
KOSZUL COMPLEXES AND SYMMETRIC FORMS
OVER THE PUNCTURED AFFINE SPACE

PAUL BALMER AND STEFAN GILLE

1. Introduction

Let X be a scheme. We are studying the (total) graded Witt ring

WtotðXÞ :¼
M
i2Z
WiðXÞ

where the groups Wi are the derived Witt groups of Balmer [2, 3] with the
multiplicative structure of Gille and Nenashev [11]. See more in x 3.
We 7x an integer n> 1 for the entire article. Consider the following open subset

Un
Z � An

Z of the a9ne space An
Z ¼ SpecðZ½T1; . . . ; Tn�Þ:

U
n
Z :¼

[n
j¼1
SpecðZ½T1; . . . ; Tn; T	1

j �Þ � A
n
Z:

For any scheme X, de7ne by base-change the open subscheme Un
X � An

X, called
the punctured a�ne space over X, that is, de7ne Un

X to be the following pull-back:

U
n
X :¼ X 
 U

n
Z:

Our main results are summarized in Theorem 9.13 below, which is as follows.

THEOREM. If X is regular, contains 12 and has �nite Krull dimension, there is a
decomposition WtotðUn

XÞ ¼WtotðXÞ �WtotðXÞ � " for some Witt class " ¼ "ðnÞX in
Wn	1ðUn

XÞ. If n ¼ 1, we have "2 ¼ 1. If n> 2, we have "2 ¼ 0 and an isomorphism

WtotðUn
XÞ ffi

WtotðXÞ½"�
"2

of graded rings, with the generator " in degree n	 1.

When n ¼ 1, and at least for X a9ne, Un
X consists of the ‘Laurent polynomials’

over X, in which case the above theorem is due to Ranicki [16]; see also [15]. Note
that the decomposition of WtotðUn

XÞ for n ¼ 1 as two copies of WtotðXÞ remains
true for n> 2, but that the second copy is shifted by n	 1, which is of course not
visible when n ¼ 1. Note also that the ring structure is diCerent from the Laurent
case when n> 2. The special case n ¼ 1 also shows that this result cannot hold in
general for non-regular schemes; see [15, x 8] by Ojanguren and Panin.
The second goal of the article is an explicit description of the Witt class

"ðnÞX 2Wn	1ðUn
XÞ. It is constructed as the Witt class of a symmetric space denoted

EðnÞ
X ¼ ðEðnÞ

X ; 	
ðnÞ
X Þ, which exists for any scheme X, not necessarily regular. Here EðnÞ

X is
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a complex in the derived category of vector bundles over Un
X and the form 	ðnÞX is a

symmetric quasi-isomorphism. Both are constructed via a suitable truncation of
the Koszul complex over An

X for the regular sequence ðT1; . . . ; TnÞ. This explicit
description is necessary to prove the following fact (see Theorem 9.10).

THEOREM. Assume n> 2. The symmetric space EðnÞ
X is locally metabolic on Un

X.

This result does not hold for n ¼ 1 and is used to establish the announced relation
ð"ðnÞX Þ

2 ¼ 0; see Theorem 9.12. On the other hand, Theorem 10.2 says the following.

THEOREM. The symmetric space EðnÞ
X cannot be extended from Un

X to An
X, not

even up to Witt equivalence. In particular, EðnÞ
X is not metabolic on Un

X.

In other words, this symmetric space EðnÞ
X is a little miracle happening over U

n
X,

which vanishes when restricted to smaller open subschemes and which cannot be
extended to the bigger scheme An

X.
Our last goal is a description of the generator "ðnÞX 2Wn	1ðUn

XÞ in ‘classical’ terms.
Recall a few facts. First, the derived Witt groups are 4-periodic: Wi ¼Wiþ4.
Secondly,W0 andW2 are naturally isomorphic to the usualWitt groupsWþ

us andW
	
us

of symmetric and skew-symmetric vector bundles respectively, as de7ned by
Knebusch [14]. Thirdly, W1 and W3 ¼W	1 are groups of formations; see Walter
[18]. So, describing ‘in classical terms’ our generator "ðnÞX in Wn	1 amounts to
producing an explicit element of the above nature, that is, a �1-symmetric form or
formation, depending on the congruence of nmodulo 4. This short symmetric space is
denoted FðnÞ

X and appears in x 8.
There are two appendices. In the 7rst one, we show that when n> 4 our locally

free OUn
X
-module EðnÞ

X cannot be extended to a locally free OAn
X
-module and in

particular EðnÞ
X is not free. The second appendix contains the compatibility between

product and 4-periodicity, a fact which we use several times in this work.

2. Conventions and notation

We collect here the notation which is kept unchanged in all sections.
First, recall that we have �xed an integer n> 1. We decompose it as

n ¼ 4q þ rþ 1 ð1Þ

where q 2 N and r 2 f	1; 0; 1; 2g. Note that n	 1 � r mod 4. We also baptize�
n

2

�
¼: ‘: ð2Þ

Convention 2.1. Unless otherwise mentioned, a ring means a commutative
ring with unit.

Convention 2.2. As always, when using a notation de7ned for schemes X in
the a9ne case, X ¼ SpecðRÞ, we shall drop ‘Spec’ as, for instance: VBR, DbðVBRÞ,
WiðRÞ instead of VBSpecðRÞ, DbðVBSpecðRÞÞ, WiðSpecðRÞÞ, and so on. See also
Remark 3.3.
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Convention 2.3. We shall say that a scheme is regular if it is noetherian
and separated and if all its local rings are regular.

Notation 2.4. Let f : Y ! X be a morphism of schemes. We denote by An
X

the a9ne n-space and by Un
X the punctured a9ne n-space as in the introduction.

The obvious structure morphisms and base-change morphisms will be denoted:

�Y

Un
Y �Y

An
Y �Y

Y

�f �f f

Un
X �X

An
X �X

X

�X �X

Un
Z �Z

An
Z �Z

SpecðZÞ

ð3Þ

3. Recalling derived Witt groups

This section is a quick course on triangular Witt groups over schemes, included
only for the reader’s convenience. Here, X is a scheme with structure bundle OX.

3.1. Categories and dualities

We denote by the symbol VBX the exact category of locally free OX-modules of
7nite rank, that is, vector bundles. The usual duality on VBX is abbreviated

ð	Þ_ :¼ HomOX
ð	;OXÞ:

Here DbðVBXÞ stands for the bounded derived category of VBX. We use homo-
logical notation for complexes. The translation functor M : DbðVBXÞ ! DbðVBXÞ,
also written P� 7!P�½1�, is given by ðP�½1�Þj ¼ Pj	1; as usual, M changes the sign of

all diCerentials: d
P ½1�
j ¼ 	dPj	1.

Let P� ¼ ðP�; d
P
� Þ be a complex in DbðVBXÞ. Its dual DXðP�Þ is the complex

DXðP�Þ :¼ � � � P	j
_

dP	jþ1
_

P	ð j	1Þ
_ � � �

deg j deg ðj	 1Þ

and similarly for morphisms of complexes. In other words, DX is the derived
functor of ð	Þ_ ¼ HomOX

ð	;OXÞ. This de7nes a 1-exact duality on DbðVBXÞ
turning it into a triangulated category with duality in the sense of [2]. Recall that
‘1-exact’ means that the dual of an exact triangle

N�

�
P�

�
Q�

’
N�½1�

is given by

DXðQ�Þ
DXð�Þ DXðP�Þ

DXð�Þ DXðN�Þ
DXð’Þ½1� DXðQ�Þ½1�:
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The isomorphism between the identity and the double dual,

$ : idDbðVBXÞ 	!
’ DXDX;

is given in each degree j by the canonical (evaluation) isomorphism

canPj : Pj 	! Pj
__:

We consider VBX as a subcategory of DbðVBXÞ via the natural embedding
VBX ! DbðVBXÞ, which we denote c0. The restriction of the duality DX to this
subcategory is the original duality of VBX and the restriction of $ is the above
isomorphism can.

DEFINITION 3.1. Let P� be a complex in DbðVBXÞ. Let i 2 Z, and let
� : P� ! DXðP�Þ½i� be a morphism in DbðVBXÞ. We say that � is a symmetric
i-form on the complex P� if

DXð�Þ½i� �$P� ¼ ð	1Þiðiþ1Þ=2�:

We then say that ðP�; �Þ is a symmetric i-pair. If � is moreover an isomorphism,
we say that ðP�; �Þ is a symmetric i-space over X. Two symmetric i-pairs ðP�; �Þ
and ðQ�;  Þ are called isometric if there exists in DbðVBXÞ an isometry between
them, that is, an isomorphism h : P� !

’
Q� such that � ¼ DXðhÞ½i� � �h.

Remark 3.2. Note that if ðP�; �Þ is a symmetric i-pair then ðP�½2�; �½2�Þ is a
symmetric ðiþ 4Þ-pair because DXðP�Þ½1� ¼ DXðP�½	1�Þ for all P� 2 DbðVBXÞ.

Let f : Y ! X be a morphism of schemes. There is a natural isomorphism of
functors #f : f

�DX !’ DY f
� which is induced by the natural isomorphism of locally

free OY -modules

f �HomOX
ðP;OXÞ	!

’ HomOY
ðf �P;OY Þ:

If now ðP�; �Þ is a symmetric i-space over X then the isomorphism

f �ðP�Þ
f ��

f �ðDXðP�Þ½i�Þ ¼ f �ðDXðP�ÞÞ½i�
#f;P ½i�

DY ðf �P�Þ½i�

is a symmetric i-form and so f �ðP�; �Þ :¼ ðf �ðP�Þ; #f;P ½i� � f �ð�ÞÞ is a symmetric
i-space over Y .

