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This article analyses costly information acquisition in asset markets with Knightian uncertainty about
the asset fundamentals. In these markets, acquiring information not only reduces the expected variability
of the fundamentals for a given distribution (i.e. risk). It also mitigates the uncertainty about the true
distribution of the fundamentals. Agents who lack knowledge of this distribution cannot correctly interpret
the information other investors impound into the price. We show that, due to uncertainty aversion, the
incentives to reduce uncertainty by acquiring information increase as more investors acquire information.
When uncertainty is high enough, information acquisition decisions become strategic complements and
lead to multiple equilibria. Swift changes in information demand can drive large price swings even after
small changes in Knightian uncertainty.
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1. INTRODUCTION

A basic tenet of financial economics holds that asset markets help summarize information
dispersed across individual investors. But what information do asset prices transmit?
[Grossman and Stiglit4 (198d) argue that as more agents acquire information, it becomes easier
to free-ride on the (costly) learning of others merely by observing the asset price. The value of
information diminishes with information acquisition.

The case for such a well-articulated role of the asset price relies on a number of assumptions
that have become standard. This article relaxes what is arguably the most standard of them:
that uncertainty can be quantified probabilistically. We consider a model in which the market

fundamentals are subject to ambiguity, or Knightian uncertainty (Keyned [1921]; [Knight [1921]).
In this market, aversion to ambiguity provides incentives to acquire information, incentives that
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increase with information acquisition. This property leads to a host of new conclusions about the
informational role of asset prices.

Our results rely on a framework in which uninformed investors face Knightian uncertainty
while attempting to glean information from the equilibrium price. We solve for the equilibrium
in this asset market with asymmetric information, and then analyse endogenous information
acquisition. The central element of our analysis is the agents’ attitude vis-a-vis the information
that prices reveal: how much of a price change can be attributed to new information, and how
much to a liquidity shock? When uninformed investors are uncertain about the true distribution of
the information held by the informed, this question cannot be given a precise probabilistic answer.
In this market, the value of acquiring information has two components. The first accounts for the
marginal value of reducing the riskiness of the fundamentals for any given prior distribution of
returns—the standard Grossman and Stiglitz component. The second relates to how valuable it
is for an ambiguity averse agent to resolve his ambiguity—the “value of parameter uncertainty”.
We show that the value of parameter uncertainty increases precisely as prices become more
informative. If uncertainty is high enough, it dominates the standard Grossman-Stiglitz free-
riding effect. Information complementarities result: the larger the mass of informed agents, the
higher the benefits of becoming informed.

Why is resolving ambiguity more valuable when there are more informed agents? As it turns
out, the value of parameter uncertainty lies in the benefit of forming portfolio decisions based on
the true distribution of the information revealed by the price. This benefit is high precisely when
prices incorporate more information on the fundamentals. Consider two polar cases:

In the first, no agent pays for information, and hence the equilibrium price at = 1, say, contains
no information and is unambiguous (albeit risky because of liquidity trading) from an ex ante
perspective (i.e. before trading and before the arrival of information, at  =0). However, returns
from trading are ambiguous from an ex ante perspective because they amount to the ambiguous
asset payoff less the unambiguous price. In this case, knowledge of the true return distribution at
t=1 provides an informational advantage only when the true expected returns differ from those
the uninformed investors impound into the equilibrium price. Ex ante, however, this informational
advantage cannot be quantified probabilistically because the true return distribution is ambiguous.
Thus, an ambiguity averse agent will give this advantage little weight as he formulates his choice
over whether to pay for information. The value of parameter uncertainty is small.

At the other extreme, if all agents pay for information, then the price encodes important
information about payoffs and is therefore ambiguous from an ex ante perspective. In contrast
to the previous case, the anticipated returns are less ambiguous ex ante: they are the difference
between the ambiguous payoff and the ambiguous price, and so the ambiguity “cancels out”
as the price fully incorporates information about the asset payoff. However, knowledge about
the probability distribution of the asset payoffs is valuable, because it provides the uninformed
investors with a “code” for correctly interpreting the information conveyed through the price.

This feature of our model is illustrated by the following example. The three-color Ellsberg urn
contains 30 red balls and a total of 60 black and yellow balls[] Informed decision makers know
the ratio of black to yellow balls, whereas the uninformed do not. At date-0, decision makers face
a bet that pays 0 if a red ball is drawn and $1 otherwise—a clearly unambiguous bet. The bet will
be resolved at date-2. However, there is an interim date-1 at which it will become known whether
the drawn ball is black or not. If the drawn ball is black, then the date-2 payoffs are known at
date-1. However, if the drawn ball is not black, then at date-1 the decision maker knows that the
drawn ball will be either red or yellow, but does not know which one it will be. Informed decision

1. Similar examples have been employed in the decision theory literature (e.g. IEps_mirLan_d_Sghngi_dd, m;
iy 2ad Kibanof} 0007, BOGE Saiscaletd BOLD,
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makers can use Bayes’ law and determine the probability of red or yellow, but the uninformed
cannot, as the payoffs are no longer unambiguous. That is, learning about the ratio of black and
yellow balls is valuable for forecasting the outcome of the bet precisely because of the information
available at date-1.

In our model, the asset payoff is f =0 + ¢, where 6 is ambiguous (its mean is unknown), but
can be learnt at some cost, and where € has a known distribution. When all agents are informed,
the price, p, moves one-to-one with the investors’ private information 6, that is p=60 —z, where
z is the random asset supply. Asset returns, R, are unambiguous as a result, R=f —p=¢€+z.
Even if the returns are unambiguous (tantamount to the unambiguous bet that places $1 on “not-
red” in the urn example), p reveals information that is useful for forecasting R: R and p have z in
common. However, p contains ambiguous information, 6, and is not very useful unless one knows
the probability distribution of € (just as the information “not-black” is not very useful unless one
knows the original composition of balls in the urn in Ellsberg’s example). For instance, a low
realization of p should not be interpreted as good news for future returns if the unknown mean
of 6 is very low (just as the information “not-black” does not imply high chances of getting $1
if there are few yellow balls in the urn). An uninformed agent’s portfolio decision will reflect
his aversion to this uncertainty. However, whether the resulting decision correctly accounts for
the true meaning of the price realization ultimately depends on the true distribution of 6, which
is ambiguous ex ante. Hence, while assessing the implications of remaining uninformed, an
ambiguity averse investor fears making the wrong portfolio decision in light of price information.
The value of parameter uncertainty is higher when prices incorporate information than when they
do not.

Akey prediction of our model is that in markets with ambiguity aversion, the value of parameter
uncertainty increases when asset prices are sufficiently informative. Note that what is crucial is
not merely the ambiguity, but the aversion to it. Critically, we show that in the smooth ambiguity
extension of our baseline model (see below), higher-order uncertainty does not lead to information
complementarities, unless agents are ambiguity averse.

Itis well known that information complementarities can lead to multiple equilibria (Section[3).
Our model and its extensions do indeed predict multiple equilibria. Outcomes such as history-
dependent prices, market crashes, rebounds, and overshoots can result even from small changes
in the uncertainty about the fundamentals. These properties help isolate new testable predictions
regarding a largely unexplored issue: the market reaction to positive uncertainty shocks. Our
model predicts that the initial reaction to a series of uncertainty shocks will be a market drop,
led by reduced market participation, and followed by a sustained rally. The rally occurs because
the increased uncertainty induces the uninformed agents to learn about these shocks, which fuels
complementarities in information acquisition and price overshoots.

Our main model relies on a market in which agents have maxmin expected utility, as in
[Gilboa and Schmeidlei dl_%_g) In this market, uninformed investors extract information from
the equilibrium price through full Bayesian learning, by updating each initial prior. Uninformed
investors are also sophisticated, in that they correctly anticipate their future choices (portfolio
policies) in light of new information (the equilibrium price), an assumption that has been known
as consistent planning since[Strotd (1955-1956). However, our main conclusions are resilient to
a variety of model extensions and alternative treatments of ambiguity, including (i) maximum
likelihood updating, (ii) portfolio policies to which agents pre-commit before trading, and (iii)
smooth specifications of ambiguity aversion as in [Klibanoff, er a/] (2009), which allow us to
disentangle ambiguity from ambiguity aversion within the context of our study.

The article is organized as follows. The next section provides perspective on our contribution
in light of the existing literature. Section [3] sets the model assumptions and analyses the asset
market equilibrium. Section H] characterizes the value of information in the asset market with




1536 REVIEW OF ECONOMIC STUDIES

Knightian uncertainty. Section [3] analyses endogenous information acquisition and deals with
information complementarities, multiple equilibria, and the asset price swings that occur as a
result. Section [@ provides the extensions. Section [l concludes. The appendices contain details
omitted from the main text. Proofs for Section [0l are in the Online Appendices D to F available
as Supplementary Material.

2. RELATED LITERATURE

This article contributes to two strands of literature. First, it analyses how Knightian uncertainty
about fundamentals affects assets and information markets in an otherwise standard noisy rational
expectations equilibrium (REE) model. Secondly, it provides insights into the economic incentives
for mitigating model uncertainty through costly information acquisition. To date, much of the
literature on Knightian uncertainty does rely on a representative agent frameworkﬂ on the other
hand, the REE literature typically ignores the distinction between risk and ambiguity. Some
exceptions are |Qa.sl<_e;¢| (]ZLXH) and dZQ]_]]), who rely on noisy supply for
partial revelation, as in our article, and (lm |21)_L2) andIEas_LQLe_LaLJ “21)_]_]]),

who do not. While these papers deal with informational properties of asset prices in markets with
ambiguity, our focus is on the value of fundamental information in these markets.

In the existing REE literature, information complementarities can occur because as more
agents acquire information, the price actually becomes less informative, making it more valuable
for uninformed agents to acquire private information. This property can arise due to different
mechanisms. In [Barlevi and Veronesi (2008), it is a negative correlation between noisy supply
and fundamentals. In %), it is the possibility of independent jumps in noise trading
and fundamentals. In NM), it is departures from normality of noise trading and
fundamentals that lead to a failure of the monotone likelihood ratio property (MLRP) of the signal
conveyed by the priceH In i i (2014), the mechanism is the heterogeneity in agents’
private asset valuations. In ) dynamic model, more informed investors lead to prices
being more informative about dividends but less informative about the liquidity shocks that drive
short-term price movements. Finally, [Ganguli and Yang (2009) and [Manzano and Vived 2011
show the existence of multiple linear equilibria in the price function when agents have private
information about both dividends and supply. In one of these equilibria, the price signal-to-noise
ratio decreases in the fraction of informed agents; when agents coordinate on this equilibrium,
there are complementarities in information acquisition.

In contrast to the previous papers, information complementarities arise in our model despite
the fact that more information acquisition leaves the uninformed agents with lower conditional
risk and lower conditional ambiguity.

Other models also predict complementarities despite the price signal-to-noise ratio increasing
with information acquisition. However, the mechanisms in these models hinge on different
channels. In m M), the mechanism relies on a cost of information that decreases
with information demand. In [Garcia and Strobl (|2£)_]_1|), the mechanism relies on consumption
complementarities that result from relative wealth concerns. In the sequential trade model of
mﬁ@ ), more informed trading makes current prices more informative but future prices
more uncertain; the latter effect may increase the value of information for short-term investors.

2. m, M) andm M) contain early analyses of how ambiguity affects participation

in Walrasian markets with heterogeneous agents.

