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On the Solution of the Cahn-Hilliard Equation
via the Perturbation Iteration Transform Method

Grace O. AKINLABI, and Sunday O. EDEKI, Member, IAENG

Abstract— Recently, a new approach called the Perturbation
Iteration Transform Method has been introduced. This
approach is based on the fusion of the Perturbation Iteration
Algorithm and the Laplace Transform Method. In this paper,
the solution of the nonlinear partial differential equation:
Cahn-Hilliard equation is presented by using this new scheme.
Some numerical tests are presented to make apparent the
potential of this new approach. The results show that the
approximate solutions of these equations are very close to their
exact solutions even with less computational stress.

Index Terms— perturbation iteration algorithm, Cahn-
Hilliard equation, Laplace transform method, nonlinear PDEs,
perturbation iteration transform method

l. INTRODUCTION

Nonlinear Partial Differential Equations continues to be
an active field of study in Physics, Engineering and
Applied Mathematics. Among such PDEs, we have the

combined form of the Perturbation Iteration Algorithm and
the Laplace Transform. The idea of using the PITM was
proposed by in [13]. They used the method to solve both the
linear and nonlinear Klein-Gordon equations. For more
articles on PITM, see [12-15].

The remaining part of this study thus arranged: section 11
gives a review of the PIA and section Il deals with the
illustration of the PITM. Numerical examples are presented
in section IV, where PITM is applied to some Cahn-Hilliard
equations to prove its effectiveness. Section V presents the
graphs of the solutions in section IV. The final section, VI
gives the concluding remark.

Il. PERTURBATION ITERATION ALGORITHM [11], [13]

Here, we illustrate how the Perturbation Iteration Algorithm
works. Suppose a perturbation algorithm is been developed
by taking the correction terms of the first derivatives in the
Taylor series expansion and also one correction term in the
perturbation expansion. This algorithm will be named:

Cahn-Hilliard equation, which was introduced by Cahn and PIA(L,1).

Hilliard in [1] in order to illustrate the phase separation  \e now consider a partial differential equation of the form:
phenomenon in a solid. Several authors have also worked on F(0,u",u,£)=0 2.1)
Nonlinear PDEs [7-10]. R '
In this work, we are concerned with the solution of the ;1are u=u(xt), u:‘l“, u”:@ and ¢ is the introduced
Cahn-Hilliard Equation, which is of the form: ot ox?

U, (%, t) = rug (x,t)+su(x,t)—tu"(x,t) (1.1)  perturbation parameter. _ _ _
with the initial condition: ,:;(npdar:;(\;\rl]e Vlilseehgilsg.one correction term in the perturbation

u(x,0)=f(x 1.2 ' ]

(x0)=1(x) (-2 U=ty (), @2)
where s, t are both real numbers, r and n are positive

integers.

Many authors have investigated the Cahn-Hilliard equation
both analytically and numerically.

Shehata in [2] obtained and compared the numerical solution

Putting (2.2) into (2.1) and expanding in a Taylor series with
first derivatives will yield.

F(u,u",u,0)+F,(u,u"u,0)s(u,), +F, (u,u",u,0)s(u)
+F,(u,u"u,0)&(u, ), +F,(u,u"u,0)e=0

n

of a Cahn-Hilliard equation by using both the Homotopy (2.3)
Perturbation ~Method (HPM) and the Adomian oF oF oF oF
Decomposition Method (ADM). Furihata in [3] also Where u=u(xt), F, ==, F.=-%. F,=—, F =—and

obtained the numerical solution of Cahn-Hilliard equation
via the finite difference method. [4] solved these equations
with the Differential Transform Method (DTM) and [5] -
[6] used the Exp-function method to obtain the exact
solutions of the Cahn-Hilliard. Many articles have
investigated the analytical and numerical solution of the
Cahn-Hilliard equation [16-21].

The Perturbation Iteration Transform Method (PITM) is the
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¢ is the perturbation parameter to be evaluated at zero.
Reorganizing (2.3), we have

F
0.+ B, =B
c/n = c/n T = E c/n

Starting with an initial guess, u,, evaluate the term, (u,),
from (2.4) and then substitute the result into (2.2) for u,. We

continue this iteration procedure by using Equations (2.4)
and (2.2) until a satisfactory result is obtained.

(2.4)
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1. PERTURBATION ITERATION TRANSFORM METHOD [13] u (%) =u, (X, t)—u’(xt)+u(xt) 4.2)
In this section, we demonstrate the basic idea of the PITM.  subject to:
Consider the general nonlinear PDE of the form: 1
B u(x,0)=—- (4.2)
Lu(x,t)+Mu(x,t)+Nu(x,t)=g(xt) (3.1) 14e¥
with the associated initial condition: with the exact solution:
u(x0)= f () B2 yxt)=—t (4.3)
l+e?

