f, 3g) = 0. The conclusion
follows. (c) It suffices to prove the Jacobi identity for {-,-}r and {,-};. From (b), it fol-
lows that it holds for holomorphic functions in Ox(U). It follows from the Leibniz rule
that the Jacobi identity holds for all complex-valued smooth functions in C*(X, C). This

concludes the proof. |
As an immediate consequence, we have the following

Corollary 2.4. For all f,g € Ox(U), we have

Mf,Nglr = IR{f. g}, (Mf,Nghr = 13{f. g},
Rf3glr=—3%f. 9, (3,39} =—33(f. g},
Mf.3glr=33{f.9),  (Nf.3g =—1R{f g}

where % f and J f stand for the real and imaginary part of the function f, respectively.
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Thus, in a local chart (z; = x3 +iw,...,2Zn = X, + iy,) of complex coordinates of
X, we have

(%, x}r = Mz, 2;}, (% x5) = 33z, 25},
Vi, vilr = =30z, 25}, v vih = — 331z, 2},

o~

(%, vilr = 33z, 2}, (% yih = —30Wz, zj).

2.3 Poisson Nijenhuis structures

Lemma 2.5. Letnw = ng+ in; € [(A?Te X) with g, 77 € T(A2TX). Then, 7 € T(A2T1OX) iff

mk =ntoJ*, where J: TX — TX is the almost complex structure on X. O

Proof. We have

m e T(A2T10X)

mla, B) =0, Va € Q1(X), B € QLX)

mle, f) =0, a = L (), Vo', € QLX)
w0 (145) =0

in? =nfoJ*

2nho J* = (t + 7)o J* = i(n" — TF) = 27}

n%:n?oj*

¢ ¢ ¢ ¢ ¢ O

Recall that a Poisson Nijenhuis structure [26, 27] on a manifold X consists of a
pair (7, N), where 7 is a Poisson tensor on X and N : TX — TX is a Nijenhuis tensor such

that the following compatibility conditions are satisfied:

Nonf=nfo N*

[ay,B]er = [N*a/ ﬂ]n + [O[, N*ﬂ]n - N*[a/ ﬂ]n;

where 7y is the bivector field on X defined by the relation 7}, = 7% o N*, and for any
bivector field 7 on M,

lo, Bli := Ls20(B) — Laspla) — d(f'[(oz,,B)), Vo, B € QUM). (2)
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Proposition 2.6. Let X be a complex manifold with associated almost complex structure
J. Then, 7 = mg + im;, where g, 7; € I'(A?TX) is a holomorphic Poisson structure on X

iff the pair (7, J) is a Poisson Nijenhuis structure and 7}, = 7} o J*. O

Proof. First, observe that, for all f € C*(X,C)and «, 8 € Q}C(X), one has

o, fBlrs = (50) (B + fle, Bl

and

(T e, fBlr, + o, T* fBlr, — T'la, fBlx,
= (n; @) (B + (T, Bl, + lot, T*Blr, — Tler, Blr,).
Therefore, since by Lemma 2.5, we have n;i{ = n? o J*, it suffices to check the compatibility
condition 2 fora = df ord f and 8 = dg or dg with f and g € Ox(U).
An easy but cumbersome computation, making use of the relations of Lemma 2.3

and the well-known equivalences
feOxlU) < Jdf=idf <+ Jdf=-idf,

shows that the Poisson Nijenhuis compatibility of 7; and J is equivalent to the closure
of Ox(U) under the Poisson bracket of functions associated to 7.

For example, Vf,g € Ox(U):

[J*d f,dgl., +[df, J*dgl,, — J*[df,dgl., —[df, dgls,
=l df,dgl, +1df,idgly, — Jd{f, g1 —d{f, g}r
=2id{f, g} — J'd{f, g} — d{f, 9}r
=d{f.g}+ $J*d{f. g} — 3d{f, 9}

=HJd{f, g} —id(f g).
]

Theorem 2.7. Given a complex manifold X with associated almost complex structure

J, the following are equivalent:

(@) 7 =mngr+in; € T(A?T'0X) is a holomorphic Poisson bivector field;

(b) (77, J) is a Poisson Nijenhuis structure on X and nlﬁ? = n? o J*%;
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J:J n?
o -

of TM & T*M is a generalized complex structure and 7}, = 7} o J*. O

(c) the endomorphism

Proof. (a) < (b) This is Proposition 2.6. (b) <= (c) The equivalence follows from [41,
Theorem 7.6] (see also [8]). [ ]

Remark 2.8. It is well known that a holomorphic Poisson structure gives rise to a
generalized complex structure. The holomorphic Poisson tensor is a strong Hamiltonian
operator in the sense of Liu-Weinstein—Xu [29], which deforms the Dirac structure on
Tc X @ TE X associated to the usual complex structure seen as a generalized complex
structure [1, 17, 24]. O

Remark 2.9. The equivalence of (a) and (b) in Theorem 2.7 was also known to Lu [30].
O

2.4 Holomorphic symplectic manifolds

Let (X, ) be a holomorphic symplectic manifold, where w € Q2°(X) is the holomorphic
symplectic 2-form whose corresponding holomorphic Poisson bivector field is denoted
by 7 =g +in; € T(A2TY0X). Let wg, w; € Q%(X) be the real and imaginary parts of o,
i.e. w = wg + iw;. By the holomorphic Darboux theorem, both wr and w; are symplectic

2-forms.

Proposition 2.10. The Poisson bivector fields corresponding to wg and w; are 4w and

—4m;, respectively. O

Proof. The holomorphic Darboux theorem asserts that, in a neighborhood of each point,
there exist complex symplectic coordinates (zi, ..., z,, 2, ..., z,) so that w can be written

as

=Y dzdz.

k=1
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In terms of real coordinates, defined by
ZkZXk+iWC! Z;cz}{k—i_l}/k

fork =1,...,n, we have

n

wr=Y (dx Adx, —dy Ady})
k=1

n

wr =Y (dxc Ady, +dy A dx,).
k=1

By wy' and o;', we denote the Poisson bivector fields corresponding to wr and wr,

respectively. Thus, we have

On the other hand, using the relations 987,( = %(% - i%) and % = %(367k - iaa_yk)' itis simple

to see that the real and imaginary parts of = are given by

1</ 9 R 9 9 R 9
TR= —— — AN— — — A — ],
R™ g 0x, 9%, Oy Oy

k=1
1/ 9 9 9 9
= - — A—+—Ar—].
”’ 4§<axk i, " n axz)

The conclusion thus follows immediately. |
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2.5 Symplectic foliation

Proposition 2.11. Let (X, ) be a holomorphic Poisson manifold, and 7z and 7; the real
and imaginary parts of . Then, the symplectic foliations of g and 7; coincide, and their

leaves are exactly the holomorphic symplectic leaves of . O

Proof. The relation nfq = n? o J* implies that wr and 7; have the same symplectic leaves,

for the distributions 75(T*X) and 7}(T*X) coincide.

The relation n = ng + in; = g + iJng implies that, for all « € (T%! X)*,
7@) = (id + iJ)wg@).
Since o = N(a) + 1T*NR(x), we obtain
mia) = 2(id + i) (R)).
Taking the real part, we obtain
R e) = 27z (R ().

In particular, the map T' X — T X sending an element to its real part is an isomorphism
from the distribution 7 *((T°! X)*) to the distribution n;(T*X), so that the leaves associated

to these distributions coincide. [ |

3 Holomorphic Lie Algebroids
3.1 Definition

Holomorphic Lie algebroids were studied for various purposes in the literature. See
[3, 6, 15, 21, 44] and references cited there for details. Let us recall its definition below.

