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Abstract

A simplified crystallization model is developed with emphasis on situations
of disparate specific volumes of the solid and liquid phases. Using the gen-
eral equation for the nonequilibrium reversible—irreversible coupling (GE-
NERIC), the model is formulated in terms of the average momentum den-
sity, the degree of crystallinity, a single temperature, and a single pressure,
where in particular the latter two are appealing for comparison with experi-
ments. In order to describe the volume expansion upon crystallization, a dis-
sipative mass current density is introduced, for which a constitutive relation is
derived. One finds that by way of the Onsager—Casimir symmetry, the intro-
duction of this irreversible current also leads to a modification of the driving
force for phase change. Rather than depending only on the local chemical po-
tential difference, it also contains a non-local term, namely the Laplacian of
the ratio of pressure p to temperature 7', multiplied by the square of a screen-
ing length. The model is studied for the specific case of aluminum, for which
a perturbation analysis is performed. The results show that the type and rate
of relaxation of a perturbation depend strongly on its wavelength and on the
screening length.

1. Introduction

A general framework for modeling two-phase systems in inhomogeneous
situations has been developed in the past, as described in the books by Ishii
[1], Nigmatulin [2], and Drew and Passman [3]. In connection to phase
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transitions, such models have been used to model alloy solidification [4—6],
and also to express the driving force for phase change in terms of the thermo-
dynamic state of the two phases [7, 8]. Here, we discuss the specific situation
where the solid and liquid mass densities are different, which amounts to a
contraction or expansion of the material due to progressing phase transfor-
mation. Let p, := M,/V and p, := M;/V denote the extrinsic mass density
of the solid and the liquid phase, respectively, i.e., the respective mass divided
by the sum of solid and liquid volume, V. The transfer of a certain amount of
mass from the liquid to the solid phase due to phase transformation, AM, re-
sults in a change of the extrinsic mass densities,

AM AV
Ap,=— — p,— 1
pb V pé V7 ()
AM AV
Ap = ——— — p—. 2
L1 v Pi v (2)

In these equations, the first terms on the right side express the transfer contri-
butions at constant volume. Note that these terms are local in nature, i.e., the
solid and liquid contributions cancel locally. The second terms on the right
side of the above equations express the expansion of the material. In other
words, they describe a flow of matter through the walls of a fixed volume
element, and thus we expect that each of these terms is expressed as the diver-
gence of a current density in a continuum description. The corresponding
contributions of the solid and liquid phases do not cancel each other locally,
rather they vanish only after spatial integration. Furthermore, the first and
second terms on the right-hand side should arise only simultaneously, unless
the specific volumes of the two phases are identical, in which case the terms
proportional to AV are absent.

The overall expansion of the volume element can be described in two funda-
mentally different ways. On the one hand, the volume expansion can be seen
as emerging exclusively from a secondary effect: An inhomogeneous rate of
phase transformation results in an inhomogeneous pressure modification,
which in turn generates an additional contribution to the velocity field by
virtue of the momentum balance. On the other hand, this effect can be ac-
companied by the occurrence of a mass density current that arises simultane-
ously (rather than as a secondary effect only) with the local phase change
contributions, i.e., that this additional current is proportional to the rate of
phase transformation. In contrast to current literature, we elaborate on this
idea and show the consequences of implementing the phase change-induced
dissipative current in a nonequilibrium thermodynamics formalism. While
doing so, special attention is also paid to formulating the model in terms
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Volume change during crystallization 75

of variables that are closely related to experiment, namely temperature and
pressure.

The manuscript is organized as follows. After a brief introduction to the non-
equilibrium thermodynamics technique in Section 2, the model is developed
in Section 3 and then applied to the crystallization of aluminum in Section
4. The manuscript concludes with a discussion in Section 5.

2. GENERIC formalism

A general equation for the nonequilibrium reversible—irreversible coupl-
ing (GENERIC) has been developed for describing nonequilibrium systems
[9-11]. It deals with isolated systems, i.e., the total energy is conserved and
entropy production is non-negative. The set of independent variables that de-
scribe the physics of interest in sufficient detail shall be denoted here by x,
which may have discrete as well as continuous indices. The time evolution of
these variables x is then written in the form

dx OE oS
E:L(X)'gﬂLM(X)'&, (3)

where the two generators £ and S are the total energy and entropy func-
tionals, respectively, in terms of the state variables x; L and M are certain
matrices (operators), and - denotes the appropriate inner product. The matrix
multiplications imply not only summations over discrete indices but also inte-
gration over continuous variables, and J/0x typically implies functional
rather than partial derivatives (for more details, see [9—11]). The GENERIC
structure also imposes certain conditions on the building blocks in Eq. (3).
First, Eq. (3) is supplemented by the degeneracy requirements

L(x)- 22 =0, @
M(x) Z—f =0. (5)

The requirement that the (functional) derivative of the entropy lies in the null
space of L represents the reversible nature of L. On the other hand, the re-
quirement that the functional derivative of the energy lies in the null space
of M manifests that the total energy is not altered by the M contribution to
the dynamics. In addition to these degeneracy requirements, L must be anti-
symmetric and fulfill the Jacobi identity, whereas M needs to be positive
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semi-definite and Onsager—Casimir symmetric. As a result of all these condi-
tions, one may easily show that the GENERIC Eq. (3) implies both the con-
servation of total energy as well as a nonnegative entropy production. The
two contributions to the time evolution of x generated by the total energy £
and the entropy S in Eq. (3) are called the reversible and irreversible contri-
butions, respectively.

3. Model formulation

3.1. Choice of variables

The choice of variables is a crucial step in formulating a model. On the one
hand, the set of variables must be sufficient to describe the system and the
physics on the level of interest and to the desired detail, and the variables
should all be independent of each other. On the other hand, practical applica-
bility of the model sets severe constraints, too. The richness of a detailed
model is often lost when switching from formulating the equations to the
actual applications, because the number of unknowns is prohibitively large,
constitutive equations are missing, or the formulation of boundary conditions
is cumbersome.

