GAUSSIAN ESTIMATES AND HOLOMORPHY OF
SEMIGROUPS ON L? SPACES

MATTHIAS HIEBER

1. Introduction

Let Q = R” be an open set and let T, = (T()),, be consistent semigroups on
L?(Q) for 1 < p < o0, with generators 4, Assume that 7, is an analytic semigroup
of angle ¢ for some p,e(1, ). It is then natural to ask under which conditions the
semigroups T, are analytic too. For the time being, suppose that 7, and T, are
contraction semigroups for given p,,p,€[l, 00) and assume that T, ils an anazlytic
semigroup of contractions for some p,€(p,, p,). Then, by standard arguments, T, is
analytic for all pe(pl, p.). Observe however that T, is not analytic, in general.

In this paper we give a condition on the semlgroup T, which forces the “‘endpoint’
semigroup 7;, to be analytic. More specifically, we prove ' that T, is analytic provided
that 7, satisfies an upper Gaussian estimate of order m. The case p, = 11is of course
of special interest and several results on L' holomorphy of semigroups have been
obtained recently (cf. [3, 15]). Our result generalizes in particular the above mentioned
theorem of Ouhabaz which says that 7, is an analytic semigroup on L}(Q) of angle
n/2 whenever A, is self-adjoint and T, admits a Gaussian estimate of order 2.

Our result apphes in particular to semngroups generated by second order elliptic
differential operators A subject to rather general boundary conditions. In fact, by a
famous result of Agmon, Douglis and Nirenberg [1], we know that the L? realization
of such a boundary value problem generates an analytic semigroup on L?(Q) for
1 < p < o0, provided the top-order coefficients of 4 belong to BUC(Q). Observe,
however, that their method does not extend to the space L'(€2). Assuming slightly
more regularity on the coefficients of 4, namely Holder continuity, our result implies
that the solutions of this kind of problem are governed by analytic semigroups also
on the space L'(Q2). We mention that our approach is based on the consequent use
of the theory of integral operators.

The validity of Gaussian estimates for consistent semigroups T, is also of great
importance for the problem concerning the p-independence of the spectrum a(4,) of
A, Indeed, as proved by Arendt [5], o(4,) is independent of pe[l, o) whenever 4,
is self-adjoint and 7, satisfies an upper Gaussian estimate of order 2. Applying his
method to our situation we see that a certain component of the resolvent set of 4, is
independent of p. The general case dealing with the p-independence of a(4,) for
arbitrary generators of semigroups admitting Gaussian bounds remains, however, an
open question.

Gaussian estimates for semigroups are, generally speaking, rather difficult to
obtain. We therefore give in our second main result a characterization of analytic
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semigroups admitting a Gaussian estimate in terms of pointwise upper bounds on the
kernel of a certain power of the resolvent. Those estimates might be verified more
easily in concrete examples.

2. Main results and examples

Let Q < R” be an open set, p,€[1, 00) and let T be a C-semigroup on L?(Q) with
generator A. In the following we always identify L?(Q) with a subspace of L?(R")
by extending functions by zero. Let ne N, meN\{1} and define a constant ¢, > 0

such that
— | y|m/(m=1)
LJ exp(———~le )dx =1.
Cmn R® 4

Moreover, define the family (G, (1)), , of operators on L*«(R") by G, (Nf=k,*f,
where

11 — |x|m/em-b "

kt(X) = o i €Xp (W (t >0,xeR )

Since k,e L'(R") for all ¢ > 0 it follows from Young’s inequality that |G, ()|, <
(LA NFAl s, Furthermore, generalizing a notation of Arendt [5], we introduce the

following definition.

DEFINITION 2.1. We say that the semigroup T satisfies an upper Gaussian
estimate of order m if there exist constants a = 0, M, b > 0 such that

IT()f] < Me*Go(bD)|f] (22 0)
for all fe LP(Q2).

Notice that G,, coincides with the Gaussian semigroup on LPo(R") provided
m=2.