The tangent bundle TX — X of a complex manifold X is naturally a holomor-
phic vector bundle. We will denote its sheaf of holomorphic sections, i.e. the sheaf of
holomorphic vector fields, by ©x.

Given a holomorphic vector bundle A 2 x , the sheaf of holomorphic sections .4
of A — X is the contravariant functor that associates to an open subset U of X the space
A(U) of holomorphic sections of A — X over U. Similarly, the sheaf of smooth sections

A is the contravariant functor U — I'(Ay). Clearly, A is a sheaf of Ox-modules while A
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is a sheaf of modules where C§ denotes the sheaf of complex-valued smooth functions

on X. Moreover, A is a subsheaf of A..

Definition 3.1. A holomorphic Lie algebroid is a holomorphic vector bundle A — X,
equipped with a holomorphic bundle map A 2 TX, called the anchor map, and a struc-

ture of sheaf of complex Lie algebras on 4, such that

(a) the anchor map p induces a homomorphism of sheaves of complex Lie alge-
bras from A to O;
(b) and the Leibniz identity

[V, fW] = (p(V) AW+ fIV, W]
holds for all V, W € A(U), f € Ox(U) and all open subsets U of X. O

Remark 3.2. Note that in the definition above, the last axiom implies that the anchor
map p is automatically a holomorphic bundle map once we assume that it is a complex

bundle map. O

3.2 Underlying real Lie algebroid

By forgetting the complex structure, a holomorphic vector bundle A — X becomes a real
(smooth) vector bundle, and a holomorphic vector bundle map p: A— TX becomes a
real (smooth) vector bundle map.

Let A— X be a holomorphic vector bundle whose underlying real vector bundle

is endowed with a Lie algebroid structure (4, p, [+, -]) such that, for any open subset U C X,

1. [AD), AlU)] C AU)
2. and the restriction of the Lie bracket [-, -] to A(U) is C-linear.

Then, the restriction of [-, -] and p from I'(4) to .A makes A a holomorphic Lie algebroid.
The following proposition states that any holomorphic Lie algebroid can be ob-

tained out of such a real Lie algebroid, in a unique way.

Proposition 3.3. Given a structure of holomorphic Lie algebroid on the holomorphic
vector bundle A — X with anchor map A % TX, there exists a unique structure of real
smooth Lie algebroid on the vector bundle A — X with respect to the same anchor
map p such that the inclusion of sheaves A C A, is a morphism of sheaves of real Lie

algebras. d
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Proof. (i) Unicity. We first prove the unicity. Assume there exist two such Lie algebroid
structures on the vector bundle A — X. The two anchor maps would be equal. And for
each open subset U of X, the two brackets would coincide on the subspace A(U) of I'(Ay).
Thus, the two brackets would also coincide on the C*°(U,R)-span of A(U) inside I'(Ay).
But for all trivializing open subsets U of X, A(U) generates I'(Ay). Hence, the two Lie
algebroid structures must coincide.

(ii) Existence. We first prove the existence of such a structure of real Lie algebroid.
Denote by j : A — Athe bundle map defining the fiberwise complex structure on A.

Recall that, given a Lie algebra h and a commutative algebra F over a field k
together with a Lie algebra homomorphism p : h — Der(F), the tensor product F ®x b is

endowed with a natural Lie algebra structure over the field k given by
[f®a,g®bl= fg®la,bl+ fola)g®b—golb) fRa, (4)

for all a,be b, f,ge F. Choose an open subset U of X. Applying the previous general
fact to the Lie algebra A(U), the commutative algebra C*(U,C) and the anchor map
o : A{U) — Der(C*>(U, C)), one obtains a Lie algebra structure on C*(U, C) ®r A(U). Note
that this is a real Lie algebra, since A(U) — Der(C*(U, C)) is R-linear but not C-linear.

Now, for any holomorphic function h € Ox(U), it follows from Eq. (4) and the
Leibniz identity for the holomorphic Lie algebroid A — X that

[f®a,gh®b—g®hbl = fgh®la,bl+ fgpla)h®b+ f(pla)g)h ® b
— fg®hla, bl — fg® (pla)h)b— f(pla)g) ® hb.

In other words, the elements of type fh® a — f® ha, with fe C>®(U,C), a €
A(U), and h € Ox(U), generate an ideal of the Lie algebra C*(U, C) ®r A(U). As a conse-
quence, the Lie bracket given by equation (4) induces a Lie algebra structure (over R) on
the quotient C*(U, C) ®o,w) A(U) of C>(U, C) ®r A(U) by the aforementioned ideal.

There is a natural map C*(U, C) ®o,w) AlU) — I'(Ay) mapping f®a to R(fa +
3(f) jla), for all fe C°(U,C) and a € A(U). This is actually an isomorphism if the open
subset U of X is trivializing the holomorphic bundle A|y — U.Indeed, any smooth section
of A— X over U can be written as a linear combination ) -, fiak, where ax € A(U) and
fi is a smooth C-valued function on U. Therefore, I'(4y) is a Lie algebra. By construction,
the previous Lie bracket restricts to a C-linear bracket on A(U) and is a Lie-Rinehart

algebra over C*(U). Hence, A|y is a smooth Lie algebroid. By the unicity in (i), one



14 C. Laurent-Gengoux et al.

obtains a smooth Lie algebroid A — X by gluing A|y together using an open covering {U;}
of X. |

In the sequel, we will use Ag to denote the underlying real Lie algebroid of a
holomorphic Lie algebroid A. When referring to holomorphic Lie algebroids, we either
use Definition 3.1, or the equivalent one, as in Proposition 3.3. In particular, by saying
that a real Lie algebroid is a holomorphic Lie algebroid, we mean that it is a holomorphic
vector bundle and its Lie bracket on smooth section restricts to a C-linear bracket on
A(U), for all open subsets U C X.

3.3 Underlying imaginary Lie algebroid

Assume that (A — X, p,[-,-]) is a holomorphic Lie algebroid. Consider the bundle map
j: A— A defining the fiberwise complex structure on A. We compute the Nijenhuis

torsion of j by considering A as a real Lie algebroid Ag.

Proposition 3.4. Let (A — X, p,[-,-]) be a holomorphic Lie algebroid and j: Ag — Agrits

associated endomorphism. Then, the Nijenhuis torsion of j vanishes. O

Proof. Since T(j) is a section in F(/\ZA} ® Ag), it suffices to prove that T(j)(V, W) = 0 for
any holomorphic sections V, W € A(U), where U C X is any open subset. This, however,

follows immediately from the C-linearity of [, -] on A(U):

(v, jwl = jlv, Wl =[jV, W], YV, We AU). (5)
|

Since the Nijenhuis torsion of j: Ag — Ag vanishes, one can define a new (real)
Lie algebroid structure on A, denoted by (A — X, p;, [, ];), where the anchor p; is po j
and the bracket on I'(4) is given by [26]

v, wl; =[jv, m+ [V, jw] — jlv, W], VYV, W e T'(A).