In order to describe the two-phase system here, the variables consist of the
total momentum density u, a single temperature 7', a single pressure p, and
the volume fraction, i.e., the degree of crystallinity ¢, so one has

x=A{u,T,p,¢}. (6)

The choice of temperature and pressure is in clear contrast to common prac-
tice in non-equilibrium thermodynamics modeling where density variables
(mass density and energy or entropy density) are usually used, for which con-
servation laws can be formulated in a direct manner. The advantages of
choosing T and p include a more direct implementation of boundary condi-
tions in contrast to the boundary conditions for, e.g., energy densities. Fur-
thermore, the temperature and pressure are connected directly to the param-
eters under experimental control, and correspond to the preferred use of the
free enthalpy in equilibrium thermodynamics in many applications. However,
by using only a single temperature and pressure variable, we implicitly as-
sume that we model the system on time scales on which both quantities are
locally equilibrated between the two phases. The choice of a single momen-
tum density (or velocity field) is justified by either neglecting external forces
or by assuming infinitely high interfacial friction between the two phases [1].
The set of variables x gives a simplified, but also more tractable, description
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Volume change during crystallization 77

than other two-phase modeling approaches that use two mass densities, two
velocity fields, and two internal energy densities (see, e.g., [1-3, 8, 12]). It will
become clear below that much of the important physics is captured with the
limited set of variables chosen here. It should be mentioned for completeness
that turbulent and fluctuating contributions are neglected altogether [1].

The generating functionals for the dynamics in the GENERIC are the total
energy E and the entropy S. Here, we assume that the internal energy density
e and the entropy density s of the total system consist additively of the
corresponding single phase contributions, weighted by the respective volume
fraction,

E= J B—; + e] d’r, S= Jsd3r, (7)
with

p=p.T,¢)=¢p(p.T)+ (1 —¢)p(p, T) = ps+py, (8)

e=e(p,T,9) = gei(p,T)+ (1 =Pep,T) = es+ e, ©)

s=5(p,T,9) = 95(p, T) + (1 = 9)3i(p, T) = 55+ 51. (10)

The quantities p; (i = s,/) denote the intrinsic mass densities of phase i with
respect to the unit volume of phase i. On the other hand, the extrinsic mass
densities are defined as p, := ¢p, and p, := (1 — ¢)p,, respectively. The no-
menclature for the energy densities (¢) and entropy densities (s) is exactly
analogous. The functional derivatives of the energy and entropy in Eq. (7)
are given by

v 0
,2
SE | —zprter| 58 |sy
x| =2, + 5x ) (11)
2PpTECp X S,p
2 s
—7,0’¢+€’¢ N

where the velocity v is defined as u/p. Partial derivatives are represented by a
subscript comma followed by the differentiation variable, i.e., p y = dp/0T,
while it is tacitly assumed that all other variables specified in x are held
constant.

In equilibrium systems, the thermodynamic potential appropriate for the vari-
ables temperature and pressure is the free enthalpy. In that respect, it is im-
portant to draw attention to the fact that the full thermodynamic information
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is contained in the GENERIC treatment given here using 7" and p, although
the generating functionals consist only of the energy and the entropy. The ap-
parent gap to the free enthalpy is closed by the pressure variable itself, by
which the remaining thermodynamic information is added and the full infor-
mation is hence contained.

3.2. Reversible dynamics

In order to determine the reversible dynamics, we now construct the operator
L. It has been discussed and illustrated [10, 11] that this operator is closely
related to the generator of space transformations on the field variables. In
order to simplify the discussion, we first consider the following ansatz for the
dynamic equations themselves. In addition to the usual momentum density
balance, the equations of the temperature, pressure, and volume fraction can
be written in the general form

0T = —v-VT —QzV -v, (12)
op=—-v-Vp—Q,V-v, (13)
Oip = —v -V — Q4V -v. (14)

The first term on the right-hand side of these equations represents the trans-
port with the flow field. The second term proportional to Qr, Q,, and Q, re-
spectively, expresses the fact that in general these three variables are neither
scalars nor scalar densities, and hence the volumetric terms are not yet deter-
mined. Inspection of the energy gradient in Eq. (11) leads to the following
proposition for the reversible operator:

—(Vu+uV)"  +|VT|-VQr +|Vp|] -VQ, +|Vé]—VQ,

| —VT] - Qv 0 0 0
| |Vl -V 0 0 0 ’
—|V$] — QuV 0 0 0

(15)

with (...)" denoting the transpose with respect to the discrete vector indices.
The brackets |...| indicate that the action of the derivative operator is
restricted to within the brackets, while all other derivative operators act
on everything to their right, also on the functions multiplied to the right of
the operator L. The degeneracy requirement for the entropy (4) and conserva-
tion of total mass then become (up to additive constants, which we set to
Zero)
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[Qrs, 7+ Qps p +Qys 4] =5, (16)

[Qrp 7+ Qpp , + Qyp 4] = p- (17)

Note that this Poisson operator is anti-symmetric by construction and satis-
fies the Jacobi identity [13].

While the two constraints (16) and (17) are necessary consequences of the
degeneracy requirement (4), they do not determine the three functions
(Qr,9Q,,Q,4) uniquely. In order to do so, a third condition is necessary. Since
the discussion in this manuscript targets the various effects on the mass bal-
ance equations for the solid and liquid phases, we aim at having the balance
equations for the two mass densities p, and p; in the usual form. It can be
shown that this is achieved if the condition

[QTps,T + Qpps,p + Q¢ps,¢] = Ps (18)

holds in addition to Egs. (16) and (17).

3.3. Irreversible dynamics: Phase change

3.3.1. Inclusion of volume change effects The irreversible matrix represent-
ing the isochore phase change contributions, i.e., the first terms on the right-
hand side of Egs. (1) and (2), has been discussed already previously [7], but
for a completely different set of variables. According to [7], the corresponding
irreversible matrix, first, does not contain any spatial derivatives, and second,
it does not alter the balance equation for the momentum density. Third, the
matrix must have rank one because it represents only one single phenome-
non, namely the change in the overall degree of crystallinity ¢. We mention
that a separation of nucleation and growth would require the introduction of
additional morphological variables (see e.g. [7]). However, such an extension
does not alter the discussion on the crystallization-induced volume expansion
that we discuss here, and hence such a possible extension is not considered in
the following. The symmetric and positive semi-definite matrix is then of the
form [7]

NS

Mpciso =a® Da’  witha = , (19)

—_ S

with a rate coefficient D > 0. The functions 7 and p represent the change
in temperature and pressure, respectively, proportional to the isochore
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80 M. Hiitter
change in the volume fraction due to phase change,

¢1p07i50 = Da’ .55 /ox.
In other words, one can show by calculating

My iso - 0S/0x  that T‘pc,iso = Tﬂpc,iso and Py o = ﬁqﬁ"pc,iso'

Requiring M, iso to be independent of the velocity v together with the degen-
eracy requirement (5) and the energy functional (7) leads to the conditions

Tpr+pp,+p,s=0, (20)
T€7T+]3€7p+€7¢:0. (21)

Note that Eq. (20) respects the conservation of total mass .# := [ pd°r, i.e.,
one has

Mpc,iso . (5%/5X =0.

