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palavras-chave

resumo

Cédigos convolucionais, anéis finitos, distancia livre, distancia de coluna, MDS,
MDP, cédigo dual.

Nesta tese consideramos cédigos convolucionais sobre o anel polinomial
zZ, [D], onde p é primoe r é um inteiro positivo. Em particular, focamo-nos

no conjunto das palavras de codigo com suporte finito e estudamos as suas
propriedades no que respeita as distancias. Investigamos as duas
propriedades mais importantes dos cédigos convolucionais, nomeadamente, a
distancia livre e a distancia de coluna.

Comecamos por analisar e solucionar o problema de, dado um conjunto de
parametros, determinar a distancia livre maxima possivel que um cédigo

convolucional sobre Z [D] pode atingir. Com efeito, obtemos um novo limite

superior para esta distancia generalizando os limites obtidos no contexto dos
cédigos convolucionais sobre corpos finitos. Além disso, mostramos que esse
limite é 6timo, no sentido em que ndo pode ser melhorado. Para tal,
apresentamos construgbes de cédigos convolucionais (ndo necessariamente
livres) que permitem atingir esse limite, para um certo conjunto de parametros.
De acordo com a literatura chamamos a esses cédigos MDS.

Definimos também distancias de coluna de um cédigo convolucional. Obtemos
limites superiores para as distancias de coluna e chamamos MDP aos cédigos
cujas distancias de coluna atingem estes limites superiores. Além disso,
mostramos a existéncia de cddigos MDP. Note-se, porém, que os co6digos
MDP apresentados ndo sdo completamente gerais pois 0s seus parametros
devem satisfazer determinadas condi¢des.

Finalmente, estudamos o cédigo dual de um cédigo convolucional definido em

Zp, ((D)). Os cddigos duais de codigos convolucionais sobre corpos finitos

foram exaustivamente investigados, como é refletido na literatura sobre o
tema. Estes cdédigos sao relevantes pois fornecem informacdo sobre a
distribuicao dos pesos do cddigo e é neste sentido a inclusdo deste assunto no
ambito desta tese. Outra razao importante para o estudo de cédigos duais é a
sua utilidade para o desenvolvimento de algoritmos de descodificacdo quando
consideramos um erasure channel. Nesta tese sdo analisadas algumas
propriedades fundamentais dos duais. Em particular, mostramos que cdédigos

convolucionais definidos em Z ((D)) admitem uma matriz de paridade. Para

além disso, apresentamos um método construtivo para determinar um
codificador de um cédigo dual.
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abstract

Convolutional codes, finite rings, free distance, column distance, MDS, MDP,
dual code

In this thesis we consider convolutional codes over the polynomial ring zZ, [D],

where p is a prime and r is a positive integer. In particular, we focus in the

set of finite support codewords and study their distances properties. We
investigate the two most important distance properties of convolutional codes,
namely, the free distance and the column distance.

First we address and fully solve the problem of determining the maximum

possible free distance a convolutional code over Z [D] can achieve, for a

given set of parameters. Indeed, we derive a new upper bound on this distance
generalizing the Singleton-type bounds derived in the context of convolutional
codes over finite fields. Moreover, we show that such a bound is optimal in the
sense that it cannot be improved. To do so we provide concrete constructions
of convolutional codes (not necessarily free) that achieve this bound for any
given set of parameters. In accordance with the literature we called such codes
Maximum Distance Separable (MDS).

We define the notion of column distance of a convolutional code. We obtain
upper-bounds on the column distances and call Maximum Distance Profile
(MDP) the codes that attain the maximum possible column distances.
Furthermore, we show the existence of MDP codes. We note however that the
MDP codes presented here are not completely general as their parameters
need to satisfy certain conditions.

Finally, we study the dual code of a convolutional code defined in Z ((D))-

Dual codes of convolutional codes over finite fields have been thoroughly
investigated as it is reflected in the large body of literature on this topic. They
are relevant as they provide value information on the weight distribution of the
code and therefore fit in the scope of this thesis. Another important reason for
the study of dual codes is that they can be very useful for the development of
decoding algorithms of convolutional codes over the erasure channel. In this
thesis some fundamental properties have been analyzed. In particular, we

show that convolutional codes defined in Z | ((D)) admit a parity-check matrix.

Moreover, we provide a constructive method to explicitly compute an encoder
of the dual code.
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Notation

prime field of order p

ring of polynomials with coefficients in 7Z,

field of rational matrices with coefficients in Z,
ring of integers modulo p”

ring of polynomials with coefficients in Z,:

ring of rational matrices with coefficients in Z,»
ring of the Laurent series with coefficientsin Z,-
0.1, .p—1}

set of polynomials with coefficients in A,

set of rational matrices with coefficients in A,
parameter of a code: n the length, k the p-dimension, ¢ the p-degree

parameter of a code: n the length, k the dimension, ¢ the degree






Chapter 1
Introduction

Communication systems are everywhere and they have become increasingly important
with the development of new technologies for data communications and data storage.
Errors in digital communication systems may occur due to noisy communication chan-
nels, electrical interference, human error, or equipment error. To guarantee reliable
transmission or to recover degraded data, techniques from Coding Theory are used.
The aim of Coding Theory is to develop methods to detect and correct these errors.
Hence, in the last decades it became an active subject of research in different areas
of knowledge such as mathematics, computer science, electrical engineering, statistics,

among others.

Shannon, Hamming and Golay were the pioneers that started working with the sub-
ject of Coding Theory. They developed studies and ideas that are still used nowadays
in, for instance, mobile communications, data storage devices, satellite communica-

tions, digital image processing, internet, radio, among others.

A representation of a transformation of information (or storage) from a source to
a receiver can be represented as in Figure 1.1. When a message is sent from an in-
formation source a process, called source encoder, divides the message into sequences
or blocks. Each of them is transformed into a digital form (a group of symbols often
called “alphabet”) forming an algebraic structure, usually a field or a ring. The original
message becomes a source message. Then redundancy is added by the channel encoder
to each source block to create a longer block called codeword. The set of codewords
forms the code. A codeword is transmitted over a transmission channel (or stored in
memory) where errors can occur. To recover the original message, a channel decoder
uses the redundancy of the information to detect and correct the errors, when it is
possible, and retrieve the most likely codeword that had been sent. Finally, a source
decoder determines the source message and delivers the reconstructed message to the

destination.
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Information Source Destination
Source Encoder Source Dencoder

Transmission Channel

Channel Encoder ::> (Storage Medium) ::> Channel Decoder

Figure 1.1: Communication (storage) system

In this thesis we focus on the problem of adding redundancy to the source message.
In other words we deal with the problem of constructing “good” codes. A “good” code
is one that not only detects and corrects the largest number of errors but it is also easy
to implement.

The encoding process is described as follows. The information sequence is sliced
into blocks of k symbols of information, say u = (ug,...,ux_1) € F¥ where F is a
finite field. At time 4, the encoder shifts an k-block of the information sequence and
generates a block of n encoded symbols, say v = (vo, ...,v,-1) € F", called codeword,
via a linear map, i.e., v = uG, G € F*". An (n, k)-linear block code is the set of
all possible codewords and it has structure of a k-dimensional subspace of the vector
space F". In these codes the data is encoded into independent blocks of length n,
i.e., the encoded block at time ¢ depends only on the information block at time ¢
(see Figure 1.2a). Hamming’s codes [Hamb50] were the first block codes, but many
other authors developed variations. The first followers of Hamming were Hocquenghem
[Hoch9], in 1959, and Bose and Ray-Chaudhari [BRC60], in 1960. They introduced
the BCH codes, a generalization of the Hamming codes for multiple-error correction
over the binary field. Also in 1960, Reed and Solomon [RS60] built a class of codes
for nonbinary channels, named Reed-Solomon codes. Over the years new codes have
been discovered and a well-developed algebraic theory of linear block codes has been
developed [MS77, LC83, HP98, v1.99.

Besides the class of linear block codes there are a more general class of linear codes,
called convolutional codes. The main difference between these two classes of codes is

that the encoded block at time ¢ depends not only on the information block at time



Messages Codewords Messages Codewords
Time i E - | Time i E :
n -
Time i+] E — Time i+1] E ]
Time i+2 E R EE— Time i+2 E —
(a) Block Code (b) Convolutional Code

Figure 1.2: Block codes versus convolutional codes

i, but also on a fixed number of previous information blocks, that is, a convolutional
encoder requires memory (see Figure 1.2b). In this thesis we shall focus on this class
of codes. Convolutional codes were introduced in 1955 by Peter Elias [Eli55]. In 1957,
Wozencraft [Woz57] developed the first algorithm capable of decoding such codes, called
sequential decoding. Around the same time other decoding algorithms were developed,
such as threshold decoding and the Viterbi algorithm. Threshold decoding was first
introduced for block codes but Massey [Mas63], in 1963, applied it to convolutional
codes. This algorithm is simpler than sequential decoding however less efficient. In
1967, Viterbi [Vit67] presented an optimum decoding method for convolutional codes
using the Viterbi algorithm. However, the decoding effort grows exponentially with
memory orders. These decoding methods allowed the application of convolutional
codes in several types of systems.

Forney [For70], Piret [Pir88] and McEliece [McE98], in 1970, 1988 and 1998, re-
spectively, formalized the theory of convolutional codes and thoroughly studied the

algebraic structure of these codes.

In order to determine the performance of convolutional codes, the distance is argu-
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ably the most important parameter. The rule is, the larger the distance, the better the
code. For convolutional codes the free distance and the column distance are the most

important distance properties.

In [RS99], Rosenthal and Smarandache determined an upper bound on the free dis-
tance of a convolutional code. This bound was called the generalized Singleton bound
since it generalizes in a natural way the Singleton bound for block codes. An MDS con-
volutional code is one whose free distance achieves the generalized Singleton bound. In
2001, Smarandache, Gluesing-Luerssen and Rosenthal [SGLRO1] presented construc-
tions of MDS convolutional codes. The same three authors in [HGLS06] constructed
strongly MDS convolutional codes, in 2006. These codes are characterized by attain-
ing the generalized Singleton bound at the earliest possible column distance. These
constructions were restricted to some parameters and the general case was treated
in 2015 by Napp and Smarandache [NR16]. Other examples related with MDS are
[RL89, Hut08, CNPP12, CNPP16].

Convolutional codes whose column distances increase as rapidly as possible for as
long as possible are called maximum distance profile (MDP) codes. These codes are
specially appealing for sequential decoding algorithms because they have the potential
to have a maximum number of errors corrected per time interval, hence they achieve
good performance. Regarding MDP convolutional codes we can highlight the work of R.
Hutchinson, J. Rosenthal and R. Smarandache [RHS05], in 2005. Later, R. Hutchinson
[HST08] and P. Almeida, D. Napp and R. Pinto [ANP13], in 2008 and 2013, respect-
ively, discussed how superregular matrices may be used to construct MDP codes. V.
Tomas, J. Rosenthal and R. Smarandache [VTS09, TRS12], in 2009 and 2012, respect-
ively, analysed decoding capabilities of convolutional codes over the erasure channel
and showed how MDP convolutional codes perform particularly well over the erasure

channel.

The extension of the concept of convolutional codes from finite fields to finite rings
was first introduced by Massey and Mittelholzer [MMS89], in 1989, and has attracted
much attention in recent years. This interest is mainly due to the discovers that the
most appropriate codes for phase modulation are the linear codes over the residue
class ring Z,;, M a positive integer. It was immediately apparent that convolutional
codes over Z); behave very differently from convolutional codes over finite fields. For
instance, in contrast with the field case, convolutional codes over Z,; are not necessarily

free modules.

Fundamental results of the structural properties of convolutional codes over finite
rings have been studied over the years and can be found in [JWWO98, Nor99, NS00,



FZ01]. In particular, the properties of being noncatastrophic, right invertible, basic
and systematic ring convolutional encoders were thoroughly discussed. The problem of
deriving minimal encoders (left prime and row-reduced) was posed in 1997 by Fagnani
and Zampieri [FZ97] and in 2007 by Solé and Sison [SS07]. This problem was solved in
2007 by Kuiper, Pinto and Polderman [KPP07] and in 2009 by Kuiper, Pinto [KP09]
using the concept of minimal p-encoder, which is an extension of the concept of p-basis

introduced in [VSA96] to the polynomial context.

The search for and design of unit-memory convolutional codes over Z, that gives
rise to binary trellis codes with high free distance was investigated by Ashikhmin
and Zyablov [AZ94] and by Kotter, Dettmar and Sorger [KDS95] in 1994 and 1995,
respectively, where several concrete constructions were reported. In 1998, Johannesson
and Wittenmark [JW98] found, by computer search, two 16-state trellis codes of rate
2 again over Z,. However, in contrast to the block code case [GG12, NSO01] little is
known about distance properties and constructions of convolutional codes over large

rings, see [SSO7].

Recently, in 2013 El Oued and Solé [EOS13| derived a bound for the free distance of
convolutional codes over Z,r, generalizing the bound given in [RS99] for convolutional
codes over finite fields. The concrete constructions of MDS convolutional codes over
Z, presented in this paper were restricted to free codes and cannot be extended to the
general case. An explicit general construction of nonfree MDS codes over finite rings
was left as an open problem and we address it in this thesis. Another fundamental
problem treated in this dissertation is the study of column distance and constructions of
MDP convolutional codes over Z,-. In order to investigate these two problems, we adopt
a novel approach, in particular, we derive new upper-bounds on the free distance and
the column distances and provide explicit novel constructions of MDS (not necessarily
free) and MDP convolutional codes over Z,- for a set of given parameters. In the proof
of these results, an essential role is played by the theory of p-basis and in particular of a
canonical form of the p-encoders. In contrast with the papers [NS01, EOS13] where the
Hensel lift of a cyclic code was used, in this thesis a direct lifting is employed to build
convolutional codes over Z,  from known constructions of convolutional codes over
Z,. Note that even though we will focus on the ring Z,-, by the Chinese Remainder
Theorem, results on codes over Z,- can be extended to codes over Z;, as can be seen
in [McD74, CCL94, JWWOS|.

We also investigate the dual codes of convolutional codes over Z,-. They are useful
for the development of decoding algorithms of convolutional codes by erasure channel.

In this thesis we present a preliminary study of these codes.
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This thesis is divided into six chapters. A brief outline of the contents of the

chapters is given below.

Chapter 2 - The module Z7, [D]

This chapter presents some preliminaries on Z, [D] related with p-basis. Most of
the definitions and results were presented in [KPP07] and [KP09]. The results that
are well known will be presented without proof, together with the reference of the

respective author(s).

Chapter 3 - Convolutional codes over Z,:

We start by considering block codes and propose a novel special form for its gen-
erator matrix, called the p-standard form. We give an algorithm to construct such

generator matrix which will be very useful throughout the thesis.

We define a convolutional code as a Z,-|D]-submodule of Z7.[D]. We introduce its
free and row distance using the notion of the Hamming weight of a polynomial vector
and we establish an upper-bound on the free distance generalizing the main result in
[EOS13]. We define maximal distance separable (MDS) convolutional codes as those
which their free distance reach this upper-bound. Moreover, we show the existence of
MDS convolutional codes by providing a class of convolutional codes whose distance

achieve such an upper bound. These results have been published in [NPT16].