Furthermore, we assume that E and F are Banach spaces and that there exists a
topological vector space G such that E , G and F <, G. Then two operators S, € Z(E)
and Spe % (F) are called consistent if Sp;x = S.x for all xe EnF. We call two
semigroups T and 7, on E and F consistent if T(r) and T,(¢) are consistent for all
t 2 0. Assume now that T is a C,-semigroup on L?(Q) which satisfies an upper
Gaussian estimate of order m # 1. Then it is not difficult to verify that there exist
consistent semigroups T, on L?(Q) (with 1 < p < o) such that T =T, and

IT(0f] < Me*G,B0) |/l (feLP(Q), 13 0) @1

(cf. Lemma 3.1). In order to state our results we need some more notation. For
6e[0, ) put

Sp={zeC\{0};]argz| < B} U {0} and S):={zeC\{0};]argz| <6}

Moreover, we call an operator Se Z(L?(Q), LY(Q)) for 1 < p,q < o an integral
operator, if there exists a measurable function K: QxQ — C such that for all
feL?(Q), K(x, ") f(:)e L\(R) x-a.e. and

(S)(x) = f Ko)f()dy xeae.
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In that case S is represented by the kernel and we write S ~ K. If in addition | K| also
defines an integral operator in Z(L?(QQ), LY(Q)), then S is called a regular integral
operator. It follows by standard arguments (cf. Proposition 3.3 below) that Z,(r) is an
integral operator, say T,(¢) ~ K(¢,,"). We denote by A, the generator of T,.
Considering e~*7(¢) instead of 7(¢), we may always assume that (2.1) is satisfied with
a=0.

In our first result we show that, roughly speaking, (1—A4,)™ for /e N is a regular
integral operator for all A belonging to a certain sector of the complex plane, provided
that T is analytic. More precisely, the following holds.

THEOREM 2.2. Suppose that T is a bounded analytic C,-semigroup on L?(Q) of
angle ¢ satisfying a Gaussian estimate of order m with a = 0. Let IeN, 0€[0,p+n/2)
and A€ Sy. Then (A—A,)™" is a regular integral operator and its kernel K%(4, -, *) is
given by

-1
1 _ —iz_Z
KL(A,x,y) = Le ——(1_ D K(z,x,y)dz,
where T is the ray {zeC;z = |z|e'*} and ¢€[0,9) is chosen such that 6—¢ < /2.
Moreover, there exist constants C,y > 0 such that the following estimates hold true.
(@) If l<n/m, then

1
] ~Blz—yl
|KR(A'7 x’)’)l S Clx_y,n_mle
Jor all x,yeQ with x # y, all A€ S), f:=(ymyA|)'™ and my:= cos (60— ¢).
(b) If I > n/m, then

|K&(4, x, )| < Ce™v|anim=t

Sfor all x,yeQ, all 1€ 8Y and all ae (0, (ymg|A)"™).
©) If l=n/m, then

L 1
1 < Co~ ™12yl o P
IK4(A, x,p)] < Ce {1 +log (l i Ix_yl)}
Sor all x,yeQ with x # y and all A€ S}.

Theorem 2.2 has two important consequences. The first one deals in particular
with the L'-analyticity of the consistent semigroup 7, on L'(Q).

THEOREM 2.3. Suppose that T is a bounded analytic C,-semigroup on LP(Q) of
angle ¢ satisfying a Gaussian estimate of order m. Then T, is an analytic C,-semigroup
of angle ¢ on L*(Q) for all pe[l, o0).

REMARK. Theorem 2.3 generalizes in particular a recent result of Quhabaz [15]
saying that T, is an analytic semigroup of angle n/2 on L?(Q) for pe[l, co) whenever
A, is self-adjoint and T admits an upper Gaussian estimate of order 2.

