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Abstract

In this paper, we consider the problem of model order reduction for a class of singularly perturbed
stochastic differential equations with linear drift terms. We present a reduced-order model that approx-
imates both slow and fast variable dynamics when the time-scale separation is large. Specifically, we
show that, on a finite time interval, the moments of all orders of the slow variables for the reduced-order
model become closer to those of the original system as time separation is increased. A similar result
holds for the first and second moments of the fast variable. Biomolecular systems with linear propensity
functions, modeled by the chemical Langevin equation fit the class of systems considered in this work.
Thus, as an application example, we analyze the trade-offs between noise and information transmission

in a typical gene regulatory network motif, for which, both slow and fast variables are required. !

I. INTRODUCTION

The evolution of many dynamical systems takes place on multiple time-scales. Examples

include climate systems, electrical systems, and biological systems [4], [5], [6]. The dynamics
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of such systems can be described using a set of ordinary differential equations (ODE) or
stochastic differential equations (SDE) in the standard singular perturbation form, where the
system variables are separated into ‘slow’ and ‘fast’ categories and a small parameter € is used
to represent the separation in the time-scales [7]. The analysis of such systems can be simplified
by obtaining a reduced-order model that approximates the dynamics of the original system. To
obtain a reduced-order model, one can appeal to the singular perturbation theory [7], [8] or to
the averaging principle [9].

In the deterministic setting, the derivation of a reduced-order system is mainly accomplished
using the Tikhonov’s theorem, where the reduced-order model is obtained by setting € to zero
in the original system dynamics [8], [7]. This yields an algebraic equation that approximates the
fast variable, which is in turn substituted into the slow variables’ differential equation to obtain
a reduced-order model for the slow variables’ dynamics. The averaging principle can also be
used to obtain an approximation of the slow variables’ dynamics, in which, the fast dynamics
are eliminated by integration of the system functions [9].

In addition to deterministic systems, stochastic models have also gained a lot of interest in
many areas such as finance, population biology, and systems and synthetic biology [10], [11]. For
example, biomolecular systems are intrinsically stochastic due to the randomness in chemical
reactions and the chemical Langevin equation has been widely used to model the stochastic
nature of these systems in the form of a stochastic differential equation [12].

Several works have appeared on singular perturbation methods for stochastic differential
equations. However, these methods cannot be used when the diffusion terms of the fast variable
are state-dependent and are of the order /¢, which is the case in the chemical Langevin
equation. Therefore, these works cannot be applied to stochastic differential equation models
of biomolecular systems. In particular, the work by Kabanov and Pergamenshchikov provides
a stochastic version of the Tikhonov’s theorem for systems where the diffusion coefficient of
the fast variable is o(y/¢/|y/In(€)|) [13]. Their results show that when the time-scale separation
becomes large (¢ becomes small), the reduced system converges in probability to the original
system, under suitable assumptions including the exponential stability of the slow manifold.
However, it is discussed that for the class of systems where the diffusion coefficient is O(\/E),
the fast variable may be oscillatory and may not converge in probability to the slow manifold.
A related study by Berglund and Gentz uses a sample-path approach to find the probability of

the solution being concentrated around a neighborhood of the slow manifold of the deterministic



system [14]. This study includes the case where the diffusion coefficient is of O(+/€). However,
in this case, the analysis predicts that as € decreases the probability of the trajectory of the fast
variable escaping a neighborhood of the slow manifold increases. Their study also provides an
approximation for the slow variable, but this approximation is defined for the time interval that
the fast variable is within a neighborhood of the slow manifold. Therefore, the length of the
time interval for which the slow variable approximation is valid decreases as e decreases.

In [8], Kokotovic et al. developed a singular perturbation approach for linear stochastic systems
in which the diffusion coefficient is a constant term. Their analysis also includes systems where
the diffusion coefficient is scaled by the singular perturbation parameter €. In both cases, they
obtained a reduced system that converges to the original system in the mean squared sense as e
becomes small. However, this method cannot be applied to the case where the diffusion term is
a function of the state variables. Tang and Basar approached the problem of singularly perturbed
stochastic systems using the notion of stochastic input-to-state stability [15]. They obtained
stability results for the original system under the assumptions that the reduced fast and slow
subsystems are input-to-state stable. However, this method only quantifies the error for the fast
variable, and therefore, it cannot be used to approximate the slow variable dynamics.

Aside from singular perturbation based approaches, averaging methods have also been ex-
tended for stochastic differential equations. They mostly consider systems with diffusion terms
of order /¢ [9]. In his pioneering work, R.Z. Khasminskii derived a reduced-order model where
it is shown that the slow variables of the original system converge in distribution to the variables
of the reduced-order system as the time-scale separation becomes large [16]. More recently, an
application of the averaging principle to chemical Langevin equations was presented in [17].
However, the averaging methods require the integration of the system’s vector field, which
may be undesirable for systems of high dimension. Furthermore, averaging methods obtain
approximations only for the slow variables, but do not provide any approximation for the fast
variables.

In many applications, it is necessary to approximate both slow and fast variables in order
to utilize the reduced-order model for analysis. Particularly, in biomolecular systems, chemical
species often participate in both slow and fast reactions and hence the corresponding concen-
trations are neither slow nor fast variables, but instead are mixed variables. In these systems, a
coordinate transformation can be employed to take the system to standard singular perturbation

form [18], in which fast and slow variables may not directly correspond to the physical variables



of interest. We illustrate this point in the application example of this paper.

In this work, we consider a class of stochastic differential equations with linear drift and
nonlinear diffusion terms, including the case where the diffusion term of the fast variable is of
the order \/e. This class of systems is particularly common on biomolecular processes. We present
a reduced-order SDE and an algebraic equation that approximate both slow and fast dynamics,
respectively, following a similar approach to deterministic singular perturbation theory. We show
that the error between the moments of the original and the reduced-order systems are of O(¢), for
moments of all orders for the slow variable and for first and second order moments for the fast
variable. We then demonstrate the application of the results on a gene regulatory network motif,
where species dynamics typically consist of both slow and fast components. For this system, we
derive the reduced-order model and illustrate how both slow and fast variable approximations
can be used concurrently in analyzing trade-offs between noise and information transmission.

This paper is organized as follows. In Section II, we introduce the system model under study
together with the underlying assumptions. In Section III, we introduce the reduced-order system
and present the results on the quantification of the error between the original and reduced-order
models. Section IV and Section V include examples that demonstrate the application of the
results.

Notation: We use E[-] to denote the expected value of a random variable. R™ denotes the
n-dimensional Euclidean space. Zx, denotes the set of nonnegative integers and Z- denotes
the set of positive integers. Similarly, Z%, and ZZ, denote the sets of vectors of length n, with

nonnegative and positive integer elements, respectively.

II. SYSTEM MODEL

We consider the singularly perturbed stochastic differential equations
&= folz,2,t) + 0p(z, 2, 6) 4, z(0) = xo, (1)
EZ = f2<x7 Z7t7 €)+\/EO-Z($7 Z7t7€>FZ7 Z(O) = ZO) (2)

where z € D, C R" is the slow variable and z € D, C R™ is the fast variable. I',, is a
d,-dimensional white noise process. Let I'; be a d¢-dimensional white noise process, while I',
is a (d, + dy)-dimensional white noise process. We assume that the system (1)—(2) satisfies the

following assumptions.



Assumption 1. The functions f,(x, z,t) and f,(x, z,, €) are affine functions of the state variables
x and z, i.e., we can write f,(x,z,t) = Ajx+ Ayz+ A3(t), where A; € R™" Ay € R™™ and
As(t) € R, f.(z,2,t,€) = Bix + Byz + Bs(t) + a(e)(Bsx + Bsz + Bg(t)), where By, By €
R™ ™ By, Bs € R™™  Bs(t), Bs(t) € R™, As(t) and B;(t) are continuously differentiable

functions, and «a(e€) is a continuously differentiable function with «(0) = 0.

Assumption 2. Let ®(z, 2, t) = 0,(z, 2, t)o.(x, 2, 1)T, Az, 2,t,€) = 0.(x,2,t,€)0.(x, 2,t,€)7T,
and O(z, z,t,€) = 0.(x,2,t,€)[ o,(x,2,t) 0]". Then, we assume that ®(z, z,t), Az, z,t,€),
and O(x, z,t,€) are affine functions of x and z, and that lim._,o A(z, 2,t,€) < co and

lim, 0 O(z, 2,t,€) < oo for all z, z and ¢. Furthermore, we assume that the functions ®(x, z, t),

A(z, z,t,€), and O(xz, 2,t, €) are continuously differentiable in ¢ and e.
Assumption 3. Matrix B, is Hurwitz.