In the sequel, (A — X, p;, [, -1;) will be called the underlying imaginary Lie alge-
broid and denoted by A;. It is known that

j:AI—>AR (6)

is a Lie algebroid isomorphism [26].
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3.4 Associated complex Lie algebroids

Let (A— X,[-,-], p) be a holomorphic Lie algebroid. Complexifying its underlying real Lie
algebroid (which was described in Proposition 3.3) by extending the anchor map and the

Lie bracket C-linearly, we obtain a complex Lie algebroid:

s Tex,

%

where Ac = A® C. Extending C-linearly the bundle map j: A — A, we obtain a map of
complex vector bundles j: Ac — Ac such that j? = —id. Let A'® — X and A%! — X be
its eigenbundles with eigenvalues i and —i, respectively. It follows from Proposition 3.4
that I'(A'%) and I'(A%!) are Lie subalgebras of I'(Ac). Hence, A'? and A%! are complex Lie
subalgebroids of Ac. Note that the map

A— A :a > La—ija) (7)

is an isomorphism of complex vector bundles. Hence, by pulling back all the structures,
one obtains a complex Lie algebroid structure on the same complex vector bundle A —
X. Similarly, a — %(a +1ij(a)) is an isomorphism of complex vector bundles A — A%!.
Hence, A — X admits another complex Lie algebroid structure. The following proposition
describes these complex Lie algebroids explicitly. Its proof is a simple computation and

is left to the reader.

Proposition 3.5. Given a holomorphic Lie algebroid (A— X,[,],p0), let (A—
X, [, 110, p10) and (A— X,[-,-Jo1,po1) be its associated complex Lie algebroids corre-

sponding to A® and A®!, respectively. Then,

P10 = %(10 + ipj)/ ['r ']1,0 = %(['/ '] + j[’y ’]]) (8)
po1 = 3o —ipj), [, Jox = 3(L 1= jL, 1), (9)
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3.5 Cotangent bundle Lie algebroids of holomorphic Poisson manifolds

In this section, as an example we consider the cotangent bundle Lie algebroid of a
holomorphic Poisson manifold and identify various Lie algebroids associated to it, which
will be used later on.

Assume that (X,7) is a holomorphic Poisson manifold, where n = ng +ins €
I'(A2T'0X). Let A= (T*X), be its corresponding holomorphic Lie algebroid, which can
be defined in a similar way as in the smooth case. To be more precise, let ® and V¥,

respectively, be the holomorphic bundle maps

P:TX > TX, &=1(1-1iJ)
and

U T*X — (TYYX)", W =1 —iJ%,

where J is the almost complex structure on X. Define the anchor p : (T*X), — TX to be
o =® ! on* oW and the bracket

[, Blz = Ly — Lypa — dlpa, B)

Va, B € I'(T*X|y) holomorphic.
Its associated complex Lie algebroid A'? will be denoted (T'°X)* since its un-

derlying complex vector bundle is (T'°X)*. The following lemma is obvious.

Lemma 3.6. For the associated complex Lie algebroid (T'°X)?, the anchor map is
#
(T'9x)* 5 Te X
and the bracket on Q!°(X) is given by

[51,0’ nl,O] — Ln:SI'UnI'O _ Lnﬂn1'0§1’0 _ aﬂ,(gl,o’ nl,O), Vsl,O,nl,O e QI’O(X),
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The following proposition describes the underlying real and imaginary Lie alge-
broids of (T*X),.

Proposition 3.7. Let (X,7) be a holomorphic Poisson manifold, where = = ng + in; €
I'(A2T'0X). Then, the underlying real and imaginary Lie algebroids of (T*X), are isomor-

phic to (T*X)a,, and (T*X)a,,, respectively. O

Proof. First, let us consider the anchor map p : (T*X), — TX as a bundle map of real

vector bundles. Clearly, we have
p=0tlon*oWw =0longko(l —iJ)o(l —iJ) =4nh

Now, we consider the bracket. For this purpose, let Ag be its underlying real Lie
algebroid and Ac the complexification of Agr. Note that for any holomorphic functions
f.g € Ox(U), we have

[df! dg]rr = d{f,g},

where both sides are considered as sections of Ac. It thus follows, from Corollary 2.4,
that

RIdf,dgl, = AR{f, g} = 4d{NR f, Rg}r = 4[AR()), AR(G)x,-

Therefore, Ag is isomorphic to (T*X)a,,.
Finally, note that the Nijenhuis structure j : Ag — Ag in Section 3.3 is simply J*.

It thus follows that (Ag); is isomorphic to (T*X)4,, using Theorem 2.7. [ |

3.6 Holomorphic Lie-Poisson structures

Similar to the smooth case, there is also another equivalent definition of holomorphic
Lie algebroids. The proof is similar to the smooth case, and is left to the reader. Note
that the complex dual Hom¢(A4, C) of a holomorphic vector bundle A — X is again a
complex manifold, which is also a holomorphic vector bundle over X. We denote by
p: Hom¢(A4,C) — X the projection onto the base manifold. There is a one-one corre-

spondence between holomorphic sections V € A(U) and fiberwise-linear holomorphic
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functions Iy on Hom¢(A|y, C): Yo € Home(A|y, C)

lv(Ol) = Ot( V|p(a) )

Proposition 3.8. Let A— X be a holomorphic vector bundle. The following are

equivalent:

(a) Ais aholomorphic Lie algebroid;

(b) there exists a fiberwise-linear holomorphic Poisson structure on Homg(4, C).

Here the Lie algebroid structure on (4, p, [+, -]) and the Poisson structure on Hom¢(4, C)

are related by the following equations:

{p* filv} = p*lp(V)(f)

{lv, lw} = lv,m
for any V, W € A(U) and f € Ox(U), where p: Homc¢(4, C) — X is the projection. O
Summarizing the discussions above, we get the main result of this section.

Theorem 3.9. Let A — X be a holomorphic vector bundle. There is a one-to-one corre-

spondence between:

(a) holomorphic Lie algebroid structures on A — X,

(b) fiberwise-linear holomorphic Poisson structures on Hom¢(A4, C),

3.7 Real and imaginary parts of a holomorphic Lie-Poisson structure

Any complex vector space V can be equivalently thought of as a real vector space with
an R-linear endomorphism j, such that j? = —1, representing the multiplication by the
imaginary number /—1.

Given a complex vector space V, its complex dual space is the set of morphisms
Hom¢(V,C) from V to C in the category of complex vector spaces. Similarly, its real dual
space is the set of morphisms Homg(V,R) from ¥V to R in the category of real vector
spaces. Clearly, Hom¢(V, C) is a vector space over C while Homg(V, R) is a vector space

over R.
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The map
Homg(V,R) - Hom¢(V,C): f— (1 —ij")f

is an isomorphism of real vector spaces. Indeed, g € Hom¢(V, C) if and only if g = (1 —
ij*) f with f(= R o g) € Homg(V, R).

Given a complex vector bundle A — X, we denote its complex and real dual
bundles by Hom¢(4, C) - X and Homg(A4, R) — X, respectively. Applying the previous

isomorphism fiberwise yields the isomorphism of real vector bundles ¥ =1 — ij*:

Homg(A4, R) ——= Home(A4, C) (10)

ml ipc

X TR X.
Here pc and pr denote the projections of the vector bundles Hom¢(A4, C), Homg(A4, R) onto
their base X. Note that U71(£) = R o &.

We consider a holomorphic Lie algebroid (A — X, p, [, -]). According to Proposi-
tion 3.8, the complex dual bundle Hom¢(A4, C) is a fiberwise linear holomorphic Poisson
manifold, whose holomorphic Poisson tensor is denoted by n. Let 7g and =; be its real
and imaginary parts. Then, my := W 7y and 7y := W '7; are fiberwise R-linear Poisson
tensors on the real dual bundle Homp(A4, R). These Poisson structures therefore corre-
spond to real Lie algebroids on A — X, which are denoted by (A — X, pw, [, -1In) or Ay
and (A — X, pg, [, -]3) or Ay, respectively. The following Proposition identifies these Lie

algebroids with those discussed in Section 3.3.