3.2. ‘Short’ i-forms: forms and formations

We present examples of symmetric i-pairs ðP�; �Þ in four cases i ¼ 	1; 0; 1; 2:

i ¼ 0 deg 0

� � � 0 P0 0 � � �

�0 ¼ �_0

� � � 0 P0
_ 0 � � �

i ¼ 1 deg 1 deg 0

� � � 0 P1
d

P0 0 � � �

�1 	�_1
� � � 0 P0

_

	d_
P1

_ 0 � � �
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i ¼ 2 deg 1

� � � 0 P1 0 � � �

�1 ¼ 	�_1
� � � 0 P1

_ 0 � � �

i ¼ 	1 deg 0 deg	1

� � � 0 P0
d

P	1 0 � � �

�0 �_0

� � � 0 P	1
_

	d_
P0

_ 0 � � �

In each case, the complexes P� and P�
_ are depicted horizontally and the sym-

metric i-form � : P� ! DXðP�Þ½i� vertically. The symmetric pairs of the left-hand
column are classical symmetric and skew-symmetric forms embedded in DbðVBXÞ
via the functor c0 (slightly pushed to the left for i ¼ 2). These symmetric i-pairs
are i-spaces exactly when �0 and �1 are isomorphisms. The symmetric i-pairs of
the right-hand column are i-spaces when � is a quasi-isomorphism, that is, when
its cone is an exact complex; these are formations; we call them symmetric if
i ¼ 	1 and skew-symmetric if i ¼ 1. The four types of i-form presented above will
be called short, for the obvious reasons.

3.3. Product of symmetric spaces

The precise de7nition of this product is given in [11], where the reader will also 7nd
an explanation for the existence of two diCerent products -- the left and the right
one -- which diCer by signs. To 7x the ideas, we will use here the left product. Let
ðP�; �Þ be a symmetric i-form and ðQ�;  Þ a symmetric j-form. The product

ðP�; �Þ ? ðQ�;  Þ

is then a symmetric ðiþ jÞ-form on the tensor product (of complexes) P� �OX
Q�

and we denote it by ðP� �OX
Q�; � ?  Þ. Up to signs and identi7cations like, for

instance, P� �OX
ðQ_

� ½j�Þ ’ ðP� �OX
Q_

� Þ½j�, the morphism of complexes � ?  is
equal to the tensor product ��  . Via c0, this product coincides on short 0-spaces
with the usual tensor product of symmetric spaces as de7ned by Knebusch in [14].

3.4. Symmetric cones

We now recall the important cone construction. Let � : P� ! DXðP�Þ½i� be a
symmetric i-form (maybe not an isomorphism). Let Q� be the mapping cone of �.
Then, there exists an isomorphism  such that the following diagram commutes:

P�

�
DXðP�Þ½i�

u
Q�

v
P�½1�

ffi ð	1Þiðiþ1Þ=2 �$P ¼  ’ ð	1Þiðiþ1Þ=2 �$P ½1� ffi

DXDXðP�Þ
DXð�Þ½i�

DXðP�Þ½i�
	DXðvÞ½iþ 1�

DXðQ�Þ½iþ 1�
ð	1ÞiDXðuÞ½iþ 1�

DXDXðP�Þ½1�

If the isomorphism  is moreover a symmetric ðiþ 1Þ-form, we call such a diagram a
cone diagram (over �) and we say that ðQ�;  Þ is a symmetric cone of the pair ðP�; �Þ.
Note that both rows of the diagram are exact triangles in DbðVBXÞ: the upper

one by de7nition and the lower one is the dual of the upper row, shifted i times.

PLMS 1519---3/8/2005---SRUMBAL---132682

KOSZUL COMPLEXES AND SYMMETRIC FORMS 277



Assume for a moment that 2 is invertible over our scheme X. Then we can always
choose the isomorphism  to be a symmetric ðiþ 1Þ-form; see [2]. Moreover, if
ðQ 0

� ;  
0Þ is another symmetric cone of �, then there exists an isometry

ðQ�;  Þ ’ ðQ 0
� ;  

0Þ. We say then that ðQ�;  Þ is the symmetric cone of �, in symbols:
ðQ�;  Þ ¼ cone� ¼ coneðP�; �Þ:

3.5. Witt groups

The usual Witt group of symmetric (respectively skew-symmetric) spaces
WusðXÞ (respectively W	

usðXÞ) classi7es these spaces up to isometry and modulo
metabolic ones. More information about these Witt groups can be found in the
fundamental paper of Knebusch [14]. The ith derived Witt group WiðXÞ classi7es
symmetric i-spaces up to isometry and modulo neutral spaces, that is, spaces with
Lagrangian (cf. [2, x 2]). In fact, a symmetric i-space is neutral exactly if it is a
symmetric cone of some symmetric ði	 1Þ-form, as described above. Observe that
this de7nition does not require 2 to be invertible in X. We denote by ½P�; �� the
Witt class of ðP�; �Þ.
The Witt groups are contravariant functors. If f : Y ! X is a morphism

of schemes then the assignment ½P�; �� 7! ½f �ðP�; �Þ� de7nes a homomorphism
f � : WiðXÞ !WiðY Þ for all i 2 Z.

3.6. Periodicity

The derived Witt groups are 4-periodic. The shift by 2, P� 7!P�½2�, induces an
isomorphism ' : WiðXÞ!’ Wiþ4ðXÞ for all i 2 Z and all schemes X. The same
periodicity applies to the Witt groups with support de7ned below.

3.7. Agreement

We assume now that ‘X contains 12’, that is, that X is a Z½1=2�-scheme, that is,
2 is invertible in the ring NðX;OXÞ. The main result of [3] is that the functor
c0 : VBX ! DbðVBXÞ induces isomorphisms:

WðXÞ ¼WusðXÞ	!’ W0ðXÞ; ½P; �� 7	! ½c0ðP Þ; c0ð�Þ�
and

W	ðXÞ ¼W	
usðXÞ	!’ W2ðXÞ; ½Q; � 7	! ½c0ðQÞ½1�; c0ð Þ½1� �:

3.8. Localization (with 1
2 )

Other Witt groups appearing in this work are the Witt groups with support.
For a complex P� 2 DbðVBXÞ let

suppP� :¼ fx 2 X jHjðP�Þx 6¼ 0 for at least one jg;

be its (homological) support. Let Z be a closed subscheme of X with open
complement U. The full triangulated subcategory of DbðVBXÞ which consists of
complexes with support contained in Z is denoted DbZðVBXÞ. The restriction of
the duality DX to DbZðVBXÞ is again a duality, turning DbZðVBXÞ into a
triangulated category with duality. The corresponding triangular Witt groups
Wi

ZðXÞ (i 2 Z) are called the derived Witt groups of X with support in Z. They
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appear in the localization sequence of Balmer [2]. If X is a regular scheme then
there is an exact sequence

� � � WiðXÞ WiðUÞ @
Wiþ1

Z ðXÞ Wiþ1ðXÞ � � � :

The connecting morphism @ comes from the cone construction (cf. x 3.4) as follows.
Let w 2WiðUÞ. Then @ðwÞ ¼ ½coneðP�; �Þ�, where ðP�; �Þ is any symmetric i-pair over
X with ½ðP�; �ÞjU � ¼ w (the existence of ðP�; �Þ is guaranteed by the regularity of X).
The Witt groups with support are natural and so is the localization sequence.

3.9. The graded Witt ring

The (left) product of symmetric spaces of x 3.3 yields a product structure

? : WiðXÞ 
Wj
ZðXÞ 	!Wiþj

Z ðXÞ; ð½P�; ��; ½Q�;  �Þ 7	! ½ðP�; �Þ ? ðQ�;  Þ�

for any i; j 2 Z, any scheme X and closed subset Z ! X. Via this pairing,
WtotðXÞ :¼

L
i2ZW

iðXÞ is a graded skew-commutative associative W0ðXÞ-algebra,
the gradedWitt ring ofX andWtot

Z ðXÞ :¼
L

i2ZW
i
ZðXÞ is a gradedWtotðXÞ-module.

Remark 3.3. Of course, Convention 2.2 applies here as well. For instance, if
X ¼ SpecðRÞ is a9ne and Z � X is de7ned by the ideal I, we might say that a
complex ‘has support in the ideal I’ and we shall write Wi

IðRÞ instead of Wi
ZðXÞ.

4. Basic facts about Koszul complexes

In this section,A is a ring, T ¼ ðT1; . . . ; TnÞ is any sequence inA, and I :¼
Pn

i¼1ATi
is the ideal generated by T . As before, we write the dual as M_ :¼ HomAðM;AÞ,
for any A-module M.
We 7rst recall the de7nition of the Koszul complex

K�ðA; T Þ ¼: ðK�; d�Þ:

Let e1; e2; . . . ; en be a basis of the free A-module A
n ¼

Ln
i¼1A � ei. The A-module

Ki ¼ KiðA; T Þ :¼
Vi An is by de7nition the ith exterior power of An. As is well-

known, the module Ki is free with basis fej1 ^ . . . ^ eji j 16 j1 < . . . < ji6ng. The
diCerential di ¼ diðA; T Þ : Ki ! Ki	1 is given by

ej1 ^ . . . ^ eji 7	!
Xi
k¼1

ð	1Þk	1Tjk � ej1 ^ . . .cejkejk . . . ^ eji ;
where the symbol cejkejk indicates that ejk has been omitted. We consider this
(homological) Koszul complex K�ðA; T Þ:

� � � 0 KnðA; T Þ
dnðA; T Þ

Kn	1ðA; T Þ � � �
d1ðA; T Þ

K0ðA; T Þ 0 � � �

as an element of DbðVBAÞ with KjðA; T Þ in degree j.
There is a structure of symmetric n-space on K�ðA; T Þ that we now give in an

economic way; see more details in Remark 4.2. For each i ¼ 1; . . . ; n, let
K�ðA; TiÞ 2 DbðVBAÞ be the short Koszul complex for the one-element sequence
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ðTiÞ, that is,

K�ðA; TiÞ ¼ � � � 0 A
�Ti

A 0 � � �

deg 1 deg 0

This complex can be equipped with the following symmetric 1-form:

K�ðA; TiÞ ¼ � � � 0 A
�Ti

A 0 � � �

OðA; TiÞ :¼ 	id id

DAðK�ðA; TiÞÞ½1� ¼ � � � 0 A
� ð	TiÞ

A 0 � � �

deg 1 deg 0

where we identify A ¼ HomAðA;AÞ as usual. This is the cone of the symmetric
form A

� ð	TiÞ
A ¼ HomAðA;AÞ, and so, in particular, a symmetric 1-space. It is

easily checked that the tensor product of complexes K�ðA; T1Þ �A . . .�A K�ðA; TnÞ
is equal to the Koszul complex K�ðA; T Þ of the sequence T ¼ ðT1; . . . ; TnÞ and
therefore we can give the following de7nition.