3. m M) also provides a numerical example of complementarities in a setup in which the MLRP holds
but uninformed agents’ demands are backward-bending over some range. This feature of backward-bending demands
further differentiates our article—the uninformed demand is downward sloping in all versions of our model.
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Our channel relies on the incentives to form portfolio decisions based on the true distribution
of the fundamentals. Due to ambiguity aversion, these incentives increase when more investors
acquire information and impound it into the asset price.

3. THE MODEL
3.1. Agents and assets

We consider a market for a risky asset, with payoff equal to f =6 + €, where 8 ~N (i, wg) and € ~
N (0, w¢). As inlGrossman and Stiglitd (1980), the market is populated by a continuum of agents,
with a fraction A of informed and a fraction 1 — A of uninformed agents. Informed agents observe
0 at cost ¢ > 0. We initially take A as given and consider endogenous information acquisition in
the following sections. The asset supply is z~N (uz,w;). We assume that wy >0 (asymmetric
information), we > 0 (partial resolution of risk by private information), @, > 0 (partial information
revelation), and that all variables are independent. A riskless asset is also available for trading; it
is in perfectly elastic supply, and yields a rate of return equal to zero. All agents have negative
exponential utility u with constant absolute risk aversion 7, that is u(W) = —e "W . Initial wealth
is normalized to zero.

3.2. Ambiguity and ambiguity aversion

Our point of departure from |Grossman and Stiglitd (1980) is the assumption that all agents are

ex ante uncertain about the expected value of the fundamentals f. Although they are unable
to assess what u is, they believe it belongs to some interval, u € [ﬂ’ [t]. We assume that n=

o — %Au and u=po+ %A,u, for some A >0, and set pug=0.

In this and the following two sections, we assume that agents display preferences in the form
of the maxmin expected utility model of|Gilboa and Schmeidled (1989). This assumption does not
allow us to disentangle the notion of uncertainty from that of the attitude towards it. For example,
we cannot tell whether an increased length of interval, Au, reflects more uncertainty or more
uncertainty aversion. Unless otherwise stated, we shall favour a cognitive interpretation of Apu.
In Section[@3] we rely on the smooth ambiguity model of |Kh_bangff_eLaL] (IZDIH), which allows
for a separation of tastes and beliefs. Our conclusions about complementarities and multiple
equilibria remain unaffected in this framework [l

3.3. Informed agents

By observing the realization of 6, informed agents resolve their ambiguity straight away. They
choose portfolio holdings x; to maximize the expected utility of their final wealth Wy = (f —p)x; —
¢, where p is the observed asset price. Standard arguments yield

E(f16.p)—p 06— —P

x16.p)= tVar(f10,p) Twe G-

Naturally, while informed agents are able to dissipate their ambiguity, they cannot eliminate
risk. Conditional upon 6, the fundamentals, f, are still normally distributed with expectation 6
and variance wc.

4. Other non-smooth models include, among others the Choquet expected utility model om @) and

the o-maxmin expected utlhtE model of[Ghirardato er 4l ) The latter has the property of separating ambiguity and

ambiguity attitude. m) prov1de a survey of the decision-theoretic literature on ambiguity.
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3.4. Uninformed agents

Uncertainty about the expected value of the fundamentals, w, leads the uninformed agents to
choose portfolio holdings so as to maximize

min_ E, ( —e ™
HElp, ]

p):_e Tmingepu, i E, (WU|P)+IT var(Wulp) (3.2)

where Wy = (f —p)xy, xU is the asset demand, and E, (-) is the expectation operator taken under
the assumption that £ (9) =
The criterion underlyi Equation @B2) is the maxmin expected utility axiomatized by
[Gilboa and Schmeidle ) While formulating portfolio decisions, agents learn from the price
nd update each of their beliefs. This rule is known as full Bayesian updating. It was proposed by
mﬁ ), among others, and axiomatized bym ). In Section [6.] we solve for an
alternative updating rule, based on the maximum likelihood principle. This alternative assumption
does not affect our main conclusions on information acquisition based on full Bayesian updating.
We conjecture that, for every pair (6, z), the equilibrium price function is P (6, z). We look for
an equilibrium in which the uninformed agents sell the asset when the price is sufficiently high
and buy the asset when the price is sufficiently low, in a sense made precise below. This search
process leads to a simpler problem, that of determining the expectation of the fundamentals when
the agents buy and when the agents sell. Accordingly, we introduce the following notation:

E™ (fIP(-.)=p)=Eu (fIP(.)=p). ESV(fIP(.)=p)=Ep(fIP(.)=p).

We conjecture that the solution to the uninformed agents’ problem is
EPY (fIP()=p)—p
tVar(fIP(-,-)=p)
xy(p,P(,))=10. forpe [Ebuy (FIP(,)=p), E¥N(fIP(.,-) =P)] (3.3)

ESN(fIP(-,)=p)—p
tVar(f|P(-,-)=p)

, forp<E™W(f|P(-,-)=p)

, forp>E¥N(f|P(-,-)=p)

That is, the uninformed agents do not participate in the market unless the equilibrium price
is “favorable” enough. Precisely, the uninformed agents enter the market as buyers (sellers) only
if the price realization, p, is lower (higher) than the agents’ worst-case scenario expectation of
the asset value, conditional on p. Hence, participation involves a fixed-point problem in which
the expectation of the asset value, conditional on the price realization, is equal to the same price
realization:

E™™(f|P(-.)=p)=p and E*(f|P(.)=p)=p. (34)

The uninformed agents buy the asset when the price realization, p, is below p, and sell the asset
when p is above p. They do not trade if the price realization is such that p € [p, p]. Such situations of
portfolio inertia were first linked with Knightian uncertainty by[Dow and Werlang (1992). In our
model, the cut-offs p and p are determined in equilibrium, and so is the extent of the uninformed
agents’ market participation.
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3.5. Equilibrium

We conjecture that the equilibrium price function is P(6,z) =P (s(8,z)), where s(0,z) is the
compound signal, defined as

A
s(0,2)= 0—(z—usz). 3.5)
Twe
From the market-clearing condition,
(I=Mxu (., P()+2rx1(0,p)=z, (3.6)

we see that the compound signal is observationally equivalent to the equilibrium price. Therefore,
the equilibrium in this market is also one in which uninformed agents condition the expectation
of the asset value upon the observation of the compound signal.

We have:

Proposition 1. (Asset market equilibrium). The equilibrium price is piecewise linear in the
compound signal s given in equation 32, as follows:

a+bs, fors<s
TWwe —

P(s)=1 a+ - s, for s € [s, 5] 3.7
a-+bs, fors>s

for constants a,a,a,b given in Appendix A. The threshold values for the compound signal, s,s,
satisfy

_ A
H+—pz, S—s= Ap, (3.8)
where wy is the variance of s. Finally, we have p=a+bs and p=a+Dbs, with p <p.

Figure[ldepicts the equilibrium price described in Proposition[lwhen the fraction of informed

agents is, respectively, A =0.2 (top panel) and A =0.5 (bottom). The solid line is the price in the

resence of ambiguity, Au >0, and the dashed line is the price in the IGrossman and Stiglitd
) model.

The portfolio choice given in equation (33) reflects returns expected in worst-case scenarios.
In equilibrium, the uninformed agents buy if s < s (sell if s > 5) but they buy or sell less than they
would do in the absence of ambiguity. As a result, the price is lower (higher) than in Grossman
and Stiglitz for low (high) realizations of the compound signal, s. Naturally, the price impact of
the uninformed agents is reduced as X increases.

When the signal realization lies within the range [s, 5], the uninformed agents do not participate.
Note that both s and s increase with the average asset supply 1., reflecting an increased probability
that the uninformed agents will be buyers. Proposition[lalso tells us that the threshold difference,
s—s, equals the size of the ambiguity, A, weighted by the risk-bearing capacity of the informed
agents, 7. Indeed, consider the following comparative statics. If u increases, EbwY fIP(-,)=p)
mcreases as well, for each price realization p. Thus, the threshold equilibrium price p has to
increase (and, hence, so does s), according to the fixed-point problem in equation (3.4)); s1m11arly,
s decreases as jt decreases.

While the size of the non-participation region is proportional to the informed risk-bearing
capacity, the comparative statics of the probability of non-participation for a fixed prior u € [u, it]
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Equilibrium price, 1=0.2

Equilibrium price, 1=0.5

o ————- —- — — ——— = =

A- -

FIGURE 1
This figure depicts the equilibrium asset price given in Proposition[I] as a function of the compound signal, s. Both
panels compare the price function with the Grossman—Stiglitz linear function (the dashed line), which arises in the
absence of ambiguity, that is, when A =0. The region delimited by the vertical dashed lines corresponds to the
uninformed agents’ non-participation region. The parameter values are Au=2, wg =w. =w,;=t=1, and pu;=0. In the
top panel, the proportion of informed agents, A =0.2, and in the bottom panel, A =0.5.
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can display non-monotonicities depending on parameter values. This probability is determined
by both the size of the non-participation region, 5 — s, and the distribution of the signal defined in
equation (33), both of which depend on the informed risk-bearing capacity, T)LTG For example,
larger values of A increase both the non-participation region and the variance of the signal.
However, if the average asset supply u; is small, then a more volatile signal (for a fixed
s—s) implies that non-participation is less likely. When A is small, the signal’s volatility has
second-order effects, such that the probability of non-participation increases with A. When A is
sufficiently high, the effects of the signal’s variability may dominate, such that the probability of
non-participation could decrease with A.

4. THE VALUE OF INFORMATION

This section analyses how ambiguity affects the incentives to acquire fundamental information.
Agents decide whether to become informed before trading, as in [Grossman and Stiglitd (1980),
and assess their information choices based at worst-case scenarios. The value of acquiring
information reflects not only a reduction in the payoff risk, but also the agents’ aversion to
ambiguity. We decompose the value of information into two components that summarize these
two effects.

4.1. Informed agents

Acquiring private information allows an agent to observe the ambiguous portion of the asset
payoff. Thus, information acquisition reduces the conditional risk and eliminates the conditional
ambiguity of the payoff. Because information is only known after it has been paid for, a would-be
informed agent faces ambiguity ex ante regarding the distribution of the 6 that he will observe at
the trading stage. In Appendix B, we show that his ex ante utility is,

e = min E,[-e ] =ere 2000, 0, @.1)
HElp,fi] @fs

where W} is the wealth generated by the portfolio choice given by equation 3D, @ 10 = e, and
wy)s is the variance of f conditional on s (equation (&1D); finally, the two expressions,

Uy (L) = Mg[llitnﬂ]EM I:_g*ré(s:ﬂ)] ’ _efrC_(s;M) — m;leM [ e~ TX(fP)

s], (4.2)

denote the ex ante utility (Uy) and the expected utility at the trading stage (—e~ ™€) conditional
only on (i) the equilibrium price p (equivalently, the compound signal s ) and (ii) full knowledge
(at the trading stage) of the otherwise ambiguous expected value of 6, w. Equivalently, C is the
certainty equivalent at the trading stage for a hypothetical uninformed agent who only faces risky
choices. This representation of the informed utility plays a crucial role in explaining the main
determinants of information acquisition. Appendix B provides closed-form expressions for the
expectations in equation (@2)) and the certainty equivalent C.

4.2.  Uninformed agents and consistent planning

An agent who remains uninformed anticipates making portfolio choices while lacking knowledge
of the payoff distribution. Aversion to this uncertainty affects his ex ante utility. We describe this
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effect in terms of a welfare loss with respect to the benchmark in which the agent only faces risky
portfolio choices, Uy (1) in equation 2.

