Proceedings of the Royal Society of Edinburgh. 87A, 219-230, 1981

On the Lax-Phillips scattering theory

W. O. Amrein

Department of Theoretical Physics, University of Geneva,
1211 Geneva 4, Switzerland

and

M. Wollenbergt

Academy of Sciences of the GDR,
Central Institute for Mathematics and Mechanics,
Mohrenstrasse 39, DDR-108 Berlin

(MS received 23 October 1979)

Synopsis

We give a simple description of the wave operators appearing in the Lax—Phillips scattering theory.
This is used to derive a relation between the scattering matrix and a kind of time delay operator and to
characterize all scattering systems having the same scattering operator.

1. Introduction

Let {U(t)},r be a strongly continuous one-parameter unitary group on a separa-
ble Hilbert space $. Assume that there exist two closed subspaces ©, and
9 _—called outgoing and incoming subspace, respectively-having the following

properties:
UD.cD, for t=0, (D)
U cdD_ for =0, 2)
N U®D, ={0}=N U©D., )
UU0D, =9=U UOD_. 4)

Then we say that {§, U(t),D,,D_} form a general Lax—Phillips scattering system
(GLPS system). If in addition the relation

D, 1D (%)

is satisfied, we speak of a Lax—Phillips scattering system (LPS system).
Given a GLPS system, there is an auxiliary Hilbert space & and two unitary
maps R, and R_ of § onto L2(R, dx; &) such that [3, 5]

R.®, =L*R,, dx; ), , (6)
R D_=L%R_, dx; R]), @)
R.UMRI =T(1), (8)
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220 W. O. Amrein and M. Wollenberg

where T(t) is the translation group on L*R, dx; ®), i.e.
[TOfI(x)=f(x—1) for feL?R,dx;8). )
The scattering operator S is defined by
S:=R,R~". (10)

S is a unitary operator on L3R, dx; &) and commutes with T(t). For LPS systems
one also has [3, p. 52]

SLZ®R_, dx; &)< L2R_, dx; &). 1
If the assumption (5) is satisfied, then the subspace
D:=HO D, DD) (12)

may be called the interacting subspace. This is to be seen in the formulation of the
Lax-Phillips scattering theory where one has a free dynamics Ugy(t) besides the
interacting dynamics U(¢) [3, p. 53-54; 5]. We shall denote by D, D_ and D the
orthogonal projection with range ©,,®_ and D respectively.

Recently Lax and Phillips [4] introduced and studied an operator T, called the
time delay operator, by

o0

T=s—1lim J dte™*"U(-1)DU(t), (13)

e—+0

where the integral is to be taken in the strong sense. They obtained various
interesting properties of T. In particular they showed that, under additional
assumptions on the LPS system, T is connected with the scattering matrix #(A) by
the following relation

T(A) = i) HFN)* (14)

in the outgoing spectral representation (T commutes with U(t), hence it is
decomposable). The expectation values of T are interpreted as the total energy of
interaction of the wave with the scatterer.

In quantum mechanics the time delay is defined by a somewhat different
expression involving also the free dynamics. In this paper we transcribe this
quantum mechanical definition into the framework of LPS systems by using the
associated free dynamics U,(t). We relate this new time delay operator to that
defined in (13) and deduce equation (14) under weaker assumptions than those in
[4] by a method which avoids the use of analytic continuation.

Our treatment of the “‘time delay operator” is based on the description of the
structure of the wave operators for LPS systems with a fixed free dynamics Uy(t).
This again is connected with the problem of characterizing the class of all possible
scattering operators for LPS systems. In contrast to the corresponding problem in
the abstract time-dependent (e.g. quantum mechanical) scattering theory (see [7])
the answer is here quite simple because of the additional restrictions which one
has in the Lax—Phillips scattering theory.

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 30 May 2017 at 19:06:23, subject to the Cambridge Core terms
of use, available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/50308210500015158


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S0308210500015158
https:/www.cambridge.org/core

On the Lax—Phillips scattering theory 221
2. Characterization of the wave and scattering operators

We begin with some remarks on the class of scattering operators appearing in
GLPS and LPS systems. This is useful for our later characterization of the wave
operators and furthermore of interest for comparison with the corresponding
situation in abstract time-dependent scattering theory (see [7]).