We also assume that the system (1)—(2) admits a unique well-defined solution on a finite
time interval. Sufficient conditions for the existence and uniqueness of solutions of stochastic
differential equations are given by the Lipschitz continuity and bounded growth of system
functions [19]. However, the class of systems considered in this work includes systems of the
form where the diffusion term is a square-root function of the state variables, as Assumption 2
requires the squared diffusion terms to be linear functions of the state variables. Therefore, such
systems may not guarantee the Lipschitz continuity conditions for the diffusion coefficient. For
this type of systems, a set of sufficient conditions that guarantee the existence of solutions can
be found in [10].

In the next section, we introduce the reduced-order system and present the results on the error

quantification between the original and reduced-order systems.

III. RESULTS
A. Reduced-order model

We introduce a reduced-order model by setting € = 0 in the original system (1)—(2), as in
the case of deterministic singular perturbation theory. Under Assumption 2, ¢ = 0 leads to the
algebraic equation f,(x, z,t,0) = Byz + Byz + Bs(t) = 0, for which, Assumption 3 guarantees

the existence of a unique global solution z = v(x,t), given by

V(z,t) = =By ' (Bix + Bs(t)). 3)



Upon substitution of z = ~y(z,t) into (1), we obtain the reduced slow system
T = fo(Z,7(Z,t),t) + 0.(T,7(T,1),t)Ty, T(0) = o, “4)

which only depends on Z.
We assume that system (4) has a unique well-defined solution on a finite time interval [0, t;].

Next, we define a candidate approximation for the fast variable dynamics in the form

2(t) = v(2(1),t) + g(z(1), N, (5)

where N € R? is a random vector whose components are independent standard normal random

variables, and g(Z(t),t) : R® x R — R™>? s a function that satisfies the Lyapunov equation

g(z(t), t)g(z(t), )" By + Bag(x(t), t)g(z(t), )"
— _A(2,(#(1),1),1,0). (©)

We call equation (5) the reduced fast system.

We now present the results on the error quantification between the original and reduced-
order systems. To this end, we first introduce the notation used to denote the moment dynamics
(notation adapted from [20], [21]). Consider the vectors x = [z1,...,2,]T and k = (ky,. .., k,)
where x;, k; € R fori =1,...,n. Let 2 = 225 2%» Then E[2*)] denotes the moment of
x corresponding to the vector k, where the order of the moment is > " | k;. In order to denote the
P order moments for all P € Zxo, we define the set G© = {(cy,...,¢,) € ZLo| Y1, ¢; < P}.

Then, we have the following main result.

Theorem 1. Consider the original system in (1)—(2) and the reduced system in (4)—(5). Under

Assumptions 1 - 3 there exists €* > 0, ty, t, > 0 with t, > t;, such that for ¢ < €*
IEZW] - ElzW]| = O(e), Vk € G, N € Zso, t € [0, 1], (7)

IE[Z0] — E[20]|| = O(e), VI € G2, te [t t1]. )

The proof of this theorem utilizes several intermediate results and is presented in Appendix
A. The outline of the proof is as follows. First, we show that the moment dynamics of the
original system are in the standard singular perturbation form, and that setting ¢ = 0 in the
original moment dynamics yields the moment dynamics of the reduced-order system. This holds
for moments of all orders for the slow variables and up to second order moments for the fast

variables. As the moment dynamics are deterministic, we then apply the Tikhonov’s theorem to



demonstrate the convergence of the moments of the reduced-order system to the moments of
the original system, as ¢ decreases. The stability conditions of the slow manifold of the original
moment dynamics required for the application of the Tikhonov’s theorem are guaranteed by
Assumption 3.

From the reduced-order approximations given in equations (4)—(5), we note the similarity with
the reduced-order model obtained by singular perturbation theory for deterministic systems [7].
In particular, the slow variable’s dynamics are well approximated by substituting the expression
of the slow manifold given by z = ~(z,t) in equation (3) into the slow variable’s dynamics
given in equation (1). This implies that for this class of systems, the slow variable approximation
can be obtained in the same manner as in the deterministic singular perturbation method.

By contrast, from expression (5) we note that the fast variable approximation contains the term
g(Z,t)N, which is in addition to the slow manifold expression v(Z, t) that would be obtained with
direct application of deterministic singular perturbation theory. This additional term is required
in order to account for the noise of the fast variables. In fact, considering the system in the fast

time-scale 7 = t/¢, we see that the SDE of the fast variable is given by

% :fz(IE,Z,t,E)+0Z($,Z7t,€)fz, (9)
T

where T, represents I', in the fast-time scale, i.e, fz(T) = /e T'.(t) as shown in [22, p.173].
For the case where the diffusion term is of the order /e, the term o, (x, z, ¢, €) is independent
of € and thus o,(z,2,t,0) # 0. This shows that the fast variable is subject to noise, given by
the diffusion term o,(x, z,t,¢), and thus the expression y(x,t) dose not provide an adequate
approximation for the noise on z.

The noise in the fast variable can be “neglected” in the slow variable approximation because
the slow subsystem “filters out” the noise from the fast variable. Such noise must instead
be considered to approximate the noise properties of the fast variable, as we illustrate in the

following example. Consider the system
T = —ar + azz + vl (10)
€2 = —z + vgy/ely, (11)

where aq, as > 0.

Setting ¢ = 0, we obtain the system:

I =—-aT+ vl (12)



z=~(z,t) = 0. (13)

To analyze the error of this approximation, we can directly calculate the steady state moments

for both the original and reduced-order systems using their linearity. This yields

CL2’U2 € U2 U2
E 2 — 22 1 E 2 — 2
2] 2 Armd 2 =] =3
2 i 2
Eiz°| = — Elv(z,t)°| =0.
= oL, @0

It is seen that E[z?] converges to E[Z?] as ¢ approaches zero, however, E[2?] remains constant
as € goes to zero. That is, the reduced-order system (12)—(13) obtained by setting ¢ = 0 provides
a good approximation for the slow variable in terms of the second moment, but it is not a good
approximation for the fast variable dynamics. This is due to the fact that the z-subsystem is not
affected by the noise I'; as € tends to zero, which can be explained by considering the power
spectra and frequency response of the x and z subsystems.

Using the frequency response from input I's to the output z of the z-subsystem, given by
H.r(jw) = m we can calculate the power spectrum of z as S,,(w) = %,
illustrated in Fig. 1. It can be seen that as e approaches zero, the magnitude of S, (w) decreases

which is

at low frequencies but increases at high frequencies, in a way that the variance of z remains

constant. However, considering the frequency response from z to x of the z-subsystem, given by

H,.(jw) = jw‘fal , we see that the x-subsystem is a low-pass filter with a cut-off frequency of

a; that is independent of e (Fig. 1). Therefore, x only selects the low frequency components of
signal 2z, which decrease with ¢, leading to a decrease in the variance of signal = as e decreases.
Thus, the reduced-order system obtained by setting ¢ = 0 provides a good approximation for
the slow variable dynamics. However, as the variance of z remains constant as ¢ decreases, the
expression Z = y(Z,t) by itself does not provide a good approximation for the fast variable
stochastic dynamics.

In the next two sections, we consider the application of this theory to an academic example

first (Section IV) and then to a biomolecular system (Section V).

IV. ACADEMIC EXAMPLE

We consider the following system, which takes a similar form to the SDEs that appear in

affine term structure models in finance [10]:

r=-20r+2+10+vV22+11", (14)



— = €=005
________________ —-=e =0.01
0 Tt-s € =0.001
10 TR .. wenne =0.0001
3 Tl
o o
L 1 1 ~
10 10° 10’ 102
w
10° ‘ : ‘
3 102 \
=
10'4 1 1 1
107 10° 10’ 102 108
100 == e e
o ..._,:_;\\\:\
50 i,
10 | _—
107 10° 10’ 102 10°

Fig. 1: Power spectrum of z (top). Frequency response from z to x (centre). Power spectrum of z (bottom). The

parameters used are a; = 10, a2 = 2 and v; = 1, vo = 10.

€e2=—z+15+ €22+ 1) Is. (15)

This system satisfies the Assumptions 1 - 3, and using the results of [10] it can be verified that
there exists a unique, well-defined solution. Setting ¢ = (), we obtain the slow manifold z = 15.

This yields the following reduced-order model for the slow variable:
dz = 27 + 25+ V31 Ty. (16)
Based on (5), the fast variable approximation for this system is of the form
z =154 g(x)N, (17)

where g(z)g(x)"(—=1)+(—1)g(x)g(x)" = 31 and N is a standard normal random variable. After

solving for g(x), the fast variable approximation is given by
zZ =15+ V15.5N. (18)

Simulations of the original and the reduced-order systems were performed using the Euler-
Maruyama method [23] for stochastic differential equations and the sample means were calcu-
lated using 500,000 realizations. Fig. 2 illustrates the second and third order moments of the

slow variable and second order moments of the fast variable for the original and reduced-order



systems. It can be seen that as e decreases the moments of the original system tends to the

moments of the reduced-order system.
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Fig. 2: Moments of the original and reduced systems. (a) Second moments of the slow variable.

