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Analytical Modelling of Human Arm
LLocomotion during Dance as a Dynamical
Multiple Pendulum System

Michael C. Agarana, Member, IAENG, Oluseyi O. Ajayi

Abstract— During dance human arms move. The movement
of the arms, to a large extent, determines how good a dance is.
This paper attempts to model the locomotion of human arm,
analytically, during a dance as a dynamical multiple pendulum
system with three segments. The system is analyzed by
considering some instances during the dance. The three angles
the three segments make with the vertical are considered. The
Euler-Lagrange equation is used in obtaining the equation of
Motion. The resulted second order differential equation is
solved analytically. Simulation results are presented. They are
consistent with the ones in literature. Specifically the angular
displacement values of the three segments are directly
proportional to their respective angular acceleration. However,
the novelty of this work is in the full analytical approach to 3-
pendulum system and its application to dance.

Index Terms— Mathematical Modelling, Human Arm, Multiple
pendulum, Euler-Lagrange, Analytical..

I.INTRODUCTION

Proper functioning of human arms results in a
good dance. Human body movement
modelling and analysis using mechanics and
other Mathematical concepts is constantly
expanding and becoming very important in human
performance and rehabilitation studies [1].
Biomechanics of rhythmic movements and cycles
are -to a large extent- the application of
Newtonian mechanics to the physiology and
neuromuscular skeletal systems [1].
As far as study of the actions like dancing is
helpful to investigate the arm locomotion which is
one of the most complicated motions of a human
body [2,3]. The human dancing is characterized
by excellent efficiency, stability and neural
muscular control [3]. Dancing is a complex task
with some branches of biomechanical minors that
must be successfully performed including body
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support, forward propulsion, and arm swing. [4,
5]. An ordinary pendulum is one with the pivot at
the top and the mass at the bottom[5,6,7]. A
multiple pendulum can be referred to as a
combination of several simple pendulums. The
Lagrangian [6] is a mathematical function of the
generalized coordinates, their time derivatives,
and time, and contains the information about the
dynamics of the system. Lagrangian mechanics is
ideal for systems with conservative forces and for
bypassing constraint forces in any coordinate
system. [6] Dissipative and driven forces can be
accounted for by splitting the external forces into
a sum of potential and non-potential forces.[7,8].
Human body or part of the always strives to
maintain balance. So during a dance the balancing
of the arm ensures good and sustained dance, at
least for a considerable long period of time.

Body mechanics involves the coordinated effort of
muscles, bones, and the nervous system to
maintain balance, posture, and alignment during
moving, transferring, and positioning a body. This
occurs during dance. Proper body mechanics
allows individuals to carry out activities, such as
dance, without excessive use of energy, and helps
prevent injuries for dancers. During dance, a
balance of the body is maintained through body
mechanics. When a vertical line falls from the
Centre of gravity through the wide base of
support, body balance is achieved; otherwise the
body will lose balance. Balance in this sense
means an ability to maintain the line of gravity of
a body within the base of support with minimal
postural sway. The dynamic analysis of the
different segments of the human arm during dance
and the results obtained in this paper will go a
long way in addressing the stability required in a
dance.

Fig. 1 is the schematic of triple pendulum,
representing the three segments of the human arm.
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X, = Lsing, (N
X, =1;sing, +1,sin6, (2)
X; =ksing, +1,sin 6, +1,sin G, (3
y, =—l,cosé, 4)
y, =—l,cosé —1,cos6, (5)
y, =—l,cos@, -1, cos@, -1, cosb, (6)
Fig.1. Schematic of Triple pendulum It is assumed in this paper that the values of
6,6, and 6,

ranges from O to 90 degrees. This
implies that none of the segments of the human
arm during the dance should make more than 90
degrees with the vertical.