Proposition 3.10. Let (A — X, p,[-,-]) be a holomorphic Lie algebroid.

(a) The Lie algebroid (A — X, 4pg,4l-, -ln) is isomorphic to the real Lie algebroid
Ag;
(b) The Lie algebroid (A — X, —4py, —4l-, ‘]5) is isomorphic to the imaginary Lie

algebroid A4;. 0

Proof. First, we fix some notations. Any section V € I'(4) can be thought of as a fiberwise
C-linear (respectively R-linear) function on Homc(A4, C) (respectively Homg(A4, R)), which

we denote by Iy (resp. I},).
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Forall V € I'(4) and f € Homg(A4, R), we have
(W) ) =l (f =G N = fIV) =i fGV) =10 — i Uy ().
Thus

RWTy) =1
e (11)
SWTy) = —1y,.

First, we look at the anchor map py. Given any x€ X, o € Ay, and n € T; X, to
compute (1, pyla)), we choose an open neighborhood U C X containing x, a holomorphic

section V € A(U) through «, and a holomorphic function f € Ox(U) with d(%(f)|x = n.

Consider the relation
pelp(W) ) ={p: filv}
from Proposition 3.8. Taking the real part, we obtain, by Corollary 2.4:
pelp(WMR(f) = 4 peR(f), Rly)} g

Applying ¥* to both sides and using equations (10) and (11), we have

Pi(p(MR(N) = W pi(p(VIR(F) = 4¥*{ pER(), Rv)}r
= 4{W prR (), R Iy)}n = H{pe RN, Iy ke = 4Pk (s (VIR().

Hence, it follows that

P(MIR(f) = 4px(VIR(S)
and

(n,4py(@)) = (n, p(e)).

We now identify the anchor map p5. Taking the imaginary part of the relation

pele(W) ) = {p: f.lv}
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from Proposition 3.8, we obtain

pelpWMIS(f) = pe flv) = —Hpe3(), Sy

by Corollary 2.4. Applying ¥* to both sides and making use of equations (10) and (11), we
get:

V)3() = ¥ pElp(WMS( ) = =4V {pE3( ), Sy)}s
= —4{V* pE3(f), W)l = 4{PES(N, Uiy ls.

It follows that

(M) = 4o (VIS S,

which implies that 4p5 = —p;.

We now consider the Lie brackets. Choose an open neighborhood U C X such that
the holomorphic vector bundle A|y — U is trivial. Since the module of smooth sections
of Aly is generated (over C*°(U, R)) by the holomorphic sections, it suffices to show that
the bracket 4[V, Wly; (respectively —4[V, Wl5) is equal to [V, W] (respectively [V, W];), for
any two holomorphic sections V, W € A(U).

According to Proposition 3.8, we have
v, lw) =lww, VYV, WeAU). (12)
By Corollary 2.4, we obtain
Ry, m) = Ry, lw} = 4{R(Ay), Rw)}r.
Therefore, applying ¥* to both sides, we get

Ry w) = 4V {(Rly), Rw)}r = 4RV Ty), R I}y

and, using (11), we obtain

Ly w =4y, Lyt

Hence, it follows that 4[V, Wiy = [V, W].
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We now turn our attention to the Lie bracket [-, -]5. Taking the imaginary part of

equation (12) and applying ¥* to both sides, it follows from Corollary 2.4 that
—4{3(W*y), ST}y = Sy m)-
Hence, using equation (11), we obtain

4l[/jV,jWh = 4{l}Vrl}w}S = l}[v,m'

Therefore,
aljv, jwly = jlv, wi
and
vV, Wl; = j'jV, jwl = -4V, Wls.
This completes the proof. |

Remark 3.11. In particular, given a Lie algebra g over C, its complex dual Hom¢(g, C) is
a holomorphic Poisson manifold. The isomorphism Homg(g, R) LA Homc(g, C) maps the
Lie-Poisson structure on Homg(g, R) corresponding to the Lie algebra bracket v @ w —
i[v, w] (respectively v @ w — —ij[v, wl) on g to the real (respectively imaginary) part of
the holomorphic Poisson structure on Home(g, C). Here, j : g — g is the R-linear operator
representing the scalar multiplication by /—1 € C.

This is an immediate consequence of the relations

ll l/ A l/ l/ l/ N — l/
{ v W}.‘)\ }—L[V,W] { 74 W}\s 7£[V,le

and the following fact: since here, the holomorphic vector bundle A — X is reduced to
the vector space g, all elements V, W of g are automatically holomorphic sections and we
have

[V, Wl; = [V, Wl + [V, jW] — jIV, W] = jIV, W]

since the restriction of the Lie bracket to the holomorphic sections is C-linear. d
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4 Holomorphic Lie Algebroid Cohomology and Holomorphic Poisson Cohomology
4.1 Matched pairs

The notion of matched pairs of Lie algebroids was introduced by Lu in her classification
of Poisson group actions [31], and further studied by Mokri [36] and Mackenzie [32].

Definition 4.1. A matched pair of Lie algebroids is a pair of (complex or real) Lie
algebroids A and B over the same base manifold M, where B is an A-module and A is a
B-module such that the following identities hold:

[a(X),b(Y)] = —a(VyX) + b(VxY), (13)
VxIY, Yol = [Vx¥, ol + [V1, Vx Yol + Vv, x¥1 — Vv, x Y2, (14)
VylX1, X5l = [Vy X1, Xol + [X1, Vy Xl + Vv, v X1 — Vv, v X2, (15)

where X;, X5, X € T'(A) and Y3, ¥», Y € ['(B). Here, a and b are the anchor maps of A and B,

respectively, and V denotes both the representation
A ®r(B)—I(B):(X,Y)— VxY

of A on B and the representation

I'(B)®TI'(4) — I'(4) : (Y, X) = VyX

of B on A. O

Theorem 4.2 ([32, 36]). Given a matched pair (4, B) of Lie algebroids, there is a Lie
algebroid structure AX B on the direct sum vector bundle A @ B, with anchor ¢(X & Y) =
a(X) + b(Y) and bracket

(X1 @ Y1, X2 ® Yol = (X1, Xol + Vi, X2 — Vi, X1) @ (Y, Yol 4 Vi, V2 — Vi, 17). (16)

Conversely, if A® B has a Lie algebroid structure for which A® 0 and 0® B are Lie
subalgebroids, then the representations V defined by

[X®0,00Y]=—-VyX® VxY

endow the pair (4, B) with a matched pair structure. O
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See [32] for more details.

Example 4.3. Let X be a complex manifold. Then, (T°! X, T'°X) is a matched pair, where
the actions are given by

Vyoa X0 = prif[x%1, X1 gnd VX! = proi[x1, x01],

for all X°' € X°1(X) and X'° € X¥''9(X). Hence, T"' XX T'°X and TcX are isomorphic as
complex Lie algebroids.

More generally, given a holomorphic Lie algebroid A, the pair (A%!, A'?) is a
matched pair of Lie algebroids and A% X A'° is isomorphic, as a complex Lie algebroid,
to Ac. O

Let A and B be two (complex or real) Lie algebroids over the same base manifold
M. Assume B is an A-module and A is a B-module, both representations being abusively
denoted by the same symbol V. And define

F(X;Y):= [a(X),b(Y)] + a(VyX) — b(VxY),
S(X; 1, o) := [Vx¥1, Yol + [V1, Vx Y] — Vx[V1, Y2l + Vy, x¥1 — Vy, x Y2,
T(Y; X1, Ya) := [Vy X1, Xol + [X1, Vv Xo] — Vyl X1, Xa] + Vv, v X1 — Vy, v X2,

where a and b are the respective anchor maps of A and B, while X;, X5, X € I'(4) and
Y1,Y,,Y e I'(B).