(b) Third moments of the slow variable. (¢) Second moments of the fast variable.

By virtue of Theorem 1, the reduced-order model (16) provides a good approximation of the
higher moments for the slow variable, as illustrated in Fig. 2. However, for the fast variable, only
the first and second moments are well approximated, and there is no guarantee that the higher
order moments are also approximated well, as we show by analyzing the third order moments
of the system considered in this section.

To calculate the third order moments, we represent the fast variable dynamics of the above

system (14)—(15) in the form

edz = c1z+ ¢y + \e(diz + dy) Ts.

Then, the third order moment dynamics are written as

ed]CEéLZ] = 1 E[z] + ¢a,
e%[fz] = 2¢1E[2?] + 2¢:E[2] + d1E[2] + do,
e%[fg] = 3c1E[2%] + 3¢,E[2%] + 3d, E[2%] + 3doE[2].
Setting € = 0, we obtain
El] =", (19)

. 205 + dlCQ — dQCl

E[2%] ,
2¢3

(20)




m _ 30162d2 + Cldldg - 2023 — 3022d1 — 62d12 . (21)
2013

The reduced fast system is given by z = +(z,t) + g(7,t)N(0,1), where v(z,t) = —5 and

g(z,t) = %. Calculating the moment dynamics for the reduced fast system we obtain

—C
E[z] = (Ela], 1) = —=, (22)
263 + d1C2 - d201
2¢2
02(301d2 - 202 - SCle)
2¢3

E[z%] = E[y(z,t)*] + Elg(z,t)*] = : (23)

E[z°] = E[y(z,t)’] + 3E[y(Z, t)g(z, t)*] = (24)

Considering the equations for the slow manifold in (19) - (21) and the moments of the reduced
fast system (22)—(24), we have that ||E[z] — E[z]|| = 0, |[E[22] — E[2%]|| = 0, however, ||E[23] —
E[Z3]| = M , which is different from zero. Therefore, it follows that setting € = 0 in the
third moments of the fast variable does not yield the third moment of the reduced fast system.
From the general form of the moments in (22)—(24) it follows that the terms ~y(x,¢) and g(z, t)
are not sufficient to approximate the third moment. This suggests that approximation of higher
order moments of the fast variable would require additional terms in the reduced fast system.
However, in many applications, particularly biomolecular systems, the commom measures of
noise are coefficient of variation and signal-to-noise ratio, which are functions of only the mean

and the variance. Thus, the first and second moments provide sufficient information for analysis

of these systems.

V. APPLICATION EXAMPLE

In this section, we demonstrate how the results obtained above can be used to characterize
stochastic properties of biological systems. The time-scale separation property has been widely
used for model order reduction in the analysis and design of biomolecular systems. More recently,
deterministic singular perturbation techniques have been used to quantify impedance-like effects
that arise in the design of biomolecular systems. These effects, termed retroactivity, arise at
the interconnection of biomolecular components and cause a perturbation in the output signal
of the upstream component, similar to loading effects in electrical circuits [24], [25]. Another
source of signal perturbation in biological systems is the intrinsic noise due to the randomness
in chemical reactions [26], [27]. Therefore, it is important to also account for stochastic effects

in the analysis and design of biomolecular systems.



In this example, we consider the interconnection of transcriptional components, typically found
in gene regulatory networks appearing both in natural and synthetic biological systems [6].
We model the system dynamics using the chemical Langevin equation and obtain a reduced-
order model using the technique developed in this work. The reduced-order model is then used
to quantify the errors in the system due to retroactivity and stochasticity. We investigate the
interplay between each of these errors and identify trade-offs that arise in signal transmission in

biomolecular systems.

A. System Model

We consider the interconnection of two transcriptional components shown in Fig. 3. Each
transcriptional component [28] can be viewed as a system that takes as input a transcription
factor, that is, a protein that can activate or repress a target gene, and gives as output the target
gene’s protein product.

The interconnection of Fig. 3, in which transcription factor Y activates the expression of a
fluorescent protein G, is ubiquitous in synthetic genetic circuits as an indirect way of measuring
the concentration of a transcription factor of interest, Y in this case. In fact, it is reasonable to
think that the concentration of the fluorescent protein G should follow that of Y, possibly with
some lag due to the process of gene expression encapsulated by the measuring device.

Here, we study how well the concentration of G tracks that of Y in the presence of noise.

G
[

Transcriptional Component ~ Measuring Device

Fig. 3: Protein X acts as an input to the upstream transcriptional component, which produces the output protein

Y. The downstream transcriptional components takes protein Y as an input and produces protein G.

The chemical reactions for this system can be written as follows: X + pg oé Co, Co 5—1>
a2

Y4+Co Y 2 o, Yp=(C,C LN G+C, G2 6 [6], [28]. Protein X binds to promoter py and
Q4

produces complex C, where «; and «s are the association and dissociation rate constants. (3,

is the total production rate constant of protein Y considering both transcription and translation

rates. 7 is the decay rate constant of protein Y, which includes both degradation and dilution of



the protein. Similarly, o3 and a4 are the association and dissociation rate constants for protein
Y and the promoter pg, J2 is the total production rate constant of protein G and 9, is the decay
rate constant of protein G. Since DNA does not dilute cell growth, the total amount of promoter
in the system is conserved giving prg = po + Cp and pr = p + C' [6]. Denoting the system

volume by (2, the chemical Langevin equations for the system are given by

dCo \/OélX(pTo - CO)F a0y
dt e

dY [ 61C, [01
dt = ﬁlCO - 51 Bl OFS F4
/ y _
—QSY(pT — a3 pT F5 + agc FG (25)

dC [asY (p la

P = azY (pr — —ouC + > 5 FG:
dG [ B,C [6,G

o= B2C — 6G + TD — TFS

where ['; for ¢ = 1,...,8 are independent Gaussian white noise processes. The binding of a

= a1 X (pro — Cp) — a2Cp +

transcription factor to downstream promoter sites introduces an additional rate of change in the
dynamics of the transcription factor, which is represented by the boxed terms in equation (25)
for the transcription factor Y. This additional rate of change, known as ‘retroactivity’, causes a
change in the dynamics of the transcription factor’s concentration with respect to the isolated
case, that is, when the transcription factor is not binding [24], [29]. It was also shown in the
works of [24] and [29] that increasing the number of downstream binding sites pp increases the
effect of retroactivity on the transcription factors.

The nominal and perturbed trajectories for Y and G for different amounts of pr can be seen
in Fig. 4. The nominal system dynamics, without perturbation due to retroactivity or noise, are
obtained by simulating the ODE model obtained when I'; = 0 for ¢ = 1,...,8 and the boxed
terms are zero in the system (25). The perturbed trajectories are obtained using Gillespie’s direct
method [30]. For lower values of pr the signal G closely follows the nominal signal, but the
signal is highly perturbed by noise. As pr increases the noise in the signal GG decreases, however,
the signal is highly attenuated due to retroactivity. This observation is consistent with the fact that
using a high gene copy number (large pr) is seen as a way of reducing noise in gene expression
and protein production [31], [32]. However, the downside of this is that increasing pp alters

the dynamics of the input transcription factor (i.e. the protein Y), as experimentally observed in



[25]. For signal Y, by contrast, both retroactivity and noise increase as pr is increased. This is

consistent with prior observations in [33], where it was shown that increasing the copy number,

and consequently increasing retroactivity, leads to a lower signal-to-noise ratio of transcription

factors.
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| Noise
Upstream |—Y | Downstream| G J Error
System 3 : —» " —
v Component [ Component

=i

rof

Fig. 5: The signal ‘r’ denotes the retroactivity to the upstream system. System 1 represents the

nominal system in the absence of any perturbations. System 2 represents the system is perturbed

only with retroactivity. System 3 represents the system perturbed with both retroactivity and

intrinsic noise. I'y encapsulates the noise in the upstream component given by I['; forz =1, ....4

and I'¢ encapsulates the noise in the downstream component given by I'; for ¢ =5, ..., 8.