For a GLPS system, the scattering operator S defined on the space L*(R, dx; &)
is unitary and commutes with the translation group T(¢) in this space, whereas for
a LPS system it satisfies in addition the relation (11). One may formulate the
following converse problem: given §, a strongly continuous unitary group
{U®}er on §, a unitary map R: H— L3R, dx; &) such that RU()R™*=T(1)
and a unitary operator S’ on L*(R, dx; &) that commutes with T(t), can one find
two subspaces ®, of § which are outgoing and incoming for U(t) such that S’ is
the scattering operator associated with {©, U(t), D,,D_}?

The solution is simple. Define ®,=R'L?R,,dx;®) and D_=
R'S'L*[R_, dx; &). Then it is easy to verify that ®, and D_ satisfy the assump-
tions (1)~(4). The operators R, are defined by R, =R and R_=S"*R. We see
that R, satisfy the assumptions (6)—(8) and therefore are the right unitary maps
for {9, U(1), D.,D_}. The scattering operator is S=R,R-"=RR™'S'=§". If in
addition S’ satisfies (11), i.e. if S’ leaves L*[R_, dx; &) invariant, it follows from
the unitarity of R™* that ©,1D_.

These considerations show that the class of scattering operators S for GLPS
systems is completely characterized by the two properties: unitarity and
[S, T(1)]=0, and that the class of scattering operators for LPS systems is com-
pletely characterized by the three conditions: unitarity, [S, T(t)]=0 and
SL2R_, dx; &) = L%R_, dx; §). -

Our next point is to embed the LPS systems in the framework of two-space
scattering theory. The essential steps for this were already described in [3, p.
53-54].. Assume we have a LPS system {9, U(1), D,,D_}. We define an operator
J from the representation space L*(R, dx; &) to § as follows. We fix a number
a=0 and set

Jf:=R;'T(—a)f for feL*[a,),dx;8),
Jf:=RI'T(a)f for felL?*((—x, —al, dx;®),

whereas on L*((—a, a), dx;®), J is an arbitrary bounded operator mapping
L*((—a, a), dx; &) into H$O (D, B D_). Clearly

]LZ([a’ 00)5 dxv @) = D+;
JL*(—, —al, dx; 8) =D_,

and U®OJf=JT@®)f for feL*[a,*),dx;®) and t=0 as well as for fe
L*((—», —a] dx; ®) and t=0.

It is now easily seen that the LPS systems may be included in the following
variant, which we denote by (LP), of the Lax—Phillips scattering theory involving a
free dynamics Uy(t) (see e.g. [5, p.219]; it suffices to identify below £, with
L?*@, dx; &), R, with the identity operator on L*(R, dx; &) and U,(t) with T(1)):

(LP) There are two strongly continuous unitary groups U(t) and Uy(t) acting
on the Hilbert space $ and ,, respectively, and a bounded operator J from §, to
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 satisfying:
(i) There exist two orthogonal subspaces &, and &_ of §, such that J is

isometric on €, @ E_ and maps H,© (€, DE_) into HOJE, BE),

(i) €, and €_ are outgoing and incoming subspaces for Uy(t),®,:=JE, and
D_:=J&_ are outgoing and incoming subspaces for U(t),

(iii) U(t)J =JUy(¢t) on &, for t=0 and U(1)J = JUy(t) on &_ for t =0,

(iv) There is a Hilbert space &, a non-negative number a and a unitary map R,
from §, onto L3R, dx; &) such that

RE,.=L?*[a, ), dx; Q)
R&_=L*((—», —a], dx; ®)
and
RoUy()Ry'=T(t) on L*R,dx;®).

At this point we remark that it is, in general, not possible to define the free
dynamics U,y(t) on the same Hilbert space as U(t) without modifying the
subspaces ©, and ®_. The reason is that the subspace ® defined in (12) can have
arbitrary dimension (see e.g. [3, p.24]), and therefore a unitary map J from
L*((—a, a),dx; &) onto © is in general not realizable. In most applications,
however, dim ®® =« and then we may choose H =9, and D, =&,. On the other
hand one could also assume without loss of generality that §,=€, D E_, i.e.
Ho=D, DD_ up to an isomorphism. In this form $ is larger than §,, the
difference being the interacting subspace ®©. In order to preserve the symmetry in
the roles of $ and $§,, we shall continue to work with the general formulation
given by (LP). -

Assuming one has a system satisfying (LP), one can easily prove the existence
and unitarity of the wave operators