The restriction to formulate the phase change contribution in purely local
terms is unnecessary. In the following, we study the effect of implementing
non-local contributions, guided by the discussion given in the Introduction.
For the contribution representing volume change (second terms on the right-
hand side of Egs. (1) and (2)), we first derive a diffusive current j,. in the total
mass balance equation due to phase change, which is proportional to the
total mass density p as suggested by Egs. (1) and (2), j,. = p¥pc. The balance
equation for the total mass density thus has an irreversible contribution of the
form

=V jpe = —(Vp) - Vpe — PV Vpe. (22)

With the aid of p(T, p, ¢), Eq. (22) will be represented by contributions of the
form v, - V and (V- v,) in the equations for the temperature, pressure and
volume fraction, respectively.

For including the effect of the dissipative current j,,. into the dynamic equa-
tions by means of a modification of the dissipative matrix (19), we use the
following criteria. The dissipative current j,. must come into existence simul-
taneously with the isochore phase change contribution, as discussed in the In-
troduction. Therefore, rather than introducing an additive term to the entire
matrix M, we add the non-isochore terms into the vector a in Eq. (19). In so
doing, the matrix that mimics the isochore and the non-isochore terms simul-
taneously still has rank one by construction, in agreement with originating
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Volume change during crystallization 81

from the same single phenomenon, namely crystallization. Then, in order to
represent the effect of v,. appropriately as discussed after Eq. (22), we add
terms of the form —(|VT| + QrV), —(|Vp] + Q,V), and —(|V¢]| + Q,V), to
the temperature, pressure and volume fraction components of the vector a,
respectively, with the condition

Qrp 7 +Qup, +Qup 4 = p. (23)

If these terms added to the components of a are multiplied by vp. from the
right, the contributions in Eq. (22) are recovered by virtue of the chain rule
and Eq. (23). In analogy to the functions (Qr,Q,, Q) in Egs. (12)—(14), the
functions (Qr,Q,,Q,) are needed to take into account possible effects in the
dynamic equations for (7', p, ¢) due to V - v, # 0. Above, |...] again denotes
action of the derivative operator exclusively inside of the brackets.

In order for the rank of M. to be equal to one, the vector-type additions
to the components of a, e.g., —(|VT]| + QzV), cannot be contracted with
another vector on the other side of the ® multiplication sign in Eq. (19), and
therefore they are contracted with a vector b within a itself, so that a in Eq.
(19) takes the form

T —([VT|+QzV)-b
p—(LVp] +Q,V) b
1—(|Ve] +QuV)-b

(24)

The star in the u component indicates an undetermined element. By inspec-
tion of the form of M. in Eq. (19), we can already anticipate that the phase
change-induced velocity will be given by the expression v, = bD(a” - 6S/dx).
To determine the vector b, we note that the only vectors in the present formu-
lation are v and V. Choosing b proportional to v would mean that the driving
force for phase change, a’ - 5S/0x, depends on odd powers of the velocity
field, which is clearly not desirable. Therefore, we choose b = 4;V4,, where
the functions 4; and A, in general depend on space coordinates. The same
vector b (i.e., the same functions 4; and 4,) is taken in all components of a,
because all three variables (7', p, ¢) in combination give rise to the diffusive
fluxes in the mass density we are looking for. Since a now contains spatial
derivatives, it is essential to note that a’ denotes the adjoint operator of a,
rather than simply its vector-transpose, in contrast to the notation used in
Eq. (15).

In summary, we find that the modification of the irreversible matrix is of the
form
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—ViU;L] V,'}Q —/ALQV]'/I] llV
M, — I —(|VT] + QrV) - Vi T+ Vi - (|VT| - vQr)
p—([Vp] +Q,V) - L1V P+ 2V ([ Vp] — VQ,)
1 - (I_V¢J + §_2¢V) MV 1+ AL,Vi- <|_V¢J vVQ )

(25)

The u component has been added in order to enable the satisfaction of the
degeneracy requirement (5), which turns into Eq. (23) and

S_lTe,T + S_Zpe_’p + K_l(/)e,(/) = e. (26)

These degeneracy requirements also ensure the conservation of the total
mass. The fact that the degeneracy requirement (5) for a matrix of rank one
splits into two conditions, Egs. (23) and (26), originates from the aim to keep
the functions (Qr,Q,,Q,) independent of the velocity field v. It is note-
worthy that the constraints (23), (26) for the functions (Qr, Q,, Q,) are differ-
ent from the constraints (16), (17) for the functions (Qr,Q,,Q,), which will
be discussed in further detail below. The metric matrix (25) is symmetric and
positive semi-definite by construction, and is hence a valid extension of Eq.
(19) within the GENERIC framework.

3.3.2. Non-local driving force and screening length The driving force for
phase transformation, 4, can be calculated from Eq. (25). One finds that 4
consists of an isochore (4js) and a non-isochore (Apeniso) contribution, in
analogy to the first and second terms on the right-hand side of Egs. (1) and
(2), respectively,

oS
A= aT : 5_X = Aiso + Anon-iso, (27)
My — U
Ai = =P,
so 7P (28)
Anon -iso — lZV )le(p Iu[ Tlu3 (ps - p_s)>a (29)

with g; and g, the chemical potential of the liquid and the solid phase, respec-
tively, and

p = Tps,T +ﬁps,p +ps,¢ = _(Tp/,T +13p1-,17 ‘|‘/)/,¢)7 (30)
Py = QTIOS,T + ﬁpps,p + ﬁ¢ps,¢' (31)
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Although we primarily aimed at expressing the effect of volume change
through a dissipative mass current j,,., we find that the driving force for phase
change is altered. Similarly, as the volume expansion is inherently a non-local
phenomenon, the driving force gets a non-local contribution, A4,on.iso. This
symmetric occurrence of non-locality in terms of the current j,. and an addi-
tional contribution to the driving force, Apon.iso, 1S @ direct consequence of the
symmetry property of the metric matrix M.