The following result can be verified directly.

Lemma 4.4. For any (complex or real-valued) function f on M, we have

F(fX;Y) = fF(X;Y) F(X; fY) = fF(X;Y),
S(fX; v, Y) = fS(X; 11, Ya) T(fY; X1, Xo) = fT(Y; X1, X),

and

S(X; f1h,Ys) = fS(X; 11, Ya) + FIX; Vo) (T,
T(Y; fX1,X,) = fTY; X1, X3) — F(X2; V) ) X;.

Moreover, S and T are skew symmetric in their last two arguments. O
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4.2 Cohomology of a matched pair

Proposition 4.5. Let A and B be a pair of Lie algebroids over M with mutual actions V.
The pair (4, B) is a matched pair iff the diagram

a
F(/\kA* ® /\lB*) . F(Ak+1A* ® /\lB*) (17)

F(/\kA* ® /\l+lB*) 3A> F(/\k-HA* ® /\l+lB*)

commutes, where d4 and dp denote the Lie algebroid cohomology differential operators of
A with values in the module A*B* and of B with values in the module A® A*, respectively.
Here, if « € T'(A¥A* @ AlB*), then 3, and 33 are given by

(8A0l)(A0, . ,Ak,Bl, e ,Bl)

k
= Z(_l)l <a(AL)a(AOr ceey ;{\ir ceey Ak/ Bl/ sy Bl)
i=0

! (18)
—Za(AO,...,Ai,...,Ak,Bl,...,VAiB]-,...,Bl))
j=1
+Z(_1)L+]a([ALI A]]l AOI"'IA\I:I"'IA;I"'IAleII"'IBl)
i<j
and
(aBOl)(Al,.. . /Akl BO/~ rBl)
l
= Z(—l)l(b(Bl)a(Al,,Ak,BO,,E,,Bl)
i=0
k (19)
—Za(Al,...,VBL.AJ-,...,Ak,Bo,...,Bi,...,Bl)>
j=1
+ Z(_l)l+]a(Al,- . 'lAkl [BLI B]]I BOI"‘ Ié\il' .. Iﬁ;l' "IBl)'
i<j
O

Proof. = Ifthe pair (4, B)is a matched pair, then the direct sum A @ B is a Lie algebroid
with bracket given by equation (16). And the corresponding Lie algebroid differential

daxg

['(A*(A® B)) =225 T(A*TH(A@ B)Y),
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defined by

n

(dawpa)(Co,...,Cn) = Y (—1)clC:)((Co, ..., Ci,...,Cn))

1=0
+ Z(_l)l+]a([cll Cj]l COI A a:l .. Ile AR Cn)

i<j
satisfies d%, ; = 0. Now, remember that

A A® B)* = @ Ak A* @ ALB*.
k+l=n

It is easy to see that

danp(T(AFA* @ AlBY) C T(AF24* @ AI71B*) @ T(AF A" @ AlBY)
® F(/\kA* ® /\Z+IB*) ) F(/\kilA* ® /\l+2B*).

Moreover, since A and B are Lie subalgebroids of AX B, the stronger relation
dAmBF(/\kA* ® /\lB*) C F(/\k+1A* ® /\lB*) D F(/\kA* ® /\l+lB*)

holds. Composing d 4 p with the natural projections on each of the direct summands, we

get the commutative diagram as

C(AkA* @ ALB*)

3 —1)¥a
/ idAMB K

T'(AF1A* @ ALB*) <—— T((AFF1 A* @ AIB¥) @ (AF A* @ A1 B¥)) —— T'(AFA* @ AT BY),

where d4 and dp are the coboundary operators given by equations (18) and (19). From
d2, =0, it follows that 9% = 0, 32 = 0, and 94 0 dp = dp 0 da.
< Conversely, given the commutative diagram (17), one can define an operator

danxs

['(A*(A® B)*) 25 T(A*TH (A @ B)Y),

whose restriction to T'(A¥A* ® A!B*) is 94+ (—1)%05. Clearly, d3,, =0 and (T(A*(A@®
B)*), dawp) is a differential graded algebra. Hence, it follows that A® B admits a Lie
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algebroid structure with associated differential d 4. 5. Moreover,
dansT(NFA* @ ALB*) C T(A¥1 A" @ ALB*) @ T(A* A* @ A1 B¥).

Therefore, I'(4) and I'(B) are closed under the Lie algebroid bracket on A& B. The sub-
bundles A and B are thus Lie subalgebroids of A @ B. We conclude that the pair (4, B) is
a matched pair of Lie algebroids. [ |

Proposition 4.6. The Lie algebroid cohomology of AX B (with trivial coefficients) is
isomorphic to the total cohomology of the double complex (17). O

Proof. This is an immediate consequence of the following fact, which was already

pointed out in the proof of Proposition 4.5: the restriction of the cohomology operator

danxp

I'A*(A® B)Y) =5 (AT (A® B)Y)

to the subspace I'(A¥A* ® A'B*) of T (A (A @ B)*) is 94 + (—1)%d5. [ ]

4.3 Canonical complex Lie algebroid associated to a holomorphic Lie algebroid

The following standard result is due to Grothendieck, for instance, see [1, 22].

Lemma 4.7. Let E be a complex vector bundle over a complex manifold X. Then, E is
a holomorphic vector bundle if and only if E is a T%! X-module—i.e. there exists a flat

T91 X-connection on E:

[T X) @ T(E) — T(E) : (X, &) — Vxe.
0

Proof. = Let £ denote the sheaf of holomorphic sections of E — X. For all U C X open
and o € £(U), set Vxo =0, VX € I'(T% X|y). Then, V extends to all smooth sections of E
by

Vx(fe) = X(fle + fVxe,

since I'(E|y) is generated by £(U) over C*(U, C). One easily sees that V is a flat T9!X-

connection.
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< Let V denote the representation of T%! X on E. And define the sheaf £ over X
by

E(U) ={o e T(E|y)|Vxo = 0,VX € T(T*' X|y)},
forall U C X open. If o € £(U), then
Vx(fo) = X(flo + fVxo = X(fo,

for all X € I'(T!' X|y). Hence fo € £(U) if f € Ox(U). Thus, £ is a sheaf of Ox-modules.
Since V is flat, given any e € E, there exists a neighborhood U of x and a local section
o € £(U) through e. Hence, there exists a holomorphic vector bundle structure on E with

£ as sheaf of holomorphic sections. |
Now, we can state the main result of this section.

Theorem 4.8. Let A be a holomorphic Lie algebroid over a complex manifold X. Then,
the pair (T9!X, A'?) is naturally a matched pair of complex Lie algebroids. Conversely,
given a complex manifold X and a matched pair (T%!'X, B), where B is a complex Lie
algebroid over X whose anchor takes its values in T!°X, there exists a holomorphic Lie

algebroid A such that B = A'"? as complex Lie algebroids. O

Proof. = Let p denote the anchor map of A. Since A is a holomorphic vector bundle, by

Lemma 4.7, the complex vector bundle A'? is a T*! X-module. This gives a representation
N7 X) @ T(AY) — [(AY0) : (X, n) = Vxn
of T%' X on A!?. On the other hand, the C-linear extension of the anchormap p : A — TX

induces a complex vector bundle map p : A — T'9X, which is a morphism of complex

Lie algebroids. Similar to the situation of Example 4.3, the map
NA) @ r(r°'x) — (T X) : (n, X) = V,X := pr®lpc(n), X] (20)
is automatically a representation of A'? on T%!X.