The potential energy of the system is then given
by

V =mgy, +m,gy, + Mgy, ()

I MODELING HUMAN ARM

For the purpose of modelling, the arm can be
simulated as three links; where upper arm is
considered as the first link that is jointed with
elbow. Also, the lower part of the arm is assumed
as the second link that is connected to the wrist.
The palm is considered as the third link. To
simply model the human arm the upper-link
rotation angle from a vertical position is denoted
by 6, and the corresponding rotation angle for the  +m,g(-l, cosé, -1, cosd, —I, cos ;)
lower-links by 6, and 65 respectively. The length  — _m gl cosg, —m,gl, cos 8, —m,gl, cosé,
of link between shoulder and elbow joint is shown
by I; and length of link between elbow and wrist —mgl cos & —m,gl, cos 6, —m,gl; cos o,

joint is shown by 1,.[8] Friction and other =-—(m,+m,+m,)gl,cosé —(m,+m;,)gl, cosd,
dissipating forces are assumed negligible. Figure 1 _m_gI, cosé, (8)
shows a typical human arm in its downward

position during a dance. I_:igure 2_, on the other  5nd the kinetic energy is given by:

hand, shows the schematic of triple pendulum

representing the three segments of human arm T =1mlvf+ 1m2v§+1m3v§ 9)
considered in this paper. The modelling of the

Substituting (4), (5) and (6) into (7) gives:
V =mg- (-l coséd)+m,g(-l,cosé& —1,cosé,)

dynamical system results in second order 1 o 2
differential equation.[9,10,11] h=om (% +y7) (10)
1 2.
. . Tzz_mz(xzz"'yzz) (11)
A Mathematical Model Formulation 2

A n —pendulum, in this case n = 3, consists of one
pendulum attached to another, then to another.
This is an example of dynamical system which
can exhibit chaotic behaviour. Consider human 1
arm modelled as a triple bob pendulum with T =T +T,+T, = Eml(xfﬂ"f)
masses mi, m, and mg attached by rigid massless

T,=2m, (4 +93) (12)

wire of lengths Iy, l,and I;3. The angles the wire +1m2(x§+y§)+lm3(x§+y§) (13)
make with the vertical are represented as 2 2
6,6, and 6,

respectively. The acceleration due to

gravity is g and the positions of the bobs are given Differentiating equation (1) - (6) we have:

respectively as: % =14 cos‘el ' . (14)
(X1,Y1), (X2,¥2) and (Xa,y3) X, = X +1,0,cos@,= 1,6, cos §,+ 1,0, cos b, (15)
where
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X, = X, +1,6, cos ,= X, +1,6, cos 6, +1,0, cos b,

=1,6, cos 6, + 1,6, cos b, + 1,0, cos b, (16)
y, =1.6,sin@, 17
Y, =V, +1,6,sin6,=1,6,sin 6+ 1,6, sin 6, (18)
Vo =Y, +1,6,5in0,= % +1,0,sin 6, +1,0,sin 6,

=1,0,sin6,+ 1,6,sin 6, +in 6, (19)

Substituting equations (14) — (19) into equation
(13) we obtain its polar coordinates expression as
follows:

T= % m, (1767 cos® 8, + 1267 sin” 8)) + % m,[{1267 cos® 6,
+26? cos® 8, + 2(1,6, cos 6,)(1,6, cos 6,) }+{1767 sin” 6,
+1207 sin” @, + 2(1,6, sin 8,)(1,0, sin 6,)}] + % m,[{1267 cos® 6,
+1267 cos® 0, +1267 cos® 8,) + 2(1,6, cos 8,)(1,6, cos §,)
+2(1,6, cos 6,)(1,6, cos 8,) + 2(1,6, cos 6,)(1,6, cos )}
{1267 sin? 6, + 1267 sin? 8, + 2(1,6, cos 8, (1,6, c0s 6,)}]

(20)

Equation (20), after factorization, can be reduced
to:

T= %[(ml +m, +m,)(1267 cos® 6, + 1267 sin” 6))
+(m, +m,)(126? cos’ 6, +1267 sin’ 6,)
+m,12021+m,1,1,6,0, (sin 6, sin 6, + cos §, cos b))
+m,l.1,6,6, (cos 6, cos , +cos ,sin )
+2m,).1.6,0, (cos 6, cos 6,)

+m,1,1.6,6, (cos 8, cos , +sin 6, cos 6,) (23)

Finally, T can be written as

T= %[(ml +m, + m3)|12912 +(m, + m3)|§9§

+m,12021+m,1,1,6,6, (cos 6, cos 6, +cos @, sin 6,)
+2m,l,1,6,6, (cos 6, cos 6,)