In the sequel, we mathematically quantify the above trade-offs between retroactivity and noise

for proteins Y and G. To this end, we formally introduce System 1 as the nominal system,



System 2 as an intermediate system perturbed only with retroactivity, and System 3 as the
perturbed system including both retroactivity and noise, given in Fig. 5. Next, we derive the
dynamics for each of these systems. The system (25) exhibits time-scale separation as the
binding/unbinding reactions between transcription factors and promoter sites are much faster
than protein production/decay [6]. Thus, we can represent the system dynamics in the standard
singular perturbation form by defining the small parameter ¢ = §; /s < 1. Representing the
system variables by the non-dimensional quantities co = Cy/pro, ¥ = Y/(B1p10/1), ¢ = C/pr)
g = G/(Bapr/d2), and t = td;, and defining the dissociation constants ky;; = ao/a; and
kg = ag/ag with a = ay4/ay, we can take the system to the standard singular perturbation

form using the change of variable v = y + 5’17;) Lc, which yields

dCO o Co F
dt kdl kleTOQ \/ pToQ >
61
d_ii —co— (v — pT51 01€0 Iy — \/61 ~ Bipre®) T,
dt 51PTO Biprof? B1prof2
dc aﬁlpTo(U - gg;lo c) \/ aBipro(v — 512(;10 C)f [ ac i
dr ka201 ka201pr§2 ° prf 0

g _ of
dt 5152PTQ 5152PTQ ®

where we have assumed that the binding between the proteins and promoter sites are weak,

(26)

giving Cy < pro and C' < pr, and T; for i = 1,...,8 represent white noise processes in the
time-scale .

It follows that the system (26) fits the structure of the original system in (1)—(2) with v and
g as the slow variables and ¢y and ¢ as the fast variables. We have that the drift terms and the
squared diffusion terms are linear in the state variables, satisfying Assumptions 1 - 2. The matrix

B, defined in Assumption 2 is given by

-1 0

_apr __
0 o — Q

where we have that all the parameter constants are positive. Thus, the matrix B, is Hurwitz,
satisfying Assumption 3. Therefore, the assumptions of Theorem 1 are satisfied.
We note that, due to the square-root form of the diffusion terms, the system (26) does not satisfy

the sufficient Lipschitz continuity conditions for the existence of a unique solution for SDEs.



Furthermore, the system parameters do not satisfy the conditions for the existence of a unique
solution for affine SDEs in [10]. The existence of a solution for chemical Langevin equations
where the arguments of the square-root diffusion terms remain positive is an ongoing research
question [34], [35]. However, the validity of the chemical Langevin equation representation for
chemical kinetics is based on the assumption that the molecular counts are sufficiently large [12].
In line with this, the work in [36] considers several examples of one-dimensional systems and
show that the probability of molecular counts reaching zero decreases as the initial condition
increases. Considering higher dimensional models, in [37], we show that the minimum time
for the molecular counts to reach a lower bound starting from a given set of initial conditions
increases as the initial conditions become appropriately large (as defined in [37]), thereby keeping
the argument of the square-root positive for a longer time interval.

Next, setting € = 0, we obtain the reduced-order system

Z_E ]jd(l (1= R+ 51;];‘;191“3 - 5151PT0];2) 27
% - % 5_39 " \/51 ﬁQpTQ(ﬁ;fovde)Qﬁ Vs ﬁf;TQgFS’ (28)
“- k% pm)ffdlgN L (29)

~ 5 (Zililedz) " \/ 51p:£$0fd/;2)2]v 2 (30)

where R = N; and N, are standard normal random variables. This system describes

pT +kd
the dynamics for the perturbed system denoted by System 3 in Fig. 5 where the dimensionless

concentration for protein Y is given by y = v — LroL Fo--C. Next, the dynamics for System 2, which

BipT

only includes the error due to retroactivity can be found by taking I'; =0 for+ =1,...,8 in
(27)—(30), which yields

dug X dgr d251provR 02

——= =" _—(1-R)ug, L — —Zgr, 31

Fd g TR g pr + k) 0100 ©1)

X
Cho = o vrRB1PTO 32)

—, (g=————.
ka1 61(pr + ka2)
Then, we can use the fast variable approximation for cp given in (32) to rewrite the system

dynamics in the original variable yr = vr — cp, to obtain

System 2: yr = (1 — R) (kﬁ — yR) (33)
d1



G = 0251PToYR 52g

R= w5 — 7 9R
82k go 0

Similarly, the reduced-order dynamics for the nominal system (i.e without the boxed terms

(34)

that represent retroactivity effects and with I'; = 0 for « = 1,...,8) can be written as
X
System 1: gy = — — yn, (35)
ka1

_ d2B1proyn _ @
5%]@1(12 51 gn,

Next, using the system definitions in Fig. 5, we define the error due to retroactivity in Y

(36)

A _ A _ . .. .
and G as [2vel — lwr—unl 5nq 1B9rl _ l9r—anl ecpectively. Similarly, the error due to noise
lyn| lyn| lgn| gN
) . A _ A _ .
in the signals Y and G are can be defined as [8usl — lv=vrl gnq [89sl — l9-9rl regpectively.
lyrl lyrl l9r| l9r|

We consider the input X to be of the form X = ki + kysin(wt) with k; > ks to mimic a
typical periodic signal from a clock [38]. As we are interested in the error in the temporal

dynamics, we analyze each of the errors arising due to the time-varying component of the input

X = kosin(wt).
To quantify the error due to retroactivity, we take the ratio of amplitude of the signals Ayg

and Agg to the amplitude of the nominal signals Ayy and Agy, respectively. Therefore, the

|[Ayr(j@)| |[Agr(j@)]
unGol and G

To quantify the error due to noise we consider the coefficient of variation, which is a standard

error in y and g due to retroactivity is given by , respectively.

measure of noise, defined as the ratio of standard deviation to the mean value of a signal. Since
the drift functions in the system (27)—(28) are linear, the mean signals of y and ¢ are given by yr
and gg, respectively. Therefore, the terms E[(Aygs)?| and E[(Ags)?] give the variances of signals
y and g. Then, to quantify the noise error in Y we take EE@Z—?E%Q)', where |[E[(Ays)?](j@)| ko
gives the amplitude of the signal E[(Ays)?] and |yr(j@)|k2 gives the amplitude of the signal yg

for the input X = kosin(wt). Similarly, the noise error in G can be quantified by the expression

[E[(Ags)?](jw)]
lgr(i@)|Vke *

B. Retroactivity Error

In order to find the retroactivity error, we consider the System 1 and System 2 in Fig. 5, for
which the dynamics are given by (35)—(36) and (33)—-(34). We use the linearity of the system
(35)—(36) and (33)—(34) to directly evaluate the frequency response with a periodic input of the

form X = kysin(wt) and calculate the error in Y and G as
[Ayr(jO)| fw
lyn (J@)| @2+ (1— R)2

) (37)



Aga®) _ Ra
lgn (J@)| &2+ (1 — R)2'

(38)

pr

pr + ka
in both Y and G increases as pr increases.

Since R = monotonically increases with pr, it follows that the error due to retroactivity

C. Noise Error

Next, we quantify the noise error in Y by considering the dynamics for System 2 and System
3 in Fig. 5. As the drift coefficients of the system (27) - (30) are linear, we have that E[y] =
E[v] — E[¢] = yg. Therefore, the error E[(Ays)?] is equivalent to the variance of y given by
E[(y — E[y])?]. Here, we note that the dynamics of the variable y consists of both slow and fast
components, and therefore we require both slow and fast variable approximations to represent
the dynamics of y using the reduced-order model.

Thus, we use the fast variable approximation for ¢ given in (30) to derive the first and second

moment dynamics for the variable y as shown in Appendix B to obtain

dE X
T - n(5 -Ew), (39)
dEly*] . { X o omro 0 X 5 Efy] }

at (1 R) 2kd1E[y] 28 [y ] * ka1 B1p70f2 * Brprof? ' @0

Then, using the first and second moment dynamics we find the dynamics for the variance of

y given by E[(y — E[y])?] = E[y?] — E[y]*, which yields

dE[(y — E[y])?] { 01X 51 E[y] 2 }
— =(1—-R + —20E|{(y — E , 41
dt ( ) ka1 BiproSY  Biprof? [(y ) }
where R = % as defined in the derivation of the reduced system (27)—(30).
pr d2 -
As system (41) is linear, we can directly evaluate its frequency response with the input X =

(1—R)k2
b/ @2+ (- R)?)