The second consequence of Theorem 2.2 concerns the p-independence of a(4,),
where a(A4,) denotes the spectrum of 4. Let [0, m). Denote by py(A,) the connected
component of the resolvent set p(4,) of 4, which contains the sector S§. It was shown
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by Arendt [5, Theorem 4.2] that p, ,(4,) is independent of pe[1, co) provided that T
admits a Gaussian estimate of order 2. Applying his theorem to our situation we
obtain the following corollary.

COROLLARY 2.4. Suppose that T is a bounded analytic C;-semigroup on LP(Q) of
angle ¢ satisfying a Gaussian estimate of order 2. Let 0€[0,p+n/2). Then p,A,) is
independent of pe(l, o).

The above corollary needs some comment. Indeed, suppose that A, is self-adjoint
and that 7, satisfies an upper Gaussian estimate of order 2. Then, trivially p(4,) is
connected and hence by Arendt’s theorem, a(4,) is independent of pe[l, c0). The
general case dealing with the p-independence of o(4,) for arbitrary generators of
semigroups admitting an upper Gaussian estimate, however, remains open.

Considering powers of the resolvent rather than the resolvent itself in Theorem 2.2
we are able to characterize analytic semigroups admitting a Gaussian bound in terms
of a pointwise upper bound on the kernel of a certain power of the resolvent.

THEOREM 2.5. Let T be a bounded analytic Cy-semigroup on L?(Q) of angle ¢
with generator A. Then the following assertions are equivalent :

(@) T satisfies an upper Gaussian estimate of order m;

(b) there exist an even integer | > n/m+1 and constants M, ¢ > 0 such that
(A—A)" is a regular integral operator whose kernel K4(4, -, *) satisfies

|K4(A, %, p)| < M [A)m= g=oi ™= (2.2)
Sfor all x,yeQ and all Ae S}, where Oe(n/2,p+7r/2).

In the following we give three types of examples to which our theorems apply.
EXAMPLES 2.6.

(A) Schridinger operators

Let A=A—V on L*R"), where V:R"— R is measurable and such that
V,e L] (R™) and V_belongs to Kato’s class (cf. [17]). Then A4, equipped with a suitable
domain, is a self-adjoint operator which generates a C,-semigroup T on L*(R"). It
follows from [17; Proposition B.6.7] that T satisfies a Gaussian estimate of order 2.
Denoting the consistent semigroup on L? by T,,, we conclude by Theorem 2.3 that T,

is an analytic Cy-semigroup on L?(R") of angle n/2 for all pe[1, o).

(B) Elliptic operators on LP(R™) with Hélder continuous coefficients
Let A =), <na(x) D% pe(0,1), a,e BUC*(R",C) for || = m and a,e L*(R"*, C)
for |a| < m. Suppose that there exists a constant § > 0 such that

supRe ) a,(x)(i6)*<—d forall xeR".

Gl=1  lal=m
Given pe(l, ) we define the L”-realization </, of 4 by
D(s,) = WH(R"), s, f=Af forall fe D(s,). (2.3)

Then, as is well known, it follows that .o/, generates an analytic C,-semigroup T, on
L?(R™) (for 1 < p < o) of some angle g€ (0, 7/2] (cf. [2]). Furthermore, it was shown
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by Friedman [9, Theorem 9.4.2] that 7, satisfies an upper Gaussian estimate of order
m. Denote by 7, the consistent semigroup on L(R"). Theorem 2.3 now implies that
T, is an analytic C,-semigroup on L'(R") of angle ¢.

We remark that one can easily generalize the above statement to the case of elliptic
systems on L'(R™)". In fact, let pe(0,1) and a,e BUC(R", £(C*)) for all & with
|| = m. Assume that sup,_, Rea(a,,(x,$)) < —3J < 0 for some § > 0 and all xeR",
where a,,(, -) denotes the symbol of the principal part of 4 = )’ _,, a,(x) D*. Define
&, in LP(R™)" for 1 < p < co analogously to (2.3). It then follows from [4, Corollary
9.5], the above cited result of Friedman and the proof of Theorem 2.3 that the
consistent semigroup 7; on L}(R™)" is analytic.