Next we address the notion of column distance of a convolutional code over Z,-.
We derive upper-bounds on the column distances and we define maximal distance
profile (MDP) convolutional codes as the ones that their column distances achieve the

maximum possible values.

Chapter 4 - Constructions of convolutional codes over Z,-

In this chapter we concentrate on constructions of MDS and MDP convolutional

codes over Z,r.

First we build MDS convolutional codes that are not necessarily free. We [ift MDS
convolutional codes over Z, to Z,- in such a way that the resulting convolutional code
is MDS over Z,-. These results have been published in [NPT16]. In the second part
of this chapter, we present constructions of MDP convolutional codes given a set of
parameters. We consider two cases regarding this set of parameters and the idea is
the same as that given for the construction of MDS codes: start from well-known
constructions of MDP convolutional codes over Z, and then lift them to Z,- in such a

way that the resulting convolutional code is MDP over Z,:.



Chapter 5 - Duality

We also investigate the dual codes of convolutional codes defined in Z,((D)), the
ring of Laurent series with coefficients in Z,» [EONPT]. We show that, as opposed to
convolutional codes over Z,-, convolutional codes defined in Z,-((D)) always admit a
kernel representation, which defines an image representation of the dual, and we give a
procedure to determine it. Thus, given a convolutional code C over Z,-, we are able to
determine a kernel representation of the smallest convolutional C defined in Zy ((D))
that contains C. This property is fundamental when we consider decoding over an
erasure channel.

The work on Chapter 5 have been presented in MAT-TRIAD 2015 and published
in [EONPT].

Chapter 6 - Conclusions

Finally, in the last chapter, we summarize the main results obtained, and discuss

some future work.






Chapter 2

The module Z; D]

In this chapter we will consider Z,[D]-submodules of Z,-[D], where Z,[D] denotes
the ring of polynomials with coefficients in Z,-, with p prime and r an integer greater
than one. We will study these modules using known concepts of p-generator sequence,
p-linearly independence and p-basis and we will present novel results on these modules

using these notions. Most of these definitions and results come from [KPP07] and

[KP09).

2.1 P-basis

Any element a € Z, can be written uniquely as a linear combination of 1,p,p?, ...
.., p" 1, with coefficients in A, = {0,1,...,p— 1} C Z,, i.e.,

1

a=o+ap+--+ap 0, €A, i=01,...,r—1,

called the p-adic expansion of the element [CS95]. Note that all elements in A,\{0}
are units. In [VSA96], the authors considered this property to define a special type of
linear combination of vectors, called p-linear combination, which allows to define the
notion of p-generator sequence, p-basis and p-dimension for every submodule of Z, [D].

These notions were extended for vectors in [KPP07] and we recall them in this section.

Definition 2.1. [KPP07] Let vi(D), ..., v(D) be in Z;.[D]. The vector
k
> a;(D)v;(D),

Jj=1

with a;(D) € Ay[D], is said to be a p-linear combination of vi(D),...,vx(D)
and the set of all p-linear combinations of vi(D),...,vg(D) is called the p-span of

11
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{v1(D),...,v(D)}, denoted by p-span (vi(D),...,vx(D)).

Notice that p-span(vi(D), ..., vx(D)) may not be a Zy[D]-submodule of Z7, [D] as

can be seen in the next example.

Example 2.2. Consider the module Z3[D] and

M = p-span((1+ D,0),(0,1+ D)).

M is not a Z4|D]-submodule of Z3|D] since, for instance,
(2+2D,0) & M.

The next definition introduces a property on sequences of vectors (vy (D), ..., vx(D))
in Zy,[D] that will guarantee that p-span(v(D), ..., vx(D)) is a Z,[D]-submodule of
z.[D].

Definition 2.3. [KPP07] An ordered set of vectors (vi(D), ..., vx(D)) in Zy.[D] is said
to be a p-generator sequence if pv;(D) is a p-linear combination of vy 1(D), . .., ve(D),
i=1,...,k—1, and pvi(D) = 0.

Lemma 2.4. [KPP07] Let vi(D), ... ,vx(D) be in Zy,[D]. If (vi(D),...,v(D)) is a
p-generator sequence, it holds that

p-span(vy (D), ..., vg(D)) = span(vy (D), ..., vx(D)).

Consequently p-span(vi(D), ..., vx(D)) is a Zy -submodule of Zy,[D].

Note that if M = span(vi(D),...,vx(D)) is a submodule of Z7,[D] then

(U1<D>7PU1(D) s 7pT_IUI(D)7U2<D)7pU2(D)7 )

(2.1)
0 (D), L ve(D), pur(D) ... p k(D).

is a p-generator sequence of M.

Definition 2.5. Two p-generator sequences V(D) = (v1(D),...,v(D)) and V'(D) =
(V1 (D), ..., v (D)) in Z;.[D] are said to be equivalent if they generate the same
module M, i.e., M = span(V (D)) = span(V'(D)).

Note that in Z. [ D] it may happen that two vectors are linearly dependent without
any of them being a linear combination of the other, which is illustrated in the following

example.
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Example 2.6. In Z2[D], the vectors (44+4D,0) and (0,2+2D) are linearly dependent
since

2(4+4D,0) + 4(0,2 + 2D) = (0,0)

but none of these vectors is a linear combination of the other.
So, we need to introduce a new notion of linear independence.

Definition 2.7. [KPP07] The vectors vi(D), ... ,vx(D) in Zy.[D] are said to be p-
linearly independent if the only p-linear combination of vi(D),...,vx(D) that is
equal to 0 is the trivial one. If vi(D),...,vx(D) are not p-linearly independent, they

are called p-linearly dependent.

The following result establishes a necessary condition in order to reduce a given

p-generator sequence.

Lemma 2.8. Let (v1(D),...,v;(D),v;11(D),...,vx(D)) be a p-generator sequence of
a submodule M of Z,[D], with viy1(D),...,vg(D) p-linearly independent vectors. If

v;(D) is written as p-linear combination of viy1(D), ..., vi(D) then

(v1(D),...,v;_1(D),vi41(D), ..., v(D))

18 a p-generator sequence of M.

Proof Since v;(D) is a p-linear combination of v;1(D), ..., vx(D) then
vi(D) = Bit1(D)vis1(D) + Biva(D)vir2(D) + -+ - + Brow(D), (2.2)
for some f;(D) € A,[D], t =i+ 1,..., k. To see that
(v1(D),...,v;_1(D),vix1(D), ..., ve(D))

is a p-generator sequence, we need to prove that pv;(D) is a p-linear combination of
the vectors in {v;41(D), ..., ve(D)\{vi(D)}, for j < .

Let j <i—1.

As (v1(D), ..., v;(D),vi11(D),...,vx(D)) is a p-generator sequence then

pvj(D) =a;1(D)vj1(D) + -+ + ai_1(D)vi—1 (D) + i (D)vi( D)+
+ ai+1(D)Ui+1(D) + -+ Oék(D>’Uk(D),
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for some a4(D) € A,[D], s =j+1,...,k Replacing v;(D) as in (2.2) we have that

pvi(D) = aj(D)vja(D) + - + a1 (D)vima (D) +
+(ai(D)Bis1(D) + ais1(D))vir1 (D) + (ai(D)Bis2(D) + iy (D))vir2(D) +
+ -+ ((D)Bi(D) + (D)) v (D)
= a;+1(D)vjta (D) + -+ ai(D)vii (D) +
Y41 (D)vis1 (D) + Yipa(D)visa(D) + -+ -+ (D)ur(D),

with v,(D) = a;(D)fe(D)+au(D) € Zyr[D], t = i+1,..., k. Since (v;41(D), ..., vx(D))

is a p-generator sequence, by Lemma 2.4, it follows that
p-span(viy1(D), ..., ve(D)) = span(vis1(D), ..., v(D))
and, so
pvj(D) = aj1(D)vjs1 (D) + -+ + 741 (D)vi1 (D) +7ig2 (D) viga(D) + - - - + (D) vi(D)

for some (D) € A,[D], t =i+1,....,k.
Note that if j =7 — 1 then

priei(D) = ai(D)vi(D) + a1 (D)visa (D) + -+ + an(D)v(D)
= (ai(D)Bit1(D) + aipa(D))vig1(D) + - - - + (ai(D) Be(D) + a(D)))vr(D)
and by the same reasoning as before it follows that

pvi—1(D) € p-span(viy1 (D), ..., v(D)).

Thus, (v1(D),...,v;1(D),vi1(D),...,vx(D)) is a p-generator sequence.

Finally,
span(vy(D), ..., v;_1(D),v;(D),vis1(D),...,vx(D)) =
= span(vy(D),...,v;_1(D),vi11(D), ..., vx(D))
because v;(D) is a linear combination of v;11(D), ..., vx(D). Thus, by Lemma 2.4,

M = p-span(vi(D),...,vi_1(D),v;(D),viy1(D), ..., (D))
= p-span(vi(D),...,v;_1(D),viy1(D),...,vx(D))
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and, therefore (v1(D), ..., v;_1(D), viz1(D), ..., vx(D)) is a p-generator sequence of M.
U

Note that a set of linearly independent polynomial vectors is also a set of p-linearly
independent polynomial vectors, but the reciprocal may not occur as it can be seen in

the next example.

Example 2.9. Let us consider (3+ 3D,3D?), (3 +3D,0) € Z2[D]. These two vectors

are p-linearly independent but not linearly independent. In fact,
3(3+43D,3D?) +3(3+3D,0) = (0,0),
but, if oy (D), as(D) € A,[D] then
a1(D)(3+3D,3D?) + ay(D)(3 4 3D,0) = (0,0) = a1(D) = ay(D) = 0.

Definition 2.10. [KPP07] An ordered set of vectors (vi(D),...,vx(D)) which is a

p-generator sequence of M and p-linearly independent is said to be a p-basis of M.

It is proved in [KP09] that two p-bases of a Z,-[D]-submodule M of Z7.[D] have
the same number of elements and, so the number of elements of a p-basis of M is an

invariant of M.

Definition 2.11. [KPP07] The number of elements of a p-basis of a Z,»|D]-submodule
M of Z3.|D] is called p-dimension of M, denoted as p-dim(M).

Next we provide new elementary operations on a given p-basis of M so that we

obtain another p-basis of M.

Lemma 2.12. Let (v1(D),...,vx(D)) be a p-generator sequence of a submodule M of
Zy.[D]. Then,

1. If vi(D) = a;v;(D) + Ef:iﬂ ai(D)vy(D), where a; € Zy is a unit and a;(D) €
Zy D], t=1i+1,....k then

(v1(D), ..., vi1(D),v(D),viz1(D),...,ve(D)) (2.3)

is a p-generator sequence of M. Moreover, if (vi(D),...,vx(D)) is a p-basis of
M then (2.83) is a p-basis of M.

2. If pvi(D) is a p-linear combination of vi(D),vi1(D), ..., vx(D), for some t > i,
then

(01(D), ..., vi-1(D), v (D), ..., v_1 (D), v:(D),0,(D), ..., vp(D))  (2.4)
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is a p-generator sequence of M. Moreover, if (vi(D),...,vx(D)) is a p-basis of
M then (2.4) is a p-basis of M.

Proof

1. Since (v1(D),...,vx(D)) is a p-generator sequence then

poi(D) = ar (D)ossa(D) + aien(D)uieal(D) + -+ + ax(Dyon(D),  (2.5)
for some (D) € A,[D],t =i+1,..., k. Fromv)(D) = aivi(D)jLZf:iH at(D)v(D)

we can write
k

pvi(D) = pau;(D) + Y pay(D)vy(D)

t=i+1

and, replacing pvi(D) as defined in (2.5),

pui(D) =(aiiy1(D) + paiy1(D))vig1 (D) + (aictiva(D) + pair2(D))viya(D)+
+ -+ (a;0(D) 4 pag(D))vr (D).

As (vi11(D), ..., vx(D)) is a p-generator sequence, by Lemma 2.4 we have that
p—Sp(lTL(UZ;H(D), s 7Uk(D)) = Sp&n<vi+1 (D)a s 7vk(D)) (26)

and, so
poi(D) = Bis1(D)vis1 (D) + Bisa(D)viya(D) + -+ + Br(D)vi(D),

with 8,(D) € A,D], t =i+ 1,....k. Thus, (v)(D),vis1(D),...,ve(D)) is a

p-generator sequence.

Let j <7—1 and

pvi(D) = Y1 (D)vjp1(D) + -+ %i-1(D)via (D) + vi(D)vi(D) +
+Yir1(D)vig1 (D) + -+« + (D) (D)

for some v,(D) € A,D], t = i+ 1,...,k. Replacing v;(D) by a;'(vi(D) —
Zf:iﬂ a;(D)v (D)) it follows that

pvj(D) = 7j41(D)vjs1(D) + -+ - + vim1(D)vi_1 (D) + vi(D)a; 'vi(D) +
+(Yis1(D) = vi(D)a; i1 (D))vig1 (D) 4 -+ - + (W(D) —
—7i(D)a; ' ax(D))v(D).
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From (2.6) it follows that
poi(D) = 41(D)vjs1(D) + -+ + Yim1(D)via (D) + 7i(D)vi(D) +
Vig1 (D)vir1 (D) + -+ (D)ve(D),
for some (D) € A,[D], t =1i,...,k.

If j =7—1 then
pria(D) = %(D)vi(D) + yir1 (D)via (D) + - - - + y(D)or(D),

for some (D) € A,[D] and therefore applying the same reasoning as before we
have that

pvi-1(D) = 7i(D)vi(D) + viy1 (D)visa (D) + - -+ + % (D)or(D),

for some v;(D) € A[D], t=i+1,... k.
Thus, (v1(D),...,v;_1(D),vi(D),vi1(D),...,ve(D)) is a p-generator sequence.

» Y1

We also have that

span(vy (D), ..., v;i_1(D),v;(D),vis1(D), ..., vx(D)) =
=span(vi(D), ..., v;_1(D),v}(D),vit1(D), ..., vx(D)),

because v;(D) is a linear combination of v;(D),...,vx(D). By Lemma 2.4,

M = p-span(vi(D),...,v;_1(D),v;(D),vis1(D), ..., ve(D))
= p-span(vy(D),...,v;_1(D),vi(D),v;11(D),...,vx(D))

and, therefore (v1(D),...,v;_1(D),vi(D),v;x1(D), ..., vx(D)) is a p-generator se-

» Y1

quence of M.

To conclude the proof, it remains to show that

vi(D),...,v;_1(D),v(D),v;11(D),...,ve(D)

» Vi

are p-linearly independent. Let us consider §;(D) € A,[D],t = 1,...,k such that

5y (D)vy(D) + -+ + 6;_1(D)v;_1(D)+

(2.7)
+0;(D)vi(D) + 0i41(D)vis1 (D) + -+ + dx(D)ve(D) = 0.
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Since v}(D) = av;(D) + Zf:iﬂ a;(D)v (D), then

0 (D)vi (D) + -+ 6i1(D)vi_1 (D) + 6;(D)a;v;(D)+
+ (6:(D)ai1(D) + 0541 (D))vig1 (D) + (2.8)
+ -+ (6:(D)ag(D) + d1(D))v(D) = 0.