E[AYZ](j0)]  VEadi (@ + (1 — R)?)W/Y

lyr(j@)[Vk, V(1 = R)B1proQiks

Since the function R monotonically increases with pr, the noise error in Y increases as pr

kosin(wt) which, by normalizing by the average signal |yr(jw)|ks = , leads to

increases. Therefore, decreasing the downstream copy number p; minimizes both retroactivity
and noise errors in Y.
Next, we quantify the noise error in G by considering the dynamics for System 2 and System

3 in Fig. 5. Due to the linearity of the drift coefficients, the expression E[(Ags)?], where gs



was defined as gs = g — ggr, gives the variance of the signal g. Thus, we use the dynamics
of the variances of signals v and g to quantify the noise error in G. To this end, denote the
variance of the signal v and the covariance between v and g by E[(Av)?] = E[(v — E[v])?],
E[Avg] = (E[vg] — E[g]E[v]), respectively. Then, using the moment dynamics of the system
(27) - (30), the dynamics for the variances are derived as

P _ X (- rEp, @

dE[Q] 52/61PT0E[U] P
= —Z“Rr 43
dr  02(pr + ka) o1 9] 43)

dE[(Av)?] o . OF; . 0(1— RE[Y]
ar —201 - RE[(Av)’] + /31]9];09 Biprof?
dE[(Avg)] 02 d21proE[(Av)?]
— = —((1-R) + Z)E[(Avg)] + 2o + )
dE[(Ag)?] ., d2B1pro ) 2 5 B1proE[v] 03
dr B 25%(]% + de)E[(Avg)] N 2EE[(A9) } " 07 Bopr (pr + Ka2)2 5152PTQE[9]7

(44)
Then, evaluating the frequency response for the system (42)—(44), we can quantify the noise

error in GG as

VIE[AgS(Go)|  [050F + 61@? , =

ok | mo VA “
where the function A(pr, @) decreases with increasing py for sufficiently small @, as shown in
Appendix C. Therefore, as we consider an input of the form X = kosin(wt), where w = wdy,
the noise error in GG decreases as pr increases when the input frequency w is sufficiently smaller
than the bandwidth of the nominal system given by ;. Thus, in contrast to the noise error in
Y, a higher value of pr should be used to decrease the noise in G. This is due to the fact that
increasing the amount of downstream copy number pr leads to an increase in the amount of
protein (G, which in turn reduces the amount of relative fluctuations, as observed previously [31],
[32].

Furthermore, since the noise error in Y increases with pr in contrast to that of GG, and Y is an
input to the downstream component that produces G, we consider how the noise in Y propagates
downstream to the signal noise in (. To this end, we observe from Fig. 4 that increasing pr
causes an increase in the high frequency noise of signal Y. However, the downstream component
with the output signal GG acts as a low-pass filter, which suggests that increasing high frequency

noise content in Y will have a minimal effect on the noise of G.



20

Comparing the results obtained in this section for the noise error in G with the retroactivity
error in GG given by equation (38) demonstrates a trade-off between stochastic and deterministic
perturbation in signal . Fig. 6, illustrates this trade-off for p7 in the range 1: 1000 nM. Similarly,
the expressions for the retroactivity error in (38) and the noise error in (45) can be used to quantify
this trade-off for different parameter values and find an optimal value of pr that would minimize

the combined perturbation when designing biological circuits.

Increasing
0.3} pr

Retroactivity Error

0 0.2 0.4 0.6 0.8 1 1.2
Noise Error

Fig. 6: Trade-off between retroactivity and noise in signal G for pr in the range 1:1000 nM (obtained using the

equations (38) and (45)). The parameter values are as in Figure 4.

VI. CONCLUSION

In this work, we have considered the problem of model order reduction for a class of stochastic
differential equations in singular perturbation form. We introduced a reduced-order model that
approximates both the slow and fast dynamics of the original system and can be obtained by
solving two algebraic equations. For the slow variable approximation, it was shown that the
error between the moments of the reduced system and moments of the original system are of
O(e). For the fast variable approximation, it was shown that the first and the second moments
of the reduced system are within an O(e)-neighborhood of the first and second moments of the
original system, respectively.

We then illustrated the application of our results with several examples. First, we considered
an academic example and demonstrated the derivation of the reduced-order model and verified
the results of error convergence through numerical simulations. We then considered an example
of a biomolecular system that is typically encountered in both natural and synthetic genetic

networks. The system dynamics were modeled using chemical Langevin equations and, by using
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the reduced-order model of Theorem 1, we analyzed and quantified trade-offs that arise in the
design of genetic circuits. In particular, through this example, we demonstrate how both fast and
slow variables approximations are required to quantify the noise properties of physical variables,
which typically are mixed, i.e., neither slow nor fast. In future work, we will extend these results
to systems with non-linear drift terms, which will allow us to consider biomolecular systems

with multi-molecular reactions.

APPENDIX A

Here, we provide the proof of Theorem 1. We begin by presenting the set of intermediate
results that will be used in the proof. In Claim 1, we prove that the moment dynamics of
the original system can be written in the standard singular perturbation form. In Claim 2, we
derive the moment dynamics of the reduced-order system for moments of all orders for the slow
variable approximation and for first and second order moments of the fast variable approximation.
In Claim 3, we derive the set of reduced-order moment equations obtained by setting ¢ = 0 in
the moments of the original system. The above results are used in Lemma 1 to prove that setting

= 0 in the moment dynamics of the original system yields the moment dynamics of the
reduced-order system, for all moments of the slow variable and up to second order moments for
the fast variable.

In order to derive the moment dynamics, we first define the set K = {(ki,..., k) €

20| 22:1 k; = P}. Then, considering the original system in (1)—(2), denote the state vectors

by x = [1,...,2,)T and 2z = [21,..., 2,]T. We then have the following claim.

Claim 1. Under Assumption 1 - 2, the moment dynamics of the original system in (1)—(2) can

be written in the singular perturbation form:

o) ,
dElx =Y Ccult + 3 Y CouEEVD] vk e KF (46)
iegl legl, jegh—1
(g)
El2 = 3 Dt OEEY + Y S Dot E[V=0)),vg € KE 7)
acgh c€Gl pegh—1
dE[2(F=
AL S At OB+ Y Fanlt, L)
uegr acgl

P q
2202 > Bt 9EEMat), (48)

4=2r=1k€G, scga, "
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for k, € K9 and k, € K3, where Q, + Q. = P, and for appropriate continuous functions
Chi(t), Cou(t) and continuously differentiable functions Di,(t), Dape(t), Fou(t,€), Fiu(t,€) ,
Fypns(tye), fori e Gl e Gl andje Gl aegl ,ceglveGh-Luegh g=2,.... P,
r=1,...,¢ k€Gr,seGi ", P={1,..., N} where N € Z-,.

Proof. In order to derive the dynamics of E[z(*)], consider the drift and diffusion terms of the
slow variable dynamics of the original system (1)—(2), which can be denoted as f,(z,z,t) =
[for (@, 2,8), ..o [, (z, 2, )] and 0, (2, 2, t) = [0Y(x, 2,t),t)] fori =1,...,nand j = 1,...,d,.
Then, using the Ito formula as in [20, p. 86] the moment dynamics of z(*) for each k =

(k1,...,k,) € KP can be derived as

n

= Z KB fo, (x, 2, )TN ki ahn)

1 _
52 E[¢pp(z, 2, t)2h Loake Tl
n -1
Z kik;E[¢ji(z, = t) ...Jc?rl xé’” ! oz, (49)
:2 =1
where ¢;;(x,z,t) for i,j = 1,...,n are the elements of the matrix ®(x, z,¢) defined in As-

sumption 2. From Assumptions 1 — 2, we have that the functions f,,(z,2,t) and ¢;;(z, z,1)
are affine in  and 2. Hence, it follows that the dynamics of P'" order moments will depend
only on moments of order up to P. Under Assumption 1, we also have that A3(t) and Bs(t)
are continuous functions. Therefore, for appropriate continuous functions Cy;(t) and Cyj(t) for
i€Gl, 1eg) and j € GI'™', the moment dynamics in (49) can be written in the form given
in (52).