(C) Elliptic boundary value problems on L'(Q)
Let Q be a bounded domain in R” such that 0Q e C** for some pe (0, 1). Consider
a differential operator A of the form

A(x,0) =— Z aij(x) 0, aj + Z a,(x) 0,4 a,(x),

1<i,j< I<isN

where a,,, a;,a,€ BUC*(Q2) and

Z aij(-x) éi éj > c|¢]?
1<, j€<N
for all xeR¥, ¢=(&,,...,¢y)eRY and some constant ¢>0. Let B(x,0):=
b(x)-V+by(x) be boundary operators such that b= (b,,...,b,),b,,b,€ C*(2) and
b(x)-v(x) = ¢, > 0, where »(x) is the unit outward normal vector to 0Q at the point
x€0Q. Given pe(l, o0), the operator

D(o) ={ue Wi(Q); Bu=0}, o u=-Au

is called the L*-realization of the boundary value problem (4, B). Set

|Im a,(x, )|

¢,= max arctg————=-,
! zeQ), ces™! Re an(xa é)

where a, denotes the symbol of the principal part of A. Let pe(p,,n/2). Then
it is known (cf. [2]) that —./, generates an analytic semigroup 7, on LP(Q) for
1 < p < oo of angle n/2—¢. Furthermore, it is shown in [11] and [18] that the
semigroup T, generated by —.o/, satisfies an upper Gaussian estimate of order 2.
Denote by T, the consistent semigroup on L'(Q). It then follows from Theorem 2.3
that 7, is an analytic semigroup on L'(Q) of angle n/2—g¢.

3. Estimates for semigroup kernels

Throughout this section we assume that T is a C,-semigroup on L) for some
Do€ll,0) which admits an upper Gaussian estimate of order m and a=0.
Considering e *T(t) instead of T(z), the latter may be assumed without loss of
generality.

We first prove two auxillary results. The first one is a modification of an argument
due to Arendt [5, Assertion 4.3].
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LemMA 3.1. Let 1 < p < oo. Then there exists a consistent Cy-semigroup T, on
LP(Q) such that T = T, and |T,(1)f] < Me™G (b1)|f] for fe L*(Q),t > 0.

Proof. Since ke L'(R"), the operators G,(r) admit bounded extensions to
L?(R™). Hence there exist consistent operators 7,() € £(L?) such that T;O(t) = T(¢) for
all £ > 0. The semigroup property of T, follows by density. We claim that T is
strongly continuous on L? (for 1 < p < o). Note first that it suffices to show that
T(t)f—fin L? as t = 0 for fe L? n L. Therefore let fe L? n L? and let ¢, — 0. Put
fo=T\t,)fand g, = Me*=G (bt,)f. Since it suffices to show that every subsequence
of f, has a subsequence which converges to f, we may assume that f, — fa.e. Observe
that the family (G,(1)),,, is strongly continuous in 0. In fact, setting ¢(x):=
(1/¢,,0) exp{—|x|™™1/4} and ¢:= '™ it follows that (1/&") p(x/e) *f— f in LP(R?)
as ¢ — 0. Hence, by taking a subsequence, we may assume that |lg,—g,,Il, <27".
Set h'=Y),.,|8,—&..l+I|g:|- Then he LP(R™) and |f,| < g, < h for all neN. The
claim finally follows now from the dominated convergence theorem.

Lemma 3.2. Let E be a Banach space, p(0,7/2] and o.e(0,¢]. Assume that B
generates an analytic C,-semigroup S on E of angle ¢ and suppose that ¢“B is the
generator of a Cy-semigroup U on E. Then S(se"-+1t) = S(t) U(s) for t >0, s > 0.

Proof. Since the resolvents of B and ¢'*B commute, it follows that U(s) S(t) =
S(¢) U(s) for all s, > 0. Let a, b > 0. Then the family (¥(¢)),, , of operators on E given
by V(¢) := U(bt) S(at) defines a C,-semigroup on E. Denote the generator of V' by C.
If xe D(B), then

% V(1) x = be*BU(bY) S(at) x + U(bt) aBS(at) x = (be'*+a) BV(f) x.