+m,1,1.6,6, (cos 8, cos 8, +sin 6, cos 4,) (24)
The Lagrange equation for 6,6, and 6, is given
as follows[1]:

dfoL) o _g 25)
dt\ 06 ) 06,

Where L is the Lagrangian given as

L=T-V (26)
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.. L =equation(24) —equation(8)
L=(m,+m, + m3)(% 1262 — g, cos 6,)
+(m, +m,) (1265 — gl, cos 8,)

+m, (% 1267 — gl, cos 6,)

+m,l1,6,6, (cos 6, cos §, + cos 6, sin 6,)
+2m,),1.6,0, (cos 6, cos 6, +cos 6, sin 6,)
g,

(27)

Therefore for

% = (m,+m, +m,)(126,) + m,1,6, (cos &, cos b,
1

+C0s 6, sin 6,) +2m, 11,6, (cos , cos 6,) (28)

d( oL -

a(ﬁ_@] = |12 (m, +m, + m3)91

+m,l1,6, (cos 6, cos 8, +cos b, sin 6,)

+m,l1,6,[—cos 6, sin 6, —cos , sin 6,

+C0s 6, cosd, —sing;sin b, ]

+2m, 11,6, cos 6, cos 6,

+2m, 11,6, (—cos &, sin 8, — cos 6, sin 6, (29)

oL .

20, (m; +m, +m;)(l,gsin )

+m,l.1,6,6,(~sin 6, cos 8, —sin 6, sin 6,)

—2m,l,1,6,6, sin , cos 6, (30)
6,

So the Euler-Lagrange differential equation for
is gotten by subtracting equation (30) from
equation (29) and equate it to zero:

%(5—;} —g—la‘l =0, after dividing through by I, gives
(m, +m, +m,)(L6, — gsin8,)+m.l,[4, cos b, cos b,

+6, cos 6, sin 6, +cos 6, sin 6, +sin 6, sin 6,

—0, cos 6, sin 6, — 6, cos @, sin 4, + 0, cos G, cos b,

—6,sin ,sin 6,]+ 21,0,[m, 8, cos 4, cos 6,

+m, 6,6, cos 8, sin 6, —m, , cos 6, sin 6,

—m,é,sing, cosd,]=0 (31)
Similarly for 0, :

d(aoL) oL . .

—| =— |-=—==0 divided th h by |

dt(@HJ 26, ivided through by I, gives

(m, +m,)(I,6, + gsin 8,) + m,l,[6, cos 6, cos 6,
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+6, cos @, sin 6, — 6, cos ,sin 6, — 6, sin , cos 6,

+6, cos 6, cos 0, - 6, sin 6, sin 6,

+6,6, cosé, sin 6, - 6,6, c0s 4, cos 6,]

+m,,[4, cos 6, cos 6, + 6, cos 4, sin 6,

~6, cos 6, sin @, - 0, sin 6, cos b,

+6, c0s 6, cos @, - 6, sin 6, sin 6,

+6,8, sin 6, cos @, — 6,6,0050,c06,] =0 (32)

6.

22 4 divided through by I, gives
dt\ 26, ) o0,

Also for

m, (1,6, — g sin 8,) +2m,, (4, cos 6, cos b,
—6,cos 6, sin 6, — 6, cos 6, sin )

+m,, (6, cos b, cos 6, + 6, sin 6, cos b,
+6,6, cos 0, sin 6, + 6,6, sin 6, sin 6,
+6,c0s 6, cos 6, —sin @, sin 6,

—C0s 6, sin g, —cos 6, sin 6,)

+2m,1,6,6, cos@,sin @, =0 (33)

I1. NUMERICAL EXAMPLES

Using the following parameters values for the

purpose of simulation; L= 4, I2=?>, I3=2; m; =3,

m, = 2, mg=1; and g=10,and integrating with
respect to time t afterword, the resulting equations
from equation (31), (36) and (41) are as follows,
respectively:

26, —10sin 6, +16(6), cos 6, cos b,

—6, cos 6, sin 6, — 6, cos B, sin 6,)

+3(6, cos b, cos 6, + 6, sin §, cos b,

+6,6, cos 6, sin 6, + 6,6, sin 6, sin 6,

+6, cos 6, cos 6, —sin @, sin @, — cos 6, sin 6,

—cosd,sin 6,) +86,6, cos @,sin, =0

3(36, +10sin 6,) + 4[6, cos 6, cos 6,

+6, cos ,sin 9, — 6, cos 6, sin §, — 6, sin 6, cos b,
+6,c0s 6, cos B, — 6, sin b, sin 6,