It remains to prove that the pair (T91 X, A19), with the above two representations,

satisfies the matched pair axioms (13)-(15).
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If n is a holomorphic section of A'?|y, then Vxn =0 for all X € I'(T%' X|y) (by
definition of the T°! X-module structure of A"°) and, since p¢c(n) is a holomorphic section

of T19X over U, we have
pri°[X, pc(nl = 0, VX e D(T' X|p).
Thus,

[X, pc(n] = —pr®*lpcn), X1 + pc(Vxn), (21)

foralln € AM°(U) and X € I'(T%! X). From Lemma 4.4, it follows that equation (21) actually
holds for all smooth sections n of A'C. This relation is nothing but axiom (13) in the
particular case (T*! X, A'9).

If the sections of A'? involved in equation (14) are taken holomorphic, then
equation (14) holds because, in that particular case, all its terms vanish. Therefore, by
Lemma 4.4 and the fact that ALC is generated by A'° as a sheaf of modules over the sheaf
CY of smooth functions, equation (14) is always satisfied.

Finally, it follows from the definition of the A'°-module structure on T%!X and
the Jacobi identity that

VX1, Xol = [V, X1, X2l + [X1,V,X2l, Ve AYO(U), VX1, X, € T(TO' X).

Hence, equation (15) follows from Lemma 4.4.

< Let E — X denote the underlying complex vector bundle, [-, -]p the Lie bracket
on I'(E), and p : E — T'°X the anchor map of the Lie algebroid B. Since B is a T*!X-
module, it follows from Lemma 4.7 that E is a holomorphic vector bundle—a smooth
section n € I'(E|y) being holomorphic iff Vxn =0, VX € ['(T*! X|y).

Moreover, by equation (14), if n;, 1, € I'(E|y) are two holomorphic sections over
an open subset U C X, [n1, n.] is also a holomorphic section of E over U, i.e. the sheaf &
of holomorphic sections of E is a subsheaf of complex Lie subalgebras of the sheaf £,
of smooth sections.

We define a new Lie algebroid structure A on the vector bundle E with the

composition

EL mox 2 ryx
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as anchor map and such that the Lie brackets of A and B agree on the subsheaf £ of £:
lo,7]la=lo,7l5, Vo,t € E(U).

Here, i means real part.

Equation (13) implies that
vV, Y = [pcn), Y1, Vn € E(U), VY € (T X|y).

Thus, pr!®[pc(n), X1 = 0. By Example 4.3, pc(n) is thus a holomorphic section of T'°X|y if
1 is a holomorphic section of E|y. Hence, p : E — T*' X and R o p : E — TX are holomor-
phic bundle maps.

Note that

feOxlU) & dfiX)=2dfRX), VX e I(T'°X).

Therefore, the Lie bracket on A satisfies the Leibniz rule. Indeed, for all o, t € £(U) and
f € Ox(U), we have

lo, frla=lo, frlg = dflplo)r + flo,tlg = df2R o plo))r + flo, tla.

Clearly, A is a holomorphic Lie algebroid over X with the same underlying com-
plex vector bundle E and with £ as its sheaf of holomorphic sections. By construction,
A0 and B are isomorphic complex Lie algebroids. [ ]

Thus, given a holomorphic Lie algebroid A — X, we obtain two complex Lie
algebroids: Ac and T%!X X A0, The following proposition follows easily from the con-

struction of T%!1 XX A0,

Proposition 4.9. Assume that (A — X, p,[-,-]) is a holomorphic Lie algebroid. Then,
Ac — T¥' XX A a > (pclpr® (a)), pr'(a))

is a homomorphism of complex Lie algebroids. d
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4.4 Lie algebroid cohomology

We use the following definition of Lie algebroid cohomology due to Evens—-Lu-Weinstein
[15].

Definition 4.10. Given a holomorphic Lie algebroid A — X, let Q’jl be the sheaf of holo-
morphic sections of AKA* - X (k =1,2,...) and QY% = Ox. We have the following complex

of sheaves over X:

d d d d d
Q: QB el A T4 ok TA kel T4

where

k
(dad)(Vo, ..., Vi) = Y (=D p(WalVo, ..., V..., Vi)

1=0
+ > (=1l Vi, Vo, Vi VL Vi)

i<j

forall o € QZ(U), Vo,..., Vkx € A(U), and any open subset U of X.
The holomorphic Lie algebroid cohomology of A (with trivial coefficients) is de-

fined to be the cohomology of the complex of sheaves Q¢:

H*(A,C) := H*(X, Q3).
O

The following result gives us an important way of computing holomorphic Lie
algebroid cohomology using smooth cohomology, i.e. Lie algebroid cohomology of com-
plex Lie algebroids. In a certain sense, this is a generalization of Dolbeault’s theorem to

Lie algebroids.
Theorem 4.11. Let A — X be a holomorphic Lie algebroid. Then
H*(A,C) = HYT"' XX A, 0),
where the right-hand side stands for the complex Lie algebroid cohomology of

TO1 X A0 (see Proposition 4.6), which can be interpreted as a generalization of the

Dolbeault cohomology. O



32 C. Laurent-Gengoux et al.

Proof. By Q% ®cx ALY, we denote the sheaf of sections of the complex vector bun-
dle (T°*X)* @ AlA'® — X. By the holomorphic Poincaré lemma, we have the following

resolution of complex of sheaves:

(22)
da d;’o dl'o
0—— Q% — Q%O Qcy AP QO ! ®cy A20 T
da dl'o d;’o
00— Q4 — QY ®cp AL —> Q% @cp AL
da dy° dy°
OHQO QOO@CX AOO QOl@CX A003
The conclusion thus follows immediately from Theorem 4.8. |

Example 4.12. As in Example 4.3, consider a complex manifold X. Let A= TX be its
holomorphic tangent bundle considered as a holomorphic Lie algebroid. In this partic-
ular case, H*(A, C) is the holomorphic de Rham cohomology, while H*(T%' XX A, C) is
the C-valued smooth de Rham cohomology since T®' XX A0 = TOl XX T1OX = T- X as

complex Lie algebroids. It is well known that they are isomorphic. O

Indeed, the complex Lie algebroid T9! XX A!? is an elliptic Lie algebroid in the
sense of Block. Recall that a complex Lie algebroid (A — X, [, -], p) is said to be elliptic
[1]if the map N o p : A — T X is surjective. For an elliptic Lie algebroid, the Lie algebroid
cohomology cochain complex is an elliptic complex [1]. Hence, the cohomology groups are
finite dimensional if the base manifold is compact. This can also be easily seen directly
from our definition of holomorphic Lie algebroid cohomology in terms of a complex of
sheaves.

Denote by H*(Ag,C) the Lie algebroid cohomology of the underlying real Lie
algebroid Ag with trivial complex coefficients. The following result is an immediate

consequence of Theorem 4.11 and Proposition 4.9.

Proposition 4.13. Let A be a holomorphic Lie algebroid with underlying real Lie alge-
broid Ag. Then, there is a natural morphism

H*(A,C) — H*(Ag, C).
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Remark 4.14. In [44], Weinstein asked the question how to integrate a complex Lie
algebroid. For the complex Lie algebroid T%!'X A arising from a matched pair,
our discussion above suggests that the holomorphic Lie groupoid integrating the
holomorphic Lie algebroid A might be a candidate. It will be interesting to explore
further if Theorem 4.8 would have any applications in solving Weinstein's integration
problem.