Let us denote by xy (s)=xy (p,P(6,z)) the portfolio choice of the uninformed agent in
equation (B3), and by xy(s; ) the solution to the maximization problem in equation (2,

EM*(S) (f1s) —E, (f19)
Ty ’

xy($)=xy(s; )+ w*(s)y=arg min_|E, (f|s)—P(s)|. (4.3)
HE[p, 1]

Note that £+ (5) (f|s) is the worst-case scenario estimate of the asset value that the uninformed
agent formulates while trading in state s (e.g. u* (s) = when the agent buys; Section[3). While
evaluating his ex ante welfare, the uninformed agent anticipates that his future portfolio choice
in state s will reflect such a worst-case scenario estimate. When gauged through a generic prior
W, this estimate is deemed biased, in that it leads to a portfolio decision that conflicts with the
choice he would have made had he known p at the trading stage. Clearly, xy (s) Xy (s; i) in all
states s in which p* (s) differs from . In Appendix B, we show that this bias can be accounted
for as a discount on C (s; 11). Precisely, we show that the ex ante utility of an uninformed agent
can be expressed as

Uy (A)= min EM[—e_TWU]z min EM[—e_T(C_(S;“)_T(S;“))], (4.4)
HeElp, 1] HeElp, in]

where Wy denotes the wealth generated by the portfolio choice given in equation (33)), and

T(s;pm)=

Trwpy, B (19— Ey (f19)*. (45)
The term inside the expectation in the second equality of equation (@4) is the expectation
under prior p of terminal utility conditional on price information. It has two terms: one accounting
for the risk-only profit certainty equivalent C(s; ) in equation (2)), and another relating to
ambiguity effects, 7 (s; ). If the agent knew the true distribution at the trading stage (i.e. ),
xy(s) in equation @3) would collapse to xy(s; ) or, equivalently, the discount 7 (s; i) would
be trivially zero, and Uy (1) would collapse to Uy (1). The term T (s; i1) is given a closed-form
expression in Appendix B (equation (B.I1)). It links to the intertemporal tussles described by
[Strotd (1955-195€), in contexts where preferences may conflict at different decision points.
Violation of dynamic consistency is a well-known phenomenon arising in contexts with
ambiguity (Epstein and Schneided [2003). Appendix B illustrates that in our model with
asymmetric information, there exist alternative state-contingent portfolio policies to xy () in
equation (@J), yielding an ex ante utility higher than Uy (1). Intuitively, a state-contingent
portfolio policy xy (s) could be chosen such that the uninformed agents could buy or sell more
than indicated by equation (£3) and achieve a higher ex ante utility (see the parametric example
in Appendix B, equation (B.I3)). The loss T (s; i) arises because the uninformed agents take into
account that their state-contingent portfolio policy deviates from the one they would formulate
ex ante. In other words, agents are sophisticated, in that they adopt a strategy described by
) as one of consistent planningﬁ Committing to a predetermined portfolio policy is an
alternative way of dealing with these intertemporal conflicts. This strategy is described by Strotz
as one of pre-commitment. In Section[@.2] we extend our results to a model with pre-commitment.

5. m M) develops a decision-theoretic treatment of consistent planning based on trees rather than
temporal acts. His approach goes beyond the “multiple-selves” approach introduced by Strotz to deal with intertemporal
conflicts.
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4.3. Equilibrium demand for information

The value of acquiring private information can be decomposed into two parts: one relating to the
benefits of resolving ambiguity before trading, and another summarizing the value of learning
the realization of 6 in addition to the unknown distribution (i.e. ©) before trading. Let G(c,A) =

— % In (Z’g[(jc(;))) denote the net gain from becoming informed, defined as the difference between
the ex ante profit certainty equivalent of the informed and that of the uninformed. By equations

@1, @2, and @3, it is given by

1 A 1 Ay (A
g(c,)\)=——1n(uf(c’ )>——ln Uy )
T \ Uy T \Uy )
—7(C(s; ) =T (s;
L0 (e Ey, [e ©(Cls;pu)=T (s MU))]
= —In ¢ +-In — , 4.6)
2t wFfle T Ey, [e—rC(s;;u)]
N — —

Grossman-—Stiglitz effect

Value of parameter uncertainty

where p; and py solve the two problems described in equations (1) and (4.

The R.H.S. of equation {.8) measures the value of information, net of the cost c, for a given
fraction A of informed agents. An equilibrium with endogenous information acquisition is defined
in the standard way. An interior equilibrium is a fraction of informed agents 1* € (0, 1) that causes
any agent to be ex ante indifferent over whether to be informed or not, that is, G (¢, A*) =0. The
non-interior equilibria are A* =0 such that G (c,0) <0, and A* =1 such that G(c, 1) >0.

The value of information has two components, as anticipated. The first is the marginal value
of reducing the riskiness of the fundamentals for any given prior distribution of returns. It is
monotonically decreasing in A, as explained below (equation (3I)). It actually coincides with
the standard|Grossman and Stiglit4 (1980) value of information, summarizing the usual trade-off
between the cost of acquiring information and its benefits in a market without ambiguity, that is,
where Au=0.

The second component, labelled “value of parameter uncertainty,” summarizes how valuable
it is for an ambiguity averse agent to resolve ambiguity before trading. It measures the ex ante
value to an uninformed agent of making future portfolio choices based on the true probability
distribution (as opposed to worst-case scenarios) when confronted with price information. This
value links to the uninformed ex ante evaluation of the welfare loss 7 (s; 1) implied by his portfolio
choice. Note that if 7 (s; ;) were zero in all states, then the value of parameter uncertainty would
be nil because the informed agents’ welfare is also appraised based on the worst-case scenario.
However, the next proposition establishes that this value is always positive:

Proposition 2. (Value of parameter uncertainty). Let Au>0. Then, the value of parameter
uncertainty in equation ({@.8) is strictly positive. That is, information is more valuable in a market
with ambiguous fundamentals (A > 0) than in a market without ambiguity (A =0).

One implication of Proposition [2] is that the amount of resources spent on collecting
information is higher in markets with ambiguity than in markets without, as formalized by
Corollary B.1 in Appendix B.

Which component of the value of information in equation (£.6) becomes most relevant as
more agents acquire information? It is an important issue, as the value of parameter uncertainty
can dwarf the familiar Grossman—Stiglitz effect and result in information complementarities: the



1544 REVIEW OF ECONOMIC STUDIES

higher the number of informed agents, the higher the incentives to acquire information. These
issues are analysed next.

5. INFORMATION ACQUISITION
5.1.  Information revelation

What information does the asset price transmit to uninformed agents? How much information
does the price reveal as the number of informed agents increases? Regarding risk, Appendix B
(equation (B.6)) shows that the variance of the fundamental, conditional on price information, is

as in[Grossman and Stiglitd (198d), namely
2
() e

var(fIP()=p)=wfs=we+(1-x)wg, x= 2 . (5.1
(a)J) wp twz
Regarding ambiguity conditional on price information,
Ex(fIPO=p)—Ey(fIP(O)=p)=(-))An<Apu=E;(f)—Ey(f), (5.2)

where the first equality follows from equations (A2)-(AJ) in Appendix A. The L.H.S. of the
equality in equation (3.2) is the uncertainty remaining after an agent has observed the equilibrium
price. It is less than the unconditional ambiguity, Ap. That is, price information helps reduce
ambiguity. Due to noisy supply (w; > 0), information revelation is partial. Furthermore, since the
parameter y in equation (3.J)) is increasing in A, the model predicts that information acquisition
always leads to more informative prices, in terms of both risk and ambiguity. Despite the
latter intuitive property, the next section shows that due to ambiguity aversion, information
complementarities arise in this market.

5.2.  Ambiguity aversion and information complementarities

The value of private information can be split into the benefit of reducing risk and the value of
parameter uncertainty (equation (). The latter is the value an uninformed agent would be
willing to pay ex ante for making future trading decisions based on the true distribution of the
fundamentals. This value increases as the price becomes more informative. In the following
examples, we provide intuition by comparing the welfare of an uninformed agent, Uy (1), to that
of a hypothetical uninformed agent who only faces risky choices at the trading stage, Uy (1), as
defined in Section .11

Consider two polar cases in which either a few agents are informed or many are. To simplify
exposition, we assume that the asset is in positive supply. Define the equilibrium asset return per
share as the difference between the fundamentals f and the price P (s) given by equation (3.7),

R=0+€—P(s(0,2)). (5.3)

When there are no informed agents, the price does not incorporate information on the
ambiguous #. Because an uninformed agent’s portfolio choice (xy in equation (33)) is only
a function of the price, there is no ambiguity regarding the choice he will make. That is, he
will face ambiguity at the trading stage, and evaluate the asset based on the worst-case scenario
w*(s)=u; however, his actual portfolio choice will only depend on the realization of the asset
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supply (not ). Profits from trading, xy - R, are ex ante ambiguous though. Indeed, the price is
uninformative and the expected returns are unknown, depending as they do on the unknown
mean of the fundamentals, E), (R)=u —E(P). Anticipating holding the per-capita supply, the
ambiguity averse uninformed agent will then appraise the expected returns under the worst-case
scenario Ly =M.

What is the ex ante value of resolving ambiguity regarding s in this case? On the one hand,
the agent would make portfolio decisions based on the true (not worst-case) expected return.
He would then benefit from an informational advantage that would grow with ©—pu >0, the
difference between the true . and the prior impounded into the price by the uninformed agents,
. On the other hand, the true p is unknown when information decisions are made. Thus, the
agent’s ambiguity aversion makes him evaluate (ex ante) this advantage based on the worst-
case scenario py = u. That is, the informed agent anticipates making exactly the same portfolio
choice and profits as the uninformed agent. Resolving ambiguity regarding s has no value in this
example. Formally, we have:

Lemma 1. In a market with no informed agents, i.e. where A =0, there exists a [i; > 0 such that
Jorall ;> iz, the ex ante prior of both the uninformed and the informed agents is Ly = jA1 = 4.

In other words, when prices are not very informative, and the average supply p, is high
enoughﬁ the ex ante beliefs of the informed and the uninformed are the same. The beliefs coincide
with the uninformed worst-case scenario at the trading stage, ;= uy = u* (s) = u, such that the
welfare loss 7 (s; ;) =0 in the most likely region of the state space. The value of parameter
uncertainty in equation (£.@) is small as a result.

As the number of informed agents increases, the price becomes more responsive to changes
in 6. Consider the limiting case in which everyone is informed, as in the example provided in
the Introduction. In this case, the price fully incorporates information on the fundamentals, such
that returns become unambiguous albeit still risky: P=60 —tw¢z, and R=€ + twez. Returns are
independent of 6 (and thus unambiguous). Yet, lacking knowledge of the distribution of 6, the
uninformed agent would now be exposed to ambiguous profits, xy - R, through his own portfolio
choices, xy. How this happens is easily seen. Note that P still contains information about R.
Thus, while formulating his portfolio decision xy; in equation (33)), the uninformed agent forms
his prior-to-prior estimate of R given the price:

cov(R,p)

EM(R|P)=E(R)+W

(P—E.(p)). (5.4

Equation (24} allows us to elaborate on the question raised in the Introduction: “How much of
a price change can be attributed to new information, and how much to a liquidity shock?” To give
a precise probabilistic answer, the true mean of p must be known. Lack of this knowledge leads
an uninformed agent to update his beliefs based on worst-case scenarios: the agent’s expectation
E, (p) in equation (84) is Ej+(5) (p), where u*(s)=p when the agent is long the asset and
w*(s)=j1 when he is short. This makes the distribution of p—E,«() (p) (and therefore the

6. When . is high, there is a high probability that an uninformed agent will be long the asset, which matches the
intuition in these examples with positive asset supply. By contrast, because the asset supply is Gaussian in the model,
lower values of i, increase the probability of the event that the uninformed agents are short the asset. In this event, the
prior incorporated into the price is /i, such that the informed agent anticipates making a different portfolio choice than
the uninformed agent. The ensuing informational advantage is small (it is assessed at worst-case scenario) but positive. A
large 11, facilitates our proofs, although it is not needed to generate complementarities, as we explain below (Figure B).
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distribution of his own portfolio choice) dependent on w, which is unknown at the time of making
the information decision.