By Lemma 2.4 and using the fact that (vi(D),...,vx(D)) is a p-generator se-

quence, we can rewrite (2.8) as
d1(D)vy(D) + ...+ 0;_1(D)v;_1(D) + §.(D)v;(D)+
+ 031 (D)vigr (D) + -+ + G (D)ve(D) =0,
for some 0; € A,[D], t =1i,..., k. Asv(D),...,vs(D) are p-linearly independent

then
(51:---:(51-:(5;“:---:(52;:0.

Thus, substituting ¢; by zero, t = 1,...4, in (2.7) we obtain
5i+1(D)UZ‘+1(D) + -+ 5k(D>Uk(D) = 0.
From the p-linearly independence of v;41(D), ..., vx(D) we have that

diy1 =+ =0, =0.

2. It is obvious.

U

Note that all definitions and all results above can be applied for submodules over
Zy, [VSA96]. In fact, as mentioned before, these notions were first introduced in this
paper for such modules and later extended for the module Z7,[D] in [KPPO7].

Next, we will introduce a special type of p-basis of a submodule of Z7,[D]. For that

we need first to introduce some notions on vectors and matrices over Z,-[D)].

Definition 2.13. [KPP07] A nonzero polynomial vector v(D) in Zy.[D], written as
v(D) = > v D, with vy € Ly, and v, # 0, is said to have degree v, denoted by
=0

degv(D) = v, and v, is called the leading coefficient vector of v(D), denoted by
v'®. For a given matriz G(D) € Z;X"|D] we denote by G'* € Zi*™ the matriz whose

rows are constituted by the leading coefficient vectors of the rows of G(D).
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Definition 2.14. [KPP07] A p-basis (vi(D),...,v(D)) of a submodule M of Zy.[D]

is called a reduced p-basis if the vectors v'¢, ... v are p-linearly independent in Loyr -

Every submodule M of Z7,[D] has a reduced p-basis. Algorithm 3.11 in [KPP07]
constructs a reduced p-basis for a submodule M from a generator sequence of M. For
completeness, we rewrite this algorithm as Algorithm 2.15 taking as input a p-generator

sequence of M.

Algorithm 2.15. [KPP07] Input data: V' <« (wi(D),...,w,(D)) p-generator
sequence, with w;(D) € Z7,[D].

Step 1: Re-order V' according to non-increasing degrees such that

V « (Ul(D), . ,Uk(D),O, . ,O),

making sure that vectors of equal degree are not swapped. Denote d; := degv;(D)
for1 <i<k.

Step 2: Remowve zero vectors, resulting in

V <+ (n1(D),...,v(D)).

Step 3: Determine the smallest ¢ such that

is a p-basis in Ly .
Step 4: Fori=1,...,k—{ let o; € Zy be such that
le le le le
v+ o Uy . aguy = 0.
Replace vy(D) by
de—dgyq de—dgyo de—d,
Ug(D) + o D o4 (D) + oD + Ug+2(D) + -+ apeD Uk(D)

Go to Step 1.

The algorithm stops when ¢ =0 at Step 3.
Output data: (v1(D),...,v(D)).
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Remark 2.16. Algorithm 3.11 in [KPPO7] starts by constructing a p-generator se-
quence for M in an initialization step. If the input of the algorithm is already a p-

generator sequence this step is redundant.

Lemma 2.17. [KPP07] The degrees of the vectors of two reduced p-bases of M are the
same (up to permutation). Therefore, the degrees of a reduced p-basis of a submodule

of Zy.|D] are an invariant of the code.

Definition 2.18. The degrees of the vectors of a reduced p-basis of a submodule M
of Zy,[D] are called the p-indices of M and the sum of the p-indices is called the
p-degree of M.

Lemma 2.19. [KPPO07] Any reduced p-basis (v1(D),...,vx(D)) of M ezhibits the p-
predictable degree property:

deg (Z ai(D)vi(D)> = max (deg aj(D) + degv;(D))

P j:aj(D)eAp[DI\{0}

By Lemma 2.19, it follows that any reduced p-basis of a submodule M of Zj, (D]

can be ordered by non increasing degrees to produce another reduced p-basis of M.



Chapter 3
Convolutional Codes over Zpr

In this chapter, we will concentrate on convolutional codes over Z,-. Particular atten-
tion will be given to the class of block codes over Z,- seen as an instance of the class
of convolutional codes over Z, . We will present the definition of convolutional code,
encoder and p-encoder, p-basis and reduced p-basis of convolutional codes. At the end
of this chapter, we define free distance and column distance of a convolutional code
over Z,, using the notion of the Hamming weight of a polynomial vector, and establish

upper bounds for these distances.

3.1 Block Codes

Definition 3.1. A (linear) block code C of length n over Zy is a Zy -submodule
of Zy- and the elements of C are called codewords. A generator matrix G e ZETX”
of C is a matrix whose rows form a minimal set of generators of C over Zy. If G
has full row rank, then it is called an encoder of C and C is a free module. If C has
p-dimension k, a p-encoder G € Z];TX" of C is a matriz whose rows form a p-basis of
C and therefore

C:]mApG
={v=uGeZ, :uec A}

Next, we introduce the notion of p-standard form that will play an important role

in the sequel. First we recall the definition of standard form as introduced in [NSO1].

Definition 3.2. [NS01] Let C be a block code over Z,. A generator matriz G for C is

21
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said to be in standard form if

Ik A?,o Ag,o Ag,o e Ag—l,o Ag,o
0 ply, pA%,l PAzls,l T pAvl«—l,l PA}«,l
G=10 0 p2[k2 p2A§72 T P2A371,2 pQA?,Q ) (3.1)
0 0 0 0 - P, pMALL
where the columns are grouped into blocks of sizes kg, ..., k._1,n — E:;é k; and Iy,

denotes the identity matriz of size k;.

Lemma 3.3. [NS01] Any nonzero block code C over Z, has a generator matriz in
standard form. Moreover, all generator matrices of C in standard form have the same

parameters ko, ki, ..., k._1.

Remark 3.4. Note that a block code over Z, is free if and only if its parameters are
ko=Fk k=0,i=1,...,r—1.

We are now in position to introduce the novel notion of p-standard form that will
be extensively use throughout the thesis.

Definition 3.5. Let C be a block code over Z,-. A p-encoder G' of C is said to be in
p-standard form if

[ Iko A1 0 A2 0 Ag,o Ag—l 0 AB 0
20 0 pAY pAg,1 PAY 11 pAg,l
0 pli, pAS pAle,l PA 11 pA}“,l
pQIko 0 0 P2A8,2 PAY_q o PQAE 2
0 P Ik, 0 p2A§72 PPAL 1 PPAL
0 0 P*In, p2A§72 PPA7 1, PPA7,
G = (3.2)
"y, 0 0 0 0 prrAY
0 p 1, 0 0 0 prTAL L
0 0 p 1y, 0 0 prrAZL
0 0 0 " g, 0 prtAS
. 0 0 0 e P, prTrALL
where I, denotes the identity matriz of size k;, with 1 =0,...,r — 1.

Remark 3.6. The p-standard form defined above is a particular case of a p-basis in
row echelon form (see [VSA96]).

Given a generator matrix of C in standard form we can extend it to obtain a p-

encoder in p-standard form applying the following algorithm.
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Algorithm 3.7. Input data: G+ | P’B ks generator matrix in standard

form, i.e., as in (3.1), of a block code C over_Zpr, where By i, 1s constituted by the first

ko rows ofCNJ defined in (3.1) and p'By,, fori=1,...,r —1, is the matriz constituted

by the rows ko + -+ ki1 +1,... ko+---+ ki1 +k ofé.

Step 1: Eaxtend G multiplying p' By, by p,p?, ... 70D with i =0,.. ., — 2, res-
ulting in

Bi,, |

Bk

/
3,ko

where B}, =p™ ' By, j=1,...,r —i,i=0,...,r = 1.

Step 2: Forj=2,....,r—iandi=0,...,r —2 replace

-1

/ / 7 /

ik > Bk, — E Al Gtk
t—1

Step 3: Reorder the rows in order to have G written in p-standard form.

Output data: G.
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Theorem 3.8. Given a generator matrix G in standard form as in (3.2) of a block
code C over Zyr, the Algorithm 3.7 produces a p-encoder G of C in p-standard form as

Proof From (2.1) we guarantee that, in Step 1 of Algorithm 3.7, we construct a p-
generator sequence of C. The structure of G defined in (3.1) allows to state immediately
that the rows of GG are p-linearly independent and, therefore GG is a p-encoder of C. By
Lemma 2.12, Step 2 and Step 3 of Algorithm 3.7 always produce a p-encoder. 0

Remark 3.9. If one wants to construct a p-basis in p-standard form from an arbit-
rary p-basis instead of starting with a set of generators, on can use results in [VSA9G].
In fact, in [VSA96] was developed an algorithm, called the Gaussian Elimination al-
gorithm, that constructs a p-basis in row echelon form for a submodule M of Z;. starting
with an arbitrary p-basis of M. This algorithm can be easily adjusted in order to con-
struct a p-basis in p-standard form using the operations of Lemma 2.12 adapted for the

constant case.
The next lemma immediately follows from Lemma 3.3 together with Theorem 3.8.

Lemma 3.10. Any nonzero block code C over Z, has a p-encoder in p-standard form
as in 3.2.
The scalars k;, 1 = 0,1,...,r—1, are equal for all p-encoders of C written in p-standard

form, i.e., they are uniquely determined for a given C and, if C has p-dimension k then
k=310 ki(r — ).
Definition 3.11. Let G be a p-encoder in p-standard form of a block code C over Z,-

as in 3.2. The scalars ko, ky, ..., k._1 are called the parameters of C.

Definition 3.12. The free distance d(C) of a linear block code C over Z,- is given

by
d(C) = min{wt(v),v € C,v # 0}

where wt(v) is the Hamming weight of v, i.e., the number of nonzero entries of v.

Since the last row of a p-encoder in p-standard form is obviously a codeword it is
trivial to derive a Singleton-type of upper bound on the free distance of a block code

over Zyr.

Theorem 3.13. [NS01] Given a linear block code C C Z7, with parameters ko, . . ., ky_1,
1t must hold that
dC)<n—(ko+- - +k_1)+ 1
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Among block codes of length n and p-dimension k, we are interested in the ones
with largest possible distance. For that we need to define an optimal set of parameters
of M.

Definition 3.14. Given an integer r > 1 and a non-negative integer k we call an
ordered set (ko, k1, -+ ,k.—1), k; € N, i =0,--- ,r—1 an r-optimal set of paramet-
ers of k if

ko+ki+- -+ k1= min (ko + K 4+ k).
k=rko+(r—1)kj+-+k._4

Note that when r divides k, (ko,0,...,,0), with ky = %, is the unique r-optimal
set of parameters of k. However,in the general case, the r-optimal set of parameters
of k is not necessarily unique for a given k and r. For instance if £k = 25 and r = 6,
(4,0,0,0,0,1) and (0,5,0,0,0,0) are two possible 6-optimal set of parameters of 25.
Note that the computation of the r-optimal set of parameters is the well-known change
making problem [CGT70].

Lemma 3.15. Let (ko, ki, ,k.—1) be an r-optimal set of parameters of k. Then,
ko+ k44 ko = [2].
Proof Write k = rb+ a, where b,a € N and a < r. Note that a can be written as
a=r1r—1, for some 1 <i<r.

If r|k then a = 0 and necessarily ky = é and k; =0, for 1 <j<r—1.

If r{ k, we can select kg = b, ky_, =1 and k; =0, for j € {1,...r—1}\{r —a}. Hence
ko+ki+---+k_1=0b+1= (ﬂ It is easy to verify that these values minimize
ko + ki + -+ k,_q subject to k =rko+ (r — Dky + -+ + k1. O

Using the previous lemma, the Singleton bound of codes over Z,- in terms of the

p-dimension reads as follows.

Corollary 3.16. Given a block code C C Z. and p-dimension k,

k
d(C) <n— [—-‘ + 1.
r
Using a completely different approach this result was also derived in [EOS13, The-
orem 3.1| without using the notions of p-standard form nor the r-optimal set of para-
meters. We note, however, that our approach and in particular these two notions will

turn out to be crucial to derive our results in the next section and Chapter 4.
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3.2 Convolutional Codes

Definition 3.17. A convolutional code C of length n is a Z, [D]-submodule of
Zy.|D]. A generator matrix G(D) e Z;X"D] of C is a polynomial matriz whose

rows form a minimal set of generators of C over Z,[D] and therefore

C = Img,nG(D)
= {U(D)é(D) :u(D) € ZET[D]}-

If é(D) has full row rank, then it is called an encoder of C and C is a free code. If C
has p-dimension k, a p-encoder G(D) € ZE*"[D] of C is a polynomial matriz whose

rows form a p-basis of C and therefore

C = ImamG(D)
= {u(D)G(D) : u(D) € A*[D]} .

If the rows of G(D) (G(D)) form a reduced p-basis (basis) then we say that G(D)
(é(D)) is in reduced form®. The row degrees of any p-encoder in reduced form are
invariants of the code C, see Lemma 2.17, and are called p-Forney indices of C. The

sum of the p-Forney indices is the p-degree of C, denoted by 6.

Note that if a convolutional code admits a constant generator matrix, it is called a
block code.

In the sequel, we will adopt the notation used by McEliece [McE98, p. 1082] and
denote by (n, k, )-convolutional code a code C C Z7.[D] with p-dimension k and p-
degree 9.

Note that convolutional codes C C Z,[D] always admit a p-encoder however they
may not admit a full row rank generator matrix, i.e., an encoder. The difference is that
the input vector takes values in A,[D] for p-encoders whereas for generator matrices
takes values in Z,-[D]. This idea of using a p-adic expansion for the information input

vector is already present in, for instance, [CS95] and was further developed in [VSA96].

Example 3.18. Let C = span{go, 91} C Z3;[D] be a convolutional code, with

902[1 1+D 0

YA basis (v1(D),...,vx(D)) of a free submodule M of Z7.[D] is called reduced if vi¢, ... vl are
linearly independent.
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and
91:[3 0 3+30].

The generator matriz
~ 1 1+D 0
G(D) = +
3 0 3+3D

18 not full row rank and C does not admit an encoder. However,

9o 1 1+D 0
390 3 3+3D 0
GD)=199 | =19 9+9D 0
0 3 0 3+3D
| 391 | | 9 0 949D |

s a p-encoder of C.

3.3 Distances of Convolutional Codes

It is well-known that the distance is the simple most important parameter to determine
the performance of a block code. In the context of convolutional codes there are two
fundamental distance properties that are typically analysed, namely the free distance
and the column distance. In this section we formally introduce these two notions and

study convolutional codes that have good distance properties.