W, = St:lgﬂ U(=t)JU,(t) (15)
and show that [5, Th. XI.86]
W.f=Jf if fe€,, 1e)
W_f=Jf if feC_. amn
Furthermore, the scattering operator defined by
So:= W3Wo (18)

is connected with the corresponding scattering operator S in the LPS system by
the relation

S=RoUy(—2a)SoR; . (19)
From (19) and (11) (or from (16) and {17)) one gets that
So€&_c€y, (20)
or equivalently
SoL?((—o, —al, dx; &) = L¥(~, a], dx; &) 1)

if one defines Sy:= RoSoR5™.
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Let us introduce the notation E,, E_ and E for the orthogonal projections in
9o with range €, ,€_ and €:=9H, © (€, B E_) respectively. We are now prepared
to prove the following results.

ProrosiTioN 1. Let Uy(t) be a strongly continuous unitary group on a Hilbert
space £, and J a bounded operator from £, to another Hilbert space ©. Assume
that the conditions (i) and (iv) of (LP) are satisfied.

(a) Let U(t) be a strongly continuous unitary group on 9 such that the other
conditions of (LP) are also satisfied for the system {9, 9o, U(t), Uy(t), J, €, Re}.
Then the wave operator W_ defined by (15) for this (LP) system is a unitary
operator of the form

W_=JE_+JE.S,+V=D_J+D,JS;+V, (22)
where V is a partial isometry from $, to $ with
VV*=D, V*V:=E=I-E_-S{E.S,. (23)
(b) Let W be a unitary operator from 9, to 9 of the form
W=JE_ +JE,S'+DV’, (24

where S’ is a unitary operator on 9, commuting with Uy(t), D is the orthogonal
projection in § with range HOIJE.PBE.) and V'eB(©o, D). Define
U(t):= WU(t)W'. Then the system {9, Do, U(t), Uo(t), J, €., Ry} satisfies the
assumptions of (LP); the wave and scattering operators for this (LP) system are
given by W_=W, W,_= WS and S,=S'. (In particular V:=DV’ is a partial
isometry from 9, to O satisfying (23))..

Proof. (a) It follows from (LP, i) that

D, .J=JE, (25)
and
D, =JE,J* (26)
By (26), (16), (17) and (LP,i) we have D. W, =JE J*W,=JE,, i.e.
D.=JE, Wi\ 27
Hence

W.=(D_+D,+D)W_=JE_W 'W_+JE,.W'W_+DW._
=JE_+JE,S,+ DW._.

Setting V=DW_, we obtain the first identity in (22). The second one is then
immediate by virtue of (25). To check (23), we notice that (DW_)(DW_)*=
DW_ W2 'D=D and

(DW)Y(DW_)=W'DW_=1-W'D_ W_-W_'D . W_
=]-E_-W'W,E,.W;'W_=I-E_-S¥E.S,,
where we have used the relation
D.=W.E, W' (28)
which follows from (27), (16) and (17).
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{b) Define D, to be the orthogonal projection with range JE.. By (24), (25)
and the unitarity of W, we have for f€ 9,

I\ = | WFI? = ID_JfI?+ | D, JS'fIP +|IDV'fIP. (29)
Now if fe&_, || D_Jf|?=|f|*. Hence (29) implies that
WE_=D_JE_=JE._. (30)
Similarly, if S'fe€,, i.e. fe S'*E,, then |D,JS'fI?=||S'fI* = ||fl’, hence
WS™*E,.=D.JE,=JE.. (31)

We now prove condition (iii} of (LP). By (30), U()JE_= WU() W 'WE_=
WU(t)E_. Now let t=0. Then Uy(t)€_c@&_ by (LP,iv), so that by (30)
WU E_ = JUy(t)E_. This proves that U(t)J = JUy(t) on €_ for t=0. Similarly,
for t=0, Uy(t)&, =&, and one obtains by using (31) that

UWJE, = WU (t)W 'WS'™*E,_ = WS"™*U,()E,
=JU(1)E,.

We next prove (LP, ii). The assertions on &, and €_ follow from (LP, iv). For
®., the properties (1), (2) and (3) follow immediately from the corresponding
properties of &, and (LP, iii). To verify (4) for the subspace ®_, we use (30):

L?J U@Je._ = LtJ WU (OW IE_=W LtJ Uy()E_

=Wo=9.
Similarly, by using (31):

L,J UJE, = LIJ WU(H) W HIE,

= WS™J Un(1)€, = WS™9, = 9.