How does the agent gauge the welfare implications of remaining uninformed? The agent’s
ambiguity aversion leads him to evaluate his future portfolio choice according to the worst-
case scenario, that is, as if his beliefs at the trading stage will be “unwarranted”. Precisely,
the uninformed ex ante beliefs are py = if the probability of being long (and, hence, that
w*(s)=p at the trading stage) is sufficiently high; by contrast, the agent’s utility is independent
of p if he becomes informed. The ensuing welfare loss, 7 (s; uy) >0, is what makes the
value of parameter uncertainty positive in equation {8). The following lemma summarizes
our conclusions regarding the agents’ ex ante beliefs in these informationally rich markets:

Lemma 2. There exists a ji; >0 and a level of information acquisition A € (0,1) depending on
Wz, such that for all p,; > [i,, the ex ante prior of the uninformed agents is wy = fi for all A € (A, 1].
Moreover, for . =1, the ex ante utility of the informed agents is independent of |L.

Lemmas[IlandRlsay that the prior of the uninformed agents’ makes a switch from low (uy = )
to high (uy =/i) as markets become more informative. Thus, they suggest that the value of
parameter uncertainty increases from zero to positive as the number of informed agents increases.
Naturally, the fact that the value of parameter uncertainty increases with information acquisition
does not imply information complementarities. Complementarities arise once uncertainty is high
enough for this increase to dominate the Grossman—Stiglitz effect in equation (&.6)):

Proposition 3. (Information complementarities). There exist a level of uncertainty Ap >0 and
an average asset supply [i; > 0, such that there are complementarities in information acquisition
forall Apu> A and ;> [i;.

The left panel of Figure Dlillustrates Proposition Bl For the value of information to be higher
in A=1 than in =0, Au needs to be large enough. However, progressively lower values of
Ap are needed as p, increases. Indeed, a higher probability of being a buyer lowers the value of
parameter uncertainty when A =0 and increases it when A = 1 as discussed previouslyﬂ Therefore,
when p, is large, the increase in the value of parameter uncertainty dwarfs the Grossman—Stiglitz
effect even when Ay is small.

The right panel of Figure [2 depicts the loci of Au and p; such that information
complementarities arise for any open interval of A. The pattern and its rationale are the same
as in the left panel with two additional features. First, when p; is sufficiently large, information
complementarities are triggered by lower values of A as A increases, as will be further explained
in Section[3.4](Figure[3). Secondly, complementarities arise also when the asset is in zero average
supply, p; =0, but for low values of A.

The intuition behind the first feature is the same as that underlying the left panel of Figure
2. The value of parameter uncertainty is small when A =0, but it increases even after a small
increase in A, provided Au is high enough.

The intuition behind the second feature is as follows. When the average asset supply is small
or zero and A is small, an uninformed agent has comparable odds of being either a buyer or a seller.
When the number of informed agents grows, an uninformed agent now faces a higher chance of
not participating at all, as explained in Section[3l The value of parameter uncertainty increases as a
result of foregone investment opportunities. Moreover, opportunities that are foregone due to not

7. See, e.g. Footnote 6.
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FIGURE 2
This figure depicts the loci of Au and p; leading to information complementarities. The shaded area in the left panel
contains the loci for which the value of information when all agents are informed is higher than that when all agents are
uninformed, that is (Au, u;):G(c,1)>G(c,0). The shaded areas of the right panel depict the loci in markets with
varying levels of informational efficiency. The loci are such that the value of information in a given market exceeds that
in a slightly less informed market, that is (Au, ;) :G(c,1) > G(c, A —¢), with e =0.05, and A ranging from A =0.05
(lightest area) to A =1 (darkest). The remaining parameters are wg =we =w, =7 =1.

participating are high precisely when A is low—expected profits flatten in a market with many
informed agents. Therefore, when p, is small, information complementarities result precisely
when there are few informed agents.

5.3. Value of price information

More information acquisition leads to more informative prices. We now address a further
issue: how valuable is the information that these prices contain? It is known that dynamic
inconsistency can lead to a negative value of information both in contexts without ambiguity (e.
[Carrillo and Mariotti,2000; and[Eichberger et all,2007) and with ambiguity (see, .g. m
Imb Our focus is on information that is revealed in equilibrium. We show that, in our model,
the value of information accounted for by the price can turn negative when the value of parameter
uncertainty is high enough.

We denote by Uy () the ex ante utility of a hypothetical agent whose portfolio choice is
unconditional, in that it does not rely on price information

Uy(A\)= min_E ( _U‘OR>, where xp=argmax| min EM<—e_TXR) . (5.5)
HElp, 1] X\ nelp,pl

We define the value of price information as G, () =— % In (Z[é&)) ) . It is the ex ante certainty

equivalent gain of forming portfolio choices based on price information relative to making

8. Interestingly, xo can also be interpreted as the portfolio chosen by an uninformed agent in a pre-commitment
equilibrium when A =1, provided uncertainty A is high enough (Section[0.2).
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unconditional portfolio choices. Note that the value of price information and that of parameter
uncertainty in equation (&) add up to the value of price information for an agent who only faces
risky choices at the trading stage, that is,

B 1 (U 1. (Uy )
g (@) )
—_—

Value of price information for interim risky trades  Value of parameter uncertainty

where Uy (1) is the ex ante utility in equation @2).
In Appendix C, we solve for the unconditional portfolio choice in equation (B3 (see

Proposition C.1). We also show that, in the |ﬁmssmaman_d_s_ugluz| (1980) model, the value of

price information simply reflects the reduction of risk, thus always being positive, that is

s 1 Var (R)
G5* ()= Gp (M| ,—0= 5 n <W> . (5.7)

When is the value of price information negative in our model? Intuitively, equation (X))
suggests that G, (1) is negative when the value of parameter uncertainty is high enough. Now,
as the number of informed agents increases, the asset returns become risky only, not ambiguous,
such that the first term on the R.H.S. of equation (3.6) approaches g,%s (+). Therefore, when A is
high, not only is the value of price information lower than in Grossman-Stiglitz, but it can in fact
be negative, provided the value of parameter uncertainty is high enough. The next proposition
shows that, for large u, this is the case when uncertainty A is high enough:

Proposition 4. (Negative value of price information). There exist a level of uncertainty Apn>0
and an average asset supply [i; >0, and a given fraction of informed agents . € (0, 1), such that
the value of price information is negative for all Ap> Ap, ;> fiz, and A€ (A, 1].

5.4. Multiple equilibria and the impact of an uncertainty shock

Information complementarities can lead to multiple equilibria when information decisions are
discrete choices, as in our model Figure 3 illustrates instances of the value of information, G (c, 1)
from equation {.8)), plotted as a function of the fraction of informed agents, A, and obtained with
four degrees of ambiguity, Au.

The lower, solid and thin line is the value of information in thebrg&s_m_an_and_s_ﬁ.g]j_tzl (]_L%ﬂ)
model, thatis, when A =0. As we increase A u from the benchmark value of O to 1, then 1.50 and
finally 2, G (c, A) increases progressively, which is consistent with Proposition2l When A =1,
there is a unique interior, and stable, equilibrium, where the fraction of informed agents is higher
than in the benchmark case. As A increases to 1.50, the market displays two interior equilibria:
the leftmost and stable equilibrium (A* =\g), and the rightmost and unstable equilibrium (A* =
AU) Note that, when Ap=1.50, there is a third and stable equilibrium: A* =1. The kink in

9. SeeMﬂMg_andlddkamﬂ M) andm M) for results regarding information comple-

mentarities and multiple equilibria under different information structures.
10. The rightmost equilibrium is unstable in that (i) for all A € (Ag,Ay), the informed agents would be better off
once uninformed, and (ii) for all A € (Ay, 1], it would be in the interest of the uninformed agents to acquire information.
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FIGURE 3

This figure depicts the value of information, G (c, A), as a function of the fraction of informed agents, A, for a given cost

of information, c. The uppermost, solid and thick line is the value of information obtained with A =2. The two dashed

lines below it depict the value of information when Ap=1.50 and Ap=1.00. The lower, solid and thin line depicts the
value of information in the benchmark case with no ambiguity, that is, when Au =0. The remaining parameter values

are wp =w.=w,=t=1, u;=2,and c=0.3.

the value of information arises as the prior of the uninformed agents’ shifts from p to it as A
increases, as explained in Section 52l(LemmasMand Z)[1]

As Ap increases in Figure B the value of information increases for each A, and shifts the
stable (interior) equilibria to the right, and the unstable one to the left. When A is sufficiently
high, there remains one equilibrium only, at A* = 1. The uppermost, thick line, which corresponds
to A =2, depicts an example of such a situation.

The right panel of Figure @ depicts the unconditional expectation of the price as a function of
A, when the proportion of agents who acquire information is determined endogenously as in
the left panel. When Ay is small, an increase in Au leads to a positive but modest increase in
A, and hence a lower average price, reflecting less aggressive trading of the uninformed agents.
As Ap becomes sufficiently large, the market shifts to its “information frenzy” regime, in which
all agents become informed. The average price jumps up as a result, and then remains flat as Ap
increases further.

Therefore, the model predicts a non-monotonic relation between the degree of Knightian
uncertainty and the average asset return. When uncertainty is low, the price falls, on average,
following a series of positive changes in Au—a sequence of “uncertainty shocks”. When
uncertainty is sufficiently high, the price rebounds as a result of information acquisition. It jumps
back to the equilibrium in the lower branch of FigureBlwhen uncertainty becomes sufficiently low.
Furthermore, the price exhibits path dependence and different jump sizes, according to whether

11. While these shifts in the prior are relevant to information complementarities in the context of the maxmin model
of this section, they do not not appear in the smooth ambiguity extension of the model (Section[6.3), in which ambiguity
aversion operates through the agents’ aversion to mean-preserving spreads in expected utility values.
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FIGURE 4
The left panel depicts the proportion of informed agents in the stable equilibria, A, as a function of the ambiguity size,
Ap. The right panel is the unconditional expectation of the equilibrium price corresponding to each A in the left panel.

The parameter values are wy =w. =w; =1t =1, u; =2, and c=0.3.

uncertainty is increasing or decreasing. For all Au belonging to the area delimited by the two
arrows, the average price is in the lower branch conditional on a history of positive uncertainty
shocks, and in the upper branch otherwise.

Note, then, the model’s prediction regarding asset price volatility. After the market has
undergone an information frenzy and a highly volatile rally, the equilibrium price is, on average,
in the upper branch of Figure 4. In this regime, the asset price is insensitive to further uncertainty
shocks (both positive and negative) and is, on average, higher than in the lower branch’s regime.
Once uncertainty resettles to sufficiently low levels, the market experiences subsequent longer
term “reversals”, with the price undergoing the low information regime of the lower branch of
Figure @l

6. EXTENSIONS

This section considers three extensions, aiming to analyse departures from some of the model
assumptions made so far.

