-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by OPUS Augsburg

Endogenous Growth with Nominal

Frictions

Alfred Maussner

Received November 29, 2002; revised version received October 7, 2003

Abstract

This paper analyses monetary business cycles in the framework of a two-sector
endogenous growth model with nominal frictions, which stem from overlapping
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growth and in the data. Both problems are resolved, if the production of human
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1 Introduction

The role of money in dynamic general equilibrium (DGE) models is the subject of
an intense recent research effort. The majority of papers, e.g., by Chari, Kehoe, and
McGrattan (2000), Cho and Cooley (1995), Cooley and Hansen (1995,1998) Christiano,
Eichenbaum, and Evans (1997), Hairault and Portier (1995), Maussner (2002), has
focused on the short to medium run effects of monetary shocks. Their goal has been to
replicate the pattern of impulse responses and second moments that are found in the
data. Towards that end a variety of market imperfections have been introduced into
the standard neoclassical stochastic growth model to motivate cash holdings and to
impose frictions that eliminate the neutrality of money. Common to all these models
is that they treat the economy’s growth rate as exogenous. Relatively few papers
have addressed the role of money in DGE models where the growth rate of output is
endogenous. Usually this is accomplished by introducing a second sector whose output
is labor augmenting technical progress, as proposed by Lucas (1988) and Uzawa (1965)
and extended by Rebelo (1991). Gomme (1993) and Einarsson and Marquis (1999)
employed models with this structure to estimate the welfare effects of monetary policy.
Both papers motivate money holdings via a cash in advance constraint that binds as
long as the nominal rate of interest is positive. The optimal monetary policy, thus,
is the Friedman (1969) rule, where deflation at the rate of the real rate of interest
reduces the costs of money holdings to zero. Using data on US M1 growth Gomme
(1993) finds negligible welfare gains from the switch to the optimal deflation rate.
His results are confirmed by Einarsson and Marquis (1999) who use a deterministic
version of the endogenous growth model but, in contrast to him, allow labor shares
to differ between the two sectors. It is well known that cash in advance constraints
imply impulse responses contrary to those observed in empirical studies. For instance,
working hours decrease in response to an unexpected increase in the supply of money
balances. It is, at least, questionable to discuss welfare issues in models whose short

run dynamics is at odds with empirical observations.

There is, thus, a striking contrast between these two strands of research: whereas
monetary DGE models with exogenous growth focus on the business cycle effects of
monetary policy and employ a variety of market imperfections, DGE models with en-
dogenous growth have been mainly concerned with the welfare implications of monetary
policy within the cash in advance framework. The purpose of this paper is to integrate
both approaches and to consider the interaction between the short and the long run

effects of monetary policy.

The model of Gomme (1993) minimizes the differences between the output and the
human capital producing sector since it assumes equal labor shares and equal rates of

depreciation for human and physical capital. Furthermore, human capital production



is not subject to shocks. I do not impose these restriction so that the real part of my

model resembles the stochastic two sector endogenous growth model of Ozlu (1996).

In models with this structure it has been common practice to interpret human capital
accumulation as a non-market activity. The market sector produces consumption goods
and physical capital. The output of this sector and hours worked in this sector have
been used to measure the real effects of monetary policy. I will show that under the
usual calibration, the human capital producing sector absorbs most of the effects of
monetary shocks. Compared to an exogenous growth model, the effects of monetary
policy, therefore, appear to be small. I depart from this interpretation and consider
human capital production as a market activity, too. Thus, my measure of output is a
weighted average of the production of both sectors and my measure of hours are hours
worked in both sectors. Equivalently, aggregate investment is a weighted average of
investment in physical and human capital. Under this interpretation money supply
shock have important real effects whose size tends to increase with the economy’s
growth rate. Furthermore, using this approach, the economy’s response to an expansive
monetary shock is quite in line with empirical wisdom. Thus, this kind of model seems
to be a more adequate framework to study the welfare effects of monetary policy than

the models used so far.

I assume that real cash holdings are part of the representative household’s utility
function and parameterize this function so that the cash in advance model is a limiting
case if the elasticity of substitution between consumption and real money balances
approaches zero. An important consequence is that the link between the growth rates
of money and output is not unambiguous as in the cash in advance model but depends
upon the size of the intertemporal elasticity of substitution. Furthermore, without
any nominal frictions the impact of money on output and employment is small and
vanishes in the case of a loglinear parameterization of the household’s current period

utility function.

I introduce nominal frictions in the form of overlapping wage contracts. In the case
of an unexpected monetary shock the aggregate wage rate cannot fully adjust and real
wages decline. If the human capital producing sector 2 is more labor intensive than the
consumption and capital goods producing sector 1, an assumption usually employed,
the relative price of human capital falls and the demand increases. Labor and capital
services shift to sector 2. This effect is well known from static two sector models. In ad-
dition, there is an intertemporal effect that works through the asset market equilibrium
condition: the income effect generated by the increased sector 2 production raises cur-
rent consumption relative to future consumption, and the household’s marginal rate of
intertemporal substitution increases, and the higher required return on physical capital
reduces investment expenditures. If one considers aggregate variables instead, the im-

pulse responses of the endogenous growth framework resemble those of the exogenous



growth model.

Hence, if sector 1 variables were used to measure the real effects of monetary shocks,
one finds production, investment, and hours to decline. Except for investment, this is
the pattern of short run dynamics that would emerge from the cash in advance models
of Gomme (1993) and Einarsson and Marquis (1999). This pattern contrasts with
empirical findings for the aggregate economy, which show a hump shaped increase in
output and hours (see, e.g., Christiano, Eichenbaum, and Evans, (1999)). From the
available empirical evidence it is not possible to infer whether the sectoral response
in the model is consistent with the facts. Yet, for the present purpose it is also not
necessary to know that. My conclusion is just that in order to be consistent with
the aggregate facts about the effects of monetary shocks one must use the model’s
aggregate variables, and not just those of sector 1.

The increased production of labor augmenting technical progress following an ex-
pansionary monetary policy shock does, however, not induce a greater persistence of
monetary shocks. The work of Chari, Kehoe, and McGrattan (2000) shows that the
lack of persistence in exogenous growth models of the monetary cycle is mainly the re-
sult of a sharp increase in investment expenditures that cause prices to rise sharply. In
the endogenous growth framework the increased investment in human capital increases
the future productivity of labor. This could, in principle, induce workers to increase
not only their current but also their future supply of labor, implying a more persis-
tent effect on hours and output. Yet, since investment in physical capital declines, the
smaller future stock of capital reduces labor productivity and offsets the incentive to
increase future labor supply.

I establish these results in the remainder of the paper in two steps. The next section
provides a benchmark model with exogenous growth, money in the utility function and
nominal frictions via wage contracts. Section III introduces human capital accumula-
tion into this model and compares its properties with those of the benchmark model.

Section IV concludes.!

2 A Benchmark Monetary Model with Exogenous Growth

2.1 Wage and Output Determination

Wage Setting Consider an Economy with a representative household and a repre-
sentative firm. Time is divided in periods of equals lengths, which are indexed by t.
The household supplies labor and capital services to the firm, earns wage and rental
income, and uses her savings to accumulate cash and physical capital. I introduce

wage staggering in this model similar to Cooley and Hansen (1998), although I will

'An appendix covering technical details and results from additional simulations is available at

http://www.wiwi.uni-augsburg.de/vwl/maussner /lehrstuhl/maussner/pap/appendix.pdf.
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describe the production structure that underlies their wage equation in more detail.
Assume that the household has n + 1 members who insure themselves against any
idiosyncratic risks. Member one supplies labor services N; on the spot market at the
nominal wage W} per efficiency unit A;N;7 of labor. Member ¢ = 1,2, ..., n enters into
a wage contract with the firm. A contract signed ¢ quarters ago is in force until quarter
t +n — i, specifies a nominal wage (per efficiency unit of labor) WS for each quarter
T=t—1+1,t—1+2,...,t+n —1 of the contractual period and transfers the right
to determine employment N, to the entrepreneur. Thus, at time ¢ contract n expires
and the household member labeled n signs a new contract. The contracting parties
agree on a wage Wy, | that meets the household’s first order conditions with respect
to labor supply given her expectations of next period’s prices and labor demand. In an
expected sense, this wage clears the future labor market for member n. This expected
market clearing hypothesis dates back to Fischer (1977). Different from his model, I
do not assume that the parties negotiate separate wages for each of the subsequent n
quarters. Instead, I use the simpler assumption of a cost of living adjustment clause:
for quarters t + 2.t + 3, ...,t + n the wage increases according to the average rate of
inflation m — 1, which is taken as the rate of inflation along the balanced growth path
of the deterministic counterpart of the model. This assumption facilitates the numer-
ical solution of the model considerably and introduces only a modestly larger degree
of nominal rigidity than the Fisher (1977) model.?  Furthermore, since the model
shows almost no persistence in the rate of inflation, even in response to the highly
autocorrelated technology shock, this simplification is not at odds with the worker’s
environment. It is the advantage of the expected market clearing hypothesis that the
frictions disappear under perfect foresight. Therefore, the balanced growth path of the

model is identically to that of a model without nominal frictions.