O

4.5 Cohomology with general coefficients

Definition 4.15. Given a holomorphic Lie algebroid A — X, an A-module is a holomor-

phic vector bundle E — X together with a morphism of sheaves (of C-modules)
ARE - E: Vs Vys
such that, for any open subset U C X, the relations

Vst = fVVS,

Viv(fs) = (p(V) s+ fVys,
VyVws — Vi Vys = V[V'mS,

are satisfied Vf € Ox(U), VV, W € A(U), and Vs € E(U). O

Lemma 4.16. Let A — X be a holomorphic Lie algebroid and E — X a complex vector
bundle. Then, E — X is an A-module if and only if E — X is a module over the complex
Lie algebroid T%'xx A0, O

Proof. = Firstly, note that, since E — X is a holomorphic vector bundle with sheaf of

holomorphic sections &, by Lemma 4.7, E is a T%! X-module whose representation map
M(T*'X) ® T(E) — ['(E) : (X,s) — Vo's
is entirely characterized by the condition
EU) = {o e T(E|y)|VY'o =0, ¥X € T(T"' X|y)},

for all open subsets U € X.



34 C. Laurent-Gengoux et al.

On the other hand, E is a module over the holomorphic Lie algebroid (A —

X, [, -1, p) with representation map

ARE — £ :(a,s) — Vs,
where A and £ are the Ox-sheaves of holomorphic sections of A and E, respectively.
Since A and &, are generated by A and £ as sheaves of C3’-modules, one can define a
representation

I'(A"YY)@T'(E) > I'(E) : (a,s) — V, s

of the complex Lie algebroid (A!?,[-,-]'?, p!9) on E, which is entirely determined by the

requirement that, for all open subsets U of X, one has
Vi o= Voo

(1—ij)

for all « € A(U) and o € E(U).

The equation
Vixa)s = Vo's + V10
defines a connection of the complex Lie algebroid T%!' XX A!? (associated to the holo-

morphic Lie algebroid A as in Theorem 4.8) on E. To check that this covariant derivative

is flat, it suffices to prove that

Vix,0 V0,05 — V.0 Vix,05 = Vix,0),0,a1S

for all X e I'(T*'X), a € I'(A!?) and s € I'(E). However, the curvature being a tensor, it

actually suffices to check that, for any open subset U of X, one has

Vix,0Vio,0-ijj0)0 = Vio,0-ijle) Vix,00 = Vix,0),0,0-i)la)0 (23)

for all X e I'(T*' X|y), « € A(U), and o € £(U). By definition of the Lie algebroid structure
of TO1 X AlO,

[(X,0),(0,(1 —ij)a)] = (-V,X,0)
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since « is holomorphic. Hence, equation (23) becomes
V' Vao = Vo Vylo = VO yo,
which is obviously true since each term in the equation above vanishes—indeed, the
second argument of each V%! is a holomorphic section of E.
< Let V denote the representation of T%! XX A!? on E.
Since T%! X is a Lie subalgebroid of T%! XX A!?, E is a T%! X-module, and thus, by

Lemma 4.7, E — X is a holomorphic vector bundle whose sheaf of holomorphic sections

£ is characterized by
EWU) ={o e T(E[p)|Vixoo =0, VX € T(T*' X|y)}. (24)
Moreover, the curvature of V being zero, we have
Vix,0V0,0-ij)) — Vio,1-ijl) Vix,00 = Vi(x,0),0,01-ij)la))C s (25)

for any open subset U of X and all X € T'(T%' X|y), « € A(U), and o € £(U). Note that, since

« is holomorphic,
[(X,0),(0, (1 = ij)e)] € D(T"' X]y). (26)
Making use of equations (24) and (26), equation (25) becomes
Vix,0 (Vio,a-ijwo) =0,

for any open subset U of X and all X € I'(T*' X|y), « € A(U), and o € £(U). In other words,
the map

AU) x EU) — £E0) : (a,0) — Vio,(1-ij)la)T

does indeed take its values in £. Therefore, this restriction of V endows the holomorphic
vector bundle E — X with a structure of module over the holomorphic Lie algebroid A.
|



36 C. Laurent-Gengoux et al.

Definition 4.17. Given a holomorphic Lie algebroid A — X and an A-module (E — X, V),

we have the complex of sheaves over X

0 di o1 dy di o~k di k41 dy
QYRE: ARESDHQRES - S QAeESQATTES -,
where
k

(dXe) Vo, ..., Vi) = Y (—=1)'Vyla(Vo,..., V..., Vi)

1=0
+ > 0l Vi Vo, i L V),

i<j

for any open subset U of X and all « € (2K ® £)(U) and T, ..., % € A(U).
The holomorphic Lie algebroid cohomology of A (with coefficients in the A-
module E) is defined to be the cohomology of the complex of sheaves Q% ® &:

H*(A,E) = H*(X, Q% ® £).
m

Lemma 4.18. Let A — X be a holomorphic Lie algebroid and E — X an A-module. If X

is compact, then H*(A, E) is finite dimensional for all k. O

The following theorem can be proved in a similar fashion as in Theorem 4.11.

Theorem 4.19. Let A— X be a holomorphic Lie algebroid and E — X an A-module.
Then,

H*(A E) = H*(T"' X A, E).
O

Given a holomorphic Lie algebroid A — X and an A-module E — X, it is simple
to see that E — X naturally becomes an Az-module. The following is a straightforward

generalization of Proposition 4.13.

Proposition 4.20. Let A be a holomorphic Lie algebroid with underlying real Lie alge-

broid Ag, and E — X an A-module. Then, there is a natural homomorphism

H*(A, E) - H*(Ag, E).
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4.6 Application to holomorphic Poisson manifolds

Now, consider the cotangent bundle Lie algebroid (T*X), associated to a holomorphic
Poisson structure (X, 7). Since (T*X), is a holomorphic Lie algebroid, according to Theo-
rem 4.8, (T X, (T'9X)*) is a matched pair. On the other hand, according to Theorem 2.7,
to any holomorphic Poisson manifold corresponds a natural generalized complex struc-
ture. The following theorem indicates the relation between this generalized complex
structure and the complex Lie algebroid T%! X X (T1°X)%.

Theorem 4.21. If (X, ) is a holomorphic Poisson manifold, then the complex Lie alge-
broid T%! X X (T1°X)* is isomorphic to the Dirac structure Ls,, the —i-eigenbundle of the

J  an
Jan =
0 —Jr

as in Theorem 2.7. O

generalized complex structure

We need a few lemmas.

Lemma 4.22.

Lyz = {(X° + 7710, 610)1610 € Q10(X), X0 € X0} (X)), (27)

Proof. Itis clear that
J4ﬂ(XO,1!O) = (JXO,IIO) = _i(XO,IIO)~

On the other hand, since n? = Lzt — 7%, it follows that

1
2i
1210 _ 1 10y _ i _££1,0
niE? = L (wPE0) = —Laigl 0,
Since nlt;:.]on?,we have

Jont=Joh+in)) = —nf +ink =ilnh+in}) = in".
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It thus follows that
J4n(nﬁgl,0’$1,0) — (Jnligl,o _}_47.[?%.1,0, _J*&-I,O) — (_inugl,o, —i%’l’o) — _i(n:gl,OISI,O)'

Hence, (X! 4+ 7%£10,£10) is an eigenvector of J,, with eigenvalue —i. The conclusion thus

follows from dimension counting. |

By abuse of notations, V denotes both the T%! X-representation on (T'°X)* and
the (T'9X)* -representation on T%!X.