The first extension is learning. Full Bayesian updating is not the only learning mechanism
available while dealing with ambiguity. In Section we consider a different rule from the
prior-by-prior updates of the previous sections, and discusses additional alternatives.

The second extension is commitment. The uninformed agents would be better off were they
able to pre-commit to state-contingent portfolio decisions at the trading stage, as discussed in
Section 2] In Section[6.2] we consider a model with pre-commitment.

The third extension is the separation of tastes and beliefs. Maxmin preferences do not allow
us to disentangle the cognitive notion of ambiguity from the attitude towards it, as mentioned in
Section In Section 63l we adopt the smooth ambiguity model of [Klibanoff, er al] (2003),
which enables us to implement comparative statics of changing ambiguity or ambiguity aversion.

6.1. Maximum likelihood updates of prior beliefs

With full Bayesian updating, no learning occurs regarding the original set of priors, which means
that the uninformed agents retain all their initial priors. The set of posterior beliefs on 6 given
the price is the set of prior beliefs on 8, with each prior updated according to Bayes’ rule. This
section considers an updating rule based on the maximum likelihood principle, whereby the
uninformed agents do not necessarily retain all of their initial priors after observing the price.
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Maximum likelihood updating was axiomatized by IGilboa and Schmeidled (1993). It captures
the main flavour of classical statistical inference, as further discussed by W
Co1d).
The literature contains alternative learning approaches to those we consider in this article.
A popular approach is set out by [Epstein and Schneided (2003), who consider a discrete-time
extension of the multiple priors model that is recursive and, hence, dynamically consistent. |
R M) are examples of learning models within this context, in which agents have theories
of multiple likelihoods that link signals to true parameters. Likewise, [Hanany and Klibanoff
, ) retain dynamic consistency by allowing the update rule to depend not only on
new information, but also on prior choices, in the spirit of early work bypwm )
In contrast, while distinct from full Bayesian updating, our analysis of this extension still
considers uninformed agents who deal with preference conflicts at different decision nodes
through consistent planning
While updating their beliefs through maximum likelihood, the uninformed agents retain those
priors within their initial set that assign the highest probability to the occurrence of the observed
events. That is, conditional on the observed equilibrium price having taken a value of p, the set
of retained priors is

M, = {u €lp, il )u € argmax e[y, a1 Prob(P(-) =p) } 6.1)

The retained priors are then updated according to Bayes’ rule.

We solve the model in Online Appendix D available as Supplementary Material, where we
extend the analysis of the previous sections to this new setting. In particular, we show that the
equilibrium price is piecewise linear in the compound signal (Proposition D.1), that the value
of information is strictly higher than in the |Grossman and Stiglit4 (198d) benchmark without
ambiguity (Proposition D.2), and that information complementarities arise when uncertainty is
high enough (Proposition D.3).

6.2. Equilibrium with pre-commitment

In our model, uninformed agents would be better off were they able to pre-commit to portfolio
policies (Section £2). Moreover, the value of price information can be negative when enough
agents acquire information (Section B3). A natural question then arises as to whether our
conclusions on the value of information and learning complementarities are specific to the
assumption of consistent planning. In this section, we analyse a market in which uninformed
agents do pre-commit to a contingent portfolio choice p+— xy (p), in equilibrium. (The possibility
of pre-committing is not relevant to the informed agents, as shown in Online Appendix E
available as Supplementary Material.) The model, solved in Online Appendix E available as
Supplementary Material, leads to two main conclusions.

First, in the equilibrium with pre-commitment, the value of information is represented as in
equation {.8)), with a positive value of parameter uncertainty. This value is strictly positive, unless
two conditions hold simultaneously: namely, that the uninformed agents (i) optimally pre-commit
to a linear portfolio policy,

Eu+(flp)—p

W= i)

, for some constant u* €[, ji], 6.2)

12. For example, see equation (D.15) in Online Appendix D available as Supplementary Material for an expression
of the welfare loss that arises in this version of the model, corresponding to 7 (s; 1) in equation 3.
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and (ii) gauge their ex ante utility at the very same p*. This is a fixed point problem: the prior
[ minimizing ex ante utility depends on u*, and at the same time has to be equal to p* in
equation (@2) (Lemma E.2). Proposition E.1 shows that there exists a threshold Au*, determined
in closed form (see equation (E9)), such that a fixed point exists if and only if Ay < Ap*. The
threshold goes to zero as L — 1: the value of parameter uncertainty is always strictly positive
when sufficiently many agents are informed.

Secondly, information complementarities may also arise in an equilibrium in which
uninformed agents are bound to pre-commit to linear strategies. We provide conditions such
that the value of information in the A=1 case exceeds that in A=0 case, conditions that link
to the unconditional portfolio problem in Section 3.3l When A=1, an agent who remained
uninformed would pre-commit to a portfolio policy xy (p), which becomes less and less sensitive
to the equilibrium price p as A increases, flattening out to the unconditional portfolio choice
in equation (@3) in the limit when Ay is large (Lemma E.5). That is, by pre-committing, the
uninformed agents mitigate concerns due to the uncertainty regarding the information contained
by the price. However, by pre-committing, the uninformed agents also face much higher risk,
precisely due to their policy now being unresponsive to p. Under conditions given by Proposition
E.2, the value of information is higher in the case where A=1 than when A =0, reflecting the
much higher risk to which the uninformed agents are exposed under higher levels of A.

6.3.  Smooth ambiguity aversion

Maxmin preferences do not allow us to disentangle ambiguity from ambiguity aversion. We now
assume that agents display smooth ambiguity preferences, as in[Klibanoff, er /] 200) (KMM,
hereafter). Given a set of priors Q over p, a utility function U, and an increasing and concave
function 1: R — R, a KMM decision maker prefers act x’ to act x if and only if

EQh(E (UW* W)= Eg[h(E. (UWY))]. (6.3)

where U (W) denotes the utility of wealth W* drawn from act x—a portfolio choice, in our
context. Concavity of 2 means that a decision maker dislikes mean-preserving spreads in expected
utility values, such that he may be defined as ambiguity averse. Only if % is linear will the
decision maker be ambiguity neutral. One example of the function / in equation @3} is A (u) =
—% (e_”“ — l), where the parameter ¢ is a measure of absolute ambiguity aversion. If o =0, the
model collapses to a description of a Bayesian decision maker. Maxmin expected utility obtains
under the assumption that o is large (see Proposition 3 in KMM).

We assume that the prior u~N (uo,wu), and that the function 4 in equation (&3} exhibits
constant relative ambiguity aversion (CRAA), that is, (1) = — (—u)%, for some constant & > 1.
In this setup, w,, summarizes the extent of parameter uncertainty about ., and « is a measure
of ambiguity aversion, with the decision maker being Bayesian if & =1, and ambiguity averse if
a > 1. The model is solved in Online Appendix F available as Supplementary Material. Its main
predictions are that the value of information is higher in a market with uncertainty than in one
without, and that there are complementarities in information acquisition, multiple equilibria, and
possibly a negative value of price information—just as in the maxmin case.

By disentangling parameter uncertainty from aversion to it, the model allows us to single out
the effect of ambiguity aversion on the value of parameter uncertainty. In Online Appendix F
available as Supplementary Material, we establish that, if agents are Bayesian, that is, if a =1,
the value of parameter uncertainty is strictly positive (Lemma F.1), but it also decreases with
information acquisition (Proposition F.1), such that information choices can only be strategic
substitutes. Furthermore, we show that information complementarities and multiple equilibria
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FIGURE 5
This figure depicts the unconditional expectation of the equilibrium price corresponding to the endogenous fraction of
informed agents, 1*, as a function of the uncertainty size, w,,, for two values of the ambiguity aversion parameter, o.
The left panel sets o« =2.5 and the right panel sets o =6. Other parameter values are wg =we =w, =1=1, u, =4,
1no=10, and ¢=0.6.

(Proposition F.1), and a negative value of price information (Proposition F.2), arise only if agents
are ambiguity averse, that is, if « > 1. Note that these properties arise even if, unlike in the
maxmin model of Sections BH3l portfolio and information choices are not based on the worst-
case scenario[d ' They do arise, however, through the same mechanism as that in the maxmin
model—the value of parameter uncertainty increases with information acquisition.

Figure Bl depicts the comparative statics regarding the market behaviour after a change in the
uncertainty aversion parameter, o. Each panel is the counterpart to the right panel in Figure [4]
and plots the average price against the uncertainty size, wy,, when the fraction of informed
agents is endogenous. Similarly as in the maxmin model, the price decreases with uncertainty,
on average, reflecting less aggressive trading by the uninformed agents. Once w,, is sufficiently
large, information complementarities are triggered, with an “information frenzy” that leads to a
discontinuity in the average equilibrium price and then to a positive “price drift”, determined by
further information acquisition that occurs in a smooth fashion.

An increase in ambiguity aversion has clear implications in this market: (i) it increases the
price impact of changes in uncertainty, w,,, (ii) it reduces the critical value of w,, that triggers
learning complementarities, and (iii) it leads to wider price swings. The higher price impact in (i),
and the ensuing properties (ii) and (iii), are consistent with the intuition that increased ambiguity
aversion leads to less aggressive asset demand. [Golliel M) shows that this intuitive property
of asset demand might not be robust to alternative specifications of / in equation (@3)), which go
beyond the CRAA case of this section.

7. CONCLUSION

This article departs from the literature in its focus on the value of information in markets with
Knightian uncertainty. How valuable is it to acquire information that other investors already
have? In their seminal work, [Grossman and Stiglitd (1980, p. 405) conclude that “... there is
a fundamental conflict between the efficiency with which markets spread 1nf0rmat10n and the
incentives to acquire information”. In markets with Knightian uncertainty, this conflict takes a
novel form.

13. For instance, and regarding the formulation of portfolio choices, see equation (F.4).
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In our model, more information acquisition implies that prices have more information content:
as the number of informed investors grows, those who remain uninformed trade with less risk
and less ambiguity. The incentives to reduce risk by acquiring information thus diminish with
information acquisition, just as in Grossman and Stiglitz, but the incentives to reduce ambiguity
do not. The benefit of reducing ambiguity is to allow an ambiguity averse agent to correctly
interpret the information revealed by the asset prices (the “value of parameter uncertainty”).
Because asset prices become increasingly informative as more investors acquire information, the
value of parameter uncertainty increases with information acquisition.

When uncertainty is high enough, these ambiguity effects overwhelm those arising from risk.
Information acquisition decisions become strategic complements: the more investors acquire
information, the higher are the incentives to become informed. These markets then respond
to even small changes in uncertainty with episodes of large price fluctuations, driven by hasty
changes in information demand. Our model suggests that investors’ fear of dealing with Knightian
uncertainty can lead to new information-based explanations of asset market volatility.