It is essential to note the fundamental difference between Eq. (30) and Eq.
(31). On the one hand, p is uniquely determined because the two functions
T and p are uniquely determined by the two constraints (20) and (21). On
the other hand, the quantity p, simply represents the solid phase contribution
to the left-hand side of the condition (23). At this stage p, is undetermined be-
cause the three functions (Qr,Q,,Q,) are subject to two constraints only,
Eqgs. (23) and (26). In order to get an impression of the significance of p,, we
consider the phase change contributions to the mass balance equations for the
solid and liquid mass densities, respectively, from My, - 65/0x:

0tPslpe = PDA =V - (pVpe) + (ps — P5)V + Vpe, (32)

6tlpe = —BDA =V - (pppe) — (py = IV - Ve (33)
with the velocity field induced by the phase change

Vpe i= A1 V(A2 DA). (34)

One observes that only for p, = p,, the non-isochore terms can be written as
the divergence of the current j; . = p,Vpe and j; ,. = p;Vpe, respectively, which
closely mimics the second terms on the right-hand side of Egs. (1) and (2).
Therefore, we will use p; = p, throughout the remainder of this manuscript.
At this point, it is also noted that the two balance equations (32), (33) dem-
onstrate that 4 > 0 stands for crystallization, while 4 < 0 represents melting
conditions.

The expression for the non-isochore contribution to the driving force 4 sim-
plifies considerably when inserting p; = p,,

Anoniso = 42V - zlv% (35)

A dimensional analysis of the components of Eq. (25) shows that the product
212 has the dimension (length)?. The individual meaning of the two functions
is unknown, and so further discussion must be based on physical intuition.
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In the following, we interpret the consequences of choosing A; = 1, which has
ramifications for both the induced velocity field vy, Eq. (34), and for the driv-
ing force A, Eq. (35). It can be shown by using a Taylor expansion of p/T
that the quantity A,V - V(p/T) measures the difference between the value of
p/ T at the local position and a spherically symmetric average of p/7 in the
vicinity with a radius of the order \/W . The significance of the non-isochore
contribution Apen.iso 1S then the following: The first part of the driving force,
Ajso, 18 purely local. It checks the local thermodynamic feasibility for a pos-
sible phase transition by comparing the chemical potentials. If the solid state
is thermodynamically favorable, the system is driven into the solid state. The
second part, Ayon.iso, Works similarly in the sense that it checks whether the
pressure conditions are favorable for volume expansion or contraction. In
more detail, this term screens the A, vicinity and checks whether at this point
there is local minimum or maximum of p/7. Only the sum of the local and
the non-local contribution decides whether and in what direction the phase
change will take place.

Let us discuss in more detail how the non-isochore term actually acts. The
isochore term Ajs, shows the homogeneous driving force for crystallization,
negative values indicate melting. In order to simplify the discussion of the
non-isochore term A on.iso, it is assumed in the following that the temperature
field does not depend on the position. We compare the situation of a spatially
constant pressure po to a pressure field pui(r) that has a local minimum at
ro With pnin(ro) = po. If the phase transformation were to lead to an increase
in the specific volume of the two-phase system, this volume expansion would
be hindered more so for the pressure profile pmin(r) than for the constant
pressure pg. For p, > p, volume expansion due to phase change arises due
to melting, i.e., A < 0, and therefore the requirement of a decreased driving
force for melting, 0 > A[pmin(r)] > A[po], translates into Apon-iso| Pmin (r)] > 0,
by virtue of the condition ppin(ro) = po. Since the local curvature of the
pressure profile pmin(r) is positive, one concludes that A, > 0. A discussion
of the velocity field v, leads to the same conclusion. On the other hand, if
the solid phase is less dense than the liquid phase (e.g., ice), a similar argu-
ment as above results in A, < 0. Furthermore, we point out that the velocity
Vpe should vanish if the solid and liquid mass densities are equal.

In summary, all these different scenarios for inhomogeneous crystallization
conditions can be captured in a qualitative way by writing

7= Nj (& = &), (36)
with the characteristic length scales of the solid and liquid phase, respectively,
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& =/ Mo/py, (37)
& =/ Mo/py, (38)

with M, the mass of a crystallizing unit. For low molecular weight systems,
such as metals, this crystallizing unit is a single molecule, while for polymers,
the unit is a fraction of the entanglement molecular weight (similar to what
is usually denoted as “stem”). The quantity N, determines over how many
unit lengths the vicinity is scanned for the pressure comparison in the driving
force A.

Note that for this model to prevent under- or overshooting in the
degree of crystallinity (¢ <0 or ¢ >1), the kinetic prefactor D
should obey limy.,0 D=0 and limy,; D=0. A possible choice to
achieve that is Doc ¢"1(1 — §)® (ki,k, > 0), or the Nakamura form
Docm(1 = ¢)[=In(1 — ¢)]"""/" with m > 1, [14, 15].

3.4. The complete model

The dynamic equations of the variables x contain not only reversible and
phase change contributions, but viscous stress and thermal conduction are
also important in real systems. Since the focus in this manuscript is not on
these effects, they are incorporated simply by generalizing their corresponding
single phase formulations. In order to keep the main part of the manuscript
straightforward, the reader is referred to the Appendix for their derivation.

The full set of dynamic equations is obtained by the action of the reversible
operator (15) and the irreversible operators (25), (77) on the functional deriv-
atives (11), with the result

om=—-V-((v+vp)u) = V- (pl+1), (39)
DT = ~Qp(V-v) = Qr(V - vye) + TDA - Q" (2 (VW) + Vi),  (40)
Dip=—Q(V-v) = Q,(V - vpe) + pDA — Q0 (z (V)T +V ), (41)
Dip = —Qy(V V) = Qy(V - ¥ye) + DA = Qf (2= (W) +V -y, (42)
where we have used the abbreviation D; = 0, + (v+ vy) - V for the mate-
rial derivative. In the reversible contributions, the functions (Qr,Q,,Q,)
are determined by the constraints (16)—(18). The thermodynamic driving
force A4 is given by Eq. (27), with the isochore and non-isochore contribu-

tions Eqgs. (28), (30) and Eq. (35) with 4; = 1, respectively, and the velocity
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field vy is specified by Eq. (34) with 4; = 1. The functions (Qr,Q,,Q,)
are given by Egs. (23), (26) and Eq. (31) with p, = p,, and T and p are
defined through Egs. (20) and (21). Finally, the dissipative contributions
due to viscous flow and heat conduction are specified through (Q'%’l”‘,
Qg’}“h,Qg’)“h) given in Egs. (80)—(82), and 7 and j, are the viscous pressure
tensor and the heat flux given in Eq. (83) and Eq. (84), respectively. We men-
tion that the momentum balance equation (39) can be written in the form

1
D[v:—;V-(pl—i-r), (43)

where we have used that, by virtue of the above conditions, the total mass
density obeys a balance equation in the usual form with the mass transport
velocity v + vp.