Lemma 4.23. For any X*! € ¥%1(X) and £10 € Q19(X), we have

VXO,lfl'O = LXD,lél'O. (28)

Proof. For any Y e X1°(X), we have

(Vxo1£10, Y1) = X010, Y1) — (610, Vyou Y1)
= XOHEM0, Oy — (10, priOIx01, y10))
= XOUEW0, v10) — (g1, X, v10)
= (Lxng'?, Y0,

Hence, Vxo1£10 = L 50110, [ |

Lemma 4.24. For any X! € X%!(X) and £'° € Q!0(X), we have

TV gor €10 = priO[riEl0, x01]. (29)
O

Proof. Note that if ¥'° € X1°(X) is a holomorphic vector field, then pr'°[Xx%!, ¥'9] = 0.

Hence, it follows that Ly € I'(T%' X A T10X), for 7 € ¥2%(X) is a holomorphic bivector

field. Therefore, (L xo17)*610 € X%1(X), that is, pri®(L xoa7)*¢1? = 0. Now, since

¥ (Lxoa§"0) = Lyxos (1°610) = (Lyoamr '€,
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applying pr'® on both sides, we obtain
iTn(LXU,lsl'O) — prl,O[XO,l , ﬂﬁél'ol
and, using equation (28), we have

ﬂj(VXO,IEI'O) — prl'O[XO'l, Nﬁfl'o].

Proof of Theorem 4.21. First, recall that the Lie bracket on I'(L4,) is the restriction of

the Courant bracket
[X+& Y+n] =X, Y]+ Lxn— Lyé + 3dEY —nX)

of (TX e T*X) [17, 41].

Consider the map
¢ TOTXN(TOX)E — Lay o (X0, 610) > (X071 + 7%10,£10),

which is an isomorphism of vector bundles. It is clear that ¢ interchanges the anchor

maps. One immediately sees that

[H(XO1), p(¥O1)] = $IXO1, YO VX0, Y10 € X10(X)
[¢(%-1,0)I¢(n1,0)] — ¢[%-1,0,n1,0] Vé‘l'o, 771'0 c QI'O(X),

Now, for any X°! € ¥%1(X) and £10 € Q19(X),

[p(X°1), p(£10)]
= [XO, wPE10 4 £1.0] (by definition of ¢)
= [XO1, 7PE10] 4 L 301610 (by definition of [-,-])
= [XO1, gPELO] 4 Vo, ELO (by equation (28))
= priO[ X0, 7210 4 prO [ X0, wPE10] 4 V401810  (since TcX = T'°X @ TO'X)
= priO[X0, 72E10] — V10 X0 4 Vo110 (by equation (20)).
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On the other hand,
PIXO, V0 = ¢ = Vero X! 4 Vixo1'0) = —Vero X0 + 17 V01 610 4 Vo £1°.
From equation (29), it thus follows that
[p(X%1), pl&"O)] = [x*F, £1].

Hence, ¢ is indeed a Lie algebroid isomorphism. |

4.7 Holomorphic Poisson cohomology

We define the Poisson cohomology of a holomorphic Poisson manifold (X, ) to be
the cohomology of the holomorphic Lie algebroid (T*X),. Consider the matched pair
(T91x, (TI'OX),*,) associated to a holomorphic Poisson manifold (X, ). With Proposition 4.5
in mind, we set A= T%'X and B = (T'°X)*. Then,

T(AFA* ® ALB*) =~ QY% (X) ®cx(x,0) X0(X) =~ QO (X, THOX)

and the commutative diagram of Proposition 4.5 becomes

QO,k(X’ Tl'OX) $ Qo,k+l (X, Tl,OX) (30)

Qo'k(X Tl+1,0x) - QO,k-‘rl(X Tl+1'0X)
' PR ’ .

The next proposition describes the coboundary operators d, and dp in this

context.

Proposition 4.25. Let (T%'X, (T'°X)*) be the matched pair associated to a holomorphic
Poisson manifold (X, ). Then,

(a) 94:Q0kX, TH0X) — QOk+1(X, TM0X) is the d-operator associated to the holo-
morphic vector bundle T*°X;
(b) 95 : QUF(X, THOX) — QOK(X, T"19X) is the operator d, defined by the relation
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where V1, ..., Y, are arbitrary elements of ¥01(X)and o« [, V1 A -+ A Vi] de-
notes the element in ¥!*1°(X), obtained by contracting « with the (k + 1)-
vector field [, V1 A - A Vil

Alternatively, if w € Q°%(X) and P € ¥'°(X), then

n
dr:(@®P) =07, Pl+ ) (iredow) ® (e A P), (32)

i—1
where (ey, ..., e,) is abasis of T!°X and (€', ..., €") is the dual basis of (T} °X)*.
O

Proof. (a) This is straightforward. (b) Since equation (31) follows easily from equa-
tion (32), we will only prove equation (32).

Forany A4, ..., A € X% (X) and By, ..., B; € Q!"°(X), according to equation (19), we
have

1
(0p(w ® P)(A, ..., A, Bo, ..., B) =T - wlAy,..., A)+ Y (~1)'S;- P(Bo, ..., Bi,..., B).
=0

Here,

l
T =Y (-1)/7"(B})P(By,...,Bj,..., B)
Jj=0

1
+ > (-=1)*EP(Bj,B), Bo,...,Bj,...,Bj,..., B)
J1,J2=0

and, fori =1,...,1,

k
S =t B)wlAr, ..., &) =) oA, ..., VA, ..., A
j=1

It is clear that

T = [r, Pl(By, ..., B)). (33)
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According to equation (20), we have Vp A; = pro'llnﬁBi,Aj]. Since w is a (0, k)-form, it
follows that
([7*B;, Ajl — pr®'[n*B;, A) o = 0.
As a consequence, we have

a)(Al,...,VBiAJ',...,Ak) = a)(Al,...,[ﬂ:Bi,Aj],...,Ak).

Therefore,

Si = (B)w(Ay, ..., A = Y _wlAy,... [7"Bi, Ajl,..., A
j=1
= (Lrz)®) (A1 ..., Ax)

= (iﬂ:(Bi)da))(All ceey Ak)l
where the last equality uses the relation i,:3,w = 0. Hence, it follows that
l .
Y (-1)'S;- P(By,..., Bi..., B)
i=0

(_l)l(lﬂﬁ(Bl)da))(Alr s Ak)P(BOI cee ﬁil sy Bl)

I
-
- MN
o

n
(=1 Bie))(irziendw) (A, ..., A) P(Bo, ..., By, ..., B)
i=0 j=1
n

= Y (iz«endo)(4y,..., A (ej A P)(By, ..., B).

j=1
This concludes the proof of the proposition. |
As an immediate consequence, we have the following corollary.

Corollary 4.26. Let (X, ) be a holomorphic Poisson manifold. The following cohomolo-

gies are all isomorphic:

(a) the holomorphic Poisson cohomology of (X, );

(b) the complex Lie algebroid cohomology of L,,;
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(c) the total cohomology of the double complex

(34)

d. dx dx
Q00(x, T20X) _9, QO1(X, T20X) _9. Q02(X, T20X) ...
d dx dx
Q00(x, T1OX) _9, QO1(x, T1OX) _9. Q02(x, Tl'OX)QH .

d, dx dx

QO’O(X, TO’OX) d > QO’I(X, TO’OX) d > QO,2(X, TO’OX){) > ...
Here, d, is the differential operator defined by equation (31) or equation (32). O

Remark 4.27. When X is a Stein manifold (for instance, X = C"), one easily sees that our
Poisson cohomology groups are isomorphic to the ones defined by Lichnérowicz’s cochain
complex of holomorphic mutivector fields, as in the smooth case (see, for instance, [38]).

We also note that our holomorphic Poisson cohomology groups are always finite

dimensional if the manifold is compact. O
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