APPENDIX
A. PROOFS FOR SECTION 3

Proof of Proposition 1. By the market-clearing condition, equation (@), the equilibrium price arising when the

uninformed agents do not participate is:

TWe + Twe
PO
which is the second line in equation (&Z). Next, we compute the uninformed agents’ expectation of the asset payoff, in the

states of nature where these agents participate. Denote the conditional expectation u f|s (s; ) =E;, (f|S=s). We have,

P(s)=—

S,

L2
7 (<)
Mf|.q(sm)=(1—x)u+<—) Xs, X=—7 —. A.D
Twe (L) wp+o
Twe Z
L2
Using equation &), and w, = (E) wg +w, straightforward computations leave:
EM (flS=s) 'L'sza)z ATwewy A2)
=5)= .
: Vg +120ko; L 2oy +120ko,
2.2
. T z AT
B (f1S=5)= We Wz - We Wy A3)

Vawy+120tw, BT e+ 2wkw,
Next, we plug equations (A2)-(AJ) into the demand schedule, equation (Z3), replace the result into the market-clearing

condition, equation (T.8)), conjecture the piece-wise linear price function in equation (37), and solve for undetermined
coefficients, obtaining,

_)‘leszewe + (ﬁ(l —A) We — Lz Twe (we +w6)) Iszwe

a =
= 22w+ A T2 wpw,we + T2 0,02
o Au(l—k)tzwzwg
a=dvs 2 20 2
AZw +AT=We W we +T W, ¢
Twe
a = — 3 Mz

()LQ)H +a)z‘[2w€ (wH +a)€)) TWe
T Mg +At2wpw,0e + T 0,002

Finally, we determine the threshold for the compound signal, s and 5. We use the cut-off conditions in equation (%:4).
As for s, consider the first equation, EPYY (fIP(-, '):E) =p. For s<s, the conjectured price function is linear in s.

Therefore, we solve for p by equivalently solving for s in the following condition,

E™ (f|S=s)=p=a-+bs,



MELE & SANGIORGI UNCERTAINTY AND INFORMATION INASSETMARKETS 1555

where EPYY ( f1S= g) is given by equation (&2), and the second equality holds by the first line of the conjectured price
function in equation &7). We do the same to determine 5, by solving,

E*! (fIS=5)=p=a+b3,
where E*U (f|S=5) is given by equation &J3). The expressions for s and 5 given in Proposition[[lthen follow by simple
computations. Finally, we calculate the threshold prices p and p. We plug equations (A2)—(A3) into equation (34, use
20 which confirm that p<p. N

TWe Wy

QyoY)
Twew;

the price function in equation (37), and obtain p=p+

e and p=ji+

B. PROOFS FOR SECTION 4

B.1. Derivation of the ex ante utilities

B.1.1. Informed agents. Let 1 (s; 1) and wg|s denote the conditional expectation and variance of 6 given s,

w,wp

E (Ols)=pnois(sim)=pris(ssn),  wols= o’ (B.1)
s
where i 71, (s; 1) is as in equation (AT). We have,
E, [_e—rWI] =E, [E ( _e—le 9,s):| =E, [e—r(C(G,s)—c):| , (B.2)

where Wl is the informed agent’s wealth,

1 (6-P()’

2 T

is the certainty equivalent for the expected utility of the informed agent at the trading stage and, finally, P(s) is the
equilibrium price of Proposition[[] By conditioning upon the signal s in equation (B2)),

. 00
E, I:_e—rWI] :/ E, ( _e—T(CO.0-0)
—0o0

where @ (-;m,w) denotes the cumulative distribution function of a normal variable with mean m and variance w, and
ms (1) and w; denote the mean and variance of the compound signal s in equation (T3, with

C@,s)=

(7>d¢(a;ms (1), ws), (B.3)

A
ms (W) =Ey ()= M, (B.4)
Twe
and: o
Eu(fe_’(c“)"’)“) o):e”/ (fe"c“”“))dd>(€;uo|s(c;M),w9|x)=fe” [ L g=rCemw (B.5)
—00 Wf|s
where 5
- 1(EL(0]s)—P(s
C<s:m:5( W (619 =P )"
Ty
and
w,wy
Wf|s =W+ o (B.6)

s

By replacing P (s) and the expression for 4 g (s; 1) in equation (BT into the expression for C(s; 1) leaves, fors = % (g+§),

o 2
1 82 5
exp| —= S—85— = (u—u) , fors<s
2 wi|s ) Twe —
182 o) for se [5.5]
5 exp| —= s—85— s or s€(s,s
e—rC(xW.) — p 2 s Twe H = (B.7)

A 2
1 82 T S _
exp| —= S—S5+ - (L—mp) , fors>5s
2wfs § Twe
3

s w0 (Mwg+ 120,02 + 12000 0c ) =
(A2wp + 1120 0pwe + 12w, 02) (M 2wy + 2 0,02) | Aws

where

(B.8)
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Finally, substituting equations (B3) and (B into equation (B3, and integrating, leaves the following closed-form
expression for the expectation in equation @I} of the main text,

— —c . ,
E# |:—€ 7(C(0,0) c)] —¢'¢ - e . Z Iﬁ’ (B.9)
fls te{buy,np,sell}

where, denoting ®(-)=®(-;0,1),

— _82<$—§MZ+V0<M—E))2 ¢< « (wsm_yl@_ﬁ)))

2(wpis+8%ws) Jos \ o

Sz(%ﬂz)z
z(wf\s +(§2ws)

<o (i) oG5 (Grenlemn)))

2 ( _ 2
sell 8 (uleLZ_VO(ﬂ_N)) o P o, i
=— - v 3 o
n Kexp 2wy +8%0y) [ (ﬂ(mzu" v (i u)))]

[P =—Rkexp (—

and:

/ @f|s ~ @fls
K= ——"To » K= [——% )
wj'\s+5 Wy w_f\5+82w3
H A Swg \ X dog | A
w=l-—1]— n=[146— c=(146— -n
) Twe wfls | Twe wrls | Twe

B.1.2. Uninformed agents. We derive the expression for 7~ in equation @3}, and a closed-form expression for
the expectation in the second equality of equation ). We have:
2

o

=—exp <—TXU &) (pis (s ) —P(9)) + —x2,(5) wf\s) , (B.10)

Eﬂ[fe_rWU

S] —E, [ R OI O

2

where Wy is the uninformed agent’s wealth,

()= MG D PG,

Twys

and p* (s) is defined as in second of equation @J) in the main text. Replacing the previous expression for xy(s) into
equation (B-I0) leads to the second equality of equations {4, where:

(g—u)z(l—x)2

f
2rwf‘s , fors<s
T(s;0)=1 C(s; 1), for s €[s,5] (B.11)
(B—w?(1—x)? for 53
—_— ors>s
erﬂx

and y is defined as in equation (A&I). Finally, we use equations (B-7) and (BII) to determine the expectation in the
ex ante utility for the uninformed in equations @),

EM [7e—r(é(.v:/L)—T(.r;/1))] _ Z J;i’ (B.12)
£e{buy,np,sell}
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where

(g—u)z(l—x)2
2wy

) o)

_];e” = exp (—w?*(1-x)* ~I;e“,
275

buy __ buy
J,7 = exp IV,

np
Ju

and IZuy and Ilsf" are the same as in equation (B9). W

B.2. State contingent plans dominating consistent planning

We show that xy (s) =xy (p, P(6,2)) in equation (33D is dominated by alternative portfolio policies, in that the latter
deliver a higher ex ante utility than Uy (1) in equation ). We aim to tilt xy (-) by a function such that the resulting
tilted asset demand schedule generates a higher ex ante utility.

Consider the following alternative contingent portfolio rule,

o pls (53 0 (8) +2h(s)) — P (s)
Ty ’

(5,0 = (B.13)
where u ¢)s (s; 1) is defined as in equation (&), # >0 and h(s) is any continuous function such that: (i) i(s)>0 for s<s,
(i) h(s)=0 for s € [s, 5], and (iii) A(s) <O for s> s, with h(s) being strictly different from zero on some open set for both
s <s and s >5. Note that by construction,

xy (s)=Xx(s,0) foralls. (B.14)

Denote with I/ (1) the ex ante utility corresponding to X(-,). Define

(s -P®)’ . () +th(s)—p) > (1%
fu,t)=E, | —e 201ls 2011s

Using the definition of 1* () in equation {@3), and that of /(-), we obtain:

2
2
(1 p1s(s:0)=P(s))” (“*E) a-x 5
L - - + u—p)(1=x)* A
:/ e 207s 20f)s ﬁh(s) qb(s;—u,a)y)ds
=0 J- TWe

@ fls
00 £

af (.0
a1

(sGm=PE) -2

o p + (=)= A
+/ e @ fls @ fls (“ - h(S))¢ §1— .05 )ds,
5 fls Twe

where ¢ denotes the normal density, d® = ¢ds. Given that ;. — 1< 0 and and A(s) > 0 for s <s, with the inequality being

strict on some open set, the first term is strictly positive for all u > p and zero for 4 = u. Given that u — it <0 and i(s) <0

for s>5, with the inequality being strict on some open set, the second term is strictly positive for all p <z and zero

af(u.t)
ot

for p= 1. Therefore,

f(u,t)>f (u,0) for all u, and, then, Z)(t):minﬂe[ﬁ,ﬁ]f(u, 1) >minefp )f (1, 0). But by equation BT, U©O)=Uy.
It follows that for ¢ small enough, u O>Uy. N

0 >0 for all u, which implies that there exist sufficiently small values of ¢ > 0 such that

Proof of Proposition 2. Consider the definition of the value of information for any A in equation {&). We wish to show
that for Ap >0,

Ey [_efr(é(x:uu)fT(s:uu))]

>1.

E, [_e—ré(szlu)]
Because E,, [76’76(“’“)] and E,,, [7e_f(c_('r;“U)_T(S""“U))] are both strictly negative, the previous inequality holds true
if: - .
E}Ll [7e—rC(s;/1.1)] >EILU [76—1(C(S#LU)—T(»VllLU))] , (B.15)
where we define, as in the main text:

uy€arg min E, [7e_fc(‘“")], iy €arg min_ E, [7e_f(c(‘“")_7—(““)):|.
HE[p, ] HE[p, ]
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To show that the inequality is true, suppose the contrary, i.e. that:

E,, [,efré(v:/u)] <E,, [,efr(é(~f:uu)fT(S:#u))]. (B.16)
Because 7 (s; i) is non-negative and strictly positive on an open set of values of s (equation (B-I1)), we have that,

EIJ-I I:ie—ré(.r:u1)j| - EMI |:7e—r(é(x:m)—T(s:Ml))} . (B.17)
Combining (B-I6) with (B-I7) yields,

E,, |:7e—f(é(S:/LI)—T(S?IH))} <E,, [76—76(&/11)] <E,, |:7e—'[(é(.??ILU)—T(S#‘-U))] ,

contradicting that .y minimizes Ej, [—e”(c_(’;”)*T(““))}_ ]
The next corollary follows directly by Proposition 2}

Corollary B.1. Information is purchased by more agents in the presence of ambiguity than in markets without ambiguity,
and strictly so unless the equilibrium fraction of informed agents in both markets is either zero or one.

Proof. Let A*(Auw)€(0,1] solve the indifference condition, G(c,A) =0. Assume now that A*(0)>A*(Au), for some
A > 0. By PropositionBland the fact that the first term in the R.H.S. of equation (@) is decreasing in A, this cannot be
the case as we would have, G (¢, A*(Au)) > 0. Furthermore, since G (¢,A)[a,>0 > G (c,A)|a =0 forall A by Proposition2]
then A*(Ap)=0 implies A*(0)=0, and A*(0)=1 implies A*(An)=1. W

C. PROOFS FOR SECTION 5
We prove Proposition[]by relying on Lemmas[[landPlin the main text. We prove these two lemmas first.