It remains to calculate the wave operators W,. Let It be the dense subset of 9,
formed by all fe 9, such that the vector-valued function (Ryf)(+) in L*(R, dx; &)
has compact support. Given feIR, there is a positive number s such that
Uy(xs)fe€.. For t <—s we then have Uy(t)f € €_, hence by (30)

U(=D)JU)f = WU (—) W WU, (1) f = WT.

Since IN is dense in §,, this shows that W_= W. Similarly, by (31), we get for
t>s

U(=)JUy(t)f = WU(—)S*Un(t)f = WS™*f,
ie. W,=Wws* N

At the beginning of this section we characterized the class of scattering
operators for LPS systems. In terms of S,, these conditions read: (a) S, is a
unitary operator on 9, (8) S, commutes with Uy(t), (v) S¢€_ < &:. Incidentally,
we notice that the operator S’ in Proposition 1(b) will also satisfy (vy), although
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On the Lax—Phillips scattering theory 225

this condition was not explicitly postulated. Indeed we have shown that §' is
identical with the operator S, of a LPS system.

We now use Proposition 1 to study the question of determining all possible (LP)
systems having a given operator S, as their scattering operator. We assume given
9o, Up(t), &, E_, Ry and an operator S, satisfying («), (8) and (y). For fixed ©
and J, there is a solution U(t) if and only if

(Note that I-E_—S¥E.S, is a projection, since SgE,SoE_=0 by (y) and
hence the range of the projection SFE,S, is a subspace of (I - E_),.)

If the above dimensions are the same, one obtains all possible solutions U(t) by
choosing in (22) all possible partial isometries V from E9, to $O J(E, D E_) and
setting U, = WU,(1) W', If these dimensions are different, one may find solutions
U(t) either by changing $© J(€, @ €_) so that the dimensions become equal, or
by modifying the subspaces &,. In fact, if a is the number appearing in (LP, iv)
and b > a, then &:= R;'L*([b, ®), dx; &) and €% := Ry'L*((—%, —b], dx; &) also
verify (i) and (iv) of (LP). Furthermore, if E% denote the projections with range
&%, we have

SEEL S90S SEESS9Do = (I—E*)9o = (I— E?)9,,

so that (I— E®)— SF¥E%S, is a projection. One clearly has dim 9O J(E, P E°) =
dim (I-E® — S¥E%S)9, =, so that solutions U(t) exist by our preceding re-
marks. To get all solutions in this case, we may vary the parameter b over (q, ),
and for fixed b take all partial isometries V from (I—E®-S¥E%S)9, to
DO JE: DEP). N

Finally, if § and J are not given, one has more freedom in the choice of U(). It
is then possible to find a “maximal’’ group U(t) as follows: Let ¢ be the smallest
non-negative number such that SoE® 9, < (I - ES)9,. (Note that if T denotes the
set of all a=0 such that SoE?=(I—E%)S,E® and if ¢=infI, then S,E¢ =
(I- E$)S,E< by the strong continuity in b of the projections E%; thus infTeT’.)
Define by 9:=€ € DN, where N is a Hilbert space of the same dimension
as (I—E¢—S¥E$S))$,. The corresponding solutions U(t) are maximal in the
sense that (iii) of (LP) holds on maximal subspaces &,.

3. The time delay operator

In this section we use the formulation of the LPS systems in the framework
where we have a free dynamics U,y(t). To simplify the notation, we restrict
ourselves to the case where J is unitary; we shall thus assume = ,, J =1 (the
identity operator), D, = E, and D=E.

Let x, be the characteristic function of the interval A in R and, for a€R and
£ >0, set

@ae(X):= f_a dt exp (—¢ |t)).
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We shall need the projections F, and the operators ®,, defined by

(RoFpf)(x) = x4(x)(Rof)x) (32)
(Ro® o f)(X) = @q . (x)(Rof)(x).

These operators are related as follows (see the Appendix for a proof):

LEMMA.
() r dte =" Uo(—1)F gy Un(1) = D, .. (33)
(b) If —c<a=b<x, then
Sellilgl J-_: dte " Uy(—t)F o, Uo(t) = (b—a)L (34)

In quantum mechanics the time delay operator is defined by
Ty =lim J- dtU(—)[WER,W — P,JU(1),

where P, is the orthogonal projection onto the subspace ®©, of L*[R?) formed by
all functions f(-) with support in the ball of radius r centered at the origin, and
where the limit is defined on some dense subset of L%(R>) in a suitable sense (see
[2D.