+6,6, cos 0, sin 8, — 6,0, cos b, cos b, ]
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(34)

+2[6, cos B, cos 6, + b, cos b, sin B,
—0, cos 6, sin 6, — 6, sin 6, cos b,
+6, cos 8, cos 9, — 6, sin 6, sin 6,

+6,6,sin 6, cos 6, — 0,0,c0s0,c0s6,] = 0 (35)

(26, — gsin 6,) +16(6, cos 6, cos b,

—6,cos 6, sin 6, — 6, cos 8, sin 6,)

+3(6, cos 6, cos b, + 6, sin 6, cos b,

+6,0, cos 6, sin 6, + 6,0, sin 6, sin 6,

+6, c0s , cos B, —sin , sin 6, — cos , sin 6,

—c0s6,sin 6,) +86,6, cos,sinf, =0 (36)

A Application of Product-to-sum identities:
Applying product-to-sum identities to equations

(43). (44) and (45) gives the following:

26, —10sin 6, +86,{cos(0, — 6,) + cos(6, + 6,)}
-86,{sin(6, + 6,) —sin(, — 6,)}—86{sin(6, + 6,

—sin(6, —6,)}+1.56,{cos(8, — 6,) +cos(é, + 6,}
+1.560,{sin(8, +6,) —sin(6, - 6,)}

+1.50,6,{sin(8, + 6,) —sin(6, — 6,)}

+1.56,6,{cos(6, — ,) —cos(6, + 6,)}+1.56,{cos(8, - 6,)
+cos(8, + 6,)}—1.5{cos(6, — 6,) —cos(b, + 6,)}
—1.5{sin(6, + &,) —sin(&, — &,}—1.5{sin(6, + 6,)

—sin(6, - 0,}+46,0{sin(6, + 6,) —sin(6, - 6,)} = 0 (37)
3(36, —10sin 6,) + 26,{cos(6, — 8,) + cos(6, + 6,)}
+26{sin(6, + 6,) —sin(6, — 6,)}— 26{sin(6, + 6,)
—sin(6, - 6,)}—26{sin(6, + 6,) +sin(6, - 6,)}
+26{cos(6, - 6,) +cos(6, + 8,)}— 26{cos(6, — 6,)
—cos(6, + 6,)}+ 26,6.{sin(6, +6,) —sin(6, - 6,)}
—26,0,{cos(, - 0,) +cos(6, + 6,)}]

+6.{cos(8, - 6,) +cos(8, + 0,)}+ 6.{sin(6, +6,)
—sin(6, —6,)}—0,{sin(6, +6,)

—sin(6, — 6,)}—6,{sin(8, + 6,) +sin(6, — 6,)}
+0,{cos(6, — 8,) +cos(d, + 6,)}— 0,{cos(6, - 6,)
—cos(6, +6,)}+6,6.{sin(6, + 6,) +sin(6, - 6,) }
—6,6.{cos(6, - 6,) +cos(6, +6,)}] =0 (38)

(26, -10sin 6,) +86,{cos(6, - 0,)
+cos(6, + 6,)}—86{sin(6, + 6,) —sin(6, - 6,)}
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—80{sin(@, +6,) —sin(6, —0,)}+ g 6,{cos(6,-8,)
+c0s(6, + 6?2)}+g[9'2{sin(6?2 +6,)+sin(6,-0,)}
+§6'?249'3{sin(6?2 +6,)—sin(,-6.)}
+ g 0,6.{cos(0, —6,)—cos(b, +6,)}

3. 3
+ > 6,{cos(6, —6,) +cos(b, + 0.} E{cos(é?2 -0.,)

_cos(d, + 93)}—g{sin(<92 16,)—sin(@, —0,)}

_g{sin(e3 +6,)—sin(d,-6,)}

+46,0,{sin(, +,) —sin(6,— 6,)}= 0 (39)
Equations (1),(2) and (3) respectively give:
ﬁ_smﬁ =6 =sin” (Xl)
1 l
X2 % =sing, = 6, =sin™( %o Xl)
2 2
SI_X =sin@, = 4, =sin (22 %%,
3 3
Assuming the three bobs positions at the
beginning of the dance are as follows:
(x1,y1) = (3,6) (40)
(X2,y2)=(4,3) (41)
(x3,y3)= (5,1) (42)
Then
6, =sin () =sin‘l[§j — 49° (43)
I, 4
6, =sin*(2z—%) =sin ™! (lj ~19° (44)
l, 3
1% 7% 1 0
6, =sin” (=—=) =sin” ( ) 30 (49)
l, 2