Proof of Lemma 1. We first show that for A =0, there exists a i, > 0, such that for all x> [i,, the ex ante utility of the

informed agents occurs at [t =p,ie. U;(c,0)= EM[—e"Wl ]. Note that because Iﬂp =0 when A =0, it is sufficient to show

that for all y1; > /i, argming ey ji) (Izuy +Iff“) = . When A =0, by equation (B9) we have,

2
2 (ToppH\—p
IEW:—coexp C;)(wg)) ®<%(M;*f%(#*&))) (C.1
2 EVTIEPNY:
19 = —cpexp (—Z’W) [1 —@(%(uﬁrwz(a—m))} (€2)

_1
where wy =wp +oc, and co = (1+12wrw;) " 2.

We show that <Iﬂuy +Iff“) is increasing when p, is sufficiently large. We have,

L_Z (rw ;47+(;L—)L))2

I R el P Ll G co

ey T e S P Mciaas e PSR P
o o o -

R YR
+e ? “f ¢<Z<M17rwz (Mfﬁ»)con/wz, (C.3)
and,
2
2 (rwpuz—Gi— _ _
ol i,w_;%%cz Twrp; — (L —p1) I—® co(pz+Tw (L—H))
0 no— 0
ou wy o
_g Lopa)®
—e ’ o ¢( o (Mt 10, ([TL—/L)))C()T\/L!)Z

=B+ By (C4)
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The term B?e“ is strictly positive for all i whenever ;> = TAT’;. After tedious but straightforward computations, we

find that N
)

d
-1 bu sell
¢y — I’ +B¥ =ex
0 JuH 2 P wr

C(Hy () +Hz (n)),

where,

Tofp;+ (M‘M)

Hw=|d— = d><j%(uz—rwz(u—g)))

co

RVACH
ZAn (14720,
X[l_exp<w(+f&twf)u e

Hz(u)Etb( (Mz-i-fwz(l_l—l/«)))eXP(C(z)<Hzf—ﬂfzwz>AM>

of

The function Hj (1) is clearly positive for all 1 whenever ;> u}. The function Hy (1) is zero for =0, positive
for u <0, and negative for u > 0. Therefore, the function H () =H; (n)+Haz (1) is positive for all p <0. If, instead,
>0, we have, clearly, that min¢,z)H2 (1) =Ha (14+) =H, > —o0, for some uuy € (0, it] and limy,, 00 H> (1) =0 for
all e [u, 1]. Moreover, for each i, the function Hj () is increasing in p;, with limy,__, oo H (1) = 00. Therefore, for
each >0, there exists a finite /i, such that H (1) > H; (v) +Ha > 0 for all u, > f1. Take fi, =max {uj,[tz} to conclude
about the informed agents’ choice.

Next, we show that for A =0, there exists a ft; > 0, such that for all u, > [i,, the ex ante utility of the uninformed
agents also occurs at u=pu, i.e. Uy (0) :Eu[—e”WU]. When A =0, we have, by equation (B-12), that,

2
K= i— )2

b sell (f ) b (=) sell

]Muy+]l:e =exp T .I#uy+exp<2wf .I;e ,

where I,Buy and Iff“ are as in equations (C2)-(C3). We need to show that A| +A >0 for all 11, where,

9
AIECO 3#

2 2
(E_M) Wl p—p, 9
— | exp T .IEUY —e 2 . (T <_CO lllkiuy) +¢ 1 ﬁlzuy>*

and,
? -2\ Ew? g ‘ I
A ECal — | exp (B=wr /%) .I;e" —e ™ (HZH .M <7c(;11;511> +cal —I;f” s
o 2wy wy o
and the terms, %Iﬁ“y and %Iff", are as in equations (C3)-(CF). By equations and (C3),

K=K —1bu 10
= (—¢, I y) ¢ — 1"
wy ( 0 "n + 0 au 1%

2
ST P Y (75 () WA

@f of f

e _?(rwfuz-i-wgﬂ—lt))z ¢<

S )

= An+An,

ok AN
z _c(z)rwf

such that Aj; >0 for all © whenever ;> u

(1 —cé): Aptw;. Next, we show that for . large enough, A3 =

=

exp<(2a;_) )Alz +A; >0, for all u, thereby completing the proof. We use equations (C2) and (C4), and use the
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resulting expressions for A, to obtain, after tedious but straightforward computations,

As=exp M exp _‘EWW ¢< <o (Mz_ra)z(u—g))>

2wy wr NEA

x CO\’/Zif (1—exp(—As; - Ap)

- 2 2 _
+exp((u—u) )exp< ¢ (rorpm—(a— W)’ )

2wf 2 wf
§ [(ﬂ—u + wm:—(ﬁ—u)) <1_¢(60(uz+fwz(ﬂ—u)))>]

wr wr Vo

=A3+A33

and,
1 1 3
Azl ECOT(Co-h/wz)Mz-F(wf +C%wf —t’0? Co)u

We have that (i) A33 >0 for all u whenever ;> uj = and (ii) for all u, A3 >0<=A3; > 0. Inspection of the

‘m)f ’

definition of A3 reveals that there exists a u}** >0 such that A3; >0 for all u whenever > u}**. Now take (i, =
max {u, N7 ,p,***} to conclude about the uninformed agents’ choice. W

Proof of Lemma 2. We first show that for A =1, the ex ante utility of the informed agents is independent of 1. By a direct
calculation,

2

_n ¢_ . |wetT o wewyr L, 59

Il=/{1ﬁm1 E Iu__” Texp(—ir weCTU; |, (C.5)
£e{buy,np,sell}

where ¢ =(1+ r2w2w5)7% and ¢y = %@, w? +wy, which is independent of 1, as claimed.

Next, we show that there exist a ft; >0 and a 1 € (0, 1) such that for all ;> /i, and A € (A, 1], the ex ante utility
of the uninformed agents is Uy (A):E‘;[—e”WU]. By equation (B12), we need to show that the mapping, pu+——>
(J,lzuy +J,'1p+Jff”) is decreasing when (. is sufficiently large and A is sufficiently close to one. By equation and

the definition of 1 ﬁ in equation (B.9),

i]buy

ou M

(v~ M)(l—x)z T x>z¢<L<w
.

=—C(p; 1)
fand wfls Jos

(g—u)2(l—x)2 p w
+o(pipe Ml ¢(ﬁ(;‘j/¢z—y1(u M)))

8 (%u«zﬂ/o (u —u)) (z-n)* -2
'z —, e 2“[\5 (

wfls + 82wy

+¢ (@ u2)yo

.b .bi
= uz)(h”yﬂz"yﬂ ”y),

and,

] A _ 5—mg(p) s—mg (1) Py
np _ A | _ P
3/LJ# S TWe A/ W5 i |:¢< v @s ) ¢( V @s >:| b 2 )’
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and,
i sell
au M
- = 2 2
) (= x)? e K (o -
zl(u:uz)Te s |1-® NG wfsuﬂrm(u—u)
fls s 4
(i )UHZ(/%X')Z¢< c (ws +1 (7 ))> N
— Gz )e ’ —H;TViI(W— 4!
ws \ W Wy
B 52(%##70(#*/1)) m—uzfi;‘lmz ol k(s _
+S(Hs 1n)vo w50 e : [ - ( o (wzuﬁyl(u—u)))]
= (o) (745" 55
where: 5 )
. 52(%;'uz> . 82<%MZ+V0(M—X))
w.=exp| ——7——=—~|> X; ) =kexp| —

2(a)f|5+82a)s) 2(a)f|:+82a);)

We have that: for all > u, lim,lz%eoj'fuy <0, 1im,lﬁooj'§“y =0 and 1im, 003" =1im,, - 005 = 0. Note, also, that
lim,. 0 %Jﬂp <0 for all «, which it does whenever lim,,, , o j'l“’ =0. It is the case, since straightforward calculations

*(Clﬂgﬂzﬂﬁcs)

leave: j?p xe for three constants ¢;, and c; strictly positive. Therefore, there exists a ft; > 0 such that, for

all u, > i, we havejlfuy +j;uy —i—j?ell +j§e“ —',-j;’p +j;p <0. Next, we write

il
" (J};”y +J5P +Jff“)
C(ﬁ:/lz) .buy | .buy | .buy .np , .np S pz) ssell | wsell | sell
=8u. 7(]1 +ia " )3 )+11 +i; +7(J| +i i )
g;lz ;p,;
E{MZ j_

Because lim; _, | yo =0 and, hence, for all finite x,, lim;_, 1j§"y =lim,_, 1j§e" =0and limy— ¢ (x; uz) =&, forall x, such

that for any finite y, larger than /i, there exists A depending on p, such that j < 0. Therefore, we have shown that for all
w strictly higher than y, the function J,, EJEuy +sz -‘1-J;ell is decreasing in . Because J,, is continuous in the closed
and bounded interval [, j1], then, by Weierstrass theorem, J,, takes its absolute maximum on [/, it]. Suppose that J,, is
the global maximum, and then the proof follows. Suppose that J 4« is not the global maximum; then, there exists an open
interval of [, i1] on which J,, is increasing in u, which contradicts that J,, is decreasing in p forall p>p. W

Proof of Proposition 3. We show that for all p, > fi,, where [i, is as in Lemma 1, G (c, 1) > G(c,0), or equivalently
U (c,0)  Ui(c,1)

> .
Uy 0) Uy

(C.6)

We utilize the expressions for IEuy, I ,'lp and Iff“ given in Appendix B and calculate that for A =0,

2.2
T wrc, co
\]gu)’ zlz“Y =—cpexp (— 7; 0 ;Lz) P ( I/«z) ,

wz
J;" :IE’ =0,
2
Ap? 2 (torp: — A
It =exp( S ), et =—coexp( 2 (G i Py (z+Tw:Ap) ).
- 2o JE K 2 oy Ja, Bt
Therefore, for u, large enough, and Lemma 1,
llslell
buy sell 1+ Z
L{l (C’O) e [Pe lﬁ +1/S‘e e |@e Illz Y
=e — = -~ £
Uy (0) wyp Jow 4 gsell o NG ’
w i 1+exp(2wf)]Euy
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where limy,_ 100 (I3 / I;uy) =0, by the L’Hopital’s rule. Therefore,

U (c,0 X
lim 1(c.0) et [2¢. (C.7)
ntoe Uy (0) wy
Next, we show that, for A=1,
U (e, 1 Ap2(1—yx)?
lim AL D e [ O exp( = 21 (d—=xv ’ C8)
uztoo Uy (1) s p=1 2w f)5.0=1
where w (s 3=1=limy 1wy and x; =lim;_ x. By the expressions for Jﬁ and Iﬁ in Appendix B and Lemma 2, we

have that for p, large enough,

Ap2(1—yx)? -
J:;uy = exp M .Iﬁp(#(ws‘k—l Mz—);A,Uv>)a
20 f15,0=1 JWs,0=1 w;
o _[q)(sl—mx(ﬂ))_q)(gl —m(ﬂ))]
® A Ps.a=1 A Ps.a=1

JE =7 [1—¢<7K Dea=l u)}
K’ Josp=1 @ "

for some y >0 independent of ., where w; 3—1 =limy_, | @y, 51 =1lim; 15, s; =lim, 1 5, and Z is as in equation (C.)
in the proof of Lemma 2. Hence, we have

U (c, 1 T Ap?(1—x)? 1
i (c )=e” [ we . 1 ot e exp( — w(1=x1) ’ .9
Uy (1) O fls =1 Jﬂ“y +J;P+Jiell @5 =1 20f5,3=1 Z(uz)

where, by straightforward calculations,

K W A=1 _
Z(uz)sd><—( 2 u:ﬂ/Mb))
Ws a=1 Wz

JP B A2 (1—y1)2
+ L—Hb(—LwM_l Mz) exp _Aedza)T)
7 JOsi=1 @ 20 fis,1=1

We have, by the L"Hopital’s rule,

Jr_lp ¢(§l*mx(ﬂ))_¢(il *ms(l—‘))
lim 2 =z lim YL VRIS ), (C.10)
pztoo Iy pztoo M~67772(U601M§

for some constant ¢ >0, where the last equality follows by comparing the loadings of ,uf of the exponentials in the
numerator and the denominator, and using the definition of ¢y in equation (C3). Therefore, lim 12100 Z (1) =1 such that
equation (C8) holds, due to equation (C3). Proposition III follows from equation (C7) and equation (C) and Ay large
enough. H

Proof of equation (32). We rely on the following lemma, which we give without proof, as it can be derived by well
known properties of the normal distribution.