In order to derive the dynamics of E[2(9)], we consider the drift and diffusion terms of the
fast variable dynamics of the original system (1)—(2), which can be denoted as (1/¢) f.(x, z,t) =
(1/€)[fo(x,2,t,€), .., fo (x,2,t,6)]T and (1/v/€)o.(x, 2, t,€) = (1/3/€)[0¥ (x, 2,t,¢€)] for i =
1,...,nand j =1,...,(d; +dy). Then, as in [20, p. 86] the moment dynamics of 219) for each
g=1(g1,---,9m) € IC,]; can be written as

Zgz [ [z (x,2,t,€)2] ...zfil,'.zygrzyl]

& 1
g1 p—2 m
E_ L)\Z,p(a: zte)z]" ... 25 z,gn]

l\D\»—t

1—1
Z G19pE { Mpi(@, 2, t,€)2] ...zgp_l...zfl_l...z%n], (50)

MMS
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Nij(x, z,t,€) fori,j =1,...,m are the elements of the matrix A(z, 2, ¢, €) defined in Assumption
2. Under Assumptions 1 — 2, we have that the functions f,,(x, z,t, €) and \;;(x, z,t, €) are affine
in z and 2z and are continuously differentiable in their arguments. Thus, it follows that the
dynamics of the moments of order P will depend only on moments of order less than or equal
to P. Then, multiplying both sides of the equation (50) by ¢, we can represent the moments
E[2(9)] for each g € KF as in (47) for appropriate continuously differentiable functions Dy, (t)
and Dy,.(t) fora € G& , ce G, be Gh1,

In order to find the dynamics of E[z(*<)z(*+)], we consider the vector [z1, ..., zpm, 71, ..., T,]7,
for which the drift and the diffusion terms can be represented by the vector [f,, (z, 2,t,€) /€, . ..,
fo (@2t €) )€, fo, (2, 2,1) ... fo, (2, 2,1)]T and matrix [(1/y/€)0¥(z, 2, t, €); [04(z, 2, 1) 0]*] re-
spectively, for ¢ = 1,...,m, j = 1,...,(d, + dy), k = 1,...,n, in which [o,(z,z,t) 0
denotes a matrix-valued function R” x R™ x R — R™(%+ds) and [o,(z,2,t) 0]* denotes

the elements of the matrix. Then, from [20, p. 86], the moment dynamics of 2k (k) for

k.= (c1,...,cm) € K= and k, = (ky, ..., k,) € KF= can be written as

E[z(*=) g (ke)]
dt

E ¢ [ [z (x,2,t,€)2 ...zfi_l...zﬁfﬁx’fl...:vﬁ"]

+Zk]E{fz (x,2,8)2" ... 20 a:]fleb_lxﬁ]
i=1
m
Aii(z,z,t, € _
+§ ci(ci—l){“(e)zfl...zfl 2 2fm x’flel”]
i=1

1 n
+ 3 Zkz(kl -1) [qb“-(:r, zyt, €))L L gCmgh ki xﬁ"}

©
o
=

€ J

m i—1 A (
x,z,t,€)
3 s~y by c1 c;j—1 ci—1 Cm .k
—|—E E cich{zl N 2 O S Sk

n t—1

o ki—
JrZZkk]E{gbﬂxzt) . ah ke 1...9:]-J !

1=2 j=1

xﬁ} 51)
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where \;;(z,z,t,€), ¢(x,2,t) and O (x,z,t,€) fori,j = 1,...m , [,k = 1,...n are the
elements of the matrices A(x, z,t,¢€), ®(x,2,t) and O(x, z,t,€) defined in Assumption 2, re-
spectively. We have that the functions f.,(z, z,t,€), fu(x,2,t), A\ij(z,2,t,€), du(z,2,t) and
Oix(z, z,t,€) are affine in = and z and are continuously differentiable in their arguments due to
Assumption 1 - 2. Thus, for appropriate functions Fy,(t,€), Fi,(t,€) , Fagus(t,€), for a € G&
weGl g=2,...,P,r=1,...,¢, k € G"

m?°

s € G477 the dynamics of E[z(*-)2(*+)] can be

written in the form of (48). ]

Next, we derive the moment dynamics of the reduced-order system (4)—(5). For this, de-
note the state vector of the reduced slow system by 7 = [z,...,Z,]7 and let v(Z,t) =

i (Z, 1), (@ )], 9(Z,t) = [9.1(Z,1), .-+, 9e(dyra,) (T, t)] Where g.;(7,t) denotes the i

column of g(z,t). Then, we have the following claim.

Claim 2. Under Assumptions 1 - 2, the moment dynamics of the reduced slow system in (4) are
given by

x(k)

= > CuEEY+ > Y Con(Eq(z, )Pz, Yk € KL, (52)

iegl legy, jegk—1

and the dynamics of the first and second moments of the reduced fast system in (5) are given by

+
E[zM] = Ely(z, t)™] + Z , Vhe Kl (53)

where the functions C1;(t) : R = R and Cy;(t) : R — R satisfies equation (46) in Claim 1,
P, ={1,...,N'} where N € Z~¢ and P, = {1, 2}.

Proof. To find the moment dynamics E[z(*)], note that the reduced slow system (4) is obtained
by taking z = 7(z,t) in (1). Thus, the dynamics for E[z*)] for all k = (ky,...,k,) € K can be
obtained by following the proof of Claim 1 with z = z and z = 7(z,t), which yields equation
(52).

Next, to derive the moment dynamics of the reduced fast system in (5), we take the expectation

of equation (5), which yields

E[z] = E[y(z,t) + g(Z,t)N]. (54)

From the definition of the reduced fast system, we have that N is a vector of standard normal

random variables independent of the random vector z. Thus, we have that E[N] = 0 and as the
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expectation operator is linear, we obtain E[Z] = E[v(z,t)], which yields equation (53) for the
case where P, = 1.
Next, considering the second moment of the reduced fast system we have that

dg +df dw+df

Elziz;] = [72 Z,t) + Z 9 (Z, )N (v;(Z,t) + Z gji(x, t)Ny) | .
1=1 1=1

Expanding further, we obtain

do+dy dotdy
Elziz;] = Elvi(z,t)v(x, t)] + E | (1) Z gi(Z, )N | +E Z 9i (T, t) N1y (Z, 1)
=1

dg +df dy erf
(> ga@ON)( Y gu(@,t)N))
=1 =1

Since the elements of the vector N are independent standard normal random variables, we have
that E[V;] = 0 for all 4, and E[N;N;] = 0 for ¢ # j and E[N;N;] = 1 for i = j. Therefore, we
obtain E[z;z;] = E[v(Z,1)v,(Z,1)] + ]E[ et (2, ) ga(z, t)]7 which can be written in the

form of equation (53) for the case where P, = 2. ]

Next, we analyze the set of moment equations obtained by setting ¢ = 0 in the moment

dynamics of the original system given in Claim 1.

Claim 3. Setting ¢ = 0 in the moment dynamics of the original system in (46)—(48) yields the
following reduced-order system for all moments of the slow variable and up to second order

moments of the fast variable:

= > CuERDI+ > Y Cou(Eq(z, t)Dal], vk € K=, (55)
i€gl 1€G jegn "
d;c-‘rdf
E[zM] = Ely(z,t)™] + (P. - DE[ Y g.(z,£)™)], Vh e KL, (56)

=1
where the functions Cy;(t) : R — R and Cy;(t) : R — R satisfies equation (46) in Claim 1,
P,={1,...,N'} where N € Z~y and P, = {1,2}.

Proof. From Claim 1, we note that the fast variables that appear in the slow variable dynamics
in (46) are of the form E[z,x)] for j = (ky,...,k,) € GP~1 and i = 1,...,m. Thus, we first
consider setting ¢ = 0 in the dynamics of E[z;z()]. The dynamics of E[z;2()] can be obtained
from the derivation of (48) in the proof of Claim 1, with k, = (¢1,...,¢n) € lC}n which gives

¢i=1and ¢, =0 for [ # ¢ for each i = 1,...,m. Then, we have
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dE[z;x0))
Ta

E[fzi (x,z,t,e)x(j)]

n
+ ez EiE[fo, (z, 2, 1)z .. .;):fl_l L
=1

1 n
+e5 > kplky = DE[gpp(w, 2, )z}t . afr 2 k]
p=1

n
+ Ve Z knE {Gim(x, z,t )t gk .xﬁ”}
m=1

n -1

+ 62 Z kik,Elop (z, 2, t)zix’fl .. .x?*l . a:;”_l . xﬁ”}, (57)

=2 p=1
where ¢y.(x, z,t) and 6;(z, z,t,€) are the elements of the matrices ®(x, z,t) and O(z, z,t,€)
defined in Assumption 2, where we have that lim._,, 6;;(z, 2,¢,0) < oo for ¢ = 1,...,m and

j=1,...,n. Thus, setting ¢ = 0 in the dynamics of the vector E[z2())] yields

E[f.(z, z,t,0)z%] = 0. (58)

Under Assumption 2 - 3, there exist a unique solution to equation (58), which is given by
E[z2W)] = — By Y (B E[z2)] 4+ B3(t)E[z()]). Considering the expression for (z,t) in equation
(3), it follows that E[y(z,t)2)] = E[- By (Byx + Bs(t))z")] = E[22)]. Thus, it can be seen
that setting ¢ = 0 in (57), we obtain

E[zix(j)] :E[%(m,t)x(j)}, ie{l,....m}, j=(ki,...,kn) € GE7L. (59)

Then, substituting (59) in (46) yields the set of equations (57) for the moments of the slow
variable z.

Considering the equation (59) with P = 1, we also obtain that E[z;] = E[v;(x,t)], which
results in the equation (56) for the case where P, = 1.