DEFINITION 4.1. With the above notation, we de7ne a symmetric n-form

OðA; T Þ : K�ðA; T Þ 	!DAðK�ðA; T ÞÞ½n�
as the product (see x 3.3)

ðK�ðA; T Þ;OðA; T ÞÞ :¼ ðK�ðA; T1Þ;OðA; T1ÞÞ ? . . . ? ðK�ðA; TnÞ;OðA; TnÞÞ:
This de7nes a symmetric n-space ðK�ðA; T Þ;OðA; T ÞÞ which we call the canonical
space on the Koszul complex K�ðA; T Þ.

Remark 4.2. To de7ne this canonical space on K�ðA; T Þ, it is not necessary
to use the product structure of the derived Witt groups. The advantage of this
approach is that we see at once that the canonical n-space is a symmetric n-space,
but for calculations in the sequel it might be useful to have a good description of
the symmetric n-form OðA; T Þ. We de7ne an isomorphism

� : K�ðA; T Þ	!
’ DAðK�ðA; T ÞÞ½n�

following [7, x 1.6]. We 7x for this an isomorphism ! :
VnðAnÞ!’ A, and de7ne an

A-bilinear pairing

bi : KiðA; T Þ 
 Kn	iðA; T Þ 	!A

by ðx; yÞ 7!!ðx ^ yÞ for all 06 i6n. This bi induces a homomorphism

%i : KiðA; T Þ 	!HomAðKn	iðA; T Þ; AÞ ¼ Kn	iðA; T Þ_

which is an isomorphism for all 06 i6n. It is straightforward to check (see [7,
Proposition 1.6.10] if necessary) that

dn	ði	1ÞðA; T Þ_ � %i ¼ ð	1Þi	1%i	1 � diðA; T Þ:
Consider the family of morphisms ð�iÞi2Z de7ned by �i :¼ ð	1Þiðiþ1Þ=2þnðn	1Þ=2 � %i
for 06 i6n, and �i :¼ 0 otherwise. This de7nes an isomorphism of complexes
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� ¼ �� : K�ðA; T Þ ! DAðK�ðA; T ÞÞ½n�, which coincides with the morphism of com-
plexes OðA; T Þ as a thrilling calculation, using (in particular, the sign conventions
of) [11, Example 1.4, Remark 1.9], shows.
By the following lemma this is easier to see if T is a regular sequence, which is

the only interesting case for us here.

LEMMA 4.3. Assume that T is a regular sequence. Identify A ffi HomAðA;AÞ
as usual. Then for any morphism in DbðVBAÞ between the Koszul complex and its
n-dual

& : K�ðA; T Þ 	! DAðK�ðA; T ÞÞ½n�;

there exists an s 2 A such that & ¼ s �OðA; T Þ in DbðVBAÞ. If s 0 2 A is another
element with this property then s	 s 0 2 I. The morphism & is an isomorphism in
DbðVBAÞ if and only if sþ I is a unit in the quotient ring A=I.

Proof. By assumption T ¼ ðT1; . . . ; TnÞ is a regular sequence and so the
complex K�ðA; T Þ and its dual DAðK�ðA; T ÞÞ½n� are A-free resolutions of A=I by
[7, Proposition 1.6.10 and Corollary 1.6.14]. The lemma follows because OðA; T Þ is
an isomorphism of complexes. �

Remark 4.4. It is clear that the restriction of K�ðA; T Þ becomes zero in the
derived category DbðVBA½T	1

j �Þ for all 16 j6n. Hence the complex K�ðA; T Þ has
support in the closed subset of SpecðAÞ de7ned by the ideal I ¼

Pn
j¼1ATj.

Therefore the symmetric n-space ðK�ðA; T Þ;OðA; T ÞÞ de7nes an element in

½K�ðA; T Þ;OðA; T Þ� 2Wn
I ðAÞ:

PROPOSITION 4.5. Let 16 i6n. De�ne the ideal Ii :¼
P

k 6¼i ATk of A. Then
½K�ðA; T Þ;OðA; T Þ� ¼ 0 in Wn

Ii
ðAÞ.

Proof. The group Wn	1
Ii

ðAÞ obviously contains the element

y :¼ ½K�ðA; T1Þ;OðA; T1Þ� ? . . . ? ½K�ðA; Ti	1Þ;OðA; Ti	1Þ�
? ½K�ðA; Tiþ1Þ;OðA; Tiþ1Þ� ? . . . ? ½K�ðA; TnÞ;OðA; TnÞ�:

Since the product is skew-commutative, we have

½K�ðA;TiÞ;OðA; TiÞ� ? y ¼ ð	1Þi	1½K�ðA; T Þ;OðA; T Þ�;

where we consider ½K�ðA; TiÞ;OðA; TiÞ� as an element of W1ðAÞ. Therefore the
result follows from the observation that this element is indeed zero in W1ðAÞ. In
fact, the complex c0ðAÞ 2 DbðVBAÞ is a Lagrangian (cf. [2, x 2]) of the symmetric
1-space ðK�ðA; TiÞ;OðA; TiÞÞ:

c0ðAÞ ¼ � � � 0 0 A 0 � � �

id

K�ðA; TiÞ ¼ � � � 0 A
�Ti

A 0 � � �

and so ½K�ðA; TiÞ;OðA; TiÞ� ¼ 0 in W1ðAÞ. �
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In the above proof, note that the class y 2Wn	1
Ii

ðAÞ does not belong to Wn	1
I ðAÞ

and thus the argument cannot be used to deduce that ½K�ðA; T Þ;OðA; T Þ� ¼ 0 in
Wn

I ðAÞ. On the contrary, see Theorem 9.2.

COROLLARY 4.6. We have ½K�ðA; T Þ;OðA; T Þ� ¼ 0 in WnðAÞ.

Proof. This is clear since Wn
I ðAÞ !WnðAÞ factors via Wn

I1
ðAÞ, for instance. �

Remark 4.7. Our ‘canonical’ Koszul symmetric space ½K�ðA; T Þ;OðA; T Þ� is
only canonical up to sign. In fact, its de7nition obviously depends on sign con-
ventions, as usual when working in derived categories, as well as some personal sign
choices as, for example, in the de7nition of the symmetric 1-form on the Koszul
complex of length 1, at the beginning of this section. The reader should not consider
this sign question as crucial and can equally well use his own set of conventions.
Applying Lemma 4.3 to A ¼ Z½T1; . . . ; Tn� and to T ¼ ðT1; . . . ; TnÞ, as we shall do
below, we get A=I ¼ Z and no other unit than �1 can really enter the game.
Indeed, our main result Theorem 9.13 says that for any regular scheme X of

7nite Krull dimension the total Witt ring WtotðUn
XÞ is a graded WtotðXÞ-algebra

with only one generator " which satis7es the relation "2 ¼ 0 if n> 2 and "2 ¼ 1 if
n ¼ 1, so, this result clearly does not depend on any choice yielding a sign change
in the de7nition of ". A reader who prefers diCerent sign conventions would maybe
get from our construction 	" as generator which obviously satis7es the same
relation as ". Once again, these signs are not really relevant and we could have
written everything ‘up to sign’ using Lemma 4.3 extensively. We only carry the
(hopefully) exact signs throughout the paper for sake of consistency.

5. Koszul cut in two

We want to ‘split’ the Koszul complex of x 4 into two pieces, dual to each other.
This is easy to understand but a little tricky to write. Recall our running
conventions of x 2 that rþ 4q ¼ n	 1 (see (1)) and that ‘ :¼ ½ n2 � (see (2)). Now,
more precisely, we want to de7ne a symmetric r-pair ðC�ðA; T Þ;PðA; T ÞÞ, such
that there is an isometry

coneðC�ðA; T Þ;PðA; T ÞÞ ’ ðK�ðA; T Þ;OðA; T ÞÞ½	2q�:

We abbreviate the canonical form on K� :¼ K�ðA; T Þ by O :¼ OðA; T Þ, and set

S ¼ SðA; T Þ :¼ Coker


K‘þ2ðA; T Þ

d‘þ2ðA; T Þ
K‘þ1ðA; T Þ

�
: ð4Þ

Let prS ¼ prSðA;T Þ : K‘þ1 ! S ¼ Coker d‘þ2 be the projection. Since d‘þ1d‘þ2 ¼ 0,
there exists a unique morphism d‘þ1 ¼ d‘þ1ðA; T Þ : S ! K‘, such that

d‘þ1ðA; T Þ ¼ d‘þ1ðA; T Þ � prS : ð5Þ

For each j ¼ 0; . . . ; n, we have rankAðKjÞ ¼
�
n
j



. In particular, if n ¼ 2‘þ 1 is

odd, we have rankA K‘ ¼ rankA K‘þ1 and life will be easy. When n ¼ 2‘ is even,
K‘ has maximal (even) rank

2‘
‘

� 

and we need some preparatory considerations. In

this case, the symmetric n-form O� : K� !
’ DAðK�Þ½n� gives an isomorphism

O‘ : K‘ 	!K_
‘ ¼ HomAðK‘;AÞ

which is symmetric if ‘ is even and skew-symmetric otherwise.

PLMS 1519---3/8/2005---SRUMBAL---132682

PAUL BALMER AND STEFAN GILLE282



LEMMA 5.1. If n ¼ 2‘ is even, there exist two totally isotropic subspaces L
and M of ðK‘;O‘Þ, of the same rank 1

2
2‘
‘

� 

, such that K‘ ¼ L�M and such that

O‘ becomes

O‘ ¼ 0 ð	1Þ‘>_ canM
> 0

� �
: K‘ ¼ L�M 	! L_ �M_ ¼ K_

‘ ;

where > : L!’ M_ is an isomorphism. Moreover, we have

ð	1Þ‘d_
‘þ1 � ðprLÞ_ �>_ � canM � prM � d‘þ1 þ d_

‘þ1 � ðprMÞ_ �> � prL � d‘þ1 ¼ 0; ð6Þ
where prL : K‘ ! L and prM : K‘ !M denote the projections.