3.3.1 Free distance
Definition 3.19. The weight of v(D) = 3. v D’, v; € Zyr is given by
wt(v(D)) = Y wh(u;).
i>0

Definition 3.20. The free distance of a convolutional code C is defined as
d(C) = min{wt(v(D)) : v(D) € C, v(D) # 0}.

El Oued and Solé in [EOS13] presented for the first time an upper bound on the free
distance. Moreover, they showed that the bound is optimal by presenting constructions
free MDS convolutional codes, i.e., convolutional codes achieving this bound. However,
the existence of nonfree MDS convolutional codes were left as an open problem and it

was not clear whether nonfree convolutional codes could attain such a bound. Using a
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different approach we solve this problem and provide, in the next chapter, explicit novel
constructions of nonfree convolutional codes over Z,, for every set of given parameters,
that reach this bound.

The next definition will allow us to obtain an upper bound on the free distance of an
(n, k, §)-convolutional code over Z,-. It generalizes to convolutional codes over Z,- the

notion of row distance for a convolutional code over a finite field [JZ99].

Definition 3.21. The j-th row distance d of a p-encoder in reduced form G(D)
15 defined as the minimum of the weights of all codewords resulting from a nonzero
information sequence u(D) € A[D] with deg(u(D)) < j, i.e.,

d; = min wt(u(D)G(D)).
deg(u(D)) < j

u(D) #0
Clearly, if C = Im 4,;;mG(D),
dC) <---<dj <--- <dy < dy. (3.3)
Let C be an (n, k, d)-convolutional code defined over Z,. Let
G(D)=Gy+GD+---+G, D" (3.4)

be a p-encoder in reduced form with ordered row degrees vy > vy--- > v, and let
v = min{vy, vy, ..., 1} denote the value of the smallest row degree and ¢ the number
of rows with row degree equal to v.

We can bring the last ¢ rows of G, into p-standard form (see Remark 3.9). By
Lemma 2.12 we still obtain a p-encoder G (D) of C in reduced form with the last ¢ rows
of G'° in p-standard form. Moreover, by the p-predictable degree property (Lemma
2.19), the last ¢ rows of G(D) have degree equal to v.

Theorem 3.22. Let G(D) = Gy + G1D + --- + G, D" be a p-encoder of an (n,k,0d)-
convolutional code C in reduced form and row degrees vy > vy« -+ > Vp_(p—1) = -+ = Uy
and define v = v. Assume that the last ¢ rows of G, are in p-standard form with

parameters Ly, Uy, ..., 0._1. Then the free distance of C must satisfy
AC) < (v +1) = (lo+ by -+ 6 1) +1. (3.5)

Proof We show that the upper bound in (3.5) is actually an upper bound of dj and
therefore the result readily follows from (3.3).
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Denote by G’ the last ¢ rows of G;(D), i =0,...,v. As these rows have degree v we
can write

G'(D)=Gy+GD+---+G,D"

where G, € Zf,,x-", i =0,...,v. Using the fact that G/, is in the p-standard form,

1.e.,
0 0 0 0 0
Iéo Al 0 A2.0 A3,0 A7—1 0 Ar,O
ple, 0 PAg,l PAg,l PA, 11 pAY
0 prley pAé,l PAé,l PAr—l,l PA}« 1
0 Pl 20 P2A%,2 P2A571,2 P2A5,2
0 0 p~loy p A3,2 pTAL_ 5 p A 2
Gl e
"y, 0 0 0 0 prTrAY
-1 r—1 41
0 p T e, 0 0 0 P A
0 0 p T, 0 0 prTiAZ
0 0 0 P gy 0 prTtAS
’ r—1 R
0 0 0 0 P Lo, p Amr*1

it is easy to see that the input vector

u=(0,0,---,0,1) € A¥[D]

gives a codeword

v(D) =uG(D) = u'G'(D)

with u' = (0,---,0,1) € AJ[D]. The polynomial vector v(D) has the last n— (€o+ {1 +
-+ 4+ L,_1) + 1 entries with weight at most v + 1 and the first ¢y + ¢, + -+ £, — 1
coordinates with weight at most v. Therefore,

dy < n—W+b+-+l)+1v+1)+U+O+-- 44y —1)v
= nv+1)— WU+l +-+Ll_1)+1,

which concludes the proof. O

Given a convolutional code C with a p-encoder in reduced form as defined in (3.4),

the parameters (g, ..., ¢._1) are invariants of C as we can see in the next lemma.

Lemma 3.23. Let

G(D)=Go+GD+--+G, D" and G(D)=Co+GD+---+G, D"
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be two p-encoders in reduced form of an (n, k,d)-convolutional code C with row degrees

vy > Vg > Up_g1 = -+ = 1y, and define v = vy,. Assume that the last { rows of

G, and G, are in p-standard form with parameters by, 1, ... oy and ly, ly, ... 0,1,

respectively. Then €; = €;, i =0,...,r — 1.

Proof Let
—

G(D)=Gy+GD+---+G,D"

and
G'(D)=Gy+G\D+---+G,D"

be the matrices constituted by the last ¢ rows of G(D) and G(D), respectively.

Then, since G(D) and G(D) are p-encoders in reduced form, the p-predictable
degree property (Lemma 2.19) implies that

Im 4,1p)G'(D) = Im ;)G (D)

and furthermore

Im 4,G;, = Im Aﬁ'

v

which shows, by Lemma 3.10, that ¢; = (;, i = 0,...,7 — 1. ([l

Taking the maximum of the bound (3.5) over all (n, k, d)-convolutional codes we
obtain the main result of [EOS13, Theorem 4.10], stated in the next corollary.

Corollary 3.24. The free distance of an (n,k,d) convolutional code C satisfies

(g )-E() o e

Proof Let G(D) be as in Theorem 3.22. The highest value of (3.5) is obtained by
considering the maximum value of v and the minimum value of (¢y + €1 + -+ + £,_1).

It is easy to see that the maximum value of v is when

) )
V= {EJ and vy =1y = =Vp_y = {EJ—i—l.

vof(g )

From this it follows that
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(5]

On the other hand, the values of ({y, ¢, ..., ¢,_1) that minimize o+ ¢; +-- -+ ¢,_; and

and, thus

such that ¢ = >""_ (r —4)¢; are the r-optimal set of parameters of ¢. By Lemma 3.15,

bo+ 0+ + by = [ﬂ
Finally, d 5 s
osu([f] ) - [

Similarly to the field case, we call the bound (3.6) the generalized Singleton
bound.

Definition 3.25. An (n,k,d)-convolutional code over Z, is said to be Maximum
Distance Separable (MDS) if

) kE(]d )
diC) = - 1)—1=(1]+ 1) —- 1.
@ =n([e) 1) - [F ([l =) -5+
It is important to remark that the Singleton-type upper bound presented in (3.6)
is derived as a corollary of the Theorem 3.22 by taking an r-optimal set parameters
of ¢t =k (L%J + 1) — 4 and therefore it follows that MDS convolutional codes over Z,-

must have these optimal set of parameters.

3.3.2 Column distance

Next definition extends the well-known truncated sliding generator matrix of a convo-

lutional code over a finite field [RS85] to convolutional codes over Z,-.

Definition 3.26. Given a p-encoder G(D) = Go+ G1D + -+ + G, D" € ZiX"D], we



32 3. Convolutional Codes over Z,-

can define, for every j € Ny, the truncated sliding generator matrix G¢ as

GO Gl . Gj
G; _ GO . Gj'—l c Z;]ﬁ_l)kx(j—’—l)n
Go

where G; = 0 whenever j > v.

Lemma 3.27. If G(D) € Z;X"D] is a p-encoder of a convolutional code C then the

rows of G§ form a p-generator sequence, for any j € Ny.

Proof Let us represent G(D) by

9x(D)

where ¢4(D) = Z g:D', with s = 1,...,k, is the s — th row of G(D). Since G(D) is
i€Ng
a p-encoder, its rows form a p-generator sequence and therefore

1. pgs(D) € p-span{gs+1(D),...,ge(D)}, s =1,... .k —1;

2. pge(D) =0.

Thus, pgs(0) € p-span{gs+1(0),...,9x(0)}, s =1,...,k—1, and pgx(0) = 0, which
means that the rows of Gfj form a p-generator sequence.

Let us assume now that the rows of G form a p-generator sequence and let us prove
that the rows of G, also form a p-generator sequence. For that it is enough to prove
that

prows(G.,) € p-span{rows 1(G5.,), . .., rowr1)(G5yq)}, (3.7)

s=1,...,k—1, where row;(G%,,) denotes the i-th row of G, .

Let s € {1,...,k — 1}. By condition 1. there exists

/(D)= aD' € A)[D],

i€Ng
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t=s+1,...,k, such that

pgs<D> = as+1(D> ’ gerl(D) + as+2<D> ’ gs+2(D) + et ak(D) : gk(D>

- (T} (T ) ¢ (T ) (Ttarr) ¢

1€Ng 1€Ng 1€Ng 1€Ng

Foot (Z a;D") (Z g,iDi> :

i€Ng 1€Np

which implies that

k l
poL= Y > ah-gi,

a=s+1 i=0

for 1 =0,...,j+ 1. Thus
p[gg gs - ggﬂ} - a2+1'[92+1 o1 ggﬁ]—i_“‘—i_

o i)

+ai+1[0 gg+1 g§+1i|+a]£;|:0 92 g;i|+

4

+a§ﬁ[0 - 0 g?+1]+"'+ai+l[0 0 92}’
which proves 3.7. -

Notice that the rows of G may not be p-linearly independent for some j as the

following example shows.

Example 3.28. Consider the p-encoder

1+D 1+D 1+D 1+D
GD)= | 3+3D 3+3D 3+3D 3+3D | € ZJ* D]

0 0 0 3D2
The rows of

(1111111 1]

33333333

ce_|Go Gi|_ 00000000

e Go | 1111

3333
I 0000
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are not p-linearly independent.

Definition 3.29. [KP09] A p-encoder G(D) of a convolutional code C C Zj.[D] is
said to be delay-free if, for any N € Z and any v(D) = u(D)G(D), u(D) € A[D],
we have

supp (v(D)) C [N, 00) = supp (u(D)) C [N, 00),

where, considering v(D) = Y,y viD’, supp (v(D)) = {i € Ng : v; # 0} (supp (u(D))

is defined in the same way).

Lemma 3.30. [KP09] Let G(D) = Go+ G1D + -+ + G, D", with G; € )", i =
0,...,v, be a p-encoder of a convolutional code C of length n and p-dimension k. Then
G(D) is delay-free if and only if the rows of G(0) = Gy are p-linearly independent.

If G(D) is a delay-free p-encoder, since the rows of G(0) are p-linearly independent,
all rows of G are p-linearly independent, for j € Ny.
Let us define

Co ={vo : v(D) = ZviDi e C}.

i>0
It is immediate that

C@ = Im .ApG()a
for any p-encoder G(D) of C.

Lemma 3.31. If a convolutional code C of length n and p-dimension k admits a delay-

free p-encoder, then all the p-encoders of C are delay-free.

Proof Let G(D) € Zi"[D], G'(D) € Z}*"[D] be two different p-encoders of C. If
G(D) is delay-free then the rows of G(0) are p-linearly independents and therefore
p-dim(Cy) = k, with Cy as defined above. So, since Im 4,Go = Im 4,Gj, the rows of
G’(0) must also be p-linearly independent, which means that G'(D) is also delay-free.

[

From now on, convolutional codes with delay-free p-encoders will be called delay-

free convolutional codes.

Definition 3.32. Given a p-encoder G(D) of a convolutional code C over Z, we define
the j — th column distance of G(D) as

dj(G) = min{wt(v) 1 v =uGf € er(j+1), u=[up...uj], up #0, UGA’;, i=0,...,7}
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for j € Np.

It is obvious that d5(G) < d5,,(G), for j € No.

Remark 3.33. If C is a delay-free convolutional code and G(D) and G'(D) are two
p-encoders of C, then

di(G) = dj(G)
= min{wt(v(D)jp;)) : v(D) € C and vy # 0},
where v(D)|jo, = vo+v1D+---4v;D7, forv(D) =3, yviD". Thus, the j-th column

distance of p-encoders of C is an invariant of the code and we will simply denote it by
ds.

J

Let C be a delay-free convolutional code with a p-encoder G(D) written as

G(D) - G0+G1D—|— +GVDV,

with G; € Z’;f", 1 =0,...,vand G, # 0. We can consider (G in the p-standard form
as

Iko A(1).0 Ag,o Ag,o Ag—l,o A?.o
Pl 0 pAg,l PAg,l PA, 1. pAY
0 2 PAé 1 pA;ls,l PA._11 PA, 1
PzIkO 0 0 PzAg,z PAL 1o pZAE,Q
0 pzlkl 0 P2Aé.2 P2A171 2 pzA}ﬂ
0 0 p21k2 p2A§’2 prAT_ |, p2A272
Go = . . . . . . (3.8)
" 0 0 0 0 prTrAY,
0 [ 0 0 0 prTrAL Ly
0 0 p" M, 0 0 prTlAZ L
0 0 0 P iy 0 prTrAS,
0 0 0 0 P .
where kg, k1, ..., k._1 are the parameters of Cy. With these parameters we can rewrite

G(D) and G;, 1 =0,1,...,v, as
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and

Gi= : : (3.10)

where GO (D) and G\, are the submatrices of G(D) and G; by considering the first
ko rows, respectively, and @(b)(D) and @Z(-b), b=1,2,...r — 1, are constituted by the
rows ko + ki1 +- -+ ky_1+1,... kg +ki+---+k, of G(D) and G}, respectively, where
kj = ko+ki+--+kj, j = 0,...,r—1. Note that G®(D) € Zk*"[D] and G € ZF2*".

Lemma 3.34. Let C be a delay-free convolutional code with a p-encoder G(D) written
as in (3.9) and (3.10). Then, forb=1,2,...,r —1,

~(b) (rrkyxn

G, € p'Ly” (3.11)

where £ =b—1, forb—i>0 and { =0 forb—1i <0.

Proof Since G(D) is a p-generator sequence
prow,G(D) € p-span{row;11G(D), ... ,row,G(D)},
forl=1,...,k—1, implies that
prowj@(r’l)(D) = ajH(D)mij@(T’l)(D) +- 4+ a,;Tfl(D)row,;rflé(rfl)(D),

where rowt@(“l)(D) and row, G~V represent the t-th row of é(“l)(D) and G,

respectively, and a;j1(D),..., a5 _ (D) € A)[D], for j =1,... k1 — 1.

Note that GJ " € pr=1Z5=" Thus, for j =1,... k1 — 1,
0= aj+1(0)7“0wj+1@(7”—1)(0) +-- 4 a,;r_l(O)row,;r_lé(r_l)(()),

which implies that
aj+1(0) = -+ = ag,_,(0) =0,

since the rows of Gy are p-linearly independent. Thus, for ¢ = 1,...,r — 1, it follows
that
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A(r—1)

and, therefore

/S A e

a1 ¢ » ’

7

or
GrVezt" i r—i—1<0.

Following the same reasoning, we prove that

pGY € Im 4,

which implies the result.