Hence d/dtV($)x|,_, = (be'*+a)Bx for xeD(B) and therefore (be'*+a)Bc C.
Consequently (be'*+a) B = C and V(t) = S((be'*+a)¢) for all ¢ = 0. In particular,
V(1) = S(be'*+a) = U(b) S(a) for all a,b > 0.

In the following proposition we collect some well-known facts on integral
operators which will be used later on (see [16, Chapter IV; 6; 12] for proofs and
references). For 1 <p < o0, 1/p+1/p" =1, we put

1p’
LY[L7] = {K : Q x Q—— C measurable; esssup ( J |K(x, y)|™ dx) < oo}.
Q

yeQ

ProposITION 3.3. (a) Let 1 <p,q< o and let Se L (L?, L% be an integral
operator represented by K. Let S,e L(L?, L% such that |S,f| < S|f| for fe LP(Q).
Then S, is a regular integral operator and |K(x,y)| < K(x,y) x-a.e., where K, ~ S,.

(b) Let 1 < p < o0 and consider the mapping

(Se/)(x) = L Ko ) fn)dy (fe LX),

Then the mapping K S, establishes an isometric isomorphism of L*(Q x Q) onto
L(LY(Q), L*()) and of L*[L?] onto L(LP(Q), L*(Q)) for 1 < p < c0.
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In the sequel we show how to obtain upper bounds on the semigroup kernel
K(z, x, y) for complex times z. We hereby extend the approach of Davies [8, Section 3.4]
to our situation.

LeMMA 3.4. Let ae(0,n/2] and o’ €(0, ). Suppose that T may be extended to a
bounded, analytic C;-semigroup on LP(QQ) of angle a. Then there exists a constant
C > 0 such that the kernel K(z, -, *) of T(z) satisfies

|K(z, x,y)l < C/(Rez)”™ for all ze S,\{0} and all x,yeQ.
Proof. We denote by — A the generator of the semigroup T. Let pe(a’,a). It
follows from [13, Theorem IX.1.23] that —e"’4 and —e™?4 generate bounded C,-
semigroups on L?(Q)). Denote these semigroups by U, and U_, respectively. Without

of loss of generality we may assume that Imz > 0. For ze S,\{0} n[Imz > 0] set z =
se'? + 1, where s, te R. Then by Lemma 3.2

T(z) = T(se*+1t) = T() U (s) = T(t/2) U, (s) T(¢/2) 3.1
and therefore

1T w,1 S N/ 20, p, UL, 0, 1T/ D, 1-
By Proposition 3.3(a) we have that

|M/(m—1)

K, < exp{"x‘y

Crn (bt)’”"‘ 4(bt)1/(m—1) } for all t > 0 and all x,yeQ'

Hence it follows from Young’s inequality that
I T(t/z)”po.l < Cnim) A/pe=1)

for some constant C = C(M,p,,n,m) and all ¢r> 0. Similarly, we conclude by
Proposition 3.3(b) that |T(/2)|, ,, < Ct®m/m~D  for some constant C =
C(M, py,n,m), all t > 0and 1/p,+1/p, = 1. Hence there exist a constant C > 0 such
that

1T, , < C/t™™ forallt>0.

Proposition 3.3(b) now implies that
IK(z, x, p)| < C/t"™ (3-2)

for all ze S,\{0} and all x, ye Q. Notice furthermore that 1 = Re z—(Im z/sin ¢) cos ¢.
Since Imz < Reztana’ for all ze S,\{0} it follows that

z;Rez(l-tanafcf’ﬂ)=Rez(1—‘a”°‘)>cRez (3.3)
sin ¢ tan ¢

for some constant ¢ > 0 and all ze S,\{0}. Combining this inequality with (3.2) we
obtain
|K(z, x, )l < C/(Rez)"™

for all ze S, \{0} and all x,yeQ.