0 . . . . .
where L:a is the first order linear differential operator,

2
M =%is the second order linear differential operator,
X

Nu(x,t) represents both the linear and the nonlinear terms,
and g(x,t) is the source term.

We take the Laplace transform of both sides of (3.1) to have
L[Lu(x,t)]+L[Mu(x,t)J+L[Nu(x,t)]:L[g(x,t)] (3.3)

On using the differential property of Laplace transform in

Solution to Case I:
Taking the Laplace Transform of both sides of (4.1) with the
initial condition (4.2), we get
1 11

L{u(xt)|= ZHIL ) —u¥(xt t

[u(x )] A [uxx(x )= ud(x,t)+u(x )J
Applying the Inverse Laplace Transform to both sides of
(4.4) gives

(4.4)

(3.3), we get u(x) =t L’{%L[uxx(x,t)—u3(x,t)+u(x,t)ﬂ (4.5)
1+e”
Loty T= 00 L ety )= Mu(x)]
. S8 s (34)  Now, by PITM, (4.5) becomes:
_EL[NU(X’t)] u(x,t)-——+u.(xt)e

Applying the Inverse Laplace Transform to both sides of l+e® (4.6)
(3.4) gives - L’IF L U, (x 1) -u?(x,t)+ u(x,t)ﬂezo

4|1 s
u(x,t):E(x,t)—LI[EL[Mu(x,t)Jr Nu(x.t)ﬂ (3.5) Thus,

) ] uc(x,t):g‘l(fu(x,t)+(l+e%)ilj

where E(x,t) is the term obtained from the source term and 4.7)

the associated initial condition.
Now, by using the PITM, (3.5) becomes:
u(x,t)—E(xt)+u (xt)e

—L’lEL[MU(X*t)“L Nu(x,t)ﬂg=0 (39

L us () -v (xru(en)]|

This implies that:

U (X,t) = ! —
Hence, 1+e®
E(xt)— 't
uc(x,t)=w—L'lFL[Mu(x,t)Jr Nu(x,t)ﬂ (3.7) o2 1 ok 1
S UI(X,t)Z O 3 x2+ Lt
(1+ eﬁ) (1+eﬁ) 2(1+eﬁ) 1+e”
Equation (3.7) is the combined form of the Laplace
transform method and the perturbation iteration method. geﬁ(1+e@)t2 27ettt
From (3.7), the term, (u,), is then calculated and substituted U, (x,t) = P 6
. . o . 8(1+eﬁ) 32(1+eﬁ)
into (2.2) to obtainu,. This iteration procedure is repeated
for u,, u; and so on. The approximate solution is thus 3e%(3—6e%—6e%+22eﬁ*+3em‘)t3
obtained by the formula: Uy (x,t) = —
16(1+ eﬁ)
u(x.t)= Z;Un (xt) (3.8) 27e% (11— 206+ +lleﬁx)t5 7206 % (140 )t
\8 - 12
_ 320(1+ef) 3584(1+eﬁ)
That is,
729 (1+¢% )2 " 19683 (1+e® )¢
U(Xt) =g (X, 1) +u, (X, )+ Uy (X, 1) + Uy (X 1)+ (3.9) + G %
2048(1+ eﬁ) 90112(1+ eﬁ)
.13
IV. NUMERICAL EXAMPLES %txw
In this section, we apply the proposed method to the Cahn- 425984(“9&)

Hilliard Equations.

Case I:
Consider the Cahn-Hilliard Equation:
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Therefore, the solution u(x,t) is given by:

U(X,t) =g (X,t)+ Uy (X, t) + Uy (X,t) + Uy (X, 1) +-+

1 eV 1 e 1
= = 3 3 RV = t
1+e (1+eﬁ) (1+eﬁ) 2(1+eﬁ) l+e
9e” (1+ eﬁx)t2 B 270kt
x \4 X 6
8(1+ef) 32(1+eﬁ)

3e%(3— Ge¥ — 6e + 2207 + 3e2@)t3

+ x \6
16(1+eﬁ)

276% (11— 206 +11eﬁ*)t5

8
320(1+ eﬁ)

5x 2 x
729e" (1+ e@) t° 19683¢" (1+ eV |

1 T\
2048(1+ eﬁ) 90112(1+ eﬁ)

196833
B LN (4.8)
425984(1+ eﬁ)

Equation (4.8) is an approximate solution of case I.
Case II:

Consider the Cahn-Hilliard Equation:
u (%) =u, (x,t)—u’(xt)+u(xt)
subject to:

u(x,0)=e*

Solution to Case II:

Taking the Laplace Transform of both sides of (4.9) with the
initial condition (4.10), we get

L[u(x,t)]=%+%L[uXX(x,t) —u*(xt)+u(xt)]

Applying the Inverse Laplace Transform to both sides of
(4.112) gives

(4.9)

(4.10)

(4.11)

u(x,t)=e* + L’1E L[ u, () —ud(xt)+ u(x,t)ﬂ (4.12)
Now, by PITM, (4.12) becomes:
u(x,t)—e* +u (xt)e
fL’lEL[uxx(x,t)fu:‘(x,t)+u(x,t)]}:=0 (413)
Thus,
u, (x,t)zw + L’lE L{u () —u(xt)+ u(x,t)ﬂ
(4.14)

This implies that:
Uy (x,t) =€

u(xt)= [Zex —eﬂt

U, (x,t)= %e“ (—2 + 92*)3t4 —e (—2 + 59“)t2
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Uy (x,t)= —%e* (—2+ 25e™)t°
FERES (—40+156e” ~150e™ + 416" )t*
10
e (24567 )t - m e (2462 (-24 567 ) 1
7 2
+%(—128e” +704e¥ —1440e" +15206™"
-920e™* + 324e""* — 62e'** + 5e? )t
‘glz (-512e* + 2304¢™™ — 4608e'> + 53766

—40326"7 + 20166 — 6726 +144e% —18e™* + 2" )t

Therefore, the solution u(x,t) is given by:
U(X,t) =g (X,t)+ Uy (X, 1) + Uy (X,1) + Uy (X, 1)+

x x a7y, L oax X\ x x
=e +[2e —e® ]t+ze3 (-2+e”) t* —e*(-2+5e )t
—%e* (—2+25e )t + %e“ (~40-+156¢” —150e** + 41e™ )t°
1 . \3 1 . \3 \2
+?e3 (-2+5e)t7 7Ee5 (-2+e”) (-2+5e”)t°
+%(—128e7x +704e% —1440e™ +1520e™
—-920e™* + 324" — 62e'%* + 5e*)t™

—é(—SlZe9X +2304e™* — 4608e'** +5376€"* — 4032

+2016™ — 6726 +144e™ 186 + e )t™* +...
Equation (4.15) is an approximate solution of case II.

(4.15)

Equation (4.15) is the approximate solution of Case
.
V. DISCUSSION OF RESULTS

In this section, we present the graphs for both the
approximate and exact solutions to the Cahn-Hilliard in Case
I. The approximate solutions contain terms up to the fourth
power. In Table I, the solution of case 1 is analysed.

Fig. 1: Approximate solution of Cahn-Hilliard Equation in
Case |
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Fig. 2: Exact solution of Cahn-Hilliard Equation in Case |

Table I: Solution comparison of case 1

(x.t) Userm_appre | Usterm_appre | DS —€ITOT

(0, 0) 0.500000 | 0.500000 | 0.000000
(0.,09) | 0958248 | 0.962758 | 0.004510
(0.2,0.8) | 0.871402 | 0.874352 | 0.002951
(0.3,0.7) | 0788224 | 0.790056 | 0.001832
(0.4,06) | 0709070 | 0710123 | 0.001052
(0.5,0.5) | 0634227 | 0.634767 | 0.000540
(0.6,0.4) | 0563914 | 0564149 | 0.000235
(0.7,0.3) | 0.498290 | 0.498369 | 0.000078
(0.8,0.2) | 0437453 | 0.437469 | 0.000016
(0.9,0.1) | 0381441 | 0.381442 | 0.000002

VI. CONCLUSION

In this paper, we presented the solution of the nonlinear
partial differential equation: Cahn-Hilliard Equation by
using a new solution technique referred to as Perturbation
Iteration Transform Method. The results obtained revealed a
fast convergent rate to their exact solutions without any form
of discretization or linearization. We therefore, recommend
this solution technique for solving any nonlinear partial
differential equations in other aspects of pure and applied
sciences.

ACKNOWLEDGMENT

The authors are grateful to Covenant University for the
financial support and the availability of good working
environment.  They also thank the anonymous
referees/reviewers for their constructive and valuable
comments.

REFERENCES

[1] J. W. Cahn and J. E. Hilliard, “Free energy of a nonuniform system. 1.
Interfacial free energy”, J. Chem. Phys., 28 (1958), 258-267.