Theorem 3.35. Given a delay-free convolutional code C with length n and p-dim(C) =

k, with ko, ki, ..., k._1 being the parameters of Cy, it holds

J

r—=j
djg(]—i—l) <n—2kl> _ZSkr—(s—1)+17 jgr
=0

s=2

and )
djg(j+1)n—2ki—k—(j—r)ko+1, j>r
i=0
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Proof Let G(D) € ZiX"[D] be a p-encoder of C and let us consider the truncated

sliding generator matrix G to obtain
dS = d5(G) = min{wt(v) : v =uGS,u = [ug...u;],up # 0,u; € Ay, i =0,...,j}.

By Lemma 3.30, the rows of Gy form a p-basis and then we can assume without loss of
generality that Gy is in p-standard form as in (3.8), with parameters ko, k1, ..., ky_1.

Let us consider j = 0 and take

u=u=[0 0 ... 1]eAl
Then v = uG is given by
U:[O ... 01 pr_lA:;i’f],

where A"~ ¥ represents the last row of A7~1,. Since v has at least (ko+hki+--+k.—1—1)

ror—1 ror—1°

zero elements, we have that
Wt('U) Sn—(ko—l-kl—l-—'—kr,l)—l—l,

and therefore,
do<n—(ko+ki+---+k—_1)+1

Let us consider now j = 1 and u = [ Uy Uy ], with ug, u; € A’; such that uy # 0, and

v =uG]

<=>|:U0 ’01:|ZU0|:G0 G1]+U1|:O Go},
with v; € Zy,, i = 0, 1. Taking again
uoz[O 0 ... 1}

we obtain
vy = [ 0 ... 01 p’"_lAT_l’k }

r,r—1

v = 9l1 +ui1Go
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17

1

where pr’lA:; f represents the last row of A" 7, and g, represents the last row of G.

Thus,
Wt(UQ) §n—(ko+k1++kr,1)+1

Note that, since G(D) is a p-encoder, its last row is in p"~'Z7.[D] and therefore

n

o~ Moreover, g; can be

the last row of G} can be written as p"~'g;, for some §; € Z

written uniquely as
gl :0404‘041]9""'""0%71]9%17 Q; EA;, i:O,l,...,T—l.

Thus,
Pl =p" a.

It is now clear that vy = p"~'g1 + w1 Gy, with g, € A7
Write ¢g; as

glz[gl,ko 91 kr -+ G1k—1 G1n—(ko++ke—1) |>

. _ — (ko
with g1, € A}, i = ko, k1, .. ko1 and g1 (kg g k) € AL (hot--+hr 1)

Let us construct u; such that:
- its first [(r — 1)ko + (r — 2)ky + - - - + k,_o] components are zero;
- the remaining kg + k1 + - - - + k,._1 components are written as
Mlky Qg -~ Qg |
where o, € A} are such that p"' (—gi,) =p" g, i =0,...,r = L.

So, we obtain vy with its first (kg + k1 + - -+ + k,_1) elements equal to zero.
Thus,

wt(v) = wt(vg) + wt(vy)
S 2%—2(k0+k’1+"'+k7«_1)+1,

and we obtain
di <2n—2(ko+ ki + -+ k1) + 1.

Let j = 2, u = [Uo Uy uQ], u; € .A’;, i = 0,1,2, with up # 0, and let v =
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[ Vo Vi U9 }, with v; € ZZT, 1 =0,1,2, such that

v =uGj,

<:>[v0 vy UQ]ZUO[GO Gy Gg}—i-lh[() Gy Gl}—i-uz[o 0 Goy

Considering
uoz[o 0 ... 1}644];
we have that )
vy = [ 0 ... 01 p”_lA:;i’f}

1 v1=¢i +wuGo )

L Vo = gé + U1G1 + UQGQ

—1,k

1 represents the last row of A:;El in Gy and ¢} and g5 represent the

where p" 1A

last row of G and Gy, respectively, with g, g5 € Zj.. So,
wt(vg) <n—(ko+hki+--+ k1) + L
Considering u; as in the previous case we obtain v; with
wt(v1) <mn— (ko+ ki + -+ ke—1).
Let us now consider v = g + g1 + u2Gy, with g = u;G;. By Lemma 3.34
g ep? Lyyr

and therefore

gt+a=p""g +p g,

for some g7, g € A7
Write

2

1

g :[9%1 9%2}

g1 = [ 9 912 }
with g}, € Akothitth2and g, € Apkotkitthro2) gy i — 1,2, and let us construct

Uy € ZZT such that:

- its first [(r — 2)ko + (r — 3)ky + - - - + k,_3] components are zero;
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- the next (ko + k1 + - -+ kr—o+ ko + k1 + -+ + k._2) components are written as

—g11 —9h |
- the last k,_; components are zero.
Since the rows of G form a p-generator sequence, consider u, € A, such that
UGy = usGy. Thus, the first kg + k1 + -+ k,_o columns of vy are zero and con-

sequently
wt(ve) <m — (ko + k1 + -+ kr_2).

Therefore,

2
wt(v) = Z wt(v;)
=0
<3n—2(ko+ki+ -+ k1) = (ko+ ki 4+ ko) + 1,

and therefore

d;S3n—2(k30+k1+"'+]€T_1)—(]C0+k1+"'+kr_2)+1.

Taking a general j, u = [ Ug U - Uy ], u; € A’;, with ug # 0, and let v =
[ Vo V1 v U ], with v; € Zj,,i=0,1,...,j, such that
v =uG;
<:>|:’UO v ... Uy i| = Ug [ GO G1 Gj i| + up [ 0 GO Gj_l :| + -+
tu (00 Gyl
Using the same procedure as before we can construct wy, ..., u; € Al;, such that
Wt(UQ) STL— (ko—i-kl—i-"'—l-kr,l)—l-l, (312)
wt(v;) <n—(ko+ki+---+k_), i<r (3.13)
and

wt(v;) <n—ko, i>r, (3.14)
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forall i =1,...7. So, since

we conclude that

wt(0) < (J+D)n— (ko + ki + -+ koy) = > (ko+ki+-+k_)+1, ifj<r

=1

<

and

r

J
Wt(U) S (]+1)n—(l€0—|—k1—|—+kr_1)—2(ko—|—k'1—|——l—k,,_l)— Z k0+1, lfj > T

=1 i=r+1
Therefore, for 7 <r

j
< (G+n—(kot+hki+ - +ko)— Y (ko+k+-+k_)+1

1=1
=G+ n—[(G+1)(ko+ ki + -+ keej) + Gk -1+
+ (= Doy + -+ 2k, 1] + 1

r—j J
= (j + 1) <n - kl) - Z Skr—(s—l) +1

and, for j > r

J
< (G+n—(kot+hki+ - +ko) =Y (ho+ki+-+k_)— Y k+l

=1 i=r+1

=(G+l)n—(ko+ki+--+k_1)—[rko+(r—Dki+ - +k_1|—(G—1r)ko+1

r—1
=(+n—> ki—k—(j—rko+1
=0

The column distance measures the distance between two codewords within a time
interval. Hence we seek for codes with column distances as large as possible. Column
distances are very appealing for sequential decoding: the larger column distance the
larger number of error we can correct per time interval. Thus, it follows from Theorem

3.35 that the r-optimal set of parameters of k£ has to be such that the value of ky has
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to be the greatest possible. So, the r-optimal set of parameters of k, (ko, k1,..., k1),
is given by

k
]{70 = \‘—J s krfR =1 and kl = O, (315)

r

where R =k — L%Jrandizl,...,r—l,isér—R.
With this r-optimal set of parameters we can maximize the bound found in Theorem
3.35 as is shown in the next result. Note that if C is a nondelay-free convolutional code
with p-encoder G(D) € ZiX"[D] then there exists up € A¥\{0} such that uG(0) =
0, which implies that d5(G) = 0. Thus, convolutional codes with maximal column
distances will always be delay free. From now on, we consider delay-free convolutional

codes.

Corollary 3.36. Given a convolutional code C with length n and p-dim(C) = k it holds

d; < <n— ’75-‘><]’+1)+1, J<R

oot (B Lo o

with R =k — L%J T.

and

Proof Let kg, ky,...,k,_1 be the parameters of Cy and let us recall that
d; = d5(G) = min{wt(v) : v = u G, u = [ug ... u;],up # 0,u; € A';,i =0,...,7},

where G¢ the truncated sliding generator matrix of a p-encoder G(D) € Zy*"[D] of C,
From (3.12), (3.13) and (3.14) in the proof of Theorem 3.35, and (3.15) we have

i <0 [ 1

and

Therefore, since
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we conclude that, for 7 < R,

and for j > R,

Let us denote the bound obtained in Corollary 3.24 for the column distance by

(n—[*)G+1)+1 , j<R
n=[FDG+) = ([} - [F)R+1)+1 , j>R

where R = k — L%J r, and the singleton bound obtain in Corollary 3.36 for the free

distance

o () ()]
- D)
with o = [£ ([¢] +1) = 8] - (& (L] + 1) - 9).

Definition 3.37. An (n, k,§)-convolutional code C over Z,- is said to be Maximum
Distance Profile (MDP) if
d: = B(j),

J

for j < L, where
L =maz{j: B(j) < SB}.

The next theorem determines explicitly the value of the integer L that appears in
the definition of MDP (n, k, §)-convolutional code over Z,,.
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Theorem 3.38. Let C be an MDP (n, k, §)-convolutional code over Zy, R = k— m T,

o =H
and
|3] L R e e (E A e
<] =t |
wit o= 5 ([£]+1) = 81 - (£ (18] +1) - &)
Then

(| X], if X<R

L={R, ifX>RAB[R+1)>SB .

L | X'], otherwise

Proof Let us consider the increasing function f defined by

f: Rf — Ry
z +— B(z)’

with

(=) @+ = ([F1-F)@®’+D+1 2>k
where € Rj and R=4k — | %] r.

r

If X < R we have that

) = (n_m)((n—%)t%ﬁ%;eowéw—éﬂ)ﬂ

and, therefore L = | X |.

If X > Rand B(R+ 1) > SB it follows immediately that f(R) = SB.
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Finally if X > R and B(R + 1) < SB we can write
foxy — (n_m(H+—%<L%J+1>+é—w:<m—é><r+1>+1>_

r =[]
(- I

)
- B2+

and, therefore L = [ X'|.
O

In this thesis we shall consider two particular cases, namely when k | § and r | k.

For these cases Theorem 3.38 reads as follows.

Corollary 3.39. Let C be an MDP (n, k. §)-convolutional code over Z, with k | 0. Let

koon—[}]

and LkJ‘S s
Bley
X/: rd k

A

with R = k;—LJr Then,
(X, if X<R

L=<S R, if X>R AN B(R+1)<SB

[ [ X'], otherwise

Corollary 3.40. Let C be an MDP (n,k,§)-convolutional code over Z, with r | k.

Then
=|2]s {AJ |

Note that r | £ means that R = 0, and so

B(j) = (n — é) (J+1)+1 (3.16)

In this case we can prove the next lemma.
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Lemma 3.41. Let C be an (n, k, §)-convolutional code over Zy withr | k. If d; = B(j)
then df = B(i), for all i < j.

Proof It is sufficient to prove that

dj=B(j)=d;_,=B(j—1), for j>1

J

Let us consider G written in p-standard form. Since r | k, the r-optimal set
of parameters (ko,k1,...,k.—1) of k is such that ky = é and k; = 0, for all i =

1,2,...,7 — 1. Let us assume that

Let v(D) € C such that vy # 0 and
wt (v(D)[pj-1) = dj 1,

where v(D)|jpj-1] = vo + 11D + -+ +v; 1D’ for v(D) = >, v D"

Then,
U(D)|[o7j_1] = |: Vo Vi ... Uj }
Gy G, Gy
= [ Up  Up Uj—1 } ' : )
Go
for some u; GA’;,izo,...,j—l.
Let v(D) € C be such that
5(D)’[0,J] = |: Yo V1 ... Vj-1 Uj ]
Gy Gy Gioi Gj
= |:U0 Uy ... Uj—q1 u} h : : 5
j j Gy G
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for some u; € A%, Then

G;
Gj_l
vy = [UO Uy ... Uj—1 Uy
G
Go
Jj—1 ) _
= Zuth—t+ujG0-
t=0

Let us consider u; such that u;Gy negates the first ky = % entries of Z{;é w Gy

So,

k
wt (v;) <n— e

and then, since v(D)|g ;-1 = v(D)|0,j—1] it follows that

t ((D)fog) < (n =) G+ 1)

r

which contradicts (3.16).

Remark 3.42. Note that, for r | k an (n, k,d)-convolutional code C is an MDP if and
only if

r

i = <n—ﬁ) (L+1)+1.



Chapter 4

Constructions of convolutional

codes over Zpr

In this chapter we address the problem of providing explicit constructions of convolu-
tional codes over Z,- that are optimal with respect to the free distance and column
distance, i.e., MDS and MDP convolutional codes. These constructions generalize
the existing constructions of convolutional codes over finite fields [SGLR0O1, ANP13,
Gual4, NR16]).

4.1 MDS Convolutional Codes

We start by presenting a general procedure for building (non necessarily free) MDS
convolutional codes over Z,-. The idea is to start from well-known constructions of
MDS convolutional codes over Z, and then [ift them to Z, in such a way that the
resulting convolutional code is MDS over Z,-. This method is direct and works for any

given set of parameters (n, k, 9).

For the sake of simplicity of exposition, we first assume that &k | . The general case
will be treated at the end of the section.
Since k | 0 the row degrees v;, i = 1,...,k of any p-encoder G(D) of C in reduced

form are

d

k

The MDS (n, k, §)-convolutional C that we aim to construct must satisfy

s-o([f)- (15 +)- 5

49
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Note that
) k(|6 )
Tl =15 (18 +1) =2 +1
(L)) [F () ) -2+
=nv+1)—(ko+ki+ - +k_1)+1
where (ko, k1,...,k,_1) is an r-optimal set of parameters of k£ (by Theorem 3.22 and

Corollary 3.24).

Take

Y

k=ko+ki+ - +k_,
0 =vk

and let us consider an MDS convolutional code C with length n, dimension k and

degree § over the field Z,, (constructions of such codes can be found in [SGLROL,

Guald, NR16)).
The distance of C equals (see [RS99])

Let

with G(D) € ZEX”[D] be an encoder of C in reduced form, where Gy, (D) is a k; x n

matrix, ¢ =0,1,...,r — 1.

By Lemma 3.15,

and since

we get
dC)=nw+1)— [ﬂ +1. (4.2)
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Next, we lift G(D) to construct a k x n matrix G(D) over Zy D] as follows,

(4.3)

G(D) is a p-encoder of an MDS (n, k,d)-convolutional code as we will prove in the

next lemma.

Lemma 4.1. The matriz G(D) defined in (4.3) is a p-encoder in reduced form with

row degrees all equal to v. Moreover, the convolutional code generated by G(D) has

length n, p-dimension k and p-degree §.