In order to obtain sharp estimates on the semigroup kernel for complex times z,
we modify an idea of Davies (cf. [8, Theorem 3.4.8)).
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LemMA 3.5. Let fe(0,m/2), B'€(0,8), and let x,yeQ. Let f(-,x,y): S~ C be a
function which is analytic in Sy and satisfies

IRz, x, )| < (zeSp\{0}, x, y€QY),

_ G
(Rez)™™

where C, > 0 is a constant. Suppose that there exists a constant a > 0 such that

C alx—y|™m-b
|Ar, x, y)| < rn/;exp{——rm—,ln_l)——— (r>0,x,yeQ).

Then there exists a constant C, = Co(C,,n,m, f, ) such that

asin(E£) |x—y|m/m-D

e < e
HEVIS Rey™ P Tsin(B/m—1) |27

} (z€S,\{0}, x, Q).

Proof. Set D:={zeC;0 < argz < ff}. For ze D and x, yeQ define the function
g by

1 1
1 i(m/2—p/(m~1)) ,1/(m—1) m/(m=1) .
8(2,%,9) = fl1 /2, %, ) exp {ae R o /(m_l))}

Then |g(r, x, y)| < C, for all r > 0 and all x, ye Q. Moreover, for f€[0, f] we have

cos 3— A5+ Utm-D) _ylm/(m—n}

lg(re*, x, y)| < “ expia— r
(cos G)*'™ sin (B/(m—1))

for r > 0,x,yeQ. In particular, |g(re®, x,y)| < C,/(cos f)™™ for all r >0 and all
x, ye €. Observe that for x, ye Q and all ¢ > 0 there exists C > 0 (depending on ¢, x, y)
such that |g(z, x, y)| < Ce®™" for all z = re' with §€ (0, f) and r sufficiently large. The
Phragmen-Lindel6f theorem (cf. [7, Corollary V1.4.4]) implies now that

1
SCr——=m ¢ > X, :
lg(z, x, )| < C, Cosp forallze D, x,yeQ

Since

1 __aei(n/z—ﬂ/(m—l))lx_ylm/(m—l)
ﬂz5 x’ y) = zn/mg(l/Z’ x’ y) exp{ 21/(m_1) Sln (ﬂ/(m— 1))

it follows that for argze[—f, 0] we obtain

1 1 —acos g_ﬁ%_%)lx_ylm/(m—l)
< .
Iz, x, p)l < G, v (Cosﬁ)n/mex { P gin (B/(m— 1))

C cos g\"'™ —asin (£4)|x —y|m/om
<1 [
= (Rez)"™\cos P sin (B/(m—1))
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Replacing z by Z in the above argument we obtain

n/m m/(m-1)
C, (cos()) ex{ asin (E9)|x — y| }

6 NS Rezym \cos 7D sin (B/(m—1)

provided that [0 <f. Let now zeS;\{0}. Then there exists a constant C, =
C,(C,,n,m,f, ) such that

C, sin (&) |x — y|™/ "V
2,0, )| S o mexp —
Iﬂ 9xay)l (Rez)n/mexp{ aSll’] (Tn%) |Z|1/(m 1)

for all ze S;\{0} and all x,yeQ.

Combining Lemmas 3.4 and 3.5 we immediately obtain an upper bound on the
semigroup kernel for complex times z.

PROPOSITION 3.6. Assume that the conditions of Lemma 3.4 are satisfied. Then
there exist constants M, c > 0 such that the kernel K(z, -, -) of T(z) satisfies

c|x _ylm/(m—l)
|Z|1/(m—1) }

M
X, 9| € ————exp{ —
IK(z, %, ) (Rcz),,,mexp{
for all ze S,\{0} and all x,yeQ.
4. Proofs of the main results
We start the proof of Theorem 2.2 with an auxiliary result.