Here we use a formally similar expression to define our “‘time delay operator”
for the Lax—Phillips scattering theory. The projection P, is replaced by the
projection E"=I—E'" —E’, where E', are the projections defined at the end of

Section 2. Thus we define T, by

To=s—lims—lim J dte =" U (—t)[ W*E'W_—E"U(1), (35)

r—oo e—>+0

provided the limit exists (on some linear subset D(T,) of £). Some properties of
T, are collected in the following theorem.

PropositioN 2. T, commutes with Uy(t) and is given by

To=s—lim J dte *""\U(— ) W*EW_— E1U,(t) (36)
=s—lim j dte " U (= [EY - SFESS,]U(1) (37)
=S— lH)n (‘Do,e - SB"<1>o,eSo)- (38)

Here E=E"* is the projection onto the interacting subspace, where a is the number
appearing in (iv) of (LP). (The statement means that, if any of the limits (35), (36),
(37) or (38) exists, then they all exist and are equal).

Proof. (i) The commutativity of T, and U(f) is obtained in the same way as the
corresponding result in [4].
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On the Lax—Phillips scattering theory 227
(ii) Let r=za. Using E'=E+F_, ,,+F,., and (22), we get
W*E'W_~E"'= W*EW_~E—F_, _oy—Fun

+(E_+SFE, + V*E)(F, _ay+ Fa.y)
x(E_+E,S;+EV)

=(W*EW_~E)—(F_, o+ Fun)+ F_, o
+SEFa.nSo

=(W*EW_—E)+S¥F . »,So— Fa.r

This identity implies the equivalence of (35) and (36) since, by virtue of (34),

e—+0

s —lim j dte " Uy(—)[SEF 4. 1»So— Fa»]Uo(t) =0.

(iii) By (22) and (23), we have
W*EW_=(E_+S¥E,+ V*E)E(E_+ E,S,+EV)
= V*EV=V*V=E+E, -S*E,S,.
Thus
W*EW_—E=E, - S¥E,S,= U(a)[E® - S¥*E°S,]JU(-a).

Insertion into (36) leads to

oo

To=Upla) s _ligl J dte‘Ehon(_t/[Eg - SEkE?,SO] Un(t) Ug(—a),

which gives (37) since T, commutes” with Uy(a). Equation (38) follows im-
mediately from (37) and (33). R

Equation (38) gives a convenient expression for the time delay operator T,. It
can be used to relate T, to the scattering operator S,. For this one introduces the
spectral representation of Hy, the infinitesimal generator of the group Uy(t) which
is such that Uy(t)=exp (—iHyt). If % denotes the Fourier transformation in
LR, dx; &), then the operator K,:=%R, diagonalizes H,. Since S, and T,
commute with Uy(t), KoSoKy' and K,ToKy' are decomposable in L*(R, dA; &),
ie. KoSoKp'=1{S,(A)} and K T Ky '={T,(A)}, where Sy(A) and Ty(A) are
operators acting in &. The relation between these operators is given in the
following proposition.

PrOPOSITION 3. Assume A+ So(A) [or A ~—>So(A)*] is strongly continuously
differentiable. Then D(T,) contains the dense set N of all f such that A — (K,f)(A)
has compact support. T, is essentially self-adjoint and satisfies

To(A)=—iSo(A)* ,So(A) o To(A) =i[3,So(A)*1S0(A). (39
Proof. By (38)

Tof =s—lim T, f:= s —lim S3[S, o, — ' 11f, (40)

where [A, B] denotes the commutator of A and B. The Fourier transform of
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¢o.—€7 ', as a distribution, is readily computed to be (—ig)[mA(e?+A%)] .
Hence, in L*(R, dA; ), the operator SE[S,, @, . — & 'I] is an integral operator
with kernel

ie

So()\) B So()\,)

A [ S — *
qe()\,A) €2+(A_)\l)2 SO()‘) ’TI'(A“A,)
ie ,
___82+(A_A,)2 g(A’A)5 (41)

where g(A, A’) maps & into &. By our assumptions, g(A, A") is continuous in A and
A'. Also, for each compact set A, there is a constant ¢, such that

sup flg, A= ca(T+]N) . (42)

Let PMy:={feM| A — (KofXA) is strongly continuous}. Using standard esti-
mates of Poisson integrals (e.g. [6, Th. II2.1], one finds from the above properties
of g(A, A") that, for feIN,,