Owing to the conditjons mentioned above, the eleven functions Q,, Q,,
Qi”}‘“‘ (x=T,p,¢), T and p are uniquely defined. After a lengthy but
straightforward calculation, one gets

e <cp><ch><i>T<o<>2’ )
% = T )
Q= —g(1 - ) = HNR L0 T (@6
O = o T 0
X oR rov o
0, = —g(1 — ) Lo =KD t ” (>“<f>__°”TK<i = (s = )T (49
@ = <cp><zc§€—> T(oy? (50)
QI = @ (51)

! {epy<icy = T<ap?’
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R T v 2
T = L[5, — p) (PG> — T<)) + )P — i) (5)
B =510~ PP — epd) + (e — pie), (54)
B= —Capy T + kp)ep)

F0 = Do+ p) — (e + P — o] (55)

where {Z) := ¢Z; + (1 — $)Z; denotes the volume fraction average of the
material properties Z; (i = s,/), with o; the thermal expansion coefficient of
phase i, x; the isothermal compressibility of phase i, and c,; the constant pres-
sure heat capacity of phase i per unit volume of phase i. If one uses the ex-
pressions (53)—(55) in Eq. (30), one finds the following result for p:

5 =L~ T, (56)

which is obviously symmetric with respect to the two phases. In contrast
to previous two-phase models [7, 8], the function p used in the driving
force (28) is completely determined. Since we assumed equal temperature
and pressure in both phases, the low number of thermodynamic variables (7
and p) together with the degeneracy conditions (20), (21) leads to uniquely
determined functions 7" and p, and by virtue of Eq. (30)  is also uniquely
determined.

On the basis of Egs. (39)—(42), one can derive the balance equations for
the extrinsic mass densities. The reader should recall that in addition to the
constraints imposed by the GENERIC structure, we have imposed the con-
straints Eq. (18), Eq. (31) with p, = p,, and Eq. (82). Owing to these three
additional constraints, one gets the expected result for the individual mass
balance equations, namely Eqgs. (32) and (33), in which the interpretation of
Vv + vy as a transport velocity becomes apparent.

In view of the difference between v and v + vy it is particularly interesting
to look at the energy equation. Using the degeneracy requirements (16)—(18)
one can show that Qre 7+ Q,e , + Qe 4 = e + p, and thus one finds with
Egs. (39)—(42) for the internal energy balance

de=—V-((v+vpe)e) = (pl+7): (W) =V -j,. (57)
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While v+ v, is the transport velocity of the internal energy density, the
velocity field v appears in the work term, —(p1 + 7) : (Vv) T This exemplifies
the difference between v, with which the volume change can be expressed as
V v, and v + vy, which is a transport velocity and includes the effect of a dis-
sipative flux. A similar difference between a mass velocity and a volume ve-
locity has been studied in great detail by Brenner [16—18], and was confirmed
by nonequilibrium thermodynamics considerations (see p. 61 in [11]). There,
it is shown that the difference between the two velocities can be expressed
through gradient terms and hence it is relevant for inhomogeneous situations.
Furthermore, Brenner points out that, in our nomenclature, the velocity field
v should be used in Newton’s expression for the stress tensor, rather than the
transport velocity v + vp.. This justifies the treatment of the viscous stresses
given in the Appendix.

The significance of the transport velocity v + v, becomes apparent also when
using Reynold’s transport theorem. For example, let us study the change in
the integral internal energy of a given amount of matter, U, contained within
a volume V(). The well-known equation

dU(1)
dt

=, o T vy (58)

is obtained from Eq. (57) only if the boundary 0V'(¢#) moves with the trans-
port velocity v + vy, evaluated at the boundary.

While the isochore contributions cancel in the total internal energy balance
equation (57) and hence also in Eq. (58), they appear in the usual form when
writing the energy equation in terms of temperature and pressure. From Egs.
(40) and (41) one can show that

{pdD,T = T<adDyp = p(V - Vo) + pDA [(m + T}) - (u + Tf;)} (59)
!

N

The expression in the bracket on the right-hand side is the difference in en-
thalpies per unit mass, i.e., the latent heat.

The modifications vp. and Apen.iso Of the above model with respect to previous
models for phase change are relevant in inhomogeneous situations. How-
ever, due to the dissipative thermal conduction and viscous stresses, an iso-
lated system becomes homogeneous after a sufficiently long time. Therefore,
transient situations or inhomogeneous boundary conditions need to be con-
sidered in order to examine the effects of v, and Apon.iso, as demonstrated
below.
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4. Application to aluminum

4.1. Material parameters

In this section, we apply the model developed above to the melting/crystalli-
zation of aluminum. Two classes of information are required, namely the
thermodynamic properties and the transport coefficients.

The thermodynamic information in terms of the variables 7" and p is cap-
tured by the chemical potential, which should be known at least around a
reference state, (7o, po). If one assumes that the isobaric expansion coefficient
and the isothermal compressibility are constant over the range of interest, i.e.,
o = o and k = Ky, and if the constant pressure heat capacity per unit mass at
(T, po) is denoted by ¢, o, the chemical potential in the vicinity of (7o, po) is
given by

1

, R T .
(T, p) = ;ﬁoeot(TfTo)[l — e Kmm)) cpyoT[l —In (F)] + i1y, (60)

with 9y the specific volume at (7, po).

The material parameters of aluminum used in the simulations are given in
Table 1. The constants fi, and T* characterize the offset in internal energy
per unit mass, &, and entropy per unit mass, §, since it can be shown that

e(To, po) = ¢p,0To — podo + flo, (61)
A . T
5(To, po) = ¢po ln<T—2>’ (62)

with two parameters, i, and 7, for each phase that are undetermined so far.

In order to decrease the number of unknowns in Egs. (61) and (62) for
the solid and liquid phases, one can equate the chemical potentials of the
solid and liquid phases at two different state points on the melting line.

Table 1 Experimental values for aluminum taken for the simulation with the reference state
on the melting line, Tp = 933 K and py = 10° Pa, including references: isobaric expansion co-
efficient o, isothermal compressibility «, specific volume &y, constant pressure heat capacity per
unit mass ¢, o, viscosity #, and thermal conductivity Ag,.