Proof. Let e1; . . . ; en be a basis of A
n and de7ne L :¼ e1 ^

V‘	1An. The space

M :¼
M

26 i1<i2<...<i‘ 6n

A � ei1 ^ ei2 ^ . . . ^ ei‘

is obviously a complement of L in K‘ ¼
V‘ An and both subspaces have rank

2‘	1
‘	1

� 

¼ 2‘	1

‘

� 

¼ 1
2
2‘
‘

� 

. Now use the description of O‘ given in Remark 4.2. Let

! :
Vn An!’ A be the isomorphism which sends e1 ^ . . . ^ en to 1 2 A. Then

O‘ðxÞðyÞ ¼ �!ðx ^ yÞ. From this we easily see that both subspaces are totally
isotropic: for L it is because e1 ^ e1 ¼ 0 and for M it is because two subsets with ‘
elements in f2; . . . ; ng must intersect. Since O‘ is a ð	1Þ‘-symmetric isomorphism,
its decomposition in L�M must be as claimed in the lemma. Equation (6) follows
from the fact that O : K� ! DAðK�Þ½n� is a morphism of complexes. �

5.1. De�nition of ðC�ðA; T Þ;PðA; T ÞÞ
As the above discussion shows, we will have to distinguish the cases where n is

odd from those where n is even and the de7nition extends over Cases 5.1.1--5.1.4
below. We shall consider a sign ?n 2 f	1; 1g which will be 7xed later on; see x 7.1.
We start with n ¼ 2‘þ 1 odd.

5.1.1. Case r ¼ 0. Here ‘ ¼ 2q is even and ðC�ðA; T Þ;PðA; T ÞÞ is de7ned to be
the following symmetric 0-pair:

0 	! Kn 	!
dn � � � 	!K‘þ2

d‘þ2
K‘þ1 0 � � � 0 0

?nO‘ � d‘þ1
0 0 � � � 0 K_

‘þ1
d_
‘þ2

K_
‘þ2 � � �

d_
n
K_
n 	! 0

deg ‘ deg 0

If T is a regular sequence then the Koszul complex K� is exact and so we have the
following quasi-isomorphism:

C�ðA; T Þ ¼ 0 Kn

dn � � � K‘þ2
d‘þ2

K‘þ1 0

p ¼ pðA; T Þ :¼ prS

c0ðSÞ ¼ 0 0 � � � 0 S 0

deg ‘ deg 0
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5.1.2. Case r ¼ 2. Here ‘ ¼ 2q þ 1 is odd and ðC�ðA; T Þ;PðA; T ÞÞ is de7ned to
be the following symmetric 2-pair:

0 Kn

dn � � � K‘þ2
d‘þ2

K‘þ1 0 � � � 0 0

	?nO‘ � d‘þ1
0 0 � � � 0 K_

‘þ1
d_
‘þ2

K_
‘þ2 � � �

d_
n
K_
n 0

deg ‘þ 1 deg 1

As above, if T is a regular sequence, the projection prS : K‘þ1 ! S induces a
quasi-isomorphism of complexes

p ¼ pðA; T Þ : C�ðA; T Þ 	! c0ðSÞ½1�:

Now let n ¼ 2‘ be even.
We 7x two totally isotropic subspaces L and M of K‘ and an isomorphism

> : L!M_ as in Lemma 5.1 and keep notation as there. We set

h :¼ >_ � canM � prM � d‘þ1 : K‘þ1 	! L_:

We now de7ne the space ðC�ðA; T Þ;PðA; T ÞÞ for n even. It follows from equation
(6) in Lemma 5.1 that both squares in the middle of the two diagrams below
commute and so the morphism PðA; T Þ is really a morphism of complexes.

5.1.3. Case r ¼ 	1. Here ‘ ¼ 2q is even and ðC�ðA; T Þ;PðA; T ÞÞ is de7ned to
be the following symmetric ð	1Þ-pair:

0	!Kn	!
dn � � � 	!K‘þ2

d‘þ2
K‘þ1

prL d‘þ1
L 0 � � � 0 0

?nh ?nh
_canL

0 0 � � � 0 L_

	ðprL d‘þ1Þ_
K_
‘þ1

	d_
‘þ2

� � �
	d_

n

K_
n 	! 0

deg ‘	 1 deg 0 deg 	1

If the sequence T is regular, the homology of C�ðA; T Þ is not concentrated in one
degree (as in the case n odd) but there exists a ‘short’ complex F�ðA; T Þ de7ned as
follows and which is quasi-isomorphic to C�ðA; T Þ:

C�ðA; T Þ ¼ � � � K‘þ2
d‘þ2

K‘þ1
prL � d‘þ1

L 0 � � �

p ¼ pðA; T Þ :¼ prS ¼

F�ðA; T Þ :¼ � � � 0 S
prL � d‘þ1

L 0 � � �

deg 0 deg 	1
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5.1.4. Case r ¼ 1. Here ‘ ¼ 2q þ 1 is odd and ðC�ðA; T Þ;PðA; T ÞÞ is de7ned to
be the following symmetric 1-pair:

0	!Kn	!
dn � � � 	!K‘þ2

d‘þ2
K‘þ1

prL d‘þ1
L 0 � � � 0 0

?nh 	?nh_canL
0 0 � � � 0 L_

	ðprL d‘þ1Þ_
K_
‘þ1

	d_
‘þ2

� � �
	d_

n

K_
n 	! 0

deg ‘ deg 1 deg 0

As in the case r ¼ 	1, when T is a regular sequence, we have a quasi-isomorphism
p ¼ pðA; T Þ : C�ðA; T Þ ! F�ðA; T Þ, where F�ðA; T Þ is now the complex

� � � 0 S
prL � d‘þ1

L 0 � � �

deg 1 deg 0

Remark 5.2. Let f : A! B be a morphism of rings. The natural isomorphism

f �ðK�ðA; T ÞÞ ¼ K�ðA; T Þ �A B	!’ K�ðB; fðT ÞÞ

induces a natural isometry

f �ðK�ðA; T Þ;OðA; T ÞÞ ’ ðK�ðB; fðT ÞÞ;OðB; fðT ÞÞÞ:

Restricting this isomorphism above to the subcomplex C�ðA; T Þ we get a natural
isometry f �ðC�ðA; T Þ;PðA; T ÞÞ ’ ðC�ðB; fðT ÞÞ;PðB; fðT ÞÞÞ.

LEMMA 5.3. The mapping cone of the morphism PðA; T Þ is isomorphic (as a
complex) to K�ðA; T Þ½	2q�.

Proof. This is an easy direct computation, which we leave to the reader. It is
clear in the cases where n is odd and it requires Lemma 5.1 for n even. In all four
cases, we use the isomorphism O to replace the K_

j by Kn	j for j> ‘þ 1. �

6. The Koszul symmetric space KðnÞ
X over An

X

Let R be a ring. We apply the constructions of x 4 to A :¼ R½T1; . . . ; Tn�, the
polynomial ring in n variables over R, and to the sequence T :¼ ðT1; . . . ; TnÞ. The
reader can think of R ¼ Z or R ¼ Z½1=2�, since these are the important cases, from
which the rest will be deduced.

DEFINITION 6.1. The Koszul symmetric n-space KðnÞ
R ¼ ðKðnÞ

R ;O
ðnÞ
R Þ over An

R is
the symmetric n-space where KðnÞ

R :¼ K�ðA; T Þ is the Koszul complex over An
R and

the symmetric n-form OðnÞ
R :¼ OðA; T Þ is the one of De7nition 4.1.

Remark 6.2. Pay attention: KðnÞ
R is a symmetric n-space de7ned over the ring

A ¼ R½T1; . . . ; Tn� and not over the ring R, as the notation might suggest.
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It is clear that the Koszul symmetric n-space behaves well with respect to base-
change. More precisely, let f : R! R 0 be a morphism of rings and let

�f : R½T1; . . . ; Tn� 	! R 0½T1; . . . ; Tn�

be the obvious induced morphism. Then, by Remark 5.2 there is a natural isometry

��
fðKðnÞ

R Þ	!
’

KðnÞ
R 0 :

In particular, KðnÞ
R is extended from KðnÞ

Z . This justi7es the following extension of
De7nition 6.1.

DEFINITION 6.3. Let X be a scheme. We de7ne the symmetric n-space

KðnÞ
X :¼ ��

XðKðnÞ
Z Þ

where �X : A
n
X ! An

Z is the base-change morphism; see (3). We call KðnÞ
X the

Koszul symmetric n-space over An
X. As before, we denote the underlying complex

of free OAn
X
-modules and its symmetric n-form by

KðnÞ
X ¼ ��

X

�
KðnÞ

Z



and OðnÞ

X ¼ ��
X

�
OðnÞ

Z



:

Remark 6.4. It is obvious from the de7nition that for any morphism of
schemes f : Y ! X we have an isometry ��

f

�
KðnÞ
X



’ KðnÞ

Y over An
Y .

DEFINITION 6.5. By Remark 4.4, the complex KðnÞ
X has support in the closed

subset An
X n Un

X ofA
n
X which we identify withX in the following via the zero section of

the bundle An
X ! X. Therefore, the symmetric n-space KðnÞ

X represents a Witt class

CðnÞ
X :¼ ½KðnÞ

X � 2Wn
An
XnUn

X
ðAn

XÞ ¼Wn
XðAn

XÞ:

7. The half-Koszul symmetric space EðnÞ
X over Un

X

DEFINITION 7.1. Let R be a ring. We now apply the splitting of x 5 to the space
KðnÞ
R of x 6. As above, we put A :¼ R½T1; . . . ; Tn� and T :¼ ðT1; . . . ; TnÞ. We de7ne

CðnÞ
R :¼ C�ðA; T Þ and PðnÞ

R :¼ PðA; T Þ

as de7ned in 5.1.1 to 5.1.4. For any scheme X we de7ne

CðnÞ
X :¼ ��

XðCðnÞ
Z Þ and PðnÞ

X :¼ ��
XðPðnÞ

Z Þ
where �X : A

n
X ! An

Z is the base-change morphism. This coincides with the above
in the a9ne case by Remark 5.2. For all n 2 N, the symmetric r-pair ðCðnÞ

X ;P
ðnÞ
X Þ on

An
X will be denoted by CðnÞ

X .