As I demonstrate in the Appendix, the adoption of a monopolistically competitive
labor market in the sense of Blanchard and Kiyotaki (1987) would boil down to a
larger intertemporal elasticity of substitution of leisure, which makes the real variables

in both models more sensitive to technology and monetary shocks.

Demand for Labor and Capital Services To implement my model of the labor

market [ assume that labor L; employed by the representative firm is a Cobb-Douglas

2Cooley and Hansen (1998) employ the wage equation from a frictionless economy to specify wage
contracts. The advantage of my procedure is that wage contracts are endogenous to the model, i.e.,

their effects are taken into account by the household.



index? labor supplied by the different members of the household:

n

Li = (p/n) (1 = )5 [H<th>“"/”] (N1, g e [0,1] 1

i=1

The firm’s production function is
Y;‘, = Zt(AtLt)aKtliaa QS (07 1)7 (2)

where Y;, A; and K, denote output, labor augmenting technological progress, and
capital services, respectively. Z; is a shock to total factor productivity with mean

equal to 1. The deviations from that mean Z; ~ In(Z;) evolve according to the following

AR(1)-process:

G=priaate, ¢ ~n(0,0%) (3)
Technical progress grows exogenously at the rate a — 1:

A1 =aAy, a>1. (4)

For a given amount of total labor services employed the firm minimizes its wage
costs

VVtAtLt = Z VI/@?‘/AthCt + WtsAtNts
i=1

subject to (1) if it employs labor from the different groups according to

c __ (thLt
T W
WiLy
Wg '

(5a)

N =(1-¢) (5b)

W, = [H We) W"] (W)=, (5¢)

Let P, denote the price level and r; the rental rate of capital. Profit maximization
with respect to efficient employment A,L; and capital services K; entails the following

well know first order conditions:

Wi — —a
Ft = O[Zt(AtLt)a 1Kt1 s (6&)
t

Ty = (1 — Oé)Zt(Ath)aKt(lia). (Gb)

3This is just a convenient simplification. The Appendix shows that the loglinear labor market
equilibrium condition is unaffected by this assumption. I could have used more general CES-Indexes
instead.



2.2 Consumption, Labor Supply, and Asset Demand

Budget Constraint and Preferences The representative household receives wage
and rental income as well as governmental transfers 7;. This income is spent on con-
sumption C} and increased asset holdings. Besides physical capital K;, which depre-
ciates at the rate § € (0,1), the household accumulates money M;. Thus, in terms of

consumption goods, the household’s budget constraint is:
= W W My — M
S TEANG + AN A K AT > Gt Koy — (1= 0K+ —— (7)
2P, P P,
The households seeks decision rules for consumption, labor supply, and investment
that maximize her expected lifetime utility:

i=1

Ey {Z B (Cy, M/ Py 1 — M)} . Ne=) N5+ N, Be(01), 8)
t=0

where I have normalized total available time per period to 1 so that 1 — [V, is leisure. As
Feenstra (1986) demonstrates including real money balances as argument of the period
utility function wu(-) can be considered as shortcut for a more elaborate model where
cash holdings reduce the transactions costs of trade. In the numerical simulations I

parameterize the function u(-) as follows:

1-n

WCY + (1 —7)(M,/P)"] » (1 — N,)°0=m — 1
1—n :

U/(Ot,Mt/Pt,]_ _Nt) = (9)
This function comprises two often considered specific models. If the substitution pa-
rameter v approaches —oo the CES-subutility function in (9) reduces to min{~yCy, (1 —
v)(M¢/P;)}, which is equivalent to the cash in advance model. The loglinear case

derives from (9) for » =0 and n = 1.

First Order Conditions Let A; denote the Lagrangean multiplier of the period ¢
budget constraint and let u; denote the partial derivative of u with respect to its i-th

argument. Then, the first order conditions for maximizing (8) subject to (7) are:

At :ul(CtaMt/Ptal_Nt>7 (10&)

WS
AtAt(Pt) :Ug(ct,Mt/Pt,l _Nt>7 (10b)

t

cht+1
0=FE | A A Prs - U3(Ct+1> Mt-l—l/-Pt—f—la - Nt+1) ) (10C)
t+
At = BEtAtJrl(l —0 + ,rtJrl)’ (10d)
At _ BEt <u2(ct+17 Mt+1/Pt+l7 1 - Nt+1) + At+l) . (108)
Pt+1/Pt



(10a) and (10d) taken together imply that in the expected sense the marginal rate of
intertemporal substitution u;(Cy, ...)/fu1(Cyi1, ..) equals the gross return on capital
1 —9+r411. Labor supply on the spot market is determined by (10a) and (10b), which
imply the well known result that the marginal rate of substitution between consumption
and leisure must equal the real wage. At time ¢ the contract of household member n
needs to be renegotiated. Equation (10c) implies that the wage W7, is chosen such
that in the expected sense the marginal benefits from additional consumption equal
the marginal disutility of labor. Using (10a) and (10d) equation (10e) may be written

in a more familiar way:

At+1 U2(0t+1, Mt+1/Pt+1, 1-— Nt+1)
Pt+1/Pt Ul(CtJrla Mt+1/Pt+1, 1-— Nt+1)

P,
;_1(]_ —5+Tt+1) — 1.

t

O:ﬁEt

- Rt+1 )
(11)

where R; 1 =

The term in square brackets is the deviation of the marginal rate of substitution between
consumption and real money balances from the costs of cash holdings given by the

nominal rate of interest R.

2.3 Money Supply and Dynamics

Money Supply The government creates new money and distributes it to the house-

hold. Thus, transfers T} are given by

_ My — M,

T,
! P,

(12)

I use a simple rule for money supply according to which the deviations of the growth
factor of money supply g; := M1 /M; from its long run mean g obey an AR(1)-process

with parameters p; and oy:
gt - ngt—l + efa 6? ~ n(oa U;) (13)

Dynamics The model outlined so far exhibits trend growth. To facilitate its nu-
merical simulation it is convenient to represent its dynamics in terms of variables that
are stationary. Given the parameterization of the utility function in equation (9),
u1(Cy, My /Py, 1 — Ny) as well as ug(Cy, M,/ P, 1 — Ny) are homogenous of degree 7 in

its first two arguments. Therefore, the first order condition (10a) is equivalent to
uy(cy, my /e 1 — Ni) = Ay, (14a)

where N\, := MAY ¢ = Cy/Ay, mp := Py/P,_1 and my := M,;/(A;P,_1). The latter
definition ensures that m; is a predetermined variable at the beginning of period t.

For the same reason, I define the contract wage of worker ¢ at beginning of period ¢

8



purchasing power as w§, := W/P,_;. Combining the definition of the wage index in
equation (5c¢) with (6a) and (10b) and defining k; := K;/A; gives:

aZ N1l — (?Ls(ct, A Nt))”’ 11 (w_ft)wn (14b)

A s
¢ Py ¢

The definition of m; and the money supply rule imply the following dynamic equation:

mey1 = ag—;mt' (14(3)

The economy’s resource constraint derives from the household’s budget constraint when
equations (5a), (5b), (6a), (6b), and (12) are considered. In the stationary variables it

is given by:
aker = (1= 8)ky + Z NPk ™ — ¢y (14d)
Using (4), the definition A\; := A;A], and (6a) the Euler equation (10d) changes to
A= Ba "EMi1 (1 =64+ (1 — a)Zea NS kLS (14e)

and the Euler equation for money balances yields

\ = Ba "E, (U2(Ct+1a M1 /Teg1, 1 — Nia) + )\t+1) .

Tt4+1

(14f)

Since the level of technical progress A; is a deterministic variable, the condition on

next period’s contract wage (10c) is equivalent to

wC
O = Et (At-f—l 7T1t+1 — U3(0t+1, mt+1/7Tt+1, ]_ — Nt+1)> . (14g)
t+1

The nominal wage W, ; implied by this equation replaces the wage labeled n in the

wage index of the next period. All other wages increase by steady-state inflation © — 1:

Wity 41 = %wfta i=1,2,...,n—-1, (14h)

Figure 1 illustrates the dynamics of the wage structure that derives from these equa-
tions.

The system of stochastic difference equations (14) together with the forcing equa-
tions (3) and (13) has no analytic solution. There are, however, various approaches
to derive numeric approximations to the time paths generated by these equations.* I
follow the procedure proposed by King, Plosser and Rebelo (1988) and also outlined
in Burnside (1999), who log-linearize the model at its deterministic steady state and
solve the resulting equations along the lines of King and Watson (2002).

4See Marimon and Scott (1999) for an overview.
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Figure 1
Change of Wage Index
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2.4 Properties of the Benchmark Model

Calibration My simulations of the model rely on the parameter values given in Table
1. There are two groups of parameters. I picked the values from the first group from
the literature. Those of the second group are implied by the model’s steady state
conditions and West German quarterly time series data from the first quarter of 1975
to the fourth quarter of 1989. This procedure seems more adequate to an aggregate
model than the choice of elasticities from micro studies. After all, if the model is taken
to mimic certain aspects of the real economy, its long run implications should primarily
be consistent with the respective aggregate data and not with microeconomic evidence
being subject to aggregation problems. My selection of the sample period rest on the
following reasoning: up to the mid seventies the West German average propensity to
consume and the average share of investment expenditures show a clear time trend,
which is at odds with a long run equilibrium, where both ratios should be constant. To
exclude the impact of the German unification in 1990 on the West German economy [
did not consider data beyond 1989.