Phase o K o ép0 n Ath
(K [Pa~'] [m3kg™!] [JK~'kg™!] [Pas] [Js~'m~'K~1
solid  0.000108 [19] 1.91-10-'1 [20] 0.000391 [21] 11759 [22] - 209.4 [19]

liquid 0.000116 [19] 2.35-107'1[20] 0.000422 [19] 1257.4[22] 0.0012[23] 90.7 [19]
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The latter runs through 75 =933 K and py = 10° Pa and has a slope of
dTm/dp = 65+ 10~ K/Pa for aluminum [24]. This reduces the number of un-
knowns by two. The two remaining parameters capture the freedom to shift
the energies per unit mass é; and ¢; simultancously, and to shift the entropies
per unit mass §; and §; simultaneously. Making a shift &, — é;+ ¢, and
e, — €, + ey adds a term of the form & f pd3r to the total energy functional
Eq. (7). However, since the reversible operator L and all contributions to the
irreversible operator M are degenerate with respect to the gradient of total
mass, such an energy shift does not affect the dynamic equations. This can
also be seen by looking directly at the final equations (39)—(42) with the defi-
nitions (44)—(55). A completely analogous argument holds for the common
shift in the entropies per unit mass §; and §;. In conclusion, the only un-
determined parameters are the common offset in the energies per unit mass
of the two phases, and the common offset in the entropies per unit mass of
the two phases, but as we have just shown they are without consequences for
the dynamic equations.

In addition to the thermodynamic information, four properties occurring in
the dissipative dynamics need to be specified to make the model complete.
First, the viscosity and the thermal conductivity values are given in Table 1.
The thermal conductivity of the two-phase system can be approximated by
the average according to volume fractions of the thermal conductivities of
the individual phases, while the viscosity can be approximated using the
Krieger—Dougherty relation [25, 26]

B - ¢ = (5/2) Prmax
) =m(1-° , (6)

with ¢, = 0.637 for random packing of spherical crystals, and #,; the vis-
cosity of the liquid phase. Because of a lack of experimental data, the magni-
tude of the bulk viscosity #, of aluminum was inferred from data on elements
that are close to aluminum in the periodic table [27]. In this study, we have
used x, = 1.87.

The two remaining parameters D and A, concern the phase change dynamics.
The rate of phase transformation D is obtained by equating ¢|pC7iSO = DA
for a super-cooling of AT = 1 K with experimental data for the same super-
cooling. Since in most common aluminum melts, crystallization occurs
from heterogeneous nucleation, we have used a crystal density of n = 10!!
m~> [28] as a first approximation. The experimental rate of crystallization
can then be estimated by calculating ¢,(#,/,) with the half-time ¢/, defined
as ¢,(t12) = 1/2, where ¢, is the degree of crystallinity as derived in the
Avrami model [29] with radial crystal growth rate G. With G = ¢cAT with
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¢ =0.0418 ms~!K~! [30] and assuming three-dimensional growth, one gets a
value of D(¢ = 1/2) = 0.293 m*KJ~!s~!, which is used in the following. Last
but not least, we need to determine the measure for the screening length, 4.
In order to examine the effect of A,, it shall be taken as a parameter and its
influence will be studied in the following.

4.2. Influence of non-local term on driving force

The influence of the non-local term A,oniso on the total driving force A
is now examined. Consider a homogeneous situation, and impose a small
perturbation in the pressure at a position r and in a small vicinity thereof,
where the perturbation has an extremum at r. If the pressure is perturbed,
both the local contribution, A;s,, and the non-local contribution to the driv-
ing force, Anon.so, Change at r with respect to the homogeneous situation.
One can show that both terms change in different directions, and thus it is
interesting to estimate the overall effect of a local pressure perturbation. We
assume for simplicity that the non-local contribution 4,V - Vp evaluated at r
is identical in magnitude to the change in the local pressure from the pres-
sure far away, Ap. The perturbation in the total driving force can then be ex-
pressed in the form A4 = A'Ap with

A'=0, (% (s — MS)>

Using the properties of aluminum, one finds that the non-local contribution,
i.e., the second term on the right-hand side of Eq. (64), is approximately 13.1
times larger than the homogeneous contribution, in the entire range T =
[900,960] and p = [0.8pg, 1.2po]. On the other hand, if a similar analysis is
performed for a temperature perturbation at constant homogeneous pressure,
the inhomogeneous contribution to the total change in the driving force is ap-
proximately a factor 10~* smaller than the homogeneous contribution. There-
fore, we conclude that for practical purposes the inhomogeneities in the tem-
perature can be neglected in A,0n.is0, IN contrast to the inhomogeneities in the
pressure, which are essential and may even overrule the effects of the homo-
geneous term.

1

T (64)

The effect of the non-local term on the driving force can also be expressed in
terms of a change in melting temperature, which is defined through 4 = 0. To
illustrate this, we consider the following scenario. On the one hand, we take a
homogeneous situation described by (7', p). Applying a homogeneous change
in the pressure, Ap, results in a change of the melting temperature, A7}, hom-
This we compare with another case where locally at position r the tempera-
ture and pressure are identical to the homogeneous case, namely (7', p), but
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the non-local term has a contribution of the size Ap/T, with the same value
for Ap as in the homogeneous case. Then there is also a change in the melting
temperature, denoted by AT}, non-loc. For aluminum, one finds that

ATm,non—loc

i.e., the change in melting temperature due to a curvature in the pressure pro-
file is considerably larger than for an equivalent change in the bulk pressure.
We mention that comparing a shift in the bulk pressure, Ap, to the effect of
the inhomogeneous contribution to the crystallization, 4,V - Vp, is only a con-
dition on the combination of A, together with the curvature in the pressure
profile, but at this stage it is not resolved whether a large value in 1,V - Vp is
primarily due to a long screening length, \/W , or due to a high curvature.
The effect of 1, is discussed below.

4.3. Perturbation analysis

The dynamic model given in Egs. (39)—(42) is complicated to simulate for
two reasons. First, it contains fourth-order spatial derivatives of the tempera-
ture and of the pressure, which makes the specification of reasonable bound-
ary conditions particularly difficult (see also [31]). Fourth-order derivatives
also occur in the theory of the deformation of beams and plates [32], in the
Kuramoto—Sivashinsky equation [33, 34|, and in the Cahn—Hilliard equation
[35, 36]. Most simulations, in particular of the latter, assume periodic bound-
ary conditions. The second complication concerns the difference in mass den-
sities of the solid and liquid phases, due to which the domain changes in time
as crystallization proceeds. This precludes the application of periodic bound-
ary conditions under general circumstances.