Lemma C.1. Let F; and F; be two nested information sets, F; C F;, and let R be normally distributed with respect to
Fs and F;, and assume Var (R|F;) is constant. Then,
i T E(R|\F))
x(Fp) =argmax E (—e~ K| F;) =argmaxx (E (RIF) —x3 Var (RIFy) ) = T (RF)

and

12 2
E[—exp(—tx(F)R)| Fyl=— (M) ex (—E(R'f)>

Var (R| Fy) 2Var (R| Fy)

As for the proof of equation G2, we have that in the no-ambiguity benchmark, Au =0, asset returns are
unconditionally normally distributed, so Lemma C.1 implies that the ex ante utility deriving from the unconditional

portfolio choice xy is,
1 ERR)?
Uo(k):—exp<— ® )

2 Var(R) €1h
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Next, let F; denote agent-i information set at the trading stage and, accordingly, let x;(F;) be his optimal demand
conditional on F; and U{; (1) his ex ante utility. If the asset return R is normally distributed with respect to F; and also
unconditionally, then,

_ (var(RIF)\"? L ER?\ _ (Var(RIF)\'"?
u"(k)_f( Var (R) > P\ T2 Var R _( Var (R) > Uo (3, €12

where the first equality holds by Lemma C.1 and second from the expression of U (1) in equation (C.11). Given returns
R are normally distributed both conditional on price information and unconditionally for A =0, these results imply that
equation 7) holds. W

Finally, we derive the unconditional portfolio choice in equation (E3) in the general case of a market with ambiguity.
We have:

Proposition C.1. The unconditional portfolio choice, xo, is implicitly defined by

Eu(RIS) _xoEy (Rl
" Ryf‘x ¢ -
W , for E,, (R) >0
X w
=10 for £, (R) <0 and E; (R) =0
s
W, for E; (R) <0

Eu(R)
Y Twgs

Moreover, xo € (O )for E&(R) >0 and xo € (E’_‘ &) ,O) for E; (R) <O.

TOfls

We prove Proposition C.1 through the following lemma.

Lemma C.2. The inner minimization problem in equation &) is solved by 1 = for xo >0 and by = i for xo <O0.

Proof. Note that,

in E, [— —TxR
in, Bl e

= min E, |:E/L[e—rx(E(R\s)fx%Var(R\s))’s:|]
nelp, il

— min EIL[_e—rx((;tms(x;p)—P(s))—x%wﬂs)]

Help, il
S 5 00
= min_ [/ h(t,u,x)dt+/ h(t,u,x)dt—i—/ h(t,,u,,x)dt],
el il L) —oo s s

where
Rt p,x) = —e~ P (RosGO=POI=X3071) £ (1 (1), w5),

and my () is defined in (B24). The integrand A (t, i1, x) is a continuous function of ¢ and i over the ranges of integration,
and so is its partial derivative with respect to u,

)
—h(t,,x)
o

= e ((on@=PO) =g os) (rx(l O .00+ f (m, (u),w,o).
Twe 0t

Hence, differentiating under the integral sign and rearranging, leaves:

a

s _ ,—TxR
aMEH( e ™)

_ /oo o (o5 —PD)—xF 0 p)5) (rx(l —Of (t:mg (1), ) + TL %f(t; my (//L):a)s)> dt. (C.13)
—o0 We
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Integrating the second term by parts and simplifying gives,

i . 1 A0
/ e ((osw-PO)~x50n) 2 % rim (1), wy)dt
NS Twe Ot

] T
=,/ (876—”5((//-9\;([#‘-)—1’([))—/‘7&’fl.v)>
o \ar

o f
:/ v (= 2 Lp ey ) emer PO £ 1 m (1), 0 .
0 Twe 0t ’ ’

A
f (t;ms (W), ) dt
Twe

Plugging back into equation yields:

9
—E _efer
g fn )
P (hon—P®) 0, Ao
= | e esEn=PO)=Fon) (1 22 p@) )£ (1my(n),wy)dr.
—o0 Twe Ot
By the equilibrium price function defined by equation &.7), it is immediate that ﬁ %P(r) <1, with the inequality being

strict outside the non-participation region. Therefore, we have:

0
sign <£EH (—e’”R)> =sign(x),
which proves the original claim. W

Proof of Proposition C.1. We begin by proving that the maximization problem in equation (Z3) has a strictly positive
solution xo > 0 if and only if Ej, (R) > 0. By Lemma C.2 we look for xo >0 which solves

xo=argmaxE,, (—e’”R) =argmaxE,, (eim(Eﬁ(Rls)fxiw”S» . (C.14)
X —_ X —

As a first step we show that we can differentiate under the integral sign the maximand in equation (C.14),

Eﬁ<e—rx(E£<R\x)fx§wm)) _ /‘00 e,rx((uom(z:g)fP(t))*X%w/»\s)f(z;ms(ﬁ),ws)dz
—00
s K o]
= [mh(t’&’x)dt+/i h(t,&,x)dt-i—/} h(t,&,x)dt

which we can, as h(z,ﬁ,x) and %h(r,g,x) are continuous functions of ¢ and x over the ranges of integration.
Because E, (R|s)=pg|s(s;)—P(s) is linear in s over the very same ranges of integration, the expression

E, (E“ (R]s) eim(@( Rls)fx%wf@

the maximization problem in equation (Z3) for x >0 gives

) is also differentiable under the integral sign. Then, the first-order condition for

G) EEﬁ[(Eﬁ(R\s) —xmf,s)e’”(@‘ R‘”*‘%”f“)] =0, (C.15)
with second-order condition
2 _ I
G (x)= 4EE[<wﬂS+ (Eﬁ(Rls) fxmﬂ;) >e wx(Eu(Rls) Xz”’f'f)] <0. (C.16)

Notice that

GO =E, (Eu(RI9) =Eu (R),
which, together with equation implies that a strictly positive solution to G(x) =0 exists only if £, (R) > 0. Hence,
take E;, (R) >0 and define

_ E,B)
X=—""
TCl)f|S
We will show that G(x) <0, or equivalently,
G@ <0 B[ (Eu(Rl9) —Froys ) e ™| <06 B, (R) > E] (Eu (R15), 17
where
dP o~ ¥Eu(RIs)
dP o = E I:e—r)?Eﬁ(Rlx):I ’

Given that E, (R|s) is a strictly decreasing function of s and x>0, the measure P assigns larger weight to
states s in which E, (R|s) is negative and lower weight to states s in which E, (R|s) is positive, which implies
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E£ (Ei(Rls)) <E, (Ei(R\ s)) and therefore the last inequality in {CIZ). Since G(0) > 0 and G (x) <0, then there exists

Eu(R) . . . . . . .
. riﬂ ) that solves equation (CI3); since G'(x) <0 the solution to equation (CT3) is unique. Rearranging
s

equation (C.15) and simplifying gives

avalue xp € (O

Eu(RIS) —zxoEy (Rls)
v\ 7o, € -
fls

xXo=
E, (e—roni( R\s))
The case for E; (R) <0 and xp <0 is similar ad is omitted. Finally, for both E,, (R) <0 and Ez (R) >0, the function

min,&[&ymEu (—E_TXR)
is solved by xo=0. W

is decreasing (increasing) in x for all x >0 (x <0) such that the unconditional portfolio problem

Finally, to prove PropositionH] we rely on the following lemma:

Lemma C.3. Let A > 0. Thenforeach £ €R, there exists a [1, > 0 depending on € such that for all i1, > i, the equilibrium
price in equation B2 satisfies E,, (P(s)) < for all € [p, i1].

Proof. By market clearing, and the definition of the compound signal s in equation (&3}, the equilibrium price

satisfies: .
P(s):( * ) (—uz+s+(1—x)—"f"(s;“ “))_P(S)), (C.18)
Twe Twf|s

where, using equations (A2)—(A3) and the expression for the equilibrium price in equation (37D,

5(5—5), fors<s

wpis(sin* ) —Ps=1 0 for s€[s,S] (C.19)

§(s—s), fors>3s

where § is as in the first of equation (B:8). Plugging equation (C.I9) into equation {CI8), and taking expectation under
a generic prior p,

- E, (P
E. M( (s))

((s—9)Ty<s+ G—5)Tyo5)

Ey
=—pz+ms(u)+(1-21)8

TWwf|s
=—pz+ms (1)
s® (S )45 (1= @ (T2 ) ) () + [ 1 (1mg () )
s, () (-0 (52)) ; 0
Twfs
where, using the property of the truncated normal distribution,
5
/tdqj(t;ms(//-)swx)
s
5 —my (1) s—ms (@) 5 —my (1) s—mg (@)
—moo(#(7 ) (575)) - (e ( ) o () v
s (U @, N ¢ @, ¢ o s
and my () is as in equation (B:4). Replacing this expression into equation (C20), and rearranging terms, yields,
E (P(9)
2\ (1=2)8y@; ((s—ms(w) §—my(n)
= — : — - - , C.21
(rwe) [( M Fms () + o g R > g( R ) (C21)

where for any reR, we define the function, g(t)=t®(r)+¢(¢). The claim follows by taking the limits in
equation (C27). W

Proof of Proposition 4. We first establish that for y, large, there exists a X € (0, 1), such that the value of price information
in equation (Z.6),

1 Uy (L)
M) =——In s
GOI==1 (Uo )
is continuous in_A for all A € (%, 1]. By equation (B12) Uy (1) is contir_luous in A over some some range (110 py s
constant over (A, 1]; indeed, for p, large, by Lemma 2 there exists a A such that uy =g for all A €(A,1]. By Lemma
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C.3, E, (R) >0 for . large, and therefore by Proposition C.1 and Lemma C.2, Uy (1) =Eﬁ(fe’”01") for all A, where by
equation and the implicit function theorem, x is a continuous function of A for all A > 0.
Secondly, we establish that for u; large G, (1) is negative for Ay sufficiently high. Note that,

L (U 1 (Uil
g”(”__rln(umc,l)) rl“< uou))' ©2

Moreover, in A =1, the asset realized returns are independent of 6, such that by Lemma C.1 and equation 1,
U (c,1) et Var(R|0,p) et W
Uy (1) Var(R) |, V Var(R)|;—;’
i Y0 e [ Var (RID)ly Ap*(1—x1)?
im =e exp .
uztoo Uy (c, 1) e 2w|5,0=1

Therefore, taking the limit in equation (C.22) and rearranging terms leaves:

Var (R)|—1 )_ Ap*(1-x1)?
Var (RIp)|;—1 '

and by equation (C3),

1
lim G,(1)= —ln(
pztoo

7 (C.23)

2‘Ea)f|51;h=1

Equation and continuity of G, (A) on A € (%, 1] imply that there exist values 7zz > 0 and Az > 0 such that Gy(1) <0
forall s, >7; and Ap>Apand re(X,1]. W
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