Next, we consider setting ¢ = 0 in the second order moment dynamics of z in (47) given
by the case where ¢ € K?. We denote these moments by E|[z;2;] for i,j = 1,...,m, for
which, the dynamics can be obtained from the derivation of (47) in the proof of Claim 1, taking
g=1(g1,-,9m) € K2 with g; = 1,g;, = 1 and g, = 0 for all [ # i, j. Then, representing the
second moments of z in matrix form we have

dE[z2T]
dt

€ =E[zf.(x, z,t, e)T] + E[f.(z, 2, t, e)zT] + Elo.(, z,t, )0, (x, 2, t, e)T]. (60)

Then, setting € = 0 in the equation (60) together with Assumptions 1 - 2, yields
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E[zaT|BT + E[227)|BY + E[2]B3(t)" + B1E[zz"]
+ BoE[z2T] 4+ B3 (t)E[2T] + A(E[z], E[2], ¢, 0) = 0. 61)

From equation (59), we can write E[z] = E[y(z,t)] and E[z2”] = E[y(z,t)2"] for the case

where P =1 and P = 2, which can then be used in (61) to obtain

Ez2"]B; + BoE[z2"] = —E[y(xz,t)2" | B — E[y(x,t)]Bs(t)"

- BIE[’Y(IV t)mT]T - BS(t)Eh(mv t)]T - A(E[ﬂ;‘], E[’V(xv t)]7 t, 0)' (62)

The equation (62) is in the form of the Lyapunov equation

ATP + PA = —Q,
with

P =E[z27],
Q = —E[y(z, )2 BT — Ely(z, t)]Bs(t)” — BiE[y(x,t)2"]"
— Bs(OE[y(x,1)]" — A(Elz], E[v(x, )], 1,0),
A= BT
From Assumption 3, we have that the matrix B, is Hurwitz, and therefore, there exists a unique

solution for E[zzT] in the equation (62). Thus, to prove that the solution to (62) is in the form

of

E[ZzT} = E[’Y(Ivt)’Y(Ivt)T +g(1’,t)g(x,t)T] (63)

given by (56) for the case where P, = 2 we substitute (63) in (62), which yields

Ely(z,t)y(z,t)"]B] +Elg(z,t)g(z,)"]B]
+ BoE[y(z, t)y(2,)"] + B2E[g(x, t)g(x,1)"] =
—E[y(x,t)27] BT —Ely(z, )] Bs(t)" — BiE[y(x, t)a™]"
— Bs(E[y(x,1)]" — A(E[z], E[y(x,1)],£,0).
Simplifying further using the linearity of the expectation operator and the function v(z,t), and

noting that Bix + Bs(t) = —Byy(x,t) from the expression for v(x,t) in equation (3),we have
that
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Ely(z,t)y(x,t)"1B3 +Elg(x, t)g(z,t)"] By
+ BaEly(x,1)y(x,1)"] + B2Elg(x, t)g(w, )] =
E[y(z,t)y(z,t)"| BS + BoE[v(z,t)v(z,t)"]

- A(E[]Z], V(E[‘rL t)a t7 0)
Canceling the common terms on both sides yields the expression
Elg(z,t)g(z,t)"]By + B2E[g(x,t)g(,t)"] = —A(Elz], (Elz], 1), 1,0),

which is satisfied by the definition of the function g(z, ) in (6). Thus, we have that setting ¢ = 0
in the moments of the original system yields the equation (56) for P, = 2, i.e. for the second

order moments of z. ]

Lemma 1. Consider the original system in (1)—(2), the reduced system in (4)—(5) , the moment
dynamics of the original system in (46)—(48) and the moment dynamics of the reduced system

in (52). We have that, under Assumptions 1 - 3, the commutative diagram in Fig. 7 holds.

Proof. Proof follows from Claim 1, Claim 2 and Claim 3. L]
Original System Reduced System
= fo(z,2,t) + 0g(z,2,1) Ty €0 - % = fo(Z,71(Z,1),t) + 02 (Z, 71 (F,1),t) Ty
ez = fo(z,2,t,€) + Veor(x, z,t,€) [, - z=m(z,t) + g(z,t)N
e—0
Moments of the Original System > Moments of the Reduced System
See Claim 1. See Claim 2.

Fig. 7: Setting ¢ = 0 in the moment dynamics of the original system yields the moment dynamics of

the reduced system.

Proof of Theorem 1: From the commutative diagram in Lemma 1, it follows that setting € = 0
in the moment dynamics of the original system yields the moment dynamics of the reduced-order
system for up to second order moments of the fast variable and for all moments of the slow
variable. Therefore, we can apply Tikhonov’s theorem to the moment dynamics of the original

system in (46)—(48) to obtain the result (7)—(8).
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We first prove that the assumptions of the Tikhonov’s theorem are satisfied. To this end,
we begin by considering the assumption on the global exponential stability of the boundary
layer dynamics of the system (46)—(48). From equation (46), it follows that the fast vari-
ables that appear in (46) are of the form E[z;z)] for j € GP~!. Thus, we define the vector
b; = [bij,...,bm;]" for the boundary layer variable for E[z2))] where b; = E[zzW)] —
E[v;(x,t)2W] for j € GP~' and i = 1,...,m. Furthermore, in Theorem 1, we only consider
up to the second order moments of the fast variable. Thus, we define the matrix V' as the
boundary layer variable for E[z;z;| where the elements of V are given by vy = E[zz] —
E['yl(a: Ove(z,t) + Zd”df (x,t)lhg(a:,t)kh], for I,k = 1,...,m. Then the dynamics of the

variable b;; and vy, are given by

dbi; _ dE[zizP]  dE[yi(z,t)z)]

dt dt dt ’
dy
do  dEfzz] B[ 00+ S gl g Den
dt dt dt )

Let 7 = t/e be the time variable in the fast time-scale. Then we have that

dbi;  dE[zz]  dE[y;(z,t)z)]

&~ at a

dy
doge  dE[z2] dE[“/z(ff Ove(w,t) + 3,5 + ! (%L‘)mg(%t)kh}
——" —¢ — € .
dr dt dt

Since from (3) we have that ;(x,t) is a linear function of z, and since j € GI'~! we have that
2Y) contains moments of order up to P — 1. Therefore, it follows that ~;(x, ¢)z") can be written
in terms of P or lower order moments of = and ;(z,t)vx(x,t) consists of up to second order
moments of x . Furthermore, from (6) we have that g(x,t)g(z,t)” is a matrix whose elements
are linear functions of z. Therefore, for appropriate functions Qy(t) for k € G¥', Z.(t) for r € G2
and employing the linearity of the differential operator, we can write

dbi;  dE[zz)] Z ()d]E[ch)]
GBlET] i

dr 7 at at

keGP

d’Ulk dE Zle )]
€E—— = Z(
@ e 2l

Substituting from (46) and using the expansions of dE[z;2\7)])/dt, dE[z;z;]/dt, (see proof of
Claim 3), yields

db;;
dr

=E [le (z, 2, ¢, e)z(j)}
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n
+erlE[le(x7z,t)zimJ1. i)
=1

ey Z]p Elppp(z, 2, )27 ~--xi;P72...fo’L]

+\fZJm {lmxzte) ) .xfgg""l...xﬂ

m=1
n m-—1 ) . ]
+e Z Z JmJpBlbpm (. 2, )zl el
m=2 p=1
)
P
—GZ Z ( Z Clz
s=0keKs ieNFP
+3 ) Cou(ER(z, 1)z <J>]> (64)
leCt jeNP -1
dvlk
— = Elz1f., (x, 2, t, €)] + B[z f2, (m, 2, t, €)] + E[ Ak (2, 2, ¢, €)]
d]E ()
Y 2z, =) (65)
reNz

where ¢;;(x, 2, t), 0,(x, 2, t,€), \p(z,2,t,€) for i,j = 1,...n and [,k = 1,...,m are the
elements of the matrices ®(z, z,t), O(x, z,t,€) and A(x, z,t,€) given in Assumption 2.