7.1. The symmetric cone of CðnÞ
X

Instead of calculating coneðCðnÞ
X Þ directly (which is possible, but cumbersome) we

take full advantage of Lemma 4.3. More precisely, we use the fact that any quasi-

isomorphism K
ðnÞ
Z ! DZ½T1;...;Tn�ðK

ðnÞ
Z Þ½n� is equal to the symmetric n-form �OðnÞ

Z in
DbðVBZ½T1;...;Tn�Þ.
So let, for a moment, R ¼ Z and A ¼ Z½T1; . . . ; Tn�. We abbreviateK� :¼ K�ðA; T Þ

and O ¼ OðA; T Þ. We get from Lemma 5.3 the following commutative diagram
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(where D ¼ DA):

CðnÞ
Z

P
ðnÞ
Z DðCðnÞ

Z Þ½r� u
K�½	2q�

v
CðnÞ

Z ½1�

ð	1Þrðrþ1Þ=2$
C
ðnÞ
Z

¼ ð	1Þrðrþ1Þ=2$
C
ðnÞ
Z

½1�

DDðCðnÞ
Z Þ

DðPðnÞ
Z

Þ½r�
DðCðnÞ

Z Þ½r�
	DðvÞ½rþ1�

DðK�½	2q�Þ½rþ 1� ð	1ÞrDðuÞ½rþ1�
DDðCðnÞ

Z Þ½1�

ð7Þ

Here the rows are exact triangles for all n 2 N (the bottom row is the dual of the
upper one, shifted r times). By the very basic properties of triangulated categories
there exists an isomorphism

& : K�½	2q� 	!DðK�½	2q�Þ½rþ 1� ¼ ðDðK�Þ½n�Þ½	2q�;
in DbðVBAÞ such that diagram (7) commutes. By Lemma 4.3 the isomorphism &

is equal to �O½	2q�. Replacing PðnÞ
Z by 	PðnÞ

Z if necessary, that is, replacing ?n by
	?n in the de7nition of CðnÞ

R , we can assume that & ¼ O½	2q� for all n 2 N, that is,
ðK�½	2q�; &Þ ¼ KðnÞ

Z ½	2q� for all n 2 N.
We 7x ?n as explained above, namely ?n is the unique element in f	1; 1g, such

that coneðCðnÞ
Z Þ ¼ KðnÞ

Z ½	2q�.

Remark 7.2. A straightforward but slightly cumbersome calculation shows
that

?n ¼ ð	1Þnðnþ1Þ=2: ð8Þ
Note that this depends on the sign choices made in 5.1.1--5.1.4. The latter have
been made such that formula (8) is true.
However, as already said in Remark 4.7, these signs are not important for our

work. We only need the fact that there exists a symmetric r-pair CðnÞ
Z over An

Z,
such that coneCðnÞ

Z ¼ KðnÞ
Z ½	2q�.

We can now calculate coneðCðnÞ
X Þ for any scheme X and any n 2 N. The pull-

back via the base-change morphism �X : A
n
X ! An

Z of diagram (7) above is a cone
diagram for the symmetric r-form ��

XðCðnÞ
Z Þ. We have an isometry CðnÞ

X ’ ��
XðCðnÞ

Z Þ
(cf. Remark 5.2) and so we get coneðCðnÞ

X Þ ’ ��
XðKðnÞ

Z ½	2q�Þ ’ ��
XðKðnÞ

Z Þ½	2q� (cf.
Lemma B.1 for the later isometry). We have proven the following result.

THEOREM 7.3. With this choice of ?n, the cone of the symmetric pair CðnÞ
X is

the Koszul symmetric space shifted as follows:

coneðCðnÞ
X Þ ¼ KðnÞ

X ½	2q�:

In particular, PðnÞ
X jUn

X
is an isomorphism in DbðVBUn

X
Þ because the homology of

K�jUn
X
vanishes.

DEFINITION 7.4. Let X be a scheme. The symmetric r-space

EðnÞ
X :¼ CðnÞ

X jUn
X

will be called the half-Koszul space over the scheme X. Its Witt class is denoted by

"ðnÞX :¼ ½EðnÞ
X � 2WrðUn

XÞ:

The following result is obvious (cf. Remark 5.2).
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LEMMA 7.5. Let f : Y ! X be a morphism of schemes. Then there is a
natural isometry

��f ð"ðnÞX Þ	!
’

"ðnÞY :

8. The short symmetric space FðnÞ
X over Un

X

By the main result of [3] we know that EðnÞ
X is Witt equivalent to a space living

on a short complex; see x 3.2. In fact, we will now see that EðnÞ
X is not only Witt

equivalent, but isometric to such a ‘short symmetric space’.
We use the notation of 5.1.1--5.1.4 with R ¼ Z, that is, A ¼ Z½T1; . . . ; Tn� is the

polynomial ring in n variables over Z, T ¼ ðT1; . . . ; TnÞ, and K� ¼ K�ðA; T Þ is the
Koszul complex of the sequence T over A. As in 5.1.1--5.1.4 we denote the
diCerential of this Koszul complex by d� and set

S ¼ SðA; T Þ ¼ Coker


K‘þ2

d‘þ2
K‘þ1

�
:

Note that T is a regular sequence and so K� is a 7nite free resolution of Z ’ A=I,
where I is the ideal generated by T . It follows that K�ðA; T ÞjSpecA½T	1

i � is a split
exact sequence and so

EðnÞ
Z :¼ Coker



K‘þ2

d‘þ2
K‘þ1

����
Un

Z

¼ SjUn
Z
’ Ker d‘jUn

Z
ð9Þ

is a locally free OUn
Z
-module of rank

P‘
i¼0ð	1Þi n

‘	i
� 


¼ n	1
n	‘	1
� 


. Clearly the same is
true for the pull-back

EðnÞ
X :¼ ��XðE ðnÞ

Z Þ; ð10Þ

where �X : U
n
X ! Un

Z is induced by base change; see (3). Note that we have

EðnÞ
X ¼ CokerðKðnÞ

X;‘þ2 	!KðnÞ
X;‘þ1ÞjUn

X
’ KerðKðnÞ

X;‘ 	!KðnÞ
X;‘	1ÞjUn

X
;

where KðnÞ
X ¼ KðnÞ

X;� ¼ ��
XðKðnÞ

Z Þ (see De7nition 6.3).
We consider now the cases n odd and n even separately.

8.1. The space EðnÞ
X if n ¼ 2‘þ 1 is odd, that is, r ¼ 0 or r ¼ 2

Since the functor ð	Þ_ ¼ HomAð	; AÞ is left exact, we have

S_ ¼ Ker


K_
‘þ1

d_‘þ2
K_
‘þ2

�
and hence a well-de7ned homomorphism

’ðnÞ
Z :¼ ð	1Þ‘?n � D‘ � d‘þ1jUn

Z
: EðnÞ

Z 	!HomOUn
Z

ðE ðnÞ
Z ;OUn

Z
Þ ¼ S_jUn

Z

which is ð	1Þ‘-symmetric, where d‘þ1 is the unique morphism S 	!K‘, such that
d‘þ1 ¼ d‘þ1 � prS (cf. (5)). We set

ðF ðnÞ
Z ; �ðnÞ

Z Þ :¼
c0ðE ðnÞ

Z ; ’
ðnÞ
Z Þ if ‘ is even,

c0ðE ðnÞ
Z ; ’

ðnÞ
Z Þ½1� if ‘ is odd.

(
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This is a symmetric r-pair. Recall now from 5.1.1--5.1.4 that the projection
prS : K‘þ1 ! S induces a quasi-isomorphism (hence an isomorphism in DbðVBAÞ)

pjUn
Z
¼ pðZ; T ÞjUn

Z
: CðnÞ

Z 	!’ c0ðE ðnÞ
Z Þ ðrespectively CðnÞ

Z 	!’ c0ðE ðnÞ
Z Þ½1�Þ;

which is easily seen to be an isometry EðnÞ
Z !’ ðF ðnÞ

Z ; �ðnÞ
Z Þ. It follows that �ðnÞ

Z is an

isomorphism and so ðF ðnÞ
Z ; �ðnÞ

Z Þ is a symmetric r-space. In particular, ðE ðnÞ
Z ; ’

ðnÞ
Z Þ is a

ð	1Þ‘-symmetric space over Un
Z. Applying the pull-back �

�
X we get the following:

(i) the pair

ðE ðnÞ
X ; ’

ðnÞ
X Þ :¼ ��XðE ðnÞ

Z ; ’
ðnÞ
Z Þ

is a ð	1Þ‘-symmetric space over Un
X;

(ii) the half Koszul space EðnÞ
X is isometric to the short symmetric r-space:

FðnÞ
X :¼ ðF ðnÞ

X ; �ðnÞ
X Þ :¼ ��XðF ðnÞ

Z ; �ðnÞ
Z Þ ¼

c0ðE ðnÞ
X ; ’

ðnÞ
X Þ if ‘ is even,

c0ðE ðnÞ
X ; ’

ðnÞ
X Þ½1� if ‘ is odd.

8<:
8.2. The space EðnÞ

X if n ¼ 2‘ is even, that is, r ¼ 	1 or r ¼ 1
We 7x L;M � K‘ and > : L!’ M_ as in Lemma 5.1 (with R ¼ Z), and

let prL : K‘ ! L and prM : K‘ !M be the respective projections. We denote
L :¼ LjUn

Z
and prL :¼ prL jUn

Z
: K‘jUn

Z
! L.

On the complex F ðnÞ
Z :¼ F�ðA; T ÞjUn

Z
we have the following symmetric r-form:

F ðnÞ
Z ¼ � � � 0 EðnÞ

Z

prL � d‘þ1jUn
Z L

�ðnÞ
Z :¼ ?nhjUn

Z
ð	1Þ‘?nðhjUn

Z
Þ_ canL

DUn
Z
ðF ðnÞ

Z Þ½ð	1Þ‘þ1� ¼ � � � 0 L_

ðprL � d‘þ1jUn
Z
Þ_

ðE ðnÞ
Z Þ_

if r ¼ 	1 deg 0 deg 	1

if r ¼ 1 deg 1 deg 0

where h ¼ > � canM � prM � d‘þ1. Since d‘þ1jUn
Z
¼ ðd‘þ1 � prSÞjUn

Z
, we see that the

quasi-isomorphism pjUn
Z
: CðnÞ

Z !’ F ðnÞ
Z is an isometry EðnÞ

Z !’ ðF ðnÞ
Z ; �ðnÞ

Z Þ, and so �ðnÞ
Z is an

isomorphism in DbðVBZÞ. Therefore ðF ðnÞ
Z ; �ðnÞ

Z Þ is a symmetric r-space over Un
Z.

Applying the pull-back ��X we see that the half Koszul space EðnÞ
X is isometric to

the short symmetric r-space

FðnÞ
X :¼ ðF ðnÞ

X ; �ðnÞ
X Þ :¼ ��XðF ðnÞ

Z ; �ðnÞ
Z Þ:

9. Witt groups of the punctured a�ne space

Recall the notation of x 2, like formula (3), de7ning r 2 f	1; 0; 1; 2g by
n ¼ 4q þ rþ 1. We begin with an easy application of triangular Witt theory.