However, the complications due to the domain change can be avoided in the
one-dimensional case if the situation is symmetric with respect to z = 0 or if
one end of the domain is bound by a fixed wall at z = 0. In order to simplify
the equations, one can then make a transformation of variables from z to

z

Z(z,t) == Jo p(z' 1) dz. (66)

This transformation of variables is analogous to the one employed in the sim-
ulation of multicomponent diffusion in liquids [37, 38]. If the time-dependent
maximal extension of the domain is denoted by zm.x(?), the upper limit
Z(zmax (1), t) = My is independent of time, because it simply represents the
total mass (per constant cross-sectional area) contained in the range
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[0, Zmax (¢)]. Furthermore, one can show by virtue of the balance equation for
the total mass (see Egs. (32) and (33)), that the derivative operators in Eqgs.
(40)—(43) transform as follows:

0 0

E . + (U + Upc) E t E E, (67)
0 0
E t = p% l, (68)

where we have assumed that (v + vpe)(0,7)p(0,7) = 0. In particular, we note
that the material derivative in the original equations reduces to the partial de-
rivative (0 - /0t)|; at constant Z, in contrast to when z is kept constant. Using
the transformation (66), the domain is constant, and we can easily impose
periodic boundary conditions at the ends of this stationary domain.

In order to analyze the effect of the parameter 1,, we perform a perturba-
tion analysis around a stationary state of Eqs. (40)—(43) on the melting line,
namely around

vy =0, (69)
To = Tp, (70)
Po = Pm, (71)
do = 1/2. (72)

The analysis of the relaxation in space and time of the perturbation is simpli-
fied drastically by the ansatz

Av(Z,t) = Av (1) + Ava(2) cos(2nz/ M), (73)
AT(Z,t) = AT (t) + AT>(t) sin(2nz/ M), (74)
Ap(z,t) = Api(t) + Apa(t) sin(2rz/ M), (75)
AP(2,1) = Ay (1) + Ady(2) sin(2nz/ My), (76)

with My = p(To, po, ¢y)Lo and Ly the periodicity of the simulation unit or,
conversely, the wavelength of the perturbation. In this case, each derivative
with respect to Z is replaced by a factor 27/ M), and it can be shown that the
explicit space-dependence drops out in all equations. The perturbation analy-
sis thus reduces to studying the eigenvalues of a relaxation matrix in time.
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Figure 1 Eigenvalues of the relaxation matrix as a function of the parameter 1, for a pertur-
bation on the length scale Ly = 0.1 m. One eigenvalue is real corresponding to a single expo-
nential (solid line), while the other two eigenvalues represent exponentially damped oscillations
with frequency w (dashed-dotted line) and relaxation time 7 of the envelope (dashed line).

The relaxation matrix for the homogeneous perturbation (Avy, ATy, Apy, Ad,)
has three zero eigenvalues and one single exponential decay with decay rate
7~ 6.37 ps. While the homogeneous perturbation is for obvious reasons
insensitive to both, the box length Ly and the parameter A, the situation is
more complicated for the heterogeneous perturbations, (Avy, AT, Apa, Ag,).
The ecigenvalues of the corresponding relaxation matrix are either real,
corresponding to single exponential decay, or they come in pairs of the form
(1/t+iw,1/7 — iw), representing exponentially damped oscillations of fre-
quency w. Figures 1 and 2 show the dependence of the eigenvalues on A,
for Ly =0.1 m and Ly = 0.001 m, respectively. In both cases, one of the
four eigenvalues is equal to zero and is therefore not discussed any further in
the following.

In Figure 1 for Ly = 0.1 m, one eigenmode is decaying exponentially, while
the two other eigenmodes are damped oscillations with decay time 7 and fre-
quency w. Note that the graph covers a wide range for the scanning length
V72, namely from /4, ~3.2x 1073Ly to v/A, = 10L,, i.e., it ranges from
much shorter to longer than the wavelength of the perturbation. The limiting
values 4, — 0 in the graph correspond to the results obtained for 4, = 0.

Although Figure 2 for Ly = 0.001 m covers a similar relative range as in
Figure 1, namely from /2, ~ 3.2 x 1073L to v/2, = 100L,, the situation is
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Figure 2 Eigenvalues of the relaxation matrix as a function of the parameter 1, for a per-
turbation on the length scale Ly = 0.001 m. In the regions of 1, denoted by “rel”, all three
eigenvalues correspond to single exponential relaxation. In the regions named “‘osc’, only one
eigenvalue represents single exponential decay (solid line), while the other two eigenvalues rep-

resent exponentially damped oscillations with frequency w (dashed-dotted line) and relaxation
time 7 of the envelope (dashed line).

more complicated. In certain regions of A, denoted by “rel” in Figure 2, all
three eigenvalues are real, i.e., any perturbation decays exponentially. In
other regions, denoted by ‘““osc” in Figure 2, one has the same situation as
for Lo =0.1 m, i.e., one eigenvector decays exponentially while the other
two decay by a damped oscillation with frequency w and decay time 7 of the
envelope. Figure 2 also nicely shows that at the edges of the oscillatory to the
purely exponential regions, one finds @ « 1/7, which illustrates the transition
from a damped oscillation via an overdamped oscillation to purely exponen-
tial relaxation.

The common feature to Figures 1 and 2 is that if v/4, is comparable to the
characteristic length scale of the perturbation, Ly, an exponential decay be-
comes very fast while the other two modes become slow, be it exponential de-
cay or damped oscillation. This can be explained as follows. In this range of
/75 values, the non-isochore contribution to the driving force smooths out
the influence of the inhomogeneities in the pressure and temperature on the
driving force. In this sense, the equilibration of pressure through the corre-
sponding inhomogeneous rate of phase transformation is slowed down for
increasing v/4,. On the other hand, increasing value of v//, results in a larger
phase change contribution to the transport velocity, which is expressed
through a time scale becoming faster.
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Figure 3 Eigenvalues of the relaxation matrix as a function of the length scale of the pertur-
bation, Ly, for 7, = 0. One eigenvalue is real corresponding to a single exponential (solid line),
while the other two eigenvalues represent exponentially damped oscillations with frequency w
(dashed-dotted line) and relaxation time 7 of the envelope (dashed line). One finds w oc Lj!,
and the relaxation time scales as 7 oc L3 at low and high values of L.

While Figure 1 showed only quantitative variations as a function of the pa-
rameter A, Figure 2 shows quantitative variations. If one assumes that the
value of 1, is known, the data in Figures 1 and 2 suggests that for a general
perturbation the various wavelengths not only decay at different rates, but
some of them decay in an oscillatory manner and others purely exponentially.
This is a feature specific to 4, # 0 because for 4, = 0 the character of the
spectrum of eigenvalues does not change as a function of the wavelength of
the perturbation, L, as shown in Figure 3 for a considerable range of pertur-
bation wavelengths.