Table 1

Simulation Parameters for the Benchmark Model

Preferences  Production Wage Setting Money Growth

3=0.995 a=066  n=4 g=1.0171
n=2.0 a=1.005  =0.38 py=0
v=-4.0 5=0.011 0,=0.0172

N=0.28  pz=0.92

ML/P:O.S:W 0,=0.0078

My choice of n = 2 is in the range of values employed in the literature. The main
effect of a smaller value of this parameter is to induce greater intertemporal substitu-
tion. As a result, the variability of the real variables increases, their autocorrelation
coefficients decrease, and the cross correlation of consumption with output becomes
smaller (see Table A. 2).

10



The parameter v is related to the interest elasticity of money demand. Using the
parameterization of current period utility in (9) equation (11) implies the following

long run relation between real money balances and the nominal interest rate:

In(M/P) = w e+ -In R

Estimates of the German M1 long run interest rate elasticity by Hoffman, Rasche, and
Tieslau (1995) average at about -0.2 implying v = —4. The combination n = 1 and
v = 0 implies preferences that are log-linear in consumption, real money balances,
and leisure. In this case, the log-linearized model without nominal frictions is immune
against monetary shocks (see Table A. 1 in the Appendix).

The remaining parameters in Table 1 are my own estimates from West German
data. Since the model excludes the government sector I used data pertaining to the
private sector. Thus, a = 1.005 is the average quarterly growth factor of output,
where output is GDP at factor costs net of government consumption. o = 0.66 is
labor’s share in output. Labor income is gross wage and salary income of the private
sector. My calculation imputes wage earnings to self employed persons equal to the
average wage income of private sector employees. I employed the perpetual inventory
method to derive a quarterly series of the capital stock from quarterly gross private
sector investment expenditures and from the yearly tables of the capital stock.” This
procedure also delivers an average rate of depreciation of 6 = 0.011. My measure of Z;

is given by

Y,

7, =
! ((1.005)th)0.66Kto.347

where Y;, H;, and K, are output, are the number of working hours in the private sector
and my measure of the quarterly capital stock, respectively. An AR(1) process fitted
to the deviations of Z; from its mean provides pz; = 0.92 and oz = 0.0078.

The values of the parameters of the utility function are implied from steady state
considerations. The value of ( is consistent with the average productivity of capital

of 0.0753. This requires $=0.995 and implies an average real rate of interest of 6.2%

SLet K;,4 and K; denote the capital stock at the beginning of two consecutive years, and let I;;

denote gross investment in quarter t 4+ ¢, ¢ = 0, 1,2,3. The perpetual inventory method,
Kiyiyr = (1= 0) Ky + Iy, 1=0,1,2,3, (i)

implies the following equation

3
Kipa=(1=0)"K; +> (1-0)* "Iy

i=1

that can be solved for the unknown §. This solution is employed in (i) to derive estimates of the

capital stock in quarter ¢t +i4, 7 =1,2,3..
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p.a..% The value of § was chosen from the steady state labor market equilibrium

condition (14b) to be consistent with N = 0.28, which is the average share of 1440
hours (16 hours times 90 days) worked per member of the labor force. Together with
1 = 2 this implies an intertemporal elasticity of substitution with respect to leisure of
1/(0(1 —n) — 1) = —0.33. This value is much smaller than the often considered value
of unity, and, thus, more in line with microeconomic evidence. The effect of a unit
elasticity can be seen from Table A. 2 in the Appendix. Given nominal rigidities in the
labor market, the smaller value of this parameter induces sufficient real variability.

I used the average velocity of M1 with respect to consumption, C/(M1/P)=0.837
to select the value of .

The parameters of the money supply process in (13) were derived from the growth
rate of West German M1. Since the estimate of p, is not significantly different from
zero, I set py=0.

In the long run the share of contract workers is equal to ¢: without expectational
errors equations (10b) and (10c) imply that contract workers and spot market workers
receive the same wage. In this case equations (5a) and (5b) together with the definition
of the labor index (1) imply N* = (1 — ¢)N. Therefore, I used the average share of
workers that are union members to get ¢=0.38. Cooley and Hansen (1998) chose the
size of the contract sector so that their model matches the volatility of hours found in
the data. For West German data the value of p=0.24 provides this result. The length

of the typical German wage contract is one year, which motivates my choice of n = 4.

Impulse Responses [ illustrate the basic working of the model by the impulse re-
sponses displayed in Figure 2. Consider a sudden upward jump in the growth rate of
money supply in quarter three. Its immediate impact is to increase the household’s
available income. Since consumption and leisure are normal goods, consumption ex-
penditures rise and labor supply drops. As a consequence, there is a sharp, unexpected
increase in the price level which lowers the real wage of contract workers and raises the
firm’s demand for their labor services. Thus, output and total hours increase. Since the
household wants to smooth her consumption stream the extra income generated also
increases investment expenditures. The increase of real end of period money balances
M1 /(A1 P) is sensitive to the choice of p,=0. If the current increase of the money
growth rate implies that money growth will be above average in the next periods, too,
i.e. if p,>0, the household expects the future costs of money holdings to rise. As a

consequence, she substitutes cash for physical capital. The increased demand for in-

6This value is about two percentage points above the average ex post real rate of interest on long
term bonds. Yet, since capital returns are stochastic in the model, the higher return should be taken
to reflect a risk premium. King, Plosser, and Rebelo (1988) use the average return on US stocks of
6.5% p.a.

12



Figure 2

Impulse Responses in the Benchmark Model
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vestment puts additional upward pressure on the price level, which increases by more
than the growth rate of money. Thus, real end of period money balances decline in the
impact period of the shock.

The US growth rate of M1 is positively autocorrelated with a smaller standard
deviation than those found in the German data. The smaller size of innovations offsets
the effect of the positive autocorrelation parameter (see Table A. 3 in the Appendix).
So the main difference in using German M1 data instead of US M1 data lies in the
cross-correlation between real money balances and output. This correlation is close to
zero for the US M1 process due to the overshooting of prices as explained above. Since
investment and consumption correlate strongly with output, they, too, have a small
correlation with real money balances in the US model.

An unexpected outward shift of the production function raises the real wage of all
workers. They substitute current leisure against future leisure and supply more hours
of labor services. Output increases by more than labor input due to the increased
productivity. Thus, in contrast to a monetary driven expansion, average labor pro-
ductivity is procyclical in a real business cycle. The overall correlation between labor

productivity and output, thus, depends upon the relative importance of technology
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Figure 3
Amplification of Productivity Shocks Due to Nominal Rigidities
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shocks. Note, that despite the high autocorrelation of the productivity shock, the rate
of inflation is almost back on its long run path after one period. The nominal rigidity
amplifies the impact of supply side shocks, since it dampens the rise of the real wage.
Figure (3) illustrates this effect. The dotted lines depict the case ¢=0, where all labor
is supplied to the spot market. In the impact period the nominal rigidity amplifies
the reaction of output and hours by about 6 and 17.5 percent, respectively.

Time Series Properties Further insights into the properties of the benchmark
model provide the second moments of artificial time series computed from simula-
tions of the model. These moments are averages from 500 simulations, where each
simulations consists of 60 quarters. Table 2 displays the standard deviation of output,
consumption, investment, hours, the real wage, the rate of inflation, and real money
balances as well as the cross correlation of these variables with output and real money
balances. The respective moments from seasonally adjusted West German data are
given in parenthesis.” Both, the moments of the artificial and of the West German
data refer to Hodrick-Prescott (HP) filtered time series.

The model is broadly consistent with the empirical facts, although it overstates these.

Investment is more and consumption less volatile than output. The autocorrelations

7 As already noted above, my measure of output is GDP net of taxes and subsidies minus government
consumption. Consumption refers to household’s expenditures on durables and non-durables, except
those on residential construction. Investment is firm’s fixed investment. Hours are total hours worked
in the privat sector, which is total hours minus average hours per worker times the number of public
employees. The real wage is gross real compensation of private sector employees per hour. Inflation
is the quarterly rate of change of the GDP deflator, and real money balances are M1 divided by the
GDP deflator. M1 is from the database of the Deutsche Bundesbank. All other data are from the
quarterly national accounts of the German Institute of Economic Research (Deutsches Institut fiir
Wirtschaftsforschung, DTW).
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Table 2
Selected Moments from the Exogenous Growth Model

Variable Sy Say Ty Ty Tem
Output 1.52 1.00 0.61 1.00 0.92
(1.24) (1.00) (0.79) (1.00) (0.35)

Consumption 0.59 0.39 0.62 0.98 0.91
(1.10) (0.88) (0.82) (0.66) (0.57)

Investment 5.13 3.37 0.60 1.00 0.91
(2.54) (2.04) (0.81) (0.81) (0.44)

Hours 1.08 0.72 0.55 0.88 0.69
(0.84) (0.68) (0.42) (0.30) (—0.23)
Real Wage 0.75 0.50 0.66 0.73 0.85
(1.06) (0.85) (0.52) (0.37) (0.18)
Inflation 1.63 1.09 —0.09 0.17 0.06
(0.28) (0.23) (—0.03) (0.13) (—0.19)
Real Money Balances 0.33 0.22 0.67 0.92 1.00
(2.58) (2.08) (0.80) (0.35) (1.00)

Notes:

sz := Standard deviation of variable z, sy := standard deviation of variable x

relative to the standard deviation of output, r, := first order autocorrelation of variable
x, rgy := first order cross correlation of variable x with output, rym := first order cross
correlation of variable  with real money balances;

Simulated moments are averages of 500 simulations of HP-filtered series with 60
observations each.