THEOREM 9.1. Let X be a regular scheme containing 1
2. There exists a split

short exact sequence

0 WiðXÞ
��
X
WiðUn

XÞ
@

Wiþ1
X ðAn

XÞ 0;
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for all i 2 Z, where @ is the connecting homomorphism of the localization
Un
X � An

X. This sequence is natural in X in the obvious way. Moreover, a left
inverse to ��

X is given by E� : WiðUn
XÞ !WiðXÞ for any X-point E : X ! Un

X, that
is, any morphism E : X ! Un

X such that �X % E ¼ idX.

Proof. This result follows from the localization sequence [2] and homotopy
invariance [4]. �

We want to apply ‘dQeevissage’ to the relative groups Wiþ1
X ðAn

XÞ and we will need
the following theorem.

THEOREM 9.2. Let X be a regular Z½1=2�-scheme of �nite Krull dimension.
Consider the structure morphism �X : A

n
X ! X. Then, the homomorphism

#ðnÞ
X : W

i	nðXÞ 	! Wi
XðAn

XÞ; w 7	! �X
�ðwÞ ? CðnÞ

X

is an isomorphism for all i 2 Z.

Proof. The a9ne case X ¼ SpecR is [10, Theorem 9.3] and the global case
follows from this using the Mayer--Vietoris exact sequence [4, Theorem 2.6]. �

Remark 9.3. We do not know whether #ðnÞ
X is an isomorphism for more

general schemes like, for example, regular schemes of in7nite Krull dimension. The
proof of [10, Theorem 9.3] uses coherent Witt theory and therefore only applies to
regular rings of 7nite Krull dimension.

THEOREM 9.4. Let X be a Z½1=2�-scheme. Let 16 i6n be an integer and
consider the X-point Ei : X ! Un

X � An
X corresponding to Ti ¼ 1 and Tj ¼ 0 for all

j 6¼ i. If n> 2, then the evaluation at this point of the Witt class "ðnÞX 2WrðUn
XÞ of

the half-Koszul space is zero,

E�
i ð"ðnÞX Þ ¼ 0 in WrðXÞ:

Proof. Consider the ‘same’ point Ei ¼ ð0; . . . ; 0; 1; 0; . . . ; 0Þ but over Z½1=2�
instead of X, that is, Ei : SpecðZ½1=2�Þ ! Un

Z½1=2�. We have a commutative diagram

WrðUn
Z½1=2�Þ

E�
i
WrðZ½1=2�Þ

��X

WrðUn
XÞ

E�
i

WrðXÞ

with the obvious morphisms, and we know from Lemma 7.5 that ��Xð"ðnÞZ½1=2�Þ ¼ "ðnÞX .
Therefore, it su9ces to prove the result for Z½1=2�.
If r 6¼ 0 this is trivially true because in this case WrðZ½1=2�Þ ¼ 0. In fact, since

Z½1=2� is a Dedekind domain, we have, by [6, Theorem 10.1],

W	1ðZ½1=2�Þ ¼W2ðZ½1=2�Þ ¼ 0
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and

W1ðZ½1=2�Þ ’ Coker
�
WðZ½1=2�Þ

P
@p M

p 6¼2
WðZ=ZpÞ

�
;

where @p is a second residue homomorphism associated with the prime number p.
But this cokernel is also zero by the classical calculation of the Witt group of Q,
cf. for example, [17, Theorem VI.6.11].
If r ¼ 0, that is, n ¼ 2‘þ 1 with ‘ 6¼ 0 even, this follows from the next lemma. �

LEMMA 9.5. Let R be a ring and n ¼ 2‘þ 1 with ‘> 2 even. Then E�
i ðEðnÞ

R Þ ’
E�
i ðE ðnÞ

R ; ’
ðnÞ
R Þ is trivial in WðRÞ ’W0ðRÞ.

Proof. After renumbering we may assume i ¼ 1. Let K� ¼ K�ðA; T Þ be the
Koszul complex of the regular sequence T ¼ ðT1; . . . ; TnÞ over A ¼ R½T1; . . . ; Tn�,
and O ¼ OðA; T Þ : K� !

’ DAðK�Þ½n� the canonical symmetric n-form. Recall that
the diCerential ds : Ks ! Ks	1 is then given by

ei1 ^ . . . ^ eis 7	!
Xs
j¼1

ð	1Þj	1Tij � ei1 ^ . . . ^ eij	1 ^ eijþ1 ^ . . . ^ eis ;

where e1; . . . ; en constitute a basis of A
n. We denote by �R the open immersion

Un
R ,! An

R (cf. (3)). Then we have E
�
1 ðEðnÞ

R Þ ¼ E�1 �
�
RðCðnÞ

R Þ and K 0
� ¼ E�1 �

�
RðK�Þ is the

Koszul complex K�ðR; tÞ for the sequence t ¼ ð1; 0; . . . ; 0Þ � R. We denote the
diCerential of this Koszul complex by d 0. Note that this complex is split exact.
The isomorphism of complexes O 0 :¼ E�

1 �
�
RðOÞ is a symmetric n-form on K 0

� and

ðC 0;P 0Þ :¼ E�1 �
�
RðCðnÞ

R Þ

is the symmetric 0-pair ðC�ðR; tÞ;PðR; tÞÞ (see 5.1.1) which is in fact a symmetric
0-space since K 0

� ½	2q� ¼ conePðR; tÞ is split exact.
We give now a direct summand S 0 of K 0

‘þ1, such that the projection K
0
‘þ1 ! S 0

induces a quasi-isomorphism C 0
� !

’
c0ðS 0Þ, where c0 : VBR ! DbðVBRÞ is the natural

embedding.
The elements vi ¼ 1� ei (i ¼ 1; . . . ; n) are a basis of R�A A

n ¼ E�
1 �

�
RðAnÞ, and

so the exterior products vi1 ^ . . . ^ vis (16 i1 < . . . < is6n) are free generators of
K 0
s ’

Vs Rn. The diCerential d 0
s acts on them as follows:

d 0
sðvi1 ^ . . . ^ visÞ ¼

0 for 26 i1 < . . . < is6n;
vi2 ^ . . . ^ vis for 1 ¼ i1 < i2 < . . . < is6n:

�
Therefore the R-module S 0 :¼ v1 ^

�V‘ Rn


� K 0

‘þ1 is isomorphic to Coker d
0
‘þ2.

Hence c0ðS 0Þ ’ C 0
� because C 0

� has non-vanishing homology only in degree 0,
C 0
0 ¼ K 0

‘þ1 and C
0
i ¼ 0 for i < 0. We get an isometry c0ðS 0; ’ 0Þ ’ ðC 0;P 0Þ, where

’ 0 :¼ ?nðO 0
l � d 0

‘þ1ÞjS 0 .
Consider now the following free submoduleM 0 :¼ ðv1 ^ v2Þ ^

�V‘	1Rn


of S 0. We

claim thatM 0 is a totally isotropic subspace of ðS 0; ’ 0Þ. From this the lemma follows
because rankM 0 ¼ 1

2 rankS
0 and so ðS 0; ’ 0Þ is hyperbolic by [1, I, Theorem 4.6].

To see this we use the description of O given in Remark 4.2. Let ! :
Vn An!’ A

be as in this remark and ! 0 :¼ idR�!. Then ! 0ðv1 ^ . . . ^ vnÞ ¼ 1 and

O 0
‘ðxÞðyÞ ¼ �! 0ðx ^ yÞ for all x 2 K 0

‘ and y 2 K 0
‘þ1:
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If now x; y 2M 0 then y ¼ v1 ^ v2 ^ y 0 and d 0
‘þ1ðxÞ ¼ v2 ^ x 0 for some x 0; y 0 2

V‘	1Rn,
and so �’ 0ðxÞðyÞ ¼ ! 0ðd 0

‘þ1ðxÞ ^ yÞ ¼ 0 since v2 ^ v2 ¼ 0. �

THEOREM 9.6. Let X be a regular Z½1=2�-scheme. The composition of the
connecting homomorphism with the 4-periodicity isomorphism,

WrðUn
XÞ

@
Wrþ1

X ðAn
XÞ

'q

’ Wn
XðAn

XÞ;

maps the Witt class "ðnÞX 2WrðUn
XÞ of the half-Koszul space to the Witt class

CðnÞ
X 2Wn

XðAn
XÞ of the Koszul space over An

X.

Proof. Recall that we always have n ¼ 4q þ rþ 1. The statement is a direct
consequence of Theorem 7.3, using the de7nition of the connecting homomorphism
@ via the symmetric cone and the fact that "ðnÞX ¼ ½CðnÞ

X jUn
X
� by De7nition 7.4. �

THEOREM 9.7. Let X be a regular Z½1=2�-scheme. For all i 2 Z, de�ne the
following homomorphism:

�ðnÞ
X : W

i	rðXÞ 	! WiðUn
XÞ; w 7	! �X

�ðwÞ ? "ðnÞX :
Then the diagram

Wi	rðXÞ
'q

’ Wiþ1	nðXÞ

�ðnÞ
X ’ #ðnÞ

X

WiðUn
XÞ

@
Wiþ1

X ðAn
XÞ

commutes, for all i 2 Z, where the isomorphism #ðnÞ
X is the one of Theorem 9.2 and

where ' is the 4-periodicity isomorphism.

Proof. Recall of course that r ¼ n	 4q 	 1 by (1). We have to show that

@�ðnÞ
X ð½x�Þ ¼ #ðnÞ

X ð'
	qð½x�ÞÞ ð11Þ

for all ½x� 2Wi	rðXÞ. Using the fact that �X : Un
X ! X factors as

U
n
X

�X
A
n
X

�X
X;

we get

@�ðnÞ
X ð½x�Þ ¼ @ð��Xð��

Xð½x�ÞÞ ? "ðnÞX Þ
¼ ��

Xð½x�Þ ? @ð"ðnÞX Þ
¼ ��

Xð½x�Þ ? '	qðCðnÞ
X Þ

ðby ½11;Theorem 2:11�Þ
(by Theorem 7.3).