LEMMA 4.1. Let E be a Banach space and let S be a bounded holomorphic C,-
semigroup on E of angle p (0, 7/2] with generator — B. Let €[0, ¢ +n/2) and choose
¢ €[0,p) such that 6— ¢ < r/2. Denote by T the ray {zeC;z = |z|e**}. Then

(A+B)'= J e*S(z)dz  for all € S,\{0} N [Imz > 0).
r
The analogous result holds for Ae S)\{0} n{zeC;argz < 0}.

Proof. Let ueS,n[Imz > 0] and put R(u) = f r€#8(z)dz. Then R(u) is a well
defined element of #(E). Moreover, the mapping S§ — C, A— R(A) is holomorphic.
Next, estimating the line-integral f 'a e7*28(z) dz, where y, = {Re'; — ¢ < § < 0}, and
letting R — oo we see that

R() = J " e HS () dt = (A+ A)Y,

provided that 4 > 0. The identity theorem for holomorphic functions now implies the
assertion.
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Proof of Theorem 2.2. Let AeS) and assume without loss of generality that
argA = 0. Consider first the case where / < n/m. Setting m, = cos (6 — ¢) we obtain,
by Proposition 3.6,

Jre = K(z x,y)dz

M —m gz —-n/m— _ clx_ylm/(m—l)
S e e e (<

_ M clx — ymiomv
NG AW G T

_c|x_y|m/(m-1) i
Xexp(TP/(’"‘;T_ |Z|l / 1dlZl. (41)

Setting f:= (mmy(c/2)" ' {A))Y™ and observing that myjzA|+ c|x — ™™D /2|71
= f|x—y| we conclude that

fre (=1

M
(l 1! (cos ¢)"""

—c|x——y|’"/‘""1’) I
x | exp (—_—— |2|=™= 1+ d|]
f ‘ e[

—c|x—y|™MmD
< Ce—ﬂ]x—yIJ. exp( I );i rn(l—l/m)+l(1—m)-1 dr
0

1
< Ce Pyl |x—y|"_“”" 4.2)

e fz-vl

In particular we conclude by Young’s inequality that

o | e F 5 4.3)
r (1_1)! b y 9

provided that ue L?(Q2). Hence it follows from the assumption, Lemma 4.1, (4.3) and
Fubini’s theorem that for ue LP(Q) we have

Zl—l

(- 1)!
J J K(z x, y)dzu(y) dy.

(A A, ) u(x) = f e fK(z,x,y)u(y)dydz
r

Hence (4—A4,)™" is a regular integral operator for all pe[l, o) and its kernel is given
by K4L(A,x,y) = f,- e (21 /(I- 1)) K(z, x, y) dz. The estimate (a) follows from (4.2).



158 MATTHIAS HIEBER

In order to prove (b) we set u:=|4||z| and deduce from (4.1) that

L Zl—l d
Jre '([—_1)!]{(2,)6,)}) Z

< M we—mgu l i-1-n/m ox (_C|x__y|m/(m—1) Mll/(mAn 1 du
SU=Dicosgy™ ), I P D ]

M 0
— A njm—1 l-1-n/m ,—du
s | e
clx — mf{(m-1) l 1/(m—-1)
X exp(—[(mg—é)u+ x=)] ul/(m—l! | D du

for any d€ (0, m,). Setting o := (m(m,— 9) ¢ *|A|)/™ we obtain

e—).z zl_l K(Z X y) dz < M u'ln/m—l e-—a|z——y| JOO ul—n/m—l e—éu du
o= = (=D (cos g)"m 0

< C(l; n,m, 0) ',l'"/"‘—l vl

for all x,yeQ and all 1€ S). The rest of the proof can now be copied from Part (a).
In order to prove (c) we set |z| :={x—»|™s and deduce from (4.1) that

WJ“’ —mallz—u"s(] /) exp( o= 1)) ds.
4.4

i zl~]
Le =1 K(z x,y)dz

Consider first the case where |[4|™|x—y| < 1. Then v:=(|A||lx—y/™)" > 1 and the
integral on the right-hand side of (4.4) is bounded by