Empirical values from HP-filtered data from 75.i to 89.iv in parentheses.

of all variables are not far off their empirical counterparts. The cross correlations
with output have the correct signs though they are exaggerated for all variables except
inflation. Inflation is a great deal more volatile, and, thus, real money balances are

much smoother than empirically observed.

Table 3 uncovers the contribution of monetary policy to the business cycle. It
compares the standard deviations from Table 2 to those implied by a policy of constant
money growth. Whereas output, consumption, and investment are less sensitive to
monetary policy — their respective standard deviations shrink by 6, 11, and 4.4 percent

— there is a remarkable reduction in the variability of hours of about 30 percent.

3 Endogenous Growth

It requires only a few steps to explain the level of labor augmenting technical progress
within the basic setting of the model from the previous section. These steps are pre-

sented in the next subsection.
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Table 3
Stable Money Growth in the Exogenous Growth Model

Variable Sy As,
04 =10172 0,=0
Output 1.52 1.43 —6.07
Consumption 0.59 0.52 —11.16
Investment 5.13 4.90 —4.50
Hours 1.08 0.75 —30.86
Real Wage 0.75 0.70 —6.33
Inflation 1.63 0.25 —84.84
Real Money Balances 0.33 0.32 —1.11
Notes:
sz = Standard deviation of variable x, As, := percentage

change of standard deviation of variable x relative to the case of
constant money growth.

3.1 The Model

Human Capital Accumulation In addition to money and physical capital the level
of technical progress A; is now considered an additional asset that the household can
accumulate. As explained in the introduction, I assume that knowledge is produced by
a second market sector and sold to the household at the relative price ¢;. Knowledge

capital depreciates at a given rate §4 so that
A1 — (1 —=04)A; (15)

is the new knowledge acquired in period ¢. The budget constraint in equation (7) is
then extended to:

we we
Z it AtNZCt ¢ AtNts + Tth ‘I— j—‘t
i=1 B (16)

M,  — M,
>C+ Ky — (1 —0x) K, + t“P b (A — (1= 04)A),
t

where now dx denotes the rate of depreciation of physical capital. The household
maximizes (8) subject to (16). The first order conditions for this program are those

presented in (10) and an additional Euler equation that governs knowledge investment:

] ot C W S
@\ = BEN Z P i N T PHthH +q1(1—064)] . (17)

The Supply Side There are two sectors of production. Sector 1 produces consump-
tion goods. In addition, its output is used to accumulate physical capital. 1 continue to
denote this sector’s output by Y;. The output of sector 2 is new knowledge as defined in

equation (15). Both sectors employ labor and physical capital and produce according
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to a constant returns to scale Cobb-Douglas functions. I denote the share of labor and
capital employed in sector 1 by u; and v; respectively. Raw labor L, is still given by

the index defined in equation (1). Thus, the production of sector 1 is given by

Y, = Zyy(u ALy (0 K ), a € (0,1), (18)
and that of sector 2 by

Appr — (1= 00) A = Za[(1 — up) AL [(1 — v) K )7¢, ¢ € (0,1). (19)

The variables Zy; and Z,; represent stochastic shifts of the respective sector’s total
factor productivity. The deviations of these variables from their respective means Zy

and Z,4 evolve according to the following AR(1)-processes:
Zit = piZjt-1 + €1, € ~ n(0, st')a j ey, A}. (20)

Both sectors minimize their respective wage bill so that aggregate demand for the
various segments of the labor market is still given by equations (5). In a second step,

sector 1 maximizes
Y, — (Wy/ P)ugAiLy — ryu K
subject to (18), and sector 2 solves
max ¢ (A — (1 —04)A) — (Wi/P)(1 —w) ALy — (1 — vp) Ky

subject to (19). The respective first order conditions imply the following efficiency

conditions, which I state in the stationary variables introduced above:

B = @ ZvilueL)™ (veke) ™, (21a)

re = (1= ) Zy(u L) (vike) ™, (21b)
_ OéZYt(UtLt)a_l(Utkt)l_a

U 2l (1= u) L1 — vk < (21c)

e (21d)

l—v, o 1—(Cl—u

These equations determine the allocation of labor and capital services between the
two sectors. Together with the household’s first order conditions they induce a system
of stochastic difference equations in stationary variables. I reproduce this system as
well as its log-linear approximation around a deterministic balanced growth path in
the Appendix, since this is mainly a technical issue that does not add much to the

intuition behind the model.
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3.2 Properties of the Model

Calibration There are, in principal, two alternative interpretations of the endoge-
nous growth model. The business cycle literature has focused on the home work in-
terpretation of human capital accumulation (Ozlu (1996), Gomme (1993), Einarsson
and Marquis (1997), (1998), Benhabib Et Al. (1991)) whereas my exposition of the
model emphasized human capital production as a market activity. This difference has
considerable consequences for the calibration procedure.®

There are some parameters from the benchmark model that have the same inter-
pretation in the endogenous growth framework. I either keep their values or pin them
down as explained above. These parameters are 3, 1, g, v, 7, ¢, and n.

Estimates of the half life of knowledge found in Giarini and Liedtke (1998), p. 104,
provide a guideline to choose the value of §4. Basic knowledge has a half life of 20 years,
academic knowledge of 10 years, and knowledge specific to professional engineers of only
three years. Thus, 20 years appears to be a baseline value, and I set 9,4=0.0009.

Unfortunately, there is no straight forward approach to assign conclusive values to
the parameters of the sector 2 production function. Moreover the usual procedure to
derive the properties of the technology shock of sector 1 from the properties of the
Solow residual is not valid. Aggregate output (scaled by the level of technological

progress) in terms of sector 1 goods is
Ty =y + qag + 04 — 1)

Thus, it is impossible to infer Zy; from GDP, hours, and the capital stock. Since I
am not able to provide a solution to this problem, I follow Benhabib Et Al. (1991)
and Ozlu (1996) and assign to py and oy the same values as in the exogenous growth
framework and assume p4 = py. I choose 04 so that aggregate output is as volatile as
its empirical counterpart. I normalize the mean of Zy; to one and determine the mean
of Z4; from the observed growth rate of output, as explained in the Appendix.

The choice of ¢ ranges from ¢ =1 (cf. Lucas (1988)) to ( = a (cf. Gomme (1993)).
As Ozlu (1996) I use ¢ = 0.95. There are no significant differences in the moments
of aggregate variables for ¢ € [1,0.9], as Tables A. 1 and A. 2 in the Appendix show.
Smaller values of ( increase however the volatility of sectoral variables and reduce their
cross correlations with GDP. In the borderline case of ( = « there is considerable
variability of sectoral variables that also shows up in a markedly increased variability
of aggregate variables. The reason for this result can be seen from equation (21c) that
reduces to ¢; = Zy;/Z . Hence, the variance of the percentage deviation of the relative
price of sector 2 output is equal to the sum of the variance of the sector 1 and sector

2 shocks, if these two are uncorrelated. Plausible results require smaller values of both

8The more formal details of the calibration procedure are discussed in the Appendix.
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the variance of the sector 1 and sector 2 productivity shock, as can also be seen from
the simulation experiments of Gomme (1993). Therefore, I do not consider this case
here.

Finally, labor’s share in aggregate output of 0.66 can be used to find the value of
a = 0.48, and the value of € is derived from the observed value of N using the labor
marked equilibrium condition. This implies an even smaller intertemporal elasticity of
substitution of leisure of about -0.2 than in the exogenous growth model. Thus, in as
far as the model predicts slightly stronger effects of monetary policy on output, these
are not due to the household’s greater willingness to substitute current against future
leisure.

If human capital accumulation is considered as home production, instead, there is no
need to recalibrate o and the Solow residual can still be used to derive the properties
of the sector 1 shock. The empirical value of N is then identified with u/N from the
model and used to pin down 6. Table 4 summarizes the various parameter settings for

the model’s simulation.