But this is equal to the right-hand side of (11) because

#ðnÞ
X ð'	qð½x�ÞÞ ¼ '	qð��

Xð½x�ÞÞ ? CðnÞ
X (by Lemma B.1)

¼ ��
Xð½x�Þ ? '	qðCðnÞ

X Þ (by Lemma B.3). �

�

COROLLARY 9.8. Let X be a regular Z½1=2�-scheme. We have an isomorphism

ð��
X; �

ðnÞ
X Þ : W

iðXÞ �Wi	rðXÞ	!’ WiðUn
XÞ:

for all i 2 Z.

PLMS 1519---3/8/2005---SRUMBAL---132682

PAUL BALMER AND STEFAN GILLE292



Proof. Comparing the split exact sequence of Theorem 9.1 and the obvious
split exact sequence 0!WiðXÞ !WiðXÞ �Wi	rðXÞ !Wi	rðXÞ ! 0, we need
only note that @ � �ðnÞ

X is an isomorphism, as follows from Theorem 9.7. �

To understand the ring structure on WtotðUn
XÞ, we need some properties of the

symmetric spaces KðnÞ
X and EðnÞ

X , which can also be proven for schemes that are not
necessarily regular. The case n ¼ 1, that is, the ‘Laurent scheme’ case, is well
known, so we have to deal with n> 2.

THEOREM 9.9. Let X be a Z½1=2�-scheme. If n> 2 then the symmetric r-space
EðnÞ
X is locally trivial, that is, for any x 2 Un

X we have ½ðEðnÞ
X Þx� ¼ 0 in WrðOUn

X
;xÞ.

Proof. De7ne for all i 2 f1; . . . ; ng the principal open Vn
XðiÞ of An

X given by
the equation Ti 6¼ 0. Let J ! f1; . . . ; ng � N. We de7ne

V
n
XðJÞ :¼

[
j2J

V
n
XðjÞ ! U

n
X ¼ V

n
Xðf1; . . . ; ngÞ

and denote the corresponding open immersion by �J : V
n
XðJÞ ! Un

X. Since n> 2,
we can cover Un

X with the open subschemes V
n
XðJÞ with jJ j6n	 1. So it su9ces

to prove the following stronger result. �

THEOREM 9.10. With the above notation, if jJ j6 ðn	 1Þ then ½EðnÞ
X jVn

X
ðJÞ� ¼ 0

in WrðVn
XðJÞÞ.

Proof. We easily reduce to the case X ¼ SpecZ½1=2�. In this case we argue as
follows. For brevity we set R :¼ Z½1=2�.
For J empty, the result is trivial since Vn

RðJÞ ¼ ; and its Witt group is zero. So
we assume that J 6¼ ;. Consider the closed complement YRðJÞ :¼ An

R n Vn
RðJÞ of

Vn
RðJÞ � Un

R. Note that A
n
X n Un

R � YRðJÞ. By Theorem 9.1, we have the following
commutative diagram with exact rows:

0 WrðRÞ
��
R

WrðUn
RÞ

@
Wrþ1

An
RnUn

R
ðAn

RÞ 0

¼ ��J

0 WrðRÞ
��J�

�
R
WrðVn

RðJÞÞ
@

Wrþ1
YRðJÞðA

n
RÞ 0

We get from the right-hand commutative square, from Theorem 9.6, and from
Proposition 4.5 that @ð��Jð"ðnÞR ÞÞ ¼ 0. Therefore, by exactness of the above second
row, there exists a unique class w 2WrðRÞ such that ��Jð"ðnÞR Þ ¼ ��Jð��

RðwÞÞ. In fact,
w ¼ E�ð��Jð"ðnÞR ÞÞ for any R-point E : SpecðRÞ ! Vn

RðJÞ, which exists by the
assumption J 6¼ ;. Choose j 2 J and de7ne the R-point E : SpecðRÞ ! Vn

RðJÞ to
be given by Tj ¼ 1 and Ti ¼ 0 for i 6¼ j. Since w ¼ E�ð��Jð"ðnÞR ÞÞ ¼ ð�J � EÞ�ð"ðnÞR Þ and
since �J � E : SpecðRÞ ! Un

R is simply the R-point Ej of Theorem 9.4, we conclude
from it that w ¼ 0. Hence ��Jð"ðnÞR Þ ¼ 0 as wanted. �

Remark 9.11. The statement of Theorem 9.9 is obviously not true for
n ¼ 1. The proof fails for n ¼ 1 because then Vn

XðJÞ ¼ ; for any J such that
jJj6n	 1 ¼ 0 and hence we cannot cover Un

X with these.
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It follows from this theorem above and [5, Theorem 4.2] that if n> 2 the space
"ðnÞX is nilpotent in WtotðUn

XÞ. We prove a more precise result.

THEOREM 9.12. Let X be a Z½1=2�-scheme. Assume that n> 2. Then
ð"ðnÞX Þ

2 ¼ "ðnÞX ? "ðnÞX ¼ 0
in WtotðUn

XÞ. If n ¼ 1 then ð"ðnÞX Þ
2 ¼ 1 in WtotðUn

XÞ.

Proof. The case n ¼ 1 is classical, so let n> 2. Since
��X : W

totðUn
Z½1=2�Þ !WtotðUn

XÞ
is a morphism of graded rings (cf. [11, Theorem 3.2]) and ��Xð"ðnÞZ½1=2�Þ ¼ "ðnÞX (cf.

Lemma 7.5) it is enough to prove this for the a9ne scheme X ¼ SpecZ½1=2�.
Because we assume n> 2 there exist non-empty subsets J1; J2 � f1; . . . ; ng with

J1 6¼ J2 and J1 [ J2 ¼ f1; . . . ; ng. We de7ne Vn
Z½1=2�ðJiÞ ! Un

Z½1=2� as in the proof of

Theorem 9.9 above and let Yn
Z½1=2�ðJiÞ :¼ Un

Z½1=2� n Vn
Z½1=2�ðJiÞ be the complement

(i ¼ 1; 2). Note that J1 [ J2 ¼ f1; . . . ; ng implies Yn
Z½1=2�ðJ1Þ \ Yn

Z½1=2�ðJ2Þ ¼ ;.
By Theorem 9.10 we know that ½EðnÞ

Z½1=2�jVn
Z½1=2�ðJiÞ� ¼ 0 for i ¼ 1; 2. Therefore by

the localization sequence there exists xi 2Wr
Yn

Z½1=2�ðJiÞ
ðUn

Z½1=2�Þ with xi ¼ "ðnÞ
Z½1=2� in

WrðUn
Z½1=2�Þ for i ¼ 1; 2, and so x1 ? x2 ¼ ð"ðnÞ

Z½1=2�Þ
2 in W2rðUn

Z½1=2�Þ. But the space
x1 ? x2 lives on a complex with support in Yn

Z½1=2�ðJ1Þ \ Yn
Z½1=2�ðJ2Þ ¼ ; and so

ð"ðnÞ
Z½1=2�Þ

2 ¼ 0. �

Denote by WtotðXÞ½"� the graded skew polynomial ring in one variable " of degree
r over the graded ring WtotðXÞ. Recall that this means that c � " ¼ ð	1Þr deg cð" � cÞ
for a homogeneous element c 2WtotðXÞ. We have a homogeneous homomorphism
of graded rings given by

WtotðXÞ½"� 	! WtotðUn
XÞ;

Xm
i¼0

ci"
i 7	!

Xm
i¼0

��
XðciÞ ? ð"ðnÞX Þ

i:

Using this morphism we can restate Corollary 9.8 and Theorem 9.12 as follows.

THEOREM 9.13. Let X be a regular scheme of �nite Krull dimension over
Z½1=2�. Then we have an isomorphism of graded rings:

if n> 2; WtotðXÞ½"�=ð"2Þ
if n ¼ 1; WtotðXÞ½"�=ð"2 	 1Þ

)
	!’ WtotðUn

XÞ:

Example 9.14. Let R be a regular ring of 7nite Krull dimension which
contains 12 and

M2n	1R :¼ SpecðR½T1; . . . ; Tn; Y1; . . . ; Yn�Þ
.�
1	

Xn
i¼1

TiYi

�
be the hyperbolic ð2n	 1Þ-sphere over R. The R-algebra morphism

R½T1; . . . ; Tn� 	!R½T1; . . . ; Tn; Y1; . . . ; Yn�
.�
1	

Xn
i¼1

TiYi

�
;

which maps Ti to Ti mod 1	
P
TiYi, induces a Rat morphism f : M2n	1R ! Un

R

whose 7bers are a9ne spaces over the appropriate residue 7elds. Therefore by
strong homotopy invariance [9, Corollary 4.2] we get an isomorphism of graded
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Witt rings f � : WtotðUn
RÞ!

’
WtotðM2n	1R Þ. In particular, WtotðM2n	1R Þ is also a free

WtotðRÞ-module with two generators. This has been proven by Karoubi [13] if R is
the 7eld of complex numbers.
Note that if R is a regular domain and RðM2n	1R Þ is the function 7eld of the

hyperbolic sphere then Theorem 9.9 implies that the natural morphism

WðM2n	1R Þ 	! WðRðM2n	1R ÞÞ
is not injective.

10. Witt non-triviality of the (half ) Koszul spaces

THEOREM 10.1. Let X be a scheme which is not of equicharacteristic 2. Then
the Witt class of the symmetric n-space KðnÞ

X is non-trivial in the Witt group with
support Wn

XðAn
XÞ.

Proof. By assumption, there is a point x 2 X whose residue 7eld kðxÞ has
characteristic diCerent from 2. By specialization at x (see Remark 6.4 for
naturality), it su9ces to prove the result for the regular Z½1=2�-scheme
X :¼ SpecðkðxÞÞ. Here, we apply Theorem 9.2 with i :¼ n and w :¼ 1 2W0ðXÞ,
the unit of the Witt ring. �

THEOREM 10.2. Let X be any scheme which is not of equicharacteristic 2.
Then the Witt class "ðnÞX of the symmetric r-space EðnÞ

X is not in the image of the
natural homomorphism WrðAn

XÞ !WrðUn
XÞ. In particular, EðnÞ

X cannot be extended
to the whole a�ne space An

X.