Proof Since all the rows of G(D) have row degrees v, the rows of G(D) have also

degree v. From the construction of G(D), it is straightforward to verify that its rows

form a p-generator sequence. It remains to show that G(D) is in reduced form, i.e.,

that the rows of

c,
~l
PGk%
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are p-linearly independent. This amounts to show that for a§ €A, withi=yj,...,7r—1

and j =0,...,7—1,

alGle 4+ agpGle 4 -+ ay TG 4 alpGlE + apPGlE
fo Y TG e a T TIGE =0

implies that

o_ 1 __ _r—=1 _ 1 2 _r—=1 _ r—1 __
ao—ao—'—ao —0, (Il—al——al —0, ey arl—o

Note that, multiplying (4.4) by p"~! we obtain
agp” 'GiE = 0.

As é(D) is in reduced form, éifo must be full row rank over Z, and therefore af = 0.
Proceeding in the same way, by successively multiplying (4.4) by p"=2,..., 1, we show

that a =0, withi =j,...,r —land j=0,...,7r — 1.

For the proof of the last statement note that since k= ko + k1 + -+ k,_1 and
(ko, ..., ky—1) is an r-optimal set of parameters of k we obtain that G(D) has k rows,
i.e., C has p-dimension equal to k. Moreover, since G(D) is in reduced form, the degree
of C is

=2k =s.
R

The following technical lemma will be used in the next theorem. First, we need to

define the order of a codeword.

Definition 4.2. If v(D) € Z,[D] \ {0} we define the order of v(D), denoted by
ord(v(D)), as the j € {1,2,...,r} such that

p'v(D) =0 and p’ 'v(D) # 0.

Lemma 4.3. Let C be the convolutional code generated by the encoder é(D) and p-
encoder G(D) defined in (4.1) and (4.3), respectively. Then, if v(D) € C has order
Js

P~0(D) € Im a,ip) P G(D).
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Proof Since the matrix G(D) defined in (4.1) is full row rank over Z,|D], it follows

that, for any nonzero codeword of C,

v(D) = ”2: Tz:uﬁ(D)pléki(D), withul(D) € A’;i (D],
we have that
ord(v(D)) = max ord(p'Gy,(D)). (4.5)

4Ll (D)#0

Thus, if v(D) has order j then p?~'v(D) has order one and therefore, by (4.5),

P (D) € Tm 4, p) p' "' G(D).

Now we are ready to present the result that shows that our construction is indeed

an MDS convolutional code.

Theorem 4.4. Let C be the (n, k,d)-convolutional code with k| 6 and p-encoder G(D)
as in (4.3). Then, C is MDS, i.e.,

soma(8]+- (2] )0

Proof Since k | 0 the Singleton bound can be written as
) E(|é o ) k
”(EJ “) - HEJ “) ‘ﬂ “—”(%“) - H o
Let v(D) € C\ {0}. Obviously,
wt(v(D)) = wt(p' " v(D)),

where j is the order of v(D). By Lemma 4.3,

for some u(D) € AF[D]. Note that, since u(D) € AF[D],

wt(p" " u(D)G(D)) = wt,(a(D)G(D)),
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where u(D) = wu(D) is the projection of w(D) over Z,[D] and wt, represents the
Hamming weight over Z,. This together with the fact that C is an MDS convolutional

code over Z, shows that

wt(p"'u(D)G(D)) > (n — k) ( EJ + 1> +O+1.

It is straightforward to check that for

this lower bound coincides with the Singleton bound given in Corollary 3.24. This

shows that 5 "

O

Let us now assume that & 1 0 and let us construct an MDS (n, k, §)-convolutional
code C. Note that a p-encoder G(D) of C in reduced form has:

|

- k — ¢ rows of degree k — ¢, where

(g

Select (lo, ..., ¢.—1) an r-optimal set of parameters of ¢. Then

ENISY

- ( rows of degree v = L

dC)=nv+1)—Wlo+ b1+ +l—1)+ 1.

Let a,b € Ny such that
k—1{=ar-+0,

with b < r. Take

k:a+1+€0+€1+---+ﬁr_1
v= 3]

L= (a+ D)+ 1)+ lo+ b+ + L))
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and let C be an MDS convolutional code of length n, dimension k and degree § over

the field Z,. Construct

GD)=| ———- € Z,[ D) (4.6)

to be an encoder of C in reduced form, where G,(D) is a a x n matrix and G4(D) is a

1 x n matrix with row degrees v 4+ 1 and Gy, (D) is an {; X n matrix with row degrees

v,1=0,1,...,7—1.

Since C is an MDS (n,%, g)—convolutional code over Z,, its distance equals (see

[RS99]) )
d(C) = (n — k) Q%J +1) +0+1.

k=a+ 140l +0+ - +0_,

Note that from

d=(a+DWw+1D+ U+l + - +lq)v

we have that

and therefore _
]/ - \; J 7

and also that

dC)=nv+1)—Wlo+ b1+ +Ll—1)+ 1.
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Now, let us consider the following k x n matrix in Z,-[D],

Gu(D)
pGa(D)

pr—léa(D)

pr_bél(D)

In order to prove that G(D) defined as in (4.7) is a p-encoder of an MDS convolutional

code we first need the next lemmas.

Lemma 4.5. The matriz G(D) defined in (4.7) is a p-encoder in reduced form where
the first k —1 rows have degree equal to v+ 1 and the last £ rows have degree equal to v.

Moreover, the convolutional code generated by G(D) has p-dimension k and p-degree

J.

Proof Since the rows of G,(D) and G;(D) have degrees v+ 1 and the row degree of
égi(D), foralli=0,...,7 — 1, is equal to v, the first k£ — [ rows of G(D) have degree
v + 1 and the last ¢ rows have degree v.

Once the rows of é(D) are p-linearly independent and form a p-generator sequence,

the rows of G(D) are also p-linearly independent and form a p-generator sequence.
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Finally let us prove that G(D) is in reduced form. Considering

~le
Gy

Q
I

let us to prove that

WG + bipGle + -+ by p G 4 by PGl 4l T oD Gle Ly
+ T T GY 4+ BIGIE + bypGlE 4 -+ VT TG 4+ bapGl + UGl + o+ (4.8)
Fo T TG TG =0

implies that

==y = = =0 = = = = = =L b =0,
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with B9, . byl € AR Bt b e A, bY b e Al BY e AD
b1 € Ab-1. Note that, multiplying (4.8) by p"~* we obtain

"Gl 4+ b TGl = 0,

that implies

since G (D) is in reduced form. By successively multiplying (4.8) by p"2,...,1, and

proceeding in the same way, we obtain that

b= =bt=0, Bt=...=p"1 =0,

W=-=b =0, b= 0 =0 ... 07l=0

To prove that C has p-dimension &, note that k=a+b+ b+l +---+ /(.1 and
that (fo,...,0._1) is an r-optimal set of parameters of £. Then, the number of rows of
G(D) is

ra+b+rly+(r—1)06+--- 4+l y=ra+b+{=k.

The p-degree of C is

(ra+b)(v+1)+lv = (k—0Ow+1)+Llv

= k(v+1)—1
- k(EJle)—E
.

Applying the same reasoning as in the proof of Lemma 4.3, the next lemma holds

immediately.

Lemma 4.6. Let C be the convolutional code generated by encoder CNJ(D) and p-encoder
G(D) defined in (4.6) and (4.7), respectively. Then, if v(D) € C has order j,

P (D) € Im 4, p) p"1G(D).
Finally, we can prove our last theorem.

Theorem 4.7. Let C be the (n,k,d)-convolutional code with p-encoder G(D) as in
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(4.7). Then, C is MDS, i.e.,

so=((g)-[E(g 94

Proof Let v(D) e C\ {0} and let j be the order of v(D). We have that

By Lemma 4.6,

for some u(D) € AF[D].
Note that, since u(D) € AX[D],

wt(p"'u(D)G(D)) = wt,(a(D)G(D)),
where u(D) = wu(D) is the projection of w(D) over Z,[D] and wt, represents the

Hamming weight over Z,. This together with the fact that C is an MDS convolutional

code over Z, shows that
r—1 ~ 7 g N
wt(p" " u(D)G(D)) > (n — k) - +1)4+0+1

Fromk =a+140ly+0+-+0_; and 6 = (a+1)(v+1)+ Lo+l 4+ L,_1)v,
we have that

(n—k) ({%J +1) +o+1=nw+1)— Lo+ +0lq)+1.

Since, by Lemma 3.15,

14
£0+£1+---+€T_1:[ﬂ
and
(=k é +1) -4
N k
we obtain

- ([i] ) oo (i) ()1

This lower bound coincides with the Singleton bound given in Corolary 3.24, which
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means that

4.2 MDP Convolutional Codes

In this section we present constructions of MDP (n, k, §)-convolutional codes over Z,:.

We are going to consider two cases:
Case 1 Constructions of MDP (n, k, §)-convolutional codes with r | k, r | § and n > £.

Case 2 Constructions of MDP (n, k, §)-convolutional codes considering equal p-Forney

indices.

4.2.1 Case 1l

Given n,k,0 € N such that r | k, r | § and n > %, we aim at building an MDP

(n, k, §)-convolutional code over Z,-[D].

Take k = % and § = g, and let us consider an MDP convolutional code C with length

n, dimension k and degree & over Z,, and let G(D) e Z}*"[D] be an encoder of C in

reduced form (constructions of such codes can be found in [HGLS06, ANP13, NR16]).
Write

G(D) = Go+ G\D+---+G,D"

and consider the corresponding j-th truncated sliding generator matrix

Gy Gy ... G,
éj: GU Gjlfl
G

Note that since C is an MDP, G’(D) must be delay-free and therefore Gy is full row
rank.

Since C is an MDP it follows that its column distances satisfy

ds=0G+)n—-k+1, j<L
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where L = L%J + L%—J (see [HGLSO06]).

Construct _
a(D)
aoy=1| " G:(D) . (4.9)
pG(D)

From the fact that G(D) is in reduced form, it immediately follows that G(D) is a
p-encoder in reduced form.

Theorem 4.8. Let C be an (n, k,0)-convolutional code over Z,-, with r | k, r | § and
with p-encoder G(D) as in (4.9). Then C is an MDP convolutional code .

Proof We need to show that

. K

for j < L, with L= || + | 2]

nr—k

Consider the j-th truncated sliding matrix correspondent to G(D) is

pGo pG1 N pGj
pr 160 prflél o prfléj
G() R ijl
c pGo o pGj—l
Gj = . .
pr_léo R pr—léj_l
Go
pGo
I pr—lGO
Let
u = [ Up U1 ... Uy i| s

with u; € A%, i =0,...,j and ug # 0, and let

U:[UO vro... Uj],
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with v; € Zy, 1 =0,..., 7, such that v = uGj.

Take
(= max  ord(v)
0<t<y
and
i= min {s:ord(vy)=¢}= min {s:p"tv, £ 0}
0<5< 0<s<j

s =1,...,J and then

(4.10)

Go G .. G .. G
GO Ce Gi—l c. Gj—l
/-1 r—1 [ ~  ~ ~ ~ :
pu=p [ Uy U u; u - _ ’
0 1 j GO Gj_l
Gl
for some wg, w1, ..., U, ..., u; € AE, with ug = -+ = u;_1 = 0, because éo is full row
rank and u; # 0. Thus
éo éjfi
o o | = o :
G

where u; # 0. Then, using the fact that C =1Im ZP[D]é(D) is MDP we obtain

wi(lo oo])zw(la . 5)

>n—k)G—it1)+1
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Considering
[UO Ui—l]:[uo ui_l]Gf

and reasoning in the same way we conclude that

W’L([vo Wi ]) > (n— k)i +1

and therefore
Wt<|: vo v U D > (n—k)(j+1)+1.

Consequently, d§ = (n —k)(j + 1) + 1, i.e,

for j < L, with L = L%J + LiJ = 12] + |-

4.2.2 Case 2

Let us now construct an MDP (n, k, §)-convolutional code over Z,, n,k,0 € N, con-
sidering equal p-Forney indices. Note that k£ must divide ¢ and all the p-Forney indices
are equal to %.

We first introduce two technical lemmas that will be useful for this construction.

The next one readily follows from Lemma 3.34.

Lemma 4.9. If C is a (n, k,d)-convolutional code with equal p-Forney indices and a
reduced p-encoder G(D) written as in (3.4) and (3.10) then

GV e prtzhion, (4.11)
. 5

Z—l,..., LEJ

Proof Since G(D) is a p-generator sequence

prow,G(D) € p-span{row,.1G(D), ... ,row,(D)},

where row,G(D) represents the ¢-th row of G(D), for { =0, ..., k—1. The p-predictable
degree property (see Lemma 2.19) and the fact that all rows of G(D) have the same
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degree imply that

prow;G"V(D) = a;,170w; 1 GV V(D) + - + a5, row;, GV (D),

with Ajy1,.--0F, S Ap, for ] = 1, ceey kr—l — 1.
AsGU Ve p’"*lz’;:—“" it follows that

B A(r—1) _ A1)
0=ajrowjnGy "+ -+ ag,_,rowg, Gy

which implies that

ajp1 =+ =ap_, =0,

for j =1,...,k._1 because the rows of Gy are p-linearly independent. Consequently,

A(r—1) r—1rpkr_1Xn
Gi G p Zp’r ! .

The following lemma shows that a delay-free convolutional code with equal p-Forney

d; < (n— ED(;‘+1)+1,

for all j. The proof follows the proof of Theorem 3.35 for this particular case.

indices is such that

Lemma 4.10. IfC is a (n, k,§)-convolutional code with equal p-Forney indices then C
1s an MDP if and only if

for all 5 < L, with

>
—
—
El[sY)
| E—
+
—_
N—"
|
S
J—
|
—
b
—
—
IS
| I—
+
—_
SN—
|
3 >
N—

where ¢ = (

r

Proof Let G(D) € Z}>*[D] be a p-encoder of C in reduced form. Write

GD)=Gy+GiD+---+G,D",
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with v = %,and let us consider Gy written in the p-standard form as
Iy, A(1),0 Ag,o Ag,o Ag—l,o A?o
pIkO 0 [)Ag 1 PAg,1 pAB 1,1 pAgyl
0 Pl PAs 4 PAé,l PA}71,1 PA}- 1
P2Ikg 0 0 1’2‘42,2 P2A?~—1,2 pzAE,z
0 p2lk1 0 1’214;,2 P2A1—1,2 P2Ai,2
0 0 P2 Iy PPA3, pzAifl,z pzAi,z
Go =
p" M, 0 0 0 0 prTrAY
0 pT T gy 0 0 0 ALy
0 0 p" M, 0 0 prTrAZ,
0 0 0 " My 0 prTlAY
0 0 0 0 P, pTTTATTL
and G(D) and G;, i = 1,...,v, written as in (3.4) and (3.10), respectively. From

Theorem 3.35, it follows that

dSSn—(ko~l—k1+---+k:T_1)+1

and that
di §2n—2(k’0+k‘1+---—l—kr_1)+1.
Let j =2 and
v = ulGs

@[UO " vg]:uo[Gg G Gz}+u1[o Go Gl}+uo[0 0 Go},

with ug # 0, u; € Ay, i = 0,1,2. Then, considering

=0 0 1] e
we have that
=10 01yttt |
v = g1 +u Gy

v = g2 + U1 G + u2Gl,
1k

where p"~'A]" ") represen
of Gy and Gy, respectively, with g1, g2 € Z},. So,

Wt(’Uo) S n — (k’o, k’l, ey kr—l) + 1.

t the last row of A:;il and ¢g; and go represent the last row
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Considering u; as in the previous case we obtain v; such that
wt(v1) <n—(ko+ki+- -+ k_1).
Let us now consider
Vs = go + 1 + u2Gh,

with §; = u1G;. Note that, by Lemma 4.9, ¢, € p"* Ly, therefore can be written as
51 = pr—lgh Wlth 571 € Ap.