5. Discussion

A simplified crystallization model has been developed in terms of the average
momentum density, a single temperature, a single pressure, and the volume
fraction of the crystalline phase. The unnecessary but commonly employed
restriction that the phase transformation occurs instantancously at constant
volume has been relaxed in the treatment presented here. Namely, we allow
for a dissipative mass current that is proportional to the rate of crystalliza-
tion/melting. Rather than introducing an additional variable, this dissipative
current is expressed in terms of the temperature, pressure and volume fraction
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through a constitutive relation. Including this dissipative current in the de-
scription, we found that by way of the Onsager—Casimir symmetry the driv-
ing force for phase change is modified. In particular, it does not only depend
on the local chemical potential difference, but it also contains a non-local
term, namely the Laplacian of the ratio p/T multiplied by the square of a
screening length.

The consequences of including the dissipative current and the non-local
contribution to the driving force have been discussed in detail, and for the
specific case of aluminum a perturbation analysis has been performed. The
results have shown the strong dependence of the eigenvalues of the relaxation
matrix on the value of the screening length. It is worth mentioning that in
Figures 1 and 2 the oscillations become less virulent (i.e., lower value of )
the higher the screening length parameter, A,. This can be traced back to the
expression for the full driving force, 4 in Eq. (27), by which potential phase
transformations are slowed down if they are unfavorable with respect to the
pressure conditions in the vicinity. Therefore, less dramatic pressure varia-
tions are building up, and hence the pressure equilibration is smoother for
increasing screening length. So, there are two fundamentally different ways
in which one can view the inclusion of the dissipative current j,. and the
non-local contribution A4,0n.iso. On the one hand, it is the implementation of
the ideas presented in the Introduction, and relaxing the restriction of phase
transformation being instantaneously isochore. On the other hand, one can
view the model with included dissipative current as a slow, i.e., smoothed,
version of the case 1, = 0, because the parameter A, helps to avoid large pres-
sure changes. Along the lines of this latter view, one can argue that, e.g., in
melting conditions with the solid being more dense than the liquid, a drastic
pressure increase due to melting in the case A, = 0 would be counteracted or
even reversed because of the influence of the pressure on the driving force.
Therefore, the non-local term in the driving force has a tendency to avoid or
at least smooth out such situations.

Finally, we draw the connection to single-phase hydrodynamics, in particu-
lar, when formulated in terms of the variables {u, 7', p}. In the two-phase
model above, the distinction between conditions that arise from the non-
equilibrium thermodynamics technique, and additional conditions that were
imposed by physical intuition has been pointed out in several instances.
In particular, the functions Q,, Q,, and Qf”llh (x=T,p,¢) only turned
out to be given by Egs. (44)—(52) because the rigorous conditions (16), (17),
(23), (26), (80), (81) were supplemented by the additional constraints (18),
(31) with p, =p,, and (82). At least for the two additional constraints
(18) and (82) we can offer further motivation. If the non-isothermal hydro-
dynamics equations for a single-phase fluid are written in terms of the
variables {u, 7, p}, one obtains the equations (39)-(41) with v,. =0 and
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Qr =Q, =T = p=0. The functions Qr, Q,, Qg’l‘h, Qg”l‘h are identical to
the two-phase expressions in Eqgs. (44), (45), (50), (51) after replacing the
average values by the single-phase properties of the material. In particular,
we emphasize that this result is obtained for the single-phase hydrodynamics
without any additional constraints, i.e., the constraints imposed by the ther-
modynamics formalism are sufficient to determine these functions uniquely.
Therefore, this finding supports a posteriori the additional constraints (18),
(82) in the two-phase model.
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Appendix: Viscous stresses, thermal conduction

In order to determine the GENERIC dissipative matrix M associated to heat
conduction and viscous stress, we point out that these two effects do not spe-
cifically address the difference between a one- and a two-phase system. We
may thus start from the dissipative matrix for a single-phase system, which
has been treated in terms of the variables {p,u, e} (see p. 58 in [11]). The cor-
responding matrix elements are abbreviated here as My, My., My, and M,,,
while all other five elements are zero, because the mass density balance is not
affected by these effects. Correspondingly, in the two-phase model presented
here, the individual mass balance equations for the solid and liquid phases
should also not be affected by the viscous stress or the thermal conduction.
For the matrix representing viscous flow and thermal conduction, we thus
propose the form

0

QB | M\ /10 0 0
Q];Z,/lm . Meu Mee . 0 Q’;J;Lth Q;,Zth Qzﬂlth 9 (77)

1, Ah
Qy

Mn,). —

S O O -

where the functions (Q?’l‘h, QI’,”)"“, Qz’)"h) take care of the mapping from the
variables (7', p, ¢) on the mass density p. The formulation of the matrix ele-
ments My, Mye, M, and M,, for a single-phase fluid is based on having
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O0E/ou =v,0E [de = 1,0S/ou =0, and 6S/de = 1/T, and therefore in the for-
mulation with x = (u, 7', p, ¢) this is expressed as

1 0 0 0 oF v

(O Q’;J)“‘h Q}i]y,/lm Q(Zﬁlth ) : é_X = < 1 )a (78)
1 0 0 0 oS 0

(O Q;]:).lh Q;Z?;Llh QZ,),[]] ) . & = <%> . (79)

The degeneracy condition (5) in the form of Eq. (78) and the conservation of
total mass lead to the constraints

ngilhe7T + Q;%Athe,p + QZ7A‘he’¢ = 1’ (80)
Q;?J;bthp’T_‘_Q[’J?thp’T_|_Q(Z’l‘hpv¢ :O (81)

It can be shown that in order to comply also with Eq. (79), one needs the
condition

Q’%’Mhp&]’ + Q;?Jnhp&p 4 QZ?”“’I)S7¢ =0, (82)

which determines the three functions (Q?A“‘, Ql']”l‘h, QZ’)‘“‘) uniquely.

The dissipative matrix (77) together with the conditions (80)—(82) inherits the
symmetry, positive semi-definiteness, and the degeneracy (5) from the single-
phase matrix. Application of the two right-most matrices in Eq. (77) to S/x
results in the usual dissipative contributions to the equations for the momen-
tum density and the internal energy density, respectively (see [11] for details),
with Newton’s expression for the viscous pressure tensor and Fourier’s law of
heat conduction,

T=—nj— <’% - g) (tr §)1, (83)

i, = —An- VT, (84)

with viscosity # and bulk viscosity x, the symmetrized velocity gradient ten-
sor y; = djv; + 0jv;, and the thermal conductivity tensor Ap. Subsequent mul-
tiplication with the left-most matrix on the right-hand side of Eq. (77) maps
these dissipative contributions properly from the momentum density and en-
ergy density onto the variables x = (u, 7', p, ¢).
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