Proof. Again, by specialization at a point x with charðkðxÞÞ 6¼ 2, we are
reduced to proving the result for the Z½1=2�-regular scheme X :¼ SpecðkðxÞÞ. In
this case, the following composition vanishes:

WrðAn
XÞ

��X
WrðUn

XÞ
@

Wrþ1
X ðAn

XÞ:
Here, the connecting homomorphism @ is, for instance, as in Theorem 9.6, where
we proved that @ð"ðnÞX Þ coincides with ½KðnÞ

X �, up to 4-periodicity. So, "
ðnÞ
X cannot be

extended to An
X since ½KðnÞ

X � 6¼ 0 2Wn
XðAn

XÞ by Theorem 10.1. Note that we pass
via the regular case to use the connecting homomorphism @. �

Appendix A. The locally free module EðnÞ
X

We use the notation of the main part of the text. We want to prove
the following.

THEOREM A.1. Let X be a noetherian scheme and n> 4. Then there does not
exist a locally free OAn

X
-module F such that FjUn

X
’ EðnÞ

X . In particular, E
ðnÞ
X is not a

free OUn
X
-module.

Let x 2 X and Spec kðxÞ!f X be the corresponding point. If there exists a
locally free OAn

X
-module F , such that FjUn

X
’ EðnÞ

X , then

EðnÞ
kðxÞ ’ ��fðE ðnÞ

X Þ ’ ��fðF jUn
X
Þ ’ ��

fðFÞjUn
kðxÞ
;
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and so it is enough to show the theorem for X ¼ SpecR with R a 7eld. Similarly,
localizing R½T1; . . . ; Tn� at the origin, we are reduced to the local case which
follows from the following result of commutative algebra.

THEOREM A.2. Let ðA;mÞ be a regular local ring, T ¼ ðT1; . . . ; TnÞ be a
regular system of parameters (see [7, De�nition 2.2.1]), and

U ¼
[n
i¼1
SpecATi ¼ SpecA n fmg

be the punctured spectrum of A. Assume that dimA ¼ n> 3. Then

Sj :¼ Ker


KjðA; T Þ

djðA; T Þ
Kj	1ðA;T Þ

����
U

cannot be extended to a free A-module if n > j> 2.

In the following let I j ¼ Ker djðA; T Þ, that is, Sj ¼ I jjU. Recall also that
ð	Þ_ ¼ HomAð	; AÞ. For the proof we need the following result.

PROPOSITION A.3. (i) Let j> 2. Then the A-module I j is re2exive, that is,
the natural morphism can : I j ! I__

j is an isomorphism.
(ii) If M and N are �nitely generated A-modules, such that MjU ’ N jU, and

both MjU and NjU are locally free, then M_ ’ N_.

Proof. By assumption, I j is a second syzygy and so (i) is a consequence of [8,
Theorem 3.6]. For (ii), by [12, Theorem 6.9.17] there exists c> 0, such that the
given isomorphism MjU !’ N jU is the restriction of a morphism mcM ! N.
Therefore we can assume that there exists g :M ! N , such that gjU is an
isomorphism, that is, Ker g and Coker g have 7nite length.
Now we use the following fact (see [7, Theorem 1.2.8]). Since dimA> 2 and A is

regular (and hence in particular Cohen--Macaulay), we have ExtiAðG;AÞ ¼ 0 for
any 7nite length module G and i ¼ 0; 1.
This and the exact sequences

0 	! Ker g 	! M 	! Im g 	! 0 and 0 	! Im g 	! N 	! Coker g 	! 0

give M_ ’ ðIm gÞ_ ’ N_. �

Proof of Theorem A.2. Assume that P is a free A-module, such that
P jU ’ Sj. We have I jjU ’ Sj, too, and so I_

j ’ P_ by Proposition A.3(ii). Part (i)
of this proposition tells us that I j is reRexive and hence I j ’ I__

j ’ P__ is free.
But this is impossible, because

TorAn	jðI j; A=mÞ ’ TorAn ðA=m; A=mÞ ’ A=m 6¼ 0

(note that here we need j < n ¼ dimA). We have the required result. �

PLMS 1519---3/8/2005---SRUMBAL---132682

PAUL BALMER AND STEFAN GILLE296



Appendix B. Product and 4-periodicity

We have used in this work the fact that the product commutes with the
translation. This has not been established in [11]. For the sake of completeness we
give here a proof but refer to [11] for unexplained notation and de7nitions.
To start with let Að0Þ ¼ ðA;DA; NA; $

AÞ and Bð0Þ ¼ ðB;DB; NB; $
BÞ be triangu-

lated categories with NA- respectively NB-exact duality (like, for example, D
bðVBXÞ

with the usual 1-exact duality as in the main part of this work). We denote the
shift functor in these triangulated categories by MA respectively MB (to distinguish

we do not useX 7!X½1�). A symmetric i-space inAð0Þ is a pair ðX; Þ consisting of an
objectX 2 A and a symmetric i-form  : X ! MiADAX which is an isomorphism; the
symmetry of an i-form reads MiADAð Þ �$A

X ¼ ð	1Þiðiþ1Þ=2NiA � . As in the case of
derived categories, if ðX; Þ is a symmetric i-form then ðM2AX;M2Að ÞÞ is a symmetric
ðiþ 4Þ-form.
Let ðF; �Þ : Að0Þ ! Bð0Þ be a duality-preserving functor, that is, � : FDA !’ DBF

is an isomorphism of functors satisfying some compatibility axioms. We will only
use the following. Since F is a covariant exact functor between triangulated

categories, there exists a family of isomorphisms of functors DðiÞ : FMiA !’ MiBF
ði 2 ZÞ which are related by the following formulas:

DðiþjÞ ¼ MiBðDð jÞÞ � DðiÞMjA ðB:1Þ

(i; j 2 Z). Then we have

DBM
	1
B ðDð1Þ

M	1
A
Þ � �M	1

A
¼ ðNANBÞ �MBð�Þ � Dð1ÞDA

ðB:2Þ

(cf. [11, De7nition 1.8]). These axioms are made such that if ðX; Þ is a symmetric
i-space in Að0Þ then

ðF; �Þ�ðX; Þ :¼ ðFX; ðNANBÞiMiBð�XÞ � DðiÞDAX �F ð ÞÞ
is a symmetric i-space in Bð0Þ.

LEMMA B.1. Let ðX; Þ be a symmetric i-space in A. Then there is an isometry

ðF; �Þ�ðM2AX;M2Að ÞÞ	!
’
M2BððF; �Þ�ðX; ÞÞ:

Proof. We claim that D
ð2Þ
X : FM2AX!’ M2BFX is an isometry, that is, we have to

show that

ðNANBÞiþ4Miþ4B ð�M2AXÞ � D
ðiþ4Þ
DAM

2
AX

�FM2Að Þ
¼ ðNANBÞiMiþ4B DBðD

ð2Þ
X Þ �Miþ2B ð�XÞ �M2BðDðiÞDAX

Þ �M2BF ð Þ � Dð2ÞX : ðB:3Þ

We observe 7rst that M2BF ð Þ � Dð2ÞX ¼ D
ð2Þ
MiADAX

�FM2Að Þ since Dð2Þ is a natural

transformation. By using (B.1) three times we get (recall that MADA ¼ DAM
	1
A ,

by de7nition)

D
ðiþ4Þ
DAM

2
AX

¼ Miþ3B ðDð1ÞDAM
2
AX

Þ �Miþ2B ðDð1ÞDAMAX
Þ �M2BðDðiÞDAX

Þ � Dð2ÞMiADAX

and so (B.3) is equivalent to

Miþ4B ð�M2AXÞ �M
iþ3
B ðDð1ÞDAM

2
AX

Þ �Miþ2B ðDð1ÞDAMAX
Þ ¼ Miþ4B DBðD

ð2Þ
X Þ �Miþ2B ð�XÞ:
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Hence the result follows from the following calculation:

Miþ3B ðMBð�M2AXÞ � D
ð1Þ
DAM

2
AX

Þ �Miþ2B ðDð1ÞDAMAX
Þ

¼ ðNANBÞMiþ3B ðDBM
	1
B ðDð1ÞMAX

Þ � �MAXÞ �Miþ2B ðDð1ÞDAMAX
Þ (by (B.2))

¼ ðNANBÞMiþ4B ðDBD
ð1Þ
MAX

Þ �Miþ2B ðMBð�MAXÞ � Dð1ÞDAMAX
Þ

¼ Miþ4B DBðMBD
ð1Þ
X � Dð1ÞMAX

Þ �Miþ2B ð�XÞ (by (B.2))

¼ Miþ4B DBðD
ð2Þ
X Þ �Miþ2B ð�XÞ

since D
ð2Þ
X ¼ MBD

ð1Þ
X � Dð1ÞMAX

by (B.1). �

Assume now that we have a third triangulated category with duality, say
Cð0Þ ¼ ðC;DC; NC; $

CÞ, and a dualizing pairing [11, De7nition 1.11]

� : Að0Þ 
 Bð0Þ 	! Cð0Þ:

Example B.2. Let X be a scheme and Z ! X a closed subset. Then the
(derived) tensor product

�OX
: DbðVBXÞ 
 D

b
ZðVBXÞ 	! D

b
ZðVBXÞ

is a dualizing pairing. Note that in this case NA ¼ NB ¼ NC ¼ 1.

Let ðX; Þ be a symmetric i-space in Að0Þ and ðY; �Þ a symmetric j-space in Bð0Þ.
The left product ðX; Þ ?l ðY; �Þ is then de7ned by considering X �	 as a duality-
preserving functor with the aid of a duality transformation Lð Þ which depends
on  , that is, the left product ðX; Þ ?l ðY; �Þ of these spaces is by de7nition
ðX �	;Lð ÞÞ�ðY; �Þ. The right product ?r is de7ned analogously by making the
functor 	� Y duality preserving using the symmetric j-form �. Both products are
related by the following isometry:

ðX; Þ ?l ðY; �Þ ’ ðNANCÞj � ðNBNCÞi � ð	1Þij � ððX; Þ ?r ðY; �ÞÞ: ðB:4Þ
(see [11, Theorem 2.9]). From this we easily deduce the following.

LEMMA B.3. There is an isometry

ðM2AX;M2Að ÞÞ ?l ðY; �Þ ’ ðX; Þ ?l ðM2BY;M2Bð�ÞÞ;
and the same is true for the right product.

Proof. From Lemma B.1 we get isometries

ðX; Þ ?l ðM2BY;M2Bð�ÞÞ ’ M2CððX; Þ ?l ðY; �ÞÞ
and

ðM2AX;M2Að ÞÞ ?r ðY; �Þ ’ M2CððX; Þ ?r ðY; �ÞÞ:
Hence the lemma follows by applying (B.4) twice. �
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