It is easy to see that

go + 51 = pr 17)”,
with b" € Aj. Consider
Bn = |: bk’O bk’l e bk‘r—l bnf(k0+,_,+kr_1)
with b, € A, i = Ko, ki, ... kpoy and b gk, _y) € Ap R0t

Let us construct uy € Z'I‘jr such that:
- its first [(r — ko + (r — 2)ky + - - - + ky_o] columns are zero;
- the remaining (ko + k1 + - - - + k,_1) columns are written as follows

—br, —br, ... —bg_, |,

and take us € .A’; such that usGy = usGy. So, we obtain vy with its first (ko + ki +

-+ + k,_1) elements equal to zero. Thus,
wt(ve) <n— (ko + ki + -+ ko_1).

Therefore,

Wt(UZ) S 3n — 3<k0 + kl + -+ k’T,1> -+ 1,

2
=
NS

!

]~

ie.,
ds <3n—3(ko+ki+--+k—_1)+ 1

Applying the same reasoning we prove that

for all j.
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The highest value of (4.12) is obtained by considering the minimum value of (ko +
ki+---+k,_1). By Lemma 3.15 this minimum is given by (ﬂ , and, from the definition

of MDP convolutional code, we have that

5= (o [ v

The value of L follows immediately from Theorem 3.38. OJ

Let C be an MDP (n, E, %E)—convolutional code over Z, with Forney indices all equal

to % and k = (ﬂ Consider G (D) an encoder of C in reduced form and write

G(D) =

GW(D)
G(D) |’

xXn

~ k ~
with GV (D) € ZILTJ [D] and GM(D) € Z)*"[D]. Construct

kxn
e 7" D), (4.13)

where b is such that k = r Lﬂ + b.

Theorem 4.11. Let C be an (n,k,d)-convolutional code with p-encoder G(D) as in
(4.13). Then C is an MDP convolutional code over Zy,r.

The proof of the above theorem follows the same reasoning as the proof of Theorem
4.8.

Remark 4.12. Ifr | k, we consider G(D) € ZEX”[D] an encoder of an MDP (n, k, %E)-
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convolutional code over Z, with Forney indices all equal to % and k = (ﬂ Then,

G(D)
G(D) = prm e 7" (D),
pIG(D)

is a p-encoder of an MDS (n, k,§)-convolutional code over Z,r.
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Duality

Encoders of a convolutional codes define an image representation of these codes. How-
ever there are some convolutional codes that admit another type of representation of
such codes, called kernel representation. For this type of representation another type
of matrices is used: parity-check matrices or syndrome formers. A polynomial matrix

H(D) is a parity-check matrix of a convolutional code C if, for every word w(D),
w(D)eC < w(D)H(D)=0.

However, convolutional codes defined in Z,[D] do not always admit a parity-check

matrix as it shown in the next example.

Example 5.1. Consider the convolutional code C with encoder

1+D 0 1+D

GO)=1 5 1

€ 7Z2*D).

This code does not admit a kernel representation as we shall show by contradiction.

Suppose that H(D) is a parity-check matriz of C and let us consider the word

[1 0 1}%6.
Since
[1+D 0 1+D]ec

then
(14D 0 14D |H(D)=0

which 1s equivalent to

(1+D)[1 0 1|HD) =0

69
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and consequently
[1 0 1}H(D):o.

It is well-known that kernel representations are useful to detect errors introduced
during transmission. If a word w(D) is received after channel transmission, the ex-
istence of errors is checked by simple multiplication by H(D): if w(D)H (D) = 0, it
is assumed that no errors occurred. As we have seen in Example 5.1 not all convolu-
tional codes defined in Z,-[D] admit a parity-check matrix. However, if there exists
a matrix H(D) such that C C ker H(D), we still make use of H(D) to decode when
the transmission occurs over the erasure channel. In this channel the word can have
only erasures (i.e., part of the word can be missing) but no errors occur. In fact, if one
considers the erasures as indeterminate, w(D)H (D) = 0 give rises to a system of linear
equations. Solving this system amounts to decoding the received word w(D) (for more
details see [VTS09)]).

Given a convolutional code C defined in Z,[D] with encoder G(D) € ZtX"[D], let
us consider the set

¢ = {u(D)G(D) : u(D) € Zly (D))},

where Z,-((D)) denotes the ring of Laurent series over Z,-, i.e., Z,((D)) the set of

elements of the form
oo

a(D) = Z a; D"

1=—00
where the coefficients a; are in Z, and only finitely coefficients with negative indices

may be nonzero.

Note that C C C. In the next section, we will see that C is also a convolutional code
(defined in Z,» ((D))) that always admit a parity-check matrix H (D), and consequently,
C Cker H(D).

5.1 Convolutional codes defined in Z,((D))

In this section we will consider convolutional codes constituted by left compact se-

quences in Zr, i.e., the codewords of the code will be of the form

w: L — Z;”T
t — Wt
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where w; = 0 for t < £ for some ¢ € 7Z. These sequences can be represented by Laurent

series,

w(D) =Y wD' € Z,((D)).
t={

Let us denote by Z,-(D) the ring of rational matrices defined in Z,-. More precisely,
Zy (D) is the set

D
{M :p(D), q(D) € Zy D] and the coefficient of the smallest power of D in ¢(D) is a unit}.

(D)
This condition allows us to treat a rational function as an equivalence class in the

relation
p(D) _pi(D)
a(D) (D)
Note that Z, (D) is a subring of Z,((D)) and, obviously Z,-[D] is a subring of
Zy (D).

if and only if p(D)q:(D) = fi(D)q(D).

A rational matrix A(D) € ZJ*(D) is invertible if there exists a rational matrix
L(D) € ZX*(D) such that L(D)A(D) = I.

Lemma 5.2. Let A(D) € ZiX“(D). The following are equivalent:
i) A(D) is invertible,
ii) det A(D) # 0,
iii) A(D) is invertible in ZL**(D),
where A(D) represents the projection of A(D) into Z,(D).

In fact, if A(D) is invertible in Z¢*“(D) and B(D) € Z5*“(D) is such that B(D)A(D) =
I mod p, then
B(D)A(D) = I - pC(D)

over Zy((D)), for some C(D) € Z5**(D). Then the inverse of A(D) is
L(D) = (I +pC(D) + p*C(D)? +--- +p"~'C(D)"")B(D) € Z,7"(D).

Definition 5.3. [For70, EOS13] A convolutional code C defined in Z3,((D)) of
length n is a Zy-((D))-submodule of Z,.((D)) for which there exists a polynomial matriz
G(D) € ZF*"[D) such that

C = Imz,)G(D)

= {u(D)G(D) € Z, (D) : u(D) € ZH(D))} .



72 5. Duality

The matrix é(D) is called a generator matrix of C. If é(D) is full row rank then
it is called an encoder of C.

Moreover, if

C = Ima,pyG(D)
= {uw(D)G(D) € Z.((D)) : u(D) € As((D))},

where A,((D)) = {31%a;D' : a; € A, ands € Z}, and G(D) € ZyX"[D] is a
polynomial matriz whose rows form a p-basis, then G(D) is a p-encoder of C and we

say that C has p-dimension k.

Note that if G(D) e ZETX”[D] is a generator matrix of a convolutional code C and
X(D) € ZX*(D) is an invertible rational matrix such that X(D)G(D) is polynomial,
then

Imz,, ()G (D) = Imz,, ()X (D)G(D),
which means that X (D)GD) is also a generator matrix of C. Thus, the next result is

straightforward.

Lemma 5.4. Let C be a Zy ((D))-submodule of Zy,.((D)) given by C = Imy . (pyN(D),
where N(D) € Z™(D). Then C is a convolutional code, and if N(D) is full row rank,

C 1s a free code of rank k.

Next we will consider a decomposition of a convolutional code into simpler com-

ponents. For that we need the following lemma.

Lemma 5.5. Let M be a submodule of Z7,((D)). Then, there exists a unique family
My, ..., M,y of free submodules of Zy.((D)) such that

M=M,®&pM, @ ...®p "M, _. (5.1)

Proof Let M be the projection of M defined Z,((D)) and denote its dimension
by ko. Let My be the free code defined Z,((D)) of rank kq satisfying M = M, and
My C M. AsZ7.((D)) is a semisimple module, My admits a complement code Mg in M.
Necessarily, there exists a code Mj such that Mj = pM| and we have M = M, & pMj.

Applying successively the same reasoning we obtain (5.1). O

Remark 5.6. [t is not always possible to obtain the sum decomposition (5.1) when
we consider submodules of Zr,[D]. For example, if we consider the submodule M =
span([1+ D 1+ D +9D?%,[3 3]) C Z3[D] there are no free submodules of Z3,[D],
My, My, My such that M = My @& 3M; & 9Ms.
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Remark 5.7. Note that if C is a block code, this decomposition is directly derived from
a generator matriz in standard form. In fact, if G in the form (3.1), is a generator

matriz of C then

p'Ci = Imy . (pyp'Gi,
where Gy = [0---0 Iy, Ay, --- ALl i=0,...,r — 1.

Note that Lemma 5.5 is not constructive and it does not give a clue on how to
build the free modules M;, © = 0,...,r — 1. Moreover, it is not known whether these
modules are indeed convolutional codes. Next, we address these issues and provide a

constructive version of the Lemma 5.5 in terms of the associated matrices.

Let G(D) be a generator matrix of C. If G(D) is full row rank then C is free and
C - Co.
Let us assume now that G(D) is not full row rank. Then the projection of G(D) into
ZP [D]v

G(D) € Z,"[D],
is also not full row rank and there exists a nonsingular matrix Fo(D) € Z)**[D] such
that

F(D)G(D) = [ col) ] mod p,

where Go(D) is full row rank with rank ko. Regarding Fo(D) in ZE**[D], it follows
that

Fo(D)G(D) =

Go(D)
pGi(D) |

~ koxn : A — i 1
where Go(D) € Z,2""[D] is such that Go(D) = Go(D). Moreover, since Fy(D) is

Go(D)
pGy(D)

Let us now consider F;(D) € Zék_kO)X(k_kO)[D] such that

invertible, [ ] is also a generator matrix of C.

Fi(D)Gy(D) = mod p,

G'1(D)
0

where G'1(D) is full row rank with rank &;. Then, considering F (D) in Z](,’f_k(’)x(k_k(’) D],
it follows that

~

Fi(D)G1(D) =

(D) ]
pGs(D) |
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where G(D) € Zﬁ%X”[D] is such that G7(D) = G'(D), and therefore

I, 0 - Go(D)
0 F() D G D — Glll
[ 0 AD) (D)G(D) ;@((l;))

Go(D)
Gi(D)
rational matrix L;(D) € Z}** (D) such that

] is not full row rank, then there exists a permutation matrix P and a

_ Go(D)
I, 0 Go(D) )
[ Ly(D) I pGY (D) ] | e
' ! p*G4(D)

where G7'(D) € Z3*"(D) and G4(D) € ngrkl)m(D) are rational matrices and
Go(D)
cy(D)

is a full row rank rational matrix. Note that since

|y )
Ly(D) I,

is nonsingular it follows that

Go(D) Go(D)

0

Imz,, (D)) Y =Img,(n) | pGY (D)
2

Let él(D)Z];}X"[D] and G§(D) € Zgl_kl)xn[D] be polynomial matrices (see Lemma
5.4) such that

Go(D) Go(D)
Imz, oy | pGY(D) | =Imz,n) | pGi(D)
p*Gy(D) p*G4(D)
Go(D)
D D
Then nglﬁ( ) is still a generator matrix of C such that | ~ ( is full row
p’G4(D) G1(D)
P2G2(D)

rank.
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Proceeding in the same way we obtain a generator matrix of C of the form
Go(D)
pG1(D)

PG (D)

and such that
Go(D)

G1(D)

G (D)

is full row rank. Thus
Ci = Im Zyr (D)) Gl(D)

is a free convolutional code, + = 0,1,...,r — 1, and
C=Co®pCi® - ®p 'Cr1.

If we denote by k; the rank of C; then the family {ko,...,k,_1} is an invariant of the
code. Moreover, it is clear that C is free if and only if k&, =0 fori=1...7r — 1.
The following lemmas will be very useful for deriving the results of the remaining

sections.

Lemma 5.8. Let C be a free convolutional code of length n defined in Z,((D)) with
rank k. Then, p-dim (p'C) = (r — i)k, i = {0,...,r — 1},

Proof Let G(D) e Zy*"D] be an encoder of C. The result follows from the fact that

pi@N(D)
p’H-lG(D)

p'G(D)

is an p-encoder of pC, since éD) is full row rank. ([l

Lemma 5.9. Let Cy and Cy be two convolutional codes defined in Z,-((D)). Then

p-dim (Cy + Co) = p-dim Cy + p-dim Co — p-dim (C; N Cs).
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If the sum is direct then
p-dim (Cy @ Cq) = p-dim Cy + p-dim Cs.
Proof Suppose that C; and Cy are in direct sum, i.e,
CiNCy = {0}.

If By is a p-basis of C; and By is a p-basis of Cy, then (By, By) is a p-basis of C; & Cy
which gives the result.

For the general case, let denote by 21 a complement of C; N Cy in Cy, i.e.,
C,=2Aa(CiNCy),

and let B such that
CQ - % @ (Cl m62>

Then we have
Ci+Co=2A®(C;NC) ®*B

and the result is immediate. |

Next corollary follows immediately from lemmas 5.8 and 5.9.

Corollary 5.10. Let C be a convolutional code defined in Z,((D))of length n such
that

C=Co®pCi @ ®p 'Cry
with C; a free convolutional code with rank k;, i =0,1,...,r — 1. Then

p-dim (C) = Z_:(r — 1)k

5.2 Dual Code

Definition 5.11. Let C be a convolutional code defined in Z,((D)) of length n. The
dual of C, denoted by C*, is defined as

Ct = {y(D) € Z.(D)) : y(D)z" (D) = 0 for all x(D) € C}.

In this section we will show that the dual of a convolutional code is still a convolu-

tional code. The next theorem proves this statement for free convolutional codes.
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Theorem 5.12. Let C be a free convolutional code defined in Z,-((D)) with length n

and rank k. Then C* is also a free convolutional code of length n and rank n — k.