Table 4

Simulation Parameters for the Endogenous Growth Model

Preferences Sector 1 Sector 2 Wage Setting Money Growth
£=0.995  «=0.48 ¢=0.95 n=4 g=1.0171
n=2.0 a=1.005 »=0.38 Pg=0
v=-4.0 0x=0.011 04=0.009 04=0.0172

N=0.28 py =0.92 PA=PY

ML/P:O.&%? oy =0.0078 04=0.940y

The Relation Between Money and Output Growth In the log-linear cash in
advance models of Gomme (1993) and Einarsson and Marquis (1998) the relation be-
tween the growth rates of money supply and output is unambiguously negativ. This
can be seen by looking at the condition that determines the long run supply of labor

derived as equation (A.5a) in the Appendix and reproduced here:

_ AN @D )
W ug(e, M/(AP),1 - N) o aZy (_N) _4 Alg),

P~ ui(c, M/(AP),1— N) vk 1-N

_ v/(v—1)
L—vy ([ « ga“—ﬁ)
Alg) =1+ ( :
(9) el

The log-linear cash in advance model is equivalent to n = 1 and v/(v — 1) = 1 so that

(22)

equation (22) reduces to

N (a—1)
K == OéZy (U_) =0 ¢
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The term g/ is the wedge between the marginal rate of substitution between consump-
tion and leisure and the real wage. In the more general case it is given by the function
A(g) and depends also on the growth rate of output. In the log-linear cash in advance
model a higher growth rate of money supply increases the costs of money holdings and
acts as tax on labor earnings, since income earned today can only be spent on con-
sumption tomorrow. Thus, labor supply is reduced. But with less labor supplied the
return on human capital is smaller, too, since it depends on (W/P)N. Therefore, the
household devotes less resources on human capital accumulation and the growth rate
of output declines. In the more general case of equation (22) a smaller rate of output
growth, however, reduces the wedge between the real wage and the marginal rate of
substitution between consumption and leisure, if 1 is smaller than one. If n is small
enough, this effect reverses the relation between the growth rates of output and money

supply. Figure 4 illustrates this finding for two different values of 1. The left panel

Figure 4
The Relation Between the Growth Rates of Output and Money Supply
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rests on the calibration given in Table 4. It depicts the growth rate of output a — 1 as
a function of the growth rate of money supply in the interval [1.72, 3.44]. Comparing
the end points reveals that a doubling of the growth rate of money supply reduces the
growth rate of output by about 0.01 percentage points(two percent of the initial growth
rate of 0.5 percent). The plot in the right panel rests on different parameter values,
since, ceteris paribus, a smaller value of n implies a smaller steady state real rate of
interest. Therefore, where necessary, the parameters were adjusted to be consistent
with those underlying the graph in the left panel. Given this calibration money has
a more severe influence on output growth: raising ¢ — 1 to twice its empirical value
increases the rate of output growth by about 0.05 percentage points (i.e., 10 percent of

its initial value).
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Money Supply Shocks Figure 5 displays the economy’s reaction to a sudden de-
parture of the money growth rate from its long run level in the size of one standard
deviation of €. If human capital production is regarded as a non-market activity, the
upper left panel gives the answer to what happens to output, investment, and hours.
My interpretation of the model is reflected by the impulse responses in the lower left
panel. Aggregate output is the weighted average of sector 1 and sector 2 output, and
aggregate investment is the weighted average of investment in physical and human
capital. For both aggregates the relative price of human capital ¢; serves as weight.

It is obvious from Figure 5 that monetary shocks have quite different consequences in

Figure 5
A Monetary Shock in the Endogenous Growth Model
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the endogenous growth model as opposed to the exogenous growth framework if in the
former sector 1 variables indicate the business cycle. Following the shock in quarter
t = 3 output, investment, and hours decrease, quite in contrast to the results of em-
pirical estimates,” although the departure of output and hours from their trend level
is very small. Considering aggregate variables, instead, delivers results similar to those
of the benchmark model. Aggregate output, investment, and hours increase, as well as

consumption and real money balances.

9See, e.g., Christiano, Eichenbaum and Evans (1997)

21



The intuition behind this result is quite simple: As in the benchmark model, a
monetary shock has a negative impact on the real wage. Yet, if sector 2 is more labor
intensive than sector 1, the relative price of human capital production declines and
resources shift from sector 1 to sector 2. Investment in physical capital is reduced
since the increase in current consumption relative to future consumption raises the
required return on physical capital. In the exogenous growth framework this effect is
outweighed by the household’s desire to smooth consumption, which is accomplished
here via increased investment in knowledge.

As in the exogenous growth framework it is the length of the contract period that
determines the persistence of the monetary shock. When the last group of workers has
been able to adjust its wage most of the shocks impact has disappeared. In the exoge-
nous growth model this result can be traced back to the sharp increase in investment
expenditures that boost aggregate demand (see Chari, Kehoe, and McGrattan (2000)).
In the endogenous growth model the reasoning is quite different. On the one hand,
the household accumulates more human capital so that workers are more productive
in the aftermath of a monetary shock. This tends to increase future labor demand and
makes the shock more persistent. On the other hand, there is a shortage of physical
capital in the periods following the shock. This negative effect on labor demand makes

the shock less persistent.

Empirical Fit Selected moments computed from 500 simulations of the model are
gathered in Table 5. Compared with the benchmark model the model provides a
better description of the data. Focusing on the 23 moments related to consumption,
investment, hours, the real wage, inflation, and real money balances, 13 of them are
closer to their empirical counterparts, 3 of them have not changed and 7 are farther

apart from the empirical moments.

Severeness of Monetary Cycles Table 6 reveals the severeness of monetary cycles.
Again, the interpretation of the model is decisive for the answer. When sector 1 vari-
ables indicate the cycle, monetary shocks have almost negligible effects: the standard
deviations of output and hours do not react to the change in monetary policy and the
volatility of physical capital investment shrinks by only 2 percent. This result also
holds, if the model is calibrated in the spirit of the home production interpretation of
human capital accumulation, as Table A. 3 in the Appendix reveals.

There are, however, sizeable reductions of the standard deviations of GDP, aggregate
investment, and consumption, that exceed those in the benchmark model (see Table 3).
The noticeable effects of monetary shocks on consumption stem from the interaction
between consumption and cash balances and vanish in the case of log-linear preferences
(see row 6 of Table A. 7 in the Appendix).
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Table 5
Selected Moments from the Endogenous Growth Modell

Variable Sg Szy Ty Tey Tem
GDP 1.24 1.00 0.61 1.00 0.91
(1.24) (1.00) (0.79) (1.00) (0.35)
Sector 1 Output 1.98 1.62 0.64 0.24 0.19
Sector 2 Output 3.92 3.21 0.59 0.62 0.58
Sector 1 Investment 6.20 5.11 0.62 —0.03 —0.05
Aggregate Investment 1.54 1.24 0.61 0.99 0.91
(2.54) (2.04) (0.81) (0.81) (0.44)
Consumption 0.91 0.74 0.60 0.91 0.80
(1.10) (0.88) (0.82) (0.66) (0.57)
Sector 1 Hours 2.24 1.85 0.63 —0.07 —-0.15
Sector 2 Hours 3.33 2.73 0.58 0.53 0.47
Aggregate Hours 1.14 0.93 0.53 0.79 0.62
(0.84) (0.68) (0.42) (0.30) (—0.23)
Real Wage 0.83 0.67 0.67 0.79 0.89
(1.06) (0.85) (0.52) (0.37) (0.18)
Inflation 1.61 1.33 —0.07 0.27 0.14
(0.28) (0.23) (—0.03) (0.13) (-0.19)
Real Money Balances 0.33 0.27 0.67 0.91 1.00
(2.58) (2.08) (0.80) (0.35) (1.00)

Notes:

s¢ := Standard deviation of variable z, syy := standard deviation of variable x
relative to the standard deviation of GDP, r, := first order autocorrelation of variable
Z, rey = first order cross correlation of variable  with GDP, 7z := first order cross

correlation of variable x with real money balances;

Simulated moments are averages of 500 simulations of HP-filtered series with 60
observations each.

Empirical values from HP-filtered data from 75.i to 89.iv in parentheses.

Money supply shocks are about as severe with respect to hours, inflation, and real
money balances in the endogenous growth framework as in the benchmark model.
Overall, monetary cycles are moderately more pronounced when growth is endogenous.

The three rightmost columns in Table 5 present the results of simulations that
assume zero growth. Besides the necessary adjustment of the average total factor
productivity of sector 2, Z,, the other parameters were not changed. Comparing
column 4 with column 7, it appears that monetary shocks are slightly less severe with

respect to GDP, aggregate investment, and consumption in the growing economy.