Using these values, equation (37), (38) and (39)
were reduced to:

26, +2.480, +9.126, —15.686, +1.896,0,

+2.460, +4.680,0, = 7.73 (50)
94, -9.77 +2.486, +0.856, — 2.146, -1.636,6,
+2.26,-0.26,-1.086,6,=0 (51)
26, -5+9.094, —15.71, +3.314,

+0.956,0, + 2.466, — 2.75+2.646,0,= 0 (52)

In this paper we also considered the behaviour of
an arm segment, assuming the other two at a
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particular time are of constant velocities. This
happens at some instances during a dance.

Firstly, assuming the velocities of the first and
second segments of the arm; I, and I, are
constants, that is in equilibrium state, which
implies their accelerations are zeros too, then

solving equations (50), (51) and (52)
simultaneously, give:
2.20, = 4.48 (53)

Similarly, assuming velocities of the first and
third segments of the arm; |; and I3 are constants,
gives:

9.830,+=4.48 (54)

Now, assuming the velocities of the second and
third segments of the arm; I, and |5 are zero, gives:

3.40,-2.316, = 4.48 (55)
Integrating equation (53), (54) and (55) with (54)
respect to time t gives:

6, =2.04t+C
60,=0.46t + C
3.40,-2.316, = 4.48t +C

57)
(58)

Where C is a constant.

0

But "1 =49, equation (58) becomes

6, =1.32t+33.29+C (59)

Applying Newton’s second law of motion at t=1
and assuming C=0, equations (56), (57), (59)
gives:

m6, =3x25.74 =77.22 (87)
m,d,= 2 x 0.46 = 0.92 (88)
m.6, = 1x 2.04 = 2.04 (89)

IV. RESULT DISCUSSION

At a particular time t, say t = 2, when the angle the
arm segments make with the vertical are 49, 19,
and 30 degrees respectively, taking C to be zero,
the corresponding angular velocities are 35.93,
092 and 4.08 respectively. Also their
corresponding accelerations are 25.74 ,0.46, and
2.04 respectively. From the results, at that
particular instance of the dance that informed the
position of the arm at that time, the arm segment
with the highest angle with the vertical have the
highest velocity and acceleration, and vice versa.
This shows there is a positive correlation between
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the size of the angle the arm segments make with
the vertical and velocity and acceleration of the
segment. Also from the table below it can be seen
that the higher the angular displacement the higher
the angular acceleration. The same explanation
goes for the angular displacement and angular
velocity. From the table again, the angular
velocities increase as time (t) increases. This
implies that the upper arm should move faster
than both the lower arm and the wrist to ensure
good balance and by extension a good dance.
However, the wrist should move faster than the
lower arm. The angle the upper segment makes
the vertical should be the highest, followed by that
of the wrist. The angle the lower segment makes
with the vertical should be the lowest in order to
maintain a good balance during a dance. Finally,
in other to maintain balance during dance, using
the given parameter values, the resultant force
needed to apply at segment 1, segment 2, and
segment 3 of the arm are 77.22units, 0.92 units
and 2.04 units respectively

V. CONCLUSION

This paper sets out to, analytically; model the
movement of human arm during dance as a 3-
pendulum system. With the aid of the Lagragian
and Euler - lagrange equation, the dynamics of the
three segments of the human arm is analysed. At
given values of the length of the different
segments the values of the angular displacement
of the three segment were computed. It is
observed that there is a positive relationship
between the computed angular displacements and
the respective angular acceleration of the arm
segments. The analytical results show that the
higher the angular displacement the higher the
angular velocity and the angular acceleration. To
have a good dance therefore, the upper arm with
highest angular displacement, compared to the
other sections of the human arm, should move
fastest, followed by the wrist section then the
lower arm, with the least angular displacement.
This supports stability and balance of the whole
arm movement during a dance.
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