1 c © ] smy ' V1
JOECXP( T 1))ds+J -exp(——v—)dssj‘ogexp( o= 1))a’s+J

+j lexp(—smﬁ,)ds
LS

4.5)

for some constant C > 0. Second, if |[A|Y™|x—y| = 1, we set w:= (|4 |x—y)™™.
Then the integral on the right-hand side of (4.4) is bounded by

w1 1
J exp( T 1))afs+J‘ ;exp( [smgllﬂx "+ Y= 1)])ds
0
—c “1 - d
< exp FypTmD . ;exp ——2 T | 48
1/m ! 1 « 1 —mBs
+exp (—mgl A" |x—|/2) exp T ds+ ;exp — ds

< C(m, 0, c) ez (4.6)
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for some y = y(8, c) > 0. Now, combining (4.5) with (4.6) we see that there exists a

constant C = C(m, 8, c,y,!) such that
l 1 1
e’ ——K(z,x,y)dz | € e_ywl/mn_yl{l +lo +(_——_)}
J e amme s =]

for all x,yeQ with x # y and all 1€ S).
Finally, observe that f an e W™ gy = /|2 for all Ae SY and that

e
Y™ 2] 1 o o+ _1_ < Y™ 1o ot ; m-1
J 108" g < CL e " rlog” (G

C (® C
<— | se™ds<— 4.7
7 f 7 “7)

for all AeSY. Hence one may apply Fubini’s theorem as in Part (a) in order to
conclude that (A+ 4,)~ is an integral operator and that its kernel satisfies the required
estimates.

Proof of Theorem2.3. Let0¢€(0,¢p+n/2)and abe asin Definition 2.1. Then there
exists a constant M > 0 such that
I(A+a+A4,) " gwr, < M/I2
for all Ae S§ and all pe[l, ). In fact, assuming n # m, this follows easily from
Young’s inequality and the estimates given in Theorem 2.2 (a) and (b), respectively.
If n = m, then the above norm estimate follows from Young’s inequality and (4.7).

The claim follows now from the classical generation theorem for analytic semigroups
(cf. [10, Theorem 1.5.4] or [14, A-II, Theorem 1.12]).

The assertion of Corollary 2.4 follows from [S, Theorem 4.2].
Proof of Theorem 2.5. By Theorem 2.2 we only have to prove the assertion

(b) = (a). To this end note that by integration by parts, the theorem of residues and
the uniqueness theorem of Laplace transforms we have

£717(0) =Q"—D-’ J HA— Ayt dh (1> 0). 4.8)

Here T is defined by I''=T_uT,uUT,, where ', :={re*"*;r > R} and I,:={Re'®;
|®| < a} for suitable R > 0 and oce(n/2 o+mn/2). Clearly, the integral in (4 8) does
not depend on the particular choice of R and a. For ¢ > 0 set

K(t,x,y) = ( Iy KX (5yeQ)

tll

The assumption (2.2) implies that

— 1) © 1/m
¢- e* K4, x,y)dA | <K J gt cosaynim-L duth e eR ey,
T

11 o
2mtt ) Rt

(l—- 1)! tA Kl n/m—z+11 tR—cRYMz—y|
st | ¢ Kilhx,y)di| < KR e
ro

for some constant K > 0, all ¢ > 0 and x, ye Q. Choosing

clx—y\" "
!
e e I
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we verify that there is a constant M > 0 such that

Moo {_(c|x—y|)""<'"-”} @9)

|K(t7x5y)| < tn/m 4!1/(""1)

for all t > 0 and all x, yeQ. Finally, by (4.8) we have
(-1

2mi?

T()f(x) = j o J Ky x, ) f00) dy di.

Since

M clx —y|)y™/ ™D
[ || et anfinmay < 20z | exol Loy
alJr Q
< M, G, (€™ V1) |](x)

for some M,, M, > 0, it follows from Fubini’s theorem and Proposition 3.3(a) that
T(¢) is a regular integral operator whose kernel K(z, -, -) satisfies (4.9). The proof is
complete.
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