4 Conclusion

This paper examines monetary business cycles in an endogenous growth framework.
It is an attempt to integrate two strands of research on the role of money in dynamic
equilibrium models. On the one hand, there is the abundance of work that has tried to
replicate the empirical pattern of impulse responses that characterize monetary cycles

within the framework of exogenous growth. On the other hand, there are endogenous
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Table 6
Stable Money Growth in the Endogenous Growth Model

Variable a—1=0.005 a—1=0
S As, S As,

04 =10172 04,=0 04 =10172 04,=0
GDP 1.24 1.11 —10.39 1.28 1.14 —11.34
Sector 1 Output 1.98 1.98 —0.04 2.18 2.17 —0.06
Sector 2 Output 3.92 3.63 —7.44 3.87 3.59 —7.10
Sector 1 Investment 6.20 6.08 —1.98 6.18 6.07 —1.77
Aggregate Investment 1.54 1.44 —6.27 1.52 1.40 —7.80
Consumption 0.91 0.71 —22.37 0.94 0.71 —23.79
Sector 1 Hours 2.24 2.24 0.01 2.58 2.58 —0.02
Sector 2 Hours 3.33 297 —10.75 3.20 2.85 —10.77
Aggregate Hours 1.14 0.79 —-30.74 1.22 0.87 —28.45
Real Wage 0.83 0.82 —0.22 0.85 0.85 —0.07
Inflation 1.61 0.24 —84.92 1.62 0.23 —85.67
Real Money Balances 0.33 0.32 —2.33 0.30 0.29 —2.17

Notes:
sz := Standard deviation of variable x, As, := percentage change of standard deviation of variable

relative to the case of constant money growth.

growth models with cash in advance constraint that estimate the welfare gains of opti-
mal monetary policy. I employ the endogenous growth framework from the latter class
of models and study the type of questions posed in the former.

I introduce growth using the two-sector model of Rebelo (1991). Yet, in contrast
to previous work, namely by Gomme (1993), I regard human capital production as a
market activity. This interpretation is decisive with respect to the severeness and the
qualitative properties of monetary cycles. If knowledge production is a solely private
activity it almost insulates the market sector from the effects of monetary shocks.
Furthermore, the impulse responses of output, investment, consumption, and hours
are at odds with the empirical cycle. Both problems are resolved when human capital
is produced from a second market sector. In addition, this model provides a better
description of the data as a benchmark model with exogenous growth.

The endogenous growth framework, as presented here, does, however, not resolve
the much discussed persistence problem: as in the benchmark exogenous growth model
the half time of a money supply shock depends upon the length of the wage contract.
It requires future research to provide answers to this question within the general frame-

work developed in this paper.
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Appendix

CES Index This paragraph considers a more general formulation for the labor index
(1) used in the body of the paper. It demonstrates that this generalization does not
change the log-linear version of the labor market clearing condition (14b).

Assume that the labor services N, i = 1,2, ...n of contract workers are aggregated

by the following index:

where o € [0, 00) is the elasticity of substitution between two groups of contract work-
ers. Let W¢ denote the nominal wage (per efficiency unit) of labor of typ i. The

representative firm chooses Nf so as to minimize the wage bill of contract workers:
n
min WL = > WSNY.

This implies the following demand function for group :

Lc
7’L

N¢ = (We/We)™

where

1

wWe = [% i(wic)l_al v

i=1

is the wage index for the group of contract workers.
Contract workers N¢ and labor hired from the spot market N® are combined to yield

total labor input according to

L= [V 4 (1 - )V =]

Let W* denote the nominal wage (per efficiency unit) of spot market workers. Mini-

mization of labor costs
WL :=W°‘N°+W?*N?

yields the demand functions for both types of labor and the corresponding wage index
W

N¢ :go(WC/W) °L,
— (L= @)(W*/W) "L,
W= [p(W)=7 + (1= @) (W)= =
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Given these results, and the fact that both W¢ and W are homogenous of degree one,

the condition for labor market equilibrium (14b) may be rewritten as follows:

1
aZyNy T = [p(wi/m)' ™7 + (1= @) (W /P)' 7] =7 = (W/P),
U3(Ct, mt/ﬂ-ta 1 - Nt)

. = (W;/P).

Since the labor market is competitive, the deterministic steady state of the model
implies equal real wages for all kinds of workers: Wf¢/P = W#*/P = W/P. Using this,

log-linearizing of the preceding equations at the stationary equilibrium gives:
Zi+ (= 1)N, + (1 — )by = (1 — @)W/ By + i —

= (1—) (Z;(t\)) + % gw; — o, (A1)

This is the same equation as the one derived from log-linearizing (14b).
If labor markets were monopolistically competitive, then, for ¢ > 1, conditions (10b)
and (10c) would change to:
W?) o

AtAt( Pt = o — 1U3(Ct,Mt/PT, 1 — Nt)7

0= E; (At+1At+1

C
Wi ¢

Pt+1 o —

1U3(Ct+1> Miy1 /Py, 1 — Nt+1)> '

The log-linearized labor market equilibrium condition would still be given by (A.1).
However, the stationary version of this condition (using the parameterization of the

current period utility in (9)) changes to

yl—N 1—~ (M/P o o
Z 1 - — = .
YN [jL ¥ ( C 90—1

Thus, given ¢ > 1 as well as y/c, M/(PC), and N the implied value of 6 from this
equation is smaller than in the competitive framework. This in turn implies a higher

intertemporal elasticity of substitution with respect to leisure.

Dynamics of the Endogenous Growth Model The system of stochastic differ-
ence equations that determines the dynamics of the endogenous growth model is a
simple adaptation and extension of the equations that characterize the benchmark
model presented in equations (14). The household’s first order condition with respect

to consumption still holds:

Ul(Ct, mt/ﬂ't, 1-— Nt) = )\t- (AZa)
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The analog to equation (14b) derived from the household’s first order condition with
respect to spot market labor supply N; and the definition of the wage index (5c) is

1— N\ % c\ P/n
OéZYt(UtNt)ail(Utktyia _ <U3(Ct7mt/ﬂ'ta t)) H (%) . (A.2b)

A T
¢ Py t

Since now the growth factor a; := A;11/A; is endogenous, equation (14c) must be

rewritten as:

9
M1 = ?;_tmt. (AQC)

There are three additional equations that determine the three additional variables ¢,
ug, and v;. These equations are (21c), (21d), and the production function of sector 2,

which can be written in stationary variables after division by A;. Thus:

OéZYt (UtLt)a_l ('Ut]{]t)l_a

= CZae[(1 — ug) LS [(1 — g b1 =¢7 (A.2d)
1?% - 1;0[13@%%7 (A.2¢)
ar — (1= 04) = Za[(1 = w) L) [(1 — wi) k] (A.2f)

Since the factor payments of sector 2 are equal to this sector’s output in terms of sector
1 goods, q:(Aiy1 — (1 —d4)A;), the household’s budget constraint (16) reduces to

a,tk:t+1 = Zyt(UtLt)a(Utkt)l_a + (1 — 5K)kt — C¢. (A2g)

The household’s Euler equation with respect to physical capital accumulation, equation
(14e) is modified to

)\t = ﬁatinEtAtJrl(l — (SK =+ (1 — OZ)ZY tJrl(ut+1Nt+1)a(/Ut+lkt+1)ia). (AQh)

Using (21a), the Euler equation with respect to human capital accumulation (17) can

be written as:

Mg = Bay " Ed i1 (Zy vi1 (w1 L) (Veaken) ' Lepr — graa (1= 04)) (A.2i)

In the Euler equation for money accumulation ¢ must be replaced by a;, but it remains

otherwise unchanged:

(A.2)

A = Ba, "By (uQ(Ct“’ mt“/ﬁ'f;h 1— Newr) + /\t—l—l) .
t+1

Since a; and hence A;,; are determined in period ¢, the first order condition with

respect to the new contract wage, equation (10c), is still equivalent to equation (14g),
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which I reproduce here together with the unchanged equations for the dynamics of the

wage index:

0=FE, ()\tJrl

wic+1 t+1 = ﬂ_i’wft, t=1,2,...,n— 1L (A.21)

L _ U3(Ct+1, mt+1/7Tt+1a 1 - Nt+1)) ) (A.2k)

Balanced Growth The balanced growth path of the deterministic counterpart to
the model presented in equations (A.2) is found by dropping time indices and the
expectations operator in (A.2). I use the parameterization of the utility function given
in equation (9) to derive the conditions that hold along that path.

Considering (A.2c) it is immediate that the long run rate of inflation is
T=g/a. (A.3)

Using this result and the parameterization of the utility function, equation (A.2j) and

(A.2a) imply the long run velocity of money with respect to consumption:

C v gan—l — 3 1/(1-v)
M/P {1—7 s ] '

Since v < 1, the velocity of money is an increasing function of the growth rate of money

(A.4)

g. Without shocks spot and contract market workers earn the same wage and N = L.
Thus, equation (A.2b) reduces to

us(c, M/(AP),1 — N)
uy(c, M/(AP),1— N)’

W/P = aZy(uN/vk)* ! =

Together with (A.4) this gives:

%% uN\ @Y c
11—~ ( v ga — 6)”/(”1)
Alg) =1+ )
(9) ol i

Without money, i.e., if v = 1, the term A(g) reduces to 1. In the case of log-linear
preferences and a cash in advance constraint, the case considered by GOMME (1993)
and EINARSSON and MARQuIS (1998), ie., if n = 1 and v — —oo, this function
simplifies to A(g) = g/3. It gives the wedge between the marginal product of labor
and the marginal rate of substitution between leisure and consumption introduced by
money holdings. In the loglinear, cash in advance model, this wedge is independent of
the growth rate of output, but an increasing (decreasing) function of the growth rate
of output for n > 1 (n < 1). This introduces the ambiguity in the relationship between
money and output growth referred to in the body of the paper.
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The remaining equations that are necessary to determine the models variables on the
balanced growth path are simply equations (A.2d) to (A.2i) without the time indices
and the expectations operator and with L replaced by N, i.e.,

aZy(uN/vk)o~1

1= 0 WA R A

v l—a ( u
1-v  a 1—-(1—u’ (A-5c)
a+64—1=Z4[(1 —u)N][(1 —v)k]'"¢, (A.5d)
(a+0xg — 1)k = Zy(uN)*(vk)' ™ — ¢, (A.5e)
%7 =1—0x+ (1 —a)Zy(uN/vk)®, (A.5f)
q (1 — 04+ %) = Zy(uN/vk)* 'N. (A.5g)

The seven equations (A.5) determine u, v, N, k, ¢, ¢ and a, given the parameters of
the model.