Proof Let G(D) € Zﬁf"[D] be an encoder of C. Since G(D) is full row rank there

n7~ n G D . . .
exists a polynomial matrix L(D) € ZI(,T X" D] such that LED)) is invertible. Let
[X(D) Y(D)], with X(D) € Z*D) and Y(D) € Z%" (D), be the inverse of
G(D
(D) . Then
L(D)

CL = Im Zpr((D))YT(D),

which means by Lemma 5.4 that C* is a convolutional code. Moreover, since Y (D)
is full column rank, there exists a full row rank matrix polynomial matrix G*+(D) €
ZI(:TL*’;)X"[D] such that

Ct=Imy,(p)G (D).

Thus Ct is a free convolutional code or rank n — k. O

Next corollary is straightforward and generalizes the well-known result for vector

spaces.

Corollary 5.13. Let C be a free convolutional code defined in Z,-((D)) of length n.
Then
p-dim (C) + p-dim (C*+) = nr.

In the sequel we propose to establish this result for any code defined Z,-((D)).

The following auxiliary lemmas will be fundamental in the proof of next theorem.

Lemma 5.14. Let C be a free convolutional code defined in Z,((D)). Then
forie{0,...r—1}.

Proof The inclusion p'C C C N p'Zy,((D)) is trivial. For the other direction, let
y(D) € p'Zy.((D)) NC. Let {z1(D),...,zx(D)} be a basis of C and its projection
{71(D), ..., Tx(D)} over Z,[D] be a basis of C. Then, there exist a;1(D),...,ax(D) €
Zy ((D)) such that

y(D) = a;(D)a;(D).
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As y(D) € p'Z7,((D)), it follows that

§(D) = 3 @ (D)x;(D) = 0 modp,

Jj=1

where @;(D) = 0, Vj = 1,...,k. Then, for all j = 1,...,k, a;(D) can be written
as pb;(D) where b;(D) € Z,((D)). By repeating this procedure ¢ times, we obtain
a;j(D) = p'a;(D), j=1,...,k, which gives

k
y(D) = p' Z a;(D)z;(D) € p'C.

Lemma 5.15. Suppose that C is a free convolutional code defined in Z, ((D)). Let
y(D) € Z3.((D)) and let i € {0,...,r — 1}, such that p'y(D) € C. Then y(D) €
¢+ 1z (D).

Proof By Lemma 5.14, there exists x(D) € C such that p'y(D) = p'z(D). This
implies that y(D) = Z(D). Thus there exists y1(D) € C, y2(D) € Z,((D)) satistying

y(D) = y1(D) + py2(D).

Then p'y(D) = p'y1 (D) + p*y which implies that p'y(D) — p'yi (D) = p"*'ya(D) € C.
Thus
y2(D) = y3(D) + pya(D)

where y3(D) € C and y4(D) € Z7.((D)). Thus

y(D) = y1(D) + pys(D) +p*ys(D).

eC

By repeating this procedure r — ¢ times, we obtain
y(D) = 21(D) +p"'x3(D)

with (D) € C. O
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Lemma 5.16. Let C be a free convolutional code defined in Z,-((D)). Then, for all
integer i € {0,...r — 1} it follows that

(P'C)- =Ct+p 2 ((D)).

Proof It is clear that
¢t + 1T (D) € (O

For the other direction, let y(D) € (p'C)* and then, for all z(D) € C, we have
y(D)(p'=(D))" = (p'y(D))z" (D) = 0,

and thus piy(D) € C*+.

As C*t is a free convolutional code we conclude, by Lemma 5.15, that

y(D) € C*+p 22 ((D)).

Remark 5.17. Lemmas .14, 5.15 and 5.16 are also valid for block codes over Z,- and
they were first proved in [EO15].

Given a convolutional code C C Zy,((D)), an explicit construction of the dual code
is, in general, difficult. The following result provides a procedure to build C*. The

method is constructive as it deals only with free modules.

Theorem 5.18. Let C = Cy @ pCi & ... ® p"~'C,_1 be a convolutional code defined in
Zy((D)) of length n, such that C; is free, i =0,1,...,r — 1, with

Co®Ci®...®C_1=C+Ci+...+Cr
and let B,_; be a free convolutional code defined in Zy,((D)) such that
Co®CiD - ®C) =C@CD - BC1DC)T @ B,_;,
i=1,....,r—1,and By = (Co® ... ®C,_1)*. Then

Ct=By@pB1&...®p 'B,_;.
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Proof Let us show that

Co®pCi®..0p Cr )T =(CoDCi D DCr1) +p(CoDCL D+ DCra)t+
+ - +pr73(60 SC P C2)J— +pr72(60 ® Cl)J_ —i—pr”COL.

Since
Co®pCi®...0p 'Co1 CCBCI D+ DCry

it follows that

(Co eCD---® (;'7»_1)L C (Co OpCLd... @pr_lcr_l)L.

Moreover,
p'TCy C Cy and p'ICy C ' 2y (D)) € (pCr)F N (pPCo) NN (P )
and therefore

PIC CCy N (pC) N (pPC) NN (p T IC )T = (Co@pCi & B TIC)

We have also that
pr_Q(Co D Cl)l C (CQ ) Cl)J' C (Co D pCl)L

and
priQ(CO @ Cl)J‘ C perZZT((D)) c (p202)l- N---N (prflcril)J_

and consequently

P C®C)T C(Co@pCi® ... ®p 'Cror)t

Applying the same reasoning, we conclude that
pr_i(C() D Cl DD C¢_1)J' C (Co D pCl P... @pr_lcr_l)l,
i =3,...,7 — 1, and therefore

(Co s> Cl DD Crfl)J_ —|—p(C0 s> Cl b D Crfg)l + - +pr73(60 s> C1 s> C2>L+
+p"HCo@C) +p T Cy C(Co®pCi @ ... B P TIC)
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On the other hand, let z(D) € (Co® pC; & ... & p " 'C.—1)*. So,

2(D) € (Co@Ci @ ®C1) +(Co@Ci @ & Crn)t NPZL((D))+
+(CoBCLD - ®Crg) NP LY ((D)) + - +Cq NP 20 ((D)).

Then, by Lemma 5.14,
2(D) € (Co®Ci®- - ®Cr—1) +p(CoBCi B+ - -BCy ) +p* (CoBC1 B - -BCp—3) +- - +p ' Cy.
Thus

Co®pCi@ ... 0P C ) =(CodCi@® - BC 1) +pCodCid - BCrs) +
+ - +pr_3(C0 D C1 D CQ)L + pT_Q(Co @ Cl)L +pr_ICOL.

Moreover, since B,_1, Cy and Cy ¢ C; are free convolutional codes such that
Cy = (Co®C)* @ B,_1,

it follows that
pr_lcoL =p NG C) Dp ' B,

and therefore

CopCi®...0p C )t = (CG®CD - DC ) +pCo®CL D DCra)t +
F PGB CLDC) P AHCo D Cr) T+
+p  (Co B C) T +p ' By
= C®CLD - BC ) +pCDCL D BCrg)t +
+o+p P Co®CLBCo) +p P (Co i)t +p T By

Applying the same reasoning we conclude that
Co®pCL® ... 0P 'Cr1) = (Co®CL@ - ®Cr1)t +pB1+p°Ba+---+p ' By,
Finally, let us see that
Co®CL DB Coy) Np By = {0},
t=1,...,7—1, and that

P B, Np B,y = {0},
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for1<j<i<r-—1.
Let i€ {1,...,7 —1}. Since (Co®Ci ®---®C)* N B,_; ={0}, p'B,_; C B,_;
and (Co®CL B ®Cr)t C(CoDCLD - B C)t it follows that

Co@Ci@--®Coy) NP "B,y = {0}

Moreover, let j € {1,...,r—1}, with j < i. Note that B, ; C (Co®Ci®---DCi_1)* C
(CO @D Cl DD Cj)l and that Br—j M (CO @D Cl D---D Cj)L = {0} ThUS,

Br—i N Br—j — {0}

and consequently also
pT—jBT_j N pr_iBT_Z’ = {0}

So, we conclude that the dual of a convolutional code defined in Z,-((D)) is also a

convolutional code.

The following result generalizes Corollary 5.13 for general (non necessarily free)

convolutional codes.

Corollary 5.19. Let C be a convolutional code of length n defined Z,. Then

p-dim (C) + p-dim (C*) = p-dim (Z.((D)) = nr.

Proof Let C =Cy®pCi @ ... ® p ~'C,_; where C; is a free convolutional code with
rank k;, e =0,1,....r—land Co+C1+...+C_1 =CoPC; & ... B C,_1. Consider also
the free convolutional codes of length n, B;,7 = 0,...,r — 1, as defined in Theorem
5.18. Then

rank By = rank (Co®C, @ ---®Cry)*
= n—rank (Co®C; & --- B Cr_q)
= n—(ko+k+--+Fk_1).
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Moreover, since B,_; is such that (Co@®C @ - -BCi_1)*t = (CoBC1D- - BCi_1BC;) DB, _;
it follows from Theorem 5.12 that

rank B,_; = rank (Co®C1® - - BCi1)" —(CDC D BCi1 DC)*
= TL—(ko—f—kl—i‘"'—i‘lﬁ;l)—(n—<k0+k1+"‘+ki71+ki))
= k; =rank C;.

Then, from Lemma 5.8 it follows that
p-dim (p'B;) = (r — i)k,

and

p-dim (Bo) = nr —r(ko + ki, - -+ + kr—1).

Thus,

p-dim (CT) = p-dim (By) + p-dim (pBy) + - - - + p-dim (p" ' B,_;)
= nr—rlko+hki+-+k_)+—-Dk_ 1+ -2k o+ - +k
= nr—(kor +ki(r—1)+---+ k1)
= nr — p-dim (C).

The next example illustrates the procedure described in Theorem 5.18 to determine
the dual of a convolutional code defined in Z,-(D)).

Example 5.20. Consider the convolutional code C defined in Zg((D)) with generator

malrix
14+ D 1 3D

G(D) =
(D) 0 3+3D 3

Thus
C=Cyd3C;
where Cy = ]ng((p)) 1+D 1 3D ] and C; = ImZQ((D)) [ 0 1+D 1 }
Since

Co @ C1 = Imygy((py)

1+D 1 3D
0 1+D 1
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we have that
(Co®C)* = Imzyqoy | 1 845D +4D%+6D° 1+5D+D*+3D* |.
Moreover,

. [1 8+ 5D + 4D? 4 6D3 1+5D+D2+3D4]
Co=1Im
0 Zo((D))

8 1+ D 0
and therefore By = I'mg,((py) [ 8 1+D 0 ] 18 such that
(Co@C)*" @ B, =Cy.

Consequently,
Ct=(Co®C)r®3B

has generator matrix

(D) - 1 84+5D+4+4D?*+6D3 1+5D+ D?+3D*
G 3+3D 0



Chapter 6
Conclusions

In this thesis a number of problems regarding convolutional codes over the finite ring
Ly are studied. In particular the thesis focuses on three main problems. The first
two deal with distance properties of a code (Chapters 3 and 4). The last problem
investigated (in Chapter 5) involves the notion of dual codes.

Convolutional codes over finite fields have been thoroughly investigated since the
fiftieths and are widely used in many communication systems. In [MM89] Massey and
Mittelholzer observed for the first time that convolutional codes over the ring Z,,, are
the most appropriate class of codes for phase modulation. The algebraic structure of
these codes was investigated and it was immediately apparent that these codes were
much more involved than the classical convolutional codes over finite fields. Indeed
many important properties that hold in the field case, fail to be true in the ring case.

Despite the fact that the distance of a code is the most important single parameter
of a code, very little is known about the distance properties of these codes. In this
dissertation we have focused on the two distances that are considered the most relevant
in the context of convolutional codes, namely, the free distance and the column distance.

As for the free distance we extended the recent work of [EOS13] by introducing a
new set of parameters of the code and we derived a novel Singleton type of bound for
the free distance. In the particular case of free codes these parameters have special
values and then our bound coincides with the bound given in [EOS13]. In order to
show that the given upper bound is optimal we presented a constructive method for
building general (non necessarily free) MDS convolutional codes over Z,» for any given
set of parameters. Instead of considering the commonly used Hensel lift of a cyclic
code, we proposed a novel type of lifting to build convolutional codes over Z,- from
convolutional codes over a finite field. According to the coding theory literature we
called this class of codes Maximum Distance Separable (MDS). In other words, this

thesis has defined and proved the existence of MDS convolutional codes over Z,- of

85
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length n, p-dimension k£ and p-degree ¢, for a given n, k and J.

In the context of convolutional codes the notion of column distance plays a central
role as measures the error-correcting capabilities of the code within a given time in-
terval. This feature is fundamental, for instance, for sequential decoding. The column
distance of convolutional codes over finite fields have been pretty well investigated and
there is already a large body of literature on this topic. However, column distances of
convolutional codes over Z,- were unexplored to date. In this thesis we have addressed
for the first time the notion of column distance of convolutional codes over the finite
ring Z,-. We showed that when the convolutional code is delay-free the concept of
column distance is an invariant of the code and does not depend on the choice of the
generator matrices representing the code. This property does not hold true for general
codes. Upper bounds for the columns distances were presented. These bounds give rise
to the notion of Maximum Distance Profile (MDP) codes which are codes that are op-
timal with respect to the column distance. The presented constructions are restricted
to some sets of parameters and a general construction of all sets of given parameters

is still unknown.

A complete study of the fundamental notions of free and column distance of con-

volutional codes over the finite ring Z,» was presented in this dissertation.

The last part of the dissertation deals with dual codes of convolutional codes defined
in Z,-((D)). In this last chapter we have considered the ring of Laurent series Z,-((D))
instead of Z,[D] due to technical reasons. For example, we showed that not all codes
C C Zy[D] can be represented via a parity-check matrix of C, i.e., the dual code
of C does not exist. However, there always exists the dual code of a convolutional
code defined in Z,-((D)). Still, several technical problems due to the presence of zero
divisors appear when trying to explicitly describe this dual code. We presented an
explicit method to derive a representation of the dual code and moreover the method

is constructive since it is based on certain associated free Z,-(D)-modules.

The thesis raises several follow-up questions. For instance, the characterization
of the dual of a convolutional code defined in Z,-[D] remains widely open. Also the
proposed constructions of MDP requires large ring sizes due to the fact that they are
based on a lifting of an MDP convolutional codes over Z,[D] that itself requires very
large finite fields. It would be interesting to come up with constructions of MDP over
not too large finite rings, maybe using different type of lifting. This seems to be a
highly non-trivial problem.

Another challenging direction of future research is to analyze the distance properties

of the proposed codes in terms of different metrics. Two decades ago it was found out

how important binary non-linear block codes (such as the binary Golay code) can be
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constructed using linear codes over the ring Z, by means of the Gray mapping and
the Lee metric. This was a breakthrough in the area of coding theory and the study
of analogous ideas in the context of this thesis is an interesting line of future research.
Can we build in a similar way good nonlinear (binary) trellis codes (over Z,) from good
linear convolutional codes over Z,-?

Finally, another important avenue for future research is to develop the decoding
algorithms for the classes of codes studied in this thesis. Particularly promising is the
performance of these codes over the erasure channel. We expect that making use of
the parity check matrix, efficient decoding algorithms can be developed. This is left as

an open problem.
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