[21 M. M. Shehata, A study of some Nonlinear Partial Differential
Equations by Using Adomian Decomposition Method and
Variational Iteration Method, American Journal of Computational
Mathematics, 5, (2015), 195-203.

ISBN: 978-988-14047-4-9
ISSN: 2078-0958 (Print); ISSN: 2078-0966 (Online)

(3]

(4]

(5]

(6]

(71

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

D. Furihata, “A Stable and Conservative Finite Difference Scheme for
the Cahn-Hilliard Equation”, Numerische Mathematik, 87, (2001),
675-699.

M. T. Alquran, “Applying Differential Transform Method to
Nonlinear Partial Differential Equations: A Modified Approach”,
Applications and Applied Mathematics, 7, 155-163.

G. N. Wells, E. Kuhl and K. Garikipati, “A Discontinuous Galerkin
Method for the Cahn-Hilliard Equation”, Journal of Computational
Physics, 218, (2006), 860-877.

J. Kim, “A Numerical Method for the Cahn-Hilliard Equation with a
Variable Mobility”, Communications in Nonlinear Sciences and
Numerical Simulation, 12, (2007), 1560-1571.

S.0. Edeki, G.O. Akinlabi and S.A. Adeosun, “Analytic and
Numerical Solutions of Time-Fractional Linear Schrodinger
Equation”, Comm Math Appl, 7(1), (2016): 1-10.

G.O. Akinlabi and S.O. Edeki “On Approximate and Closed-form
Solution Method for Initial-value Wave-like Models”, International
Journal of Pure and Applied Mathematics, 107(2), (2016): 449-456.
S.0. Edeki, G.O. Akinlabi, S.A. Adeosun, “On a modified
transformation method for exact and approximate solutions of linear
Schradinger equations”, AIP Conference proceedings 1705, 020048
(2016); doi: 10. 1063/1.4940296.

S. O. Edeki, G. O. Akinlabi, and S. A. Adeosun, “On a modified
transformation method for exact and approximate solutions of linear
Schrodinger equations”, AIP Conference Proceedings 1705, 020048
(2016); doi: 10.1063/1.4940296.

Y. Aksoy and M. Pakdemirli, “New Perturbation-Iteration Solutions
for Bratu-type Equations, Computers and Mathematics with
Applications, 59(8), (2010): 2802-2808.

G.O. Akinlabi and S.O. Edeki “Perturbation Iteration Transform
Method for the Solution of Newell-Whitehead-Segel Model
Equations”, Journal of Mathematics and Statistics, arXiv preprint
arXiv:1703.06745 .

M. Khalid, M. Sultana, F. Zaidi and A. Uroosa “Solving Linear and
Nonlinear Klein-Gordon Equations by New Perturbation Iteration
Transform Method”, TWMS J. App. Eng. Math, 6(1), (2016): 115—
125.

G.0O. Akinlabi and S. O. Edeki, The solution of initial-value wave-
like models via Perturbation Iteration Transform Method,
International MultiConference of Engineers and Computer Scientists,
Hong Kong, 15-17 March 2017, (Accepted-2017).

G.0. Akinlabi and S. O. Edeki, “Solving Linear Schrodinger
Equation through Perturbation Iteration Transform Method”, World
Congress on Engineering 2017, WCE2017, London, U.K.
(Accepted).

J. Shen and X. Yang, “Numerical Approximations of Allen-Cahn and
Cahn-Hilliard Equations”, Discrete and Continuous Dynamical
Systems, 28(4), (2010), 1669-1691.

N. Alikakos, P. W. Bates and G. Fusco, “Slow Motion for the Cahn-
Hilliard Equation in one space Dimension”, Journal of Differential
Equation, 90, (1991), 81-135.

J. Wei and M. Winter, “Stationary solutions for the Cahn-Hilliard
Equation”, Ann. Inst. Henri Poincare, 15(4), (1998), 459-492.

Y. Ugurlu and D. Kaya, “Solutions of the Cahn-Hilliard Equation”,
Computers and Mathematics with Applications, 56, (2008), 3038-
3045.

X. Ye, “The Legendre Collocation Method for the Cahn-Hilliard”, J.
Comput. Appl. Math., 150, (2003), 87-108.

X. Feng and A. Prohl, “Error Analysis of a Mixed Finite Element
Method for the Cahn-Hilliard Equation”, Numer. Math., 99, (2004),
47-84.

WCE 2017



	I. INTRODUCTION
	II. Perturbation Iteration Algorithm [11], [13]
	III. Perturbation Iteration Transform Method [13]
	IV. Numerical Examples
	V.  Discussion of Results
	VI. Conclusion
	Acknowledgment
	References