Details of the Calibration Assume that 3, 04, 0k, 1, v, and ¢ have been determined
and that a, g, N, and C'/(M/P) shall be chosen to match their respective empirical
values. With Zy normalized to one, the steady state equations determine the values of
the remaining parameters.

Equation (A.4) can be solved for v, and equations (A.5b), (A.5¢), (A.5d), (A.5f)
and (A.5bg) reduce to

B0 =) 4 HC( 0 6)
a a"—ﬁ(l—&A) ’

Labor’s share in GDP, say w, is given by

(A.6)

_ (W/P)N
T y+qglat+oa—1)

Using the steady state version of (21a) together with (A.5b) and (A.5d) this definition

implies:

ag

w= Cuta(l—u) (A.7)

Given w and u, equation (A.7) pins down the value of a.

Via equation (A.5c) v is known, once u is determined. With N given, I use uN to
compute vk from equation (A.5f). Now, k is also known and equation (A.5e) gives c,
so that @ follows from the labor market equilibrium condition (A.5a). Finally, equation
(A.5d) implies the value of Z4.
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The Log-Linearized Model Let variables with a hat denote percentage deviations

from a variable’s steady state level, i.e.,

Ty — T

Ty =
X

Using the parameterization of the households preferences given in defintion (9), the

log-linearized equations (A.2) read:

0 = bi1é — biaN; — bigfry + bigdaring + 5\1&, (A.8a)
b11 I:V—l‘l‘(l—n—l/)dl,
N
blg = 0(1 — n)m,
b13 = (1 —n— U)dz,
1 1
d1 = dg =

L+ ((L=)/(M/PC)’ L+ (v/(L =))(PC/M)”

0 = by + baa Ny + bgity — bagtty — (1 — o)y + bosring + Y (i0/n)ii (A.8b)

i=1

— (1= @A — Zyi,

ba1 == (1 — ) (1 —n)dy,

N

v—1U
b23::(1—04)1_u,
by =+ (1 —¢)(1 —n)da,
bas = (1 — ¢)(1 — n)d>

. ) R R
0 = bgth — bggut —f- bggk’t — Q¢ —f- %ZAta (A8C)
Q(a—I—cSA—l)

b31 = )

a

{a—I—(%—l} [Cu—k(l—()v }

b32 = )

a 1—u

a+6,—1
bsz = (1 —()—————
53 = (1= () —
0:b41ﬂt—|—(jt+(€—oz)]\7t—(Q—Oz)l;‘t—ZAYt—I—ZAAt, (A8d)
(@ Q-v)
41 -— )

1—u
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0 =7 —my +Mmyp1 + a — Gy,

0 = akypr + ady — beiky + (¢/k)é — aly/ k)N, — beatiy — (y/k) Zy,

ber == (1 — a)(y/k) + 1 — 0k,

1—w

b62 ::a—i-(l—a)

1—u’
0= O[b71]%t+1 — Etj\t—l—l + A+ na; — ab?lEtNt+1 — abpEiy
— b1 EZy 141,

by i=1—Pa"(1 - dk),

Uv— U
bra 1= aby 1 )

0= (1 — Oé)bgll;’prl + Etj\tJrl — 5\15 — 7’]&15 =+ OébglEtNtJrl

vV—1Uu

—(1—-a) 1 bs1 Eytip1 + (1 — 64)Ba™"EyGeyr — G + bSlEtZY t+1;

—Uu

bs1 :==1—Pa""(1 = da)

0= EMy1 — N —nag — boymyyy + bo1 ByCryn — boo By,

1—
by = (1 — v) (1—ﬁag n),

1-n
bo2 :V"‘(l_’/)ﬁag ;

0= B 1 + By — (1= n)datngy — (1 —n)di By
+ b0 1 BNy — (1 — (1= n)da) By,

N
bio1r = (1 =01 =)

— ~e e - -
O—Etwi-‘rlt-i-l_wit_'_ﬂ-t? 7/—1,2’...’77/_1,

where I used

1—v
Uy

=
1—u

(A.8)

(A.8K)

(A.81)

from (A.2¢) and N, = L;, which is implied by the definition of the labor index (1) and

by the labor demand equations (5) to simplify the exposition.
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Sensitivity Analysis Table A. 1 demonstrates that in the log-linearized version

of the exogenous growth model with with preferences that are linear in the logs of

consumption, real money balances, and leisure, money is neutral with respect to the

real variables if there are no nominal frictions present.

Table A. 1

Stable Money Growth in the Exogenous Growth Model

Loglinear Preferences without Nominal Frictions: n =1, v = ¢ =0

Variable As,
0,=10172 o04=0
Output 1.56 1.56 0.00
Consumption 0.32 0.32 0.00
Investment 6.27 6.27 0.00
Hours 0.94 0.94 0.00
Real Wage 0.64 0.64 0.00
Inflation 1.67 0.20 —87.74
Real Money Balances 0.32 0.32 0.00
Notes:
sz := Standard deviation of variable x, As, := percentage

change of standard deviation of variable x relative to the case of

constant money growth.
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Table A. 2 together with Table 2 reveals the role of the intertemporal elasticity
of substitution with respect to consumption 7. The second moments displayed in this
table are from a simulation with unit elasticity. In this case, the intertemporal elasticity

of substitution with respect to leisure is unity, too.

Table A. 2
Selected Moments from the Exogenous Growth Model
n=1

Variable Sz Say Ty Toy Tem
Output 1.84 1.00 0.60 1.00 0.78
(1.24) (1.00) (0.79) (1.00) (0.35)

Consumption 0.37 0.20 0.59 0.53 0.86
(1.10) (0.88) (0.82) (0.66) (0.57)
Investment 7.87 4.27 0.56 0.99 0.70
(2.54) (2.04) (0.81) (0.81) (0.44)

Hours 1.64 0.89 0.54 0.92 0.56
(0.84) (0.68) (0.42) (0.30) (—0.23)
Real Wage 0.74 0.40 0.64 0.44 0.70
(1.06) (0.85) (0.52) (0.37) (0.18)

Inflation 1.63 0.90 —0.10 0.24 0.02
(0.28) (0.23) (—0.03) (0.13) (-0.19)
Real Money Balances 0.33 0.18 0.76 0.78 1.00
(2.58) (2.08) (0.80) (0.35) (1.00)

Notes:

sg := Standard deviation of variable x, s;y := standard deviation of variable x

relative to the standard deviation of output, r, := first order autocorrelation of variable
x, Tzy := first order cross correlation of variable x with output, 7z, := first order cross
correlation of variable z with real money balances;

Simulated moments are averages of 500 simulations of HP-filtered series with 60
observations each.

Empirical values from HP-filtered data from 75.i to 89.iv in parentheses.

36



Table A. 3 presents the results of a simulation of the benchmark model using the
parameter values of the US M1 growth rate taken from COOLEY and HANSEN (1995),

p. 201. All other parameters are the same as those given in Table 1.

Table A. 3
Selected Moments from the Exogenous Growth Model
g=1.013, p,=0.49, 0,=0.0089

Variable Sz Say Ty Toy Tem
Output 1.51 1.00 0.61 1.00 0.10
(1.24) (1.00) (0.79) (1.00) (0.35)
Consumption 0.58 0.38 0.60 0.99 0.03
(1.10) (0.88) (0.82) (0.66) (0.57)
Investment 5.11 3.37 0.61 1.00 0.12
(2.54) (2.04) (0.81) (0.81) (0.44)
Hours 1.05 0.70 0.55 0.89 —0.33
(0.84) (0.68) (0.42) (0.30) (—0.23)
Real Wage 0.74 0.49 0.66 0.76 0.67
(1.06) (0.85) (0.52) (0.37) (0.18)
Inflation 1.49 1.01 —0.05 0.16 —0.84
(0.28) (0.23) (—0.03) (0.13) (-0.19)
Real Money Balances 0.73 0.49 0.39 0.10 1.00
(2.58) (2.08) (0.80) (0.35) (1.00)

Notes:

sg := Standard deviation of variable x, s;y := standard deviation of variable x

relative to the standard deviation of output, r, := first order autocorrelation of variable
x, Tzy := first order cross correlation of variable x with output, 7z, := first order cross
correlation of variable = with real money balances;

Simulated moments are averages of 500 simulations of HP-filtered series with 60
observations each.

Empirical values from HP-filtered data from 75.i to 89.iv in parentheses.
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Table A. 4 presents second moments from the endogenous growth model using the

same money supply process underlying Table A. 3.