’ € ! r
[ @ St s DN = T KD @)

pointwise, as £ — +0, and that the norm of the lLh.s. of (43) is majorized,
uniformly in 0<e =1, by the square-integrable function c(f)(1+|A])~'. Hence,
for feIN,,

S;}H)n S:)k[so, P, — 3_11]f ={mg(A, M)(Kof)(A)}
= {=iSo(M)*[9:So( M) Ko (M)} (44)

(44) shows that IR, = D(T,). To prove that I = D(T,), it now suffices to show
that for each 0<a <o, ||Ty . F_.q)l is bounded by a constant C(a) which is
independent of . For this, we use the triangle inequality, (42) and [6, Th. I12.1,
Eqn (2.2)]:

[ an 1Ko T FcmnOIR

[

¢ !’ E r ! 2
| av o e Vil
= Peat IKofF = 2 I, @s)

so that || T, .F_, ,|= ¢(_o.q)- Hence T, is a symmetric extension of the essentially
self-adjoint operator A given by the r.h.s. of (44), with D(A)=I. This shows
that T, is essentially self-adjoint. W

Remark. If one assumes in adddition that [|8,S,(A)||=c < for all A R, one has
llg(A, A= 7 %c, so that by the argument in (45), [T, |7 'c for all £>0.
Hence in this case D(T,)=$9.

The relation between T, and the operator T introduced in [4] is very simple.
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On the Lax—Phillips scattering theory 229
Using the fact that here D= E = F__ ,,, we obtain from (13), (36) and (34) that

W*TW_ =s— lim_ J dte =" Uy(—t) W*EW_U,(1)

=Ty+(2a)l (46)

Thus the total energy of interaction of a wave in the state W_f is equal to the
expectation value of T, in the state f plus the product of the energy of the state f
and the size 2a of the “‘interaction region’.

Since R, = RyUy(—a)W3' [5], (46) implies that

R, TR '=R,SoToSER; +(2a)],
i.e. in the outgoing spectral representation of Uf(t):
T(A) = So(A) To(A)So(M)* +2a = iSpy(A) 9,Se(A)* +2a,

where we have used the second expression in (39) and the unitarity of Sy(A). Now
by (19), So(A) = exp (—2iar)S(A), so that (under the hypothesis of Proposition 3)

TA) = iS(A) 3,S(A)*. (47)

This is nothing but the relation (14) due to Lax and Phillips [4]. In fact, these
authors introduce the spectral representation of U(t) such that U(¢) is multiplica-
tion by exp (iAt), whereas here U(t) is multiplication by exp (—iAt). Hence (14)
follows from (47) upon replacing A by —A and taking into account that $(A) =
S(—=A) and F(A)=T(=A).
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Appendix: Proof of the lemma

We have
UO(—S)F(a,c) UO(S) = F(a—s,c—s)' (48)

For £ >0 and any a, ¢ in [—, ], [~ dte”*"Uy(—=1)F, ., Uq(t) exists as an impro-
per strong Riemann integral. We may therefore calculate ‘the integral over
[—M, M] as a limit of approximating Riemann sums for a particular sequence {I1,,}
of partitions. We take II,, to be a partition of [-M, M] into n intervals A, of
length m = 2M/n, and we denote by f, the left endpoint of A,. Then, for £ >0 (see
(1, Ch. 6]),

n

M
J dte™"F_,.,f=s—limn e""‘k‘F(“,k,w)f
-M e k=1

n k n
=s—lim (n 2 2 e ME f+n ) e_elt‘lF(M,@f)

n—e k=1i=1 i=1

M x M
= j (J dte_el">Fdxf+ J dte "' F g0 f.
-M

—M —-M
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Letting M — o, we obtain

o

J dte‘sl'lF(_,,w)f-—-I ©o.e () Faxf =D . f,

—00 —

which, together with (48), implies (33).
By (33), the Lh.s. of (34) equals ®,, —®, .. Now, since |¢, . (x)| =2, we have for
each fe®

1Pucf — @y f — (b= a)fIP=3[8+ (b~ @]~ Fonean JfIP
sup 100 ()= @5, (6) = (b= P IFaamo I

Since for each fixed M <, ¢, . — ¢, — (b — a) converges to zero in L™([—M, M]),
this implies that

|®pef—Pp.f—-(b—a)f| >0 as &—+0,
which proves (34). W
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