Table A. 4
Selected Moments from the Endogenous Growth Model
g = 1.013, rhoy,=0.49, 0,=0.0089

Variable Sz Szy Ty Tzy Tom
GDP 1.23 1.00 0.60 1.00 0.00
(1.24) (1.00) (0.79) (1.00) (0.35)
Sector 1 Output 1.98 1.64 0.64 0.25 0.11
Sector 2 Output 3.89 3.22 0.59 0.61 —0.09
Sector 1 Investment 6.20 5.16 0.62 —0.02 0.16
Aggregate Investment 1.53 1.25 0.62 0.99 0.08
(2.54) (2.04) (0.81) (0.81) (0.44)
Consumption 0.89 0.73 0.58 0.91 -0.19
(1.10) (0.88) (0.82) (0.66) (0.57)
Sector 1 Hours 2.24 1.86 0.63 —0.07 —0.05
Sector 2 Hours 3.29 2.73 0.57 0.52 —0.20
Aggregate Hours 1.10 0.91 0.52 0.79 —0.37
(0.84) (0.68) (0.42) (0.30) (—0.23)
Real Wage 0.82 0.67 0.67 0.80 0.40
(1.06) (0.85) (0.52) (0.37) (0.18)
Inflation 1.48 1.23 —0.03 0.26 —0.83
(0.28) (0.23) (—0.03) (0.13) (—0.19)
Real Money Balances 0.72 0.60 0.41 0.00 1.00
(2.58) (2.08) (0.80) (0.35) (1.00)

Notes:

s¢ = Standard deviation of variable z, sz, := standard deviation of variable z
relative to the standard deviation of output r, := first order autocorrelation of variable
T, gy = first order cross correlation of variable  with GDP, rypm, := first order cross

correlation of variable x with real money balances;

Simulated moments are averages of 500 simulations of HP-filtered series with 60
observations each.

Empirical values from HP-filtered data from 75.i to 89.iv in parentheses.
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Tables A. 5 and A. 6 present selected moments from simulations of the endogenous

growth model for two different values of (.

Table A. 5
Selected Moments from the Endogenous Growth Model
(=1and o4 =0.9404

Variable Sz Szy T Tey Tem
GDP 1.24 1.00 0.60 1.00 0.91
(1.24) (1.00) (0.79) (1.00) (0.35)
Sector 1 Output 1.61 1.32 0.64 0.37 0.25
Sector 2 Output 3.28 2.68 0.59 0.68 0.68
Sector 1 Investment 4.94 4.07 0.62 0.03 —0.04
Aggregate Investment 1.54 1.25 0.61 0.99 0.91
(2.54) (2.04) (0.81) (0.81) (0.44)
Consumption 0.89 0.73 0.59 0.92 0.81
(1.10) (0.88) (0.82) (0.66) (0.57)
Sector 1 Hours 1.79 1.47 0.64 —0.03 —0.18
Sector 2 Hours 2.70 2.21 0.57 0.59 0.56
Aggregate Hours 1.12 0.91 0.53 0.81 0.66
(0.84) (0.68) (0.42) (0.30) (—0.23)
Real Wage 0.81 0.65 0.66 0.80 0.92
(1.06) (0.85) (0.52) (0.37) (0.18)
Inflation 1.61 1.33 —0.07 0.27 0.14
(0.28) (0.23) (—0.03) (0.13) (—0.19)
Real Money Balances 0.34 0.27 0.65 0.91 1.00
(2.58) (2.08) (0.80) (0.35) (1.00)

Notes:

s¢ = Standard deviation of variable z, sz, := standard deviation of variable z
relative to the standard deviation of output r, := first order autocorrelation of variable
x, rey = first order cross correlation of variable  with GDP, 7z := first order cross

correlation of variable x with real money balances;

Simulated moments are averages of 500 simulations of HP-filtered series with 60
observations each.

Empirical values from HP-filtered data from 75.i to 89.iv in parentheses.
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Table A. 6
Selected Moments from the Endogenous Growth Model
(=09and o4 =0.940,

Variable Sy Say Tz Twy Tzm
GDP 1.25 1.00 0.62 1.00 0.90
(1.24)  (1.00)  (0.79)  (1.00)  (0.35)
Sector 1 Output 2.58 2.09 0.64 0.13 0.18
Sector 2 Output 4.91 3.98 0.59 0.54 0.44
Sector 1 Investment 8.11 6.61 0.61 —0.08 —0.01
Aggregate Investment 1.55 1.24 0.62 0.98 0.91
(2.54) (2.04) (0.81) (0.81) (0.44)
Consumption 0.94 0.76 0.61 0.91 0.78
(1.10) (0.88) (0.82) (0.66) (0.57)
Sector 1 Hours 2.92 2.38 0.63 —0.11 —0.08
Sector 2 Hours 4.30 3.49 0.58 0.47 0.34
Aggregate Hours 1.16 0.94 0.52 0.77 0.55
(0.84)  (0.68)  (0.42)  (0.30) (—0.23)
Real Wage 0.86 0.69 0.68 0.78 0.84
(1.06) (0.85) (0.52) (0.37) (0.18)
Inflation 1.61 1.32 —0.07 0.27 0.14
(0.28)  (0.23) (-0.03)  (0.13) (—0.19)
Real Money Balances 0.33 0.27 0.70 0.90 1.00
(2.58) (2.08) (0.80) (0.35) (1.00)

Notes:

s¢ = Standard deviation of variable z, sz, := standard deviation of variable z
relative to the standard deviation of output r, := first order autocorrelation of variable
Z, rey = first order cross correlation of variable  with GDP, rzm := first order cross

correlation of variable x with real money balances;

Simulated moments are averages of 500 simulations of HP-filtered series with 60
observations each.

Empirical values from HP-filtered data from 75.i to 89.iv in parentheses.
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Finally, A. 7 presents the results of a simulation with log-linear preferences in con-
sumption, real money balances, and leisure. It contrasts the effects of monetary policy

for the growth and no-growth case.

Table A. 7
Stable Money Growth in the Endogenous Growth Model

Loglinear Preferences: n =1 and v =0

Variable a—1=0.005 a—1=0
S As, S As,
0y =10172 o0,=0 0y =10172 o0,=0
GDP 3.14 2.55 —18.80 2.99 2.42 —18.95
Sector 1 Output 2.26 2.25 —0.60 2.23 2.22 —0.45
Sector 2 Output 9.97 8.53 —14.45 12.88 11.11  —13.75
Sector 1 Investment 6.42 6.37 —0.74 7.62 7.58 —0.55
Aggregate Investment 5.21 4.22 —19.09 5.97 4.82 —19.32
Consumption 0.50 0.49 —3.10 0.43 0.41 —2.90
Sector 1 Hours 2.76 2.75 —0.30 2.77 2.76 —0.22
Sector 2 Hours 9.24 7.66 —17.17 12.12 10.21 —15.73
Aggregate Hours 4.20 3.17 —24.45 4.33 3.28  —24.07
Real Wage 0.99 0.98 —0.56 0.99 0.99 —0.33
Inflation 1.65 0.15 —91.09 1.65 0.12 —92.47
Real Money Balances 0.26 0.26 —0.18 0.22 0.22 —0.22
Notes:
sz := Standard deviation of variable x, As, := percentage change of standard deviation of variable

relative to the case of constant money growth.

Monetary Shocks in the Home Production Model The home production in-
terpretation of the endogenous growth model requires different choices for some of the
parameters. Since output and wage income of the economy are now identical to the
market sector’s production and wage bill, « equals labor’s share of 0.66. Observed
hours of work 0.28 are now identical to u/N from the model. In the endogenous growth
framework sector 1 output is much more volatile than in the exogenous growth model,
since in addition to intertemporal substitution there is also substitution of resources
between the sectors. Thus, if the variance of the Solow residual is used to measure
the size of shocks to the market sector’s production function, the implied standard
deviation of output is implausibly large. To arrive at plausibel results, I set 04 = oy
and reduced the size of the oy so that the variability of sector 1 output from the model
matches that of West German GDP (net of government consumption). This requires
oy = 0031.

Table A. 8 displays the standard deviation of selected variables that result from this

calibration. It supports the claim that the home production sector almost insulates
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the market sector from the consequences of monetary shocks. For practical purposes,
the standard deviations of sector 1 output and hours, as well as those of the real wage
and of real money balances are virtually unchanged if a policy of constant money
growth is adopted. Investment in physical capital becomes slightly less variable. Only

consumption is markedly smoothed.

Table A. 8
Stable Money Growth in the Home Production Model

Variable Su As,
04 =10172 0,=0
Sector 1 Output 1.24 1.24 —0.04
Sector 2 Output 1.65 1.48 —10.00
Sector 1 Investment 5.33 5.21 —2.34
Consumption 0.38 0.22  —40.55
Sector 1 Hours 1.33 1.33 —0.01
Sector 2 Hours 1.47 1.28 —13.19
Real Wage 0.35 0.34 —0.37
Inflation 1.62 0.08 —94.86
Real Money Balances 0.14 0.14 —3.80
Notes:
sz := Standard deviation of variable x, As, := percentage

change of standard deviation of variable x relative to the case of
constant money growth.
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