We obtain the boundary layer system for the vector b;, by setting ¢ = 0 in the equation
(64), with E[zz0)] = b; + E[y(z,t)z)]. Under Assumptions 1 - 2, the functions f,(z,z,1),
fa(x, 2t €), @i, 2,t), O5(x, 2,t,€), Qr(t), Cri(t), Ca;(t) are continuous and therefore are
bounded on any compact interval ¢t = [0, ¢1]. We also have that 6;;(x, z,¢,0) < oo, from Assump-
tion 2. Additionally, as the system (46)—(48) is linear, the solutions E[z(] and E[y(z, )V z0)]
exist and are bounded on any compact interval ¢t = [0, ¢,]. Therefore, the boundary layer dynamics

b; are given by % =E|[f.(z,21t,0)z]

_ . Together with Assumption 1 and
E[z2()]=b;+E[3(z,t)z0)
the definition of (x,t) in equation (3), we then obtain

dy;

2 — BiE[za?] + Ba(b; +Ely(w,1)2P]) + Bs(t)Elz)]

— Byb;. (66)

In order to obtain the boundary layer dynamics for V', we first represent the elements of b;
where j = (ki,...,k,) € G~ for the case P =1 as a vector d = E[z] — E[y(z,t)] and for the
case P =2 as a matrix E = E[z2”] — E[y(x, ¢)2"]. Then, the boundary layer dynamics for the
matrix V' can be obtained by setting ¢ = 0 in (65) and taking E[z2T] = E + E[y(z,t)2”] and
E[z] = d + E[y(x,t)], which yields
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dv
= VBY + BoVT + EBY + B ET + Bs(t)d” + dBs(t)T. (67)

Under Assumption 3, we have that the origin is a globally exponential stable equilibrium point
of the boundary layer dynamics b; in (66). Next, to determine the stability of the boundary layer
dynamics V, we consider the solution of (67) for V' given by [39]

V(r) =eB2TV(0)eB T + / B2 (B(w)BT + ByE(v)T
0

+ Bs(t)d(v)T + d(v)Bs(t)T)(eP2m=")) Ty,

Then, considering the solutions for £ and d, which can be obtained from (66), and are in the
form E(7) = E(0)e??™ and d(7) = d(0)eP?7, and using that B, is Hurwitz under Assumption
3, it follows that there exists positive constants C and r; such that ||V (7)||r < Ci(||d(0)]|r +
|E(0)]| 4]V (0)||r)e~"", where ||.|| » denotes the Frobenius norm. Then, taking Y = [d | E' | V],
and considering the exponential stability of £ and d, we can write ||Y (7)||r < C||Y(0)||pe™""
for positive constants C' and r. Thus, we have that the origin is a globally exponentially stable
equilibrium point of the boundary layer dynamics V.

Furthermore, we ensure that the additional assumptions of the Tikhonov’s theorem also hold.
We have that Cy;(t), Cy;(t) are continuous functions with respect to time and that the functions
Dyo(t,€), Dape(t, €), Fri(t, €), Fau(t,€), F3pris(t, €) in (46)—(48) and their partial derivatives with
respect to ¢ and € are continuous, from Claim 1. Due to the linearity of the function ~(z,t)
and g(z,t)g(z,t)”, we have that the function E[y(z,t)2)] for j € GP~' has continuous
first partial derivatives with respect to its arguments E[z(®)] for k € G and the function
E[y(z,t)y(z,t)" + g(z,t)g(z,t)T] has continuous first partial derivatives with respect to its
arguments E[z(®)] for k € G2. Furthermore, we have that the system (52) has a unique solution on
a compact time interval ¢ € [0, ¢1], due to its linearity. Hence, the assumptions of the Tikhonov’s
theorem on a finite time interval are satisfied and applying the theorem to the moment dynamics

of the original system in (46)—(48), yields the desired result in (7)—(8).

APPENDIX B

Here, we show the derivation on the moment dynamics of the variable y using the slow
and fast variable approximations. First, we derive the first and second moment dynamics of the

variables v and c of the reduced system in (27)—(30) as
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dE[v] X

T (1 - R)E[], (68)
E[v]B1pro
Eld = ——/———— 69
e 81 (pr + ka2)’ (69)
dE[v?] X s 5 (1—RE[
— =2 _FE[v] - 2(1 - R)E[v?] + a4 70
dt ka1 o] = JE] B1prof2 B1pT0f2 70
2 2,2
E[?] = ]2E[U] 11’T02 E[v]B1prokaz . o
01 (pr +kaz)?  S1prQUpT + kaz)
E[U2]ﬂ1pT0
E = 72
[ve] 01 (pr + ka2) (72)
Since y = v — ﬁPTAc, we can write the dynamics for the first moment of y as %Ly] =
1PT0 t
dlgg—”} — /22(;10 d%y. Then, using the chain rule we obtain Mg—y = (1 _ BPIIZ‘)(STlO gg?}) dlggv]’ and with
dE[c] _ _ Bip .
] = o (pTLSdQ) from (69), we can write
dE[y] _ ([, pT dE[v]
& (1 (pT+kd2)) @ (73)
s . dE[,?) dE[(v— 2L )]
Considering the dynamics for the second moment of y, we have —=— = .

Substituting the fast variable approximation in (30) we obtain

2
vp vé1prkas
sy (0 i i)

dt dt

dE

Since N, is a normal random variable independent of y with E[N;] = 0 and E[N3] = 1, we

have that

dE[yQ] B k§2 dE [’[}2] n 51kad2 d]E[U] (74)
dt (pr + ka2)? dt BiproQUpr + ka2)? dt

Substituting in (73) and (74) the expressions for the dynamics of E[v] and E[v?] given in (68)

and (70), yields the first and second moment dynamics of y as

dE[y]( pT> (X _ )
=1 o) e (1- R)E[v] ), (75)
dE[? k3 (X o o O
dt_ B (pT +kd2)2 delE[U] 2(1 R)]E[U ] + 51PTOQ
61(1—R)E[v]) d1prka (X_ _ )
B1pTof2 Biprot(pr + ka2)? \ ka1 (1= R)E[]). (76)

Next, in order to write the equations (75)—(76) in terms of E[y] and E[y?], we use the moments
of the fast variable approximation in (69) and (72) to express E[v] and E[v?] in terms of E[y]
and E[y?]. Towards this end, first consider E[v] = E[y] + 22-E[¢]. Using the expression for

Bipro
E[c] from (69) we have
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(ka2 + pr)

Elo] = ka2

Ely]. (77)

Considering the second moments, we obtain

E[o?] —E {@, 1 prh c)2]

Bipro
2 52
—E[?] + 2712 ProL g 2 78
v+ 51PTO Elyel + 7o <] 78)
pro1 proy 2
=E|( =E E . 79
{ ﬂlpTo lyel + B1pro '] )
Using E[yc] = E[vc] — 5@51 E[c?] from (79) in (78) we obtain E[v?] = E[y?] + 2222LE[vc] —
’?]ﬁi [c?]. Then, substituting for E[vc] and E[c?] from (71)~(72), yields E[v?] = E[y?] +
2 Efvz]pT _ B[R Elsiprke Simplifying further and using the expression for E[v]
(pr+kaz) (prtkaz)? QB1pro(pr+ka2)?” pilying g p

from (77) yields

kaz + pr)* d1(kaz + pr)prE[y]
E[?] = { E[y?] - :
A

Then, substituting (77) and (80) in (75)—(76) and simplifying further yields the moment

(80)

dynamics of the mixed variable given in (39)—(40).

APPENDIX C

Evaluating the magnitude of the frequency response of the system (42) - (44), we find that

[E[Agg|(w)| _  [830F + djw?
|9 (i@)|VE2 k2 Q2

where the function A(pr, @) is in the form

VA(pr, ), 1)

(1 = R)?+ @*) (N1 + Na + N3 + Ny)

Alpr,0) = ’
(7, ) (B1pro/ka1)?B303p2D1 Do

(82)
with

Ny = — 263 (R — 1)@* (ka2 + pr) (2B2pr + 02(kaz + p1)),
Np =67 (485p7:6° + 88200p7&” (kaz + pr)) + 61 (65 (kaz + pr)* (AR* — 8R + 5&° + 4)),
N3 = —86102(R — 1)(kgo + pr)(Bapr + d2(kas + pr)),
Ny =483 (Bopr + 03(kaz + pr))* + 81@* (kas + pr)* (R* — 2R+ @ + 1),
= (0fw" + 507650 + 463),

Dy = (67(R* — 2R+ w” + 1) — 20162(R — 1) + 63).
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To identify the change in A(pr,w) with pr, we consider the derivative of A(pr,w) with

respect to pp. Evaluating the derivative at w = 0, yields

opr  |o—o  (Bipro/kar)?B30362p3(61kaz + 02(kaz + pr))3’

8A(pT, UJ) 2]@52 (Ndl + Ngo + Ng3 + 5%&32)

where

Nar = 82 (83p7 + Badopr (ks + 3kazpr + 207) + 05 (ka2 + p1)?),
Naz = 63k25(Bapr + 302(kaz + pr)),

Naz = 6162kaz (Bopr (2kaz + 3pr) + 302(kaz + pr)?).

Thus, it can be see that the derivative is negative for all parameter conditions. We note that

the function A(pr,w) is a rational polynomial function in pr and is continuous with respect to

w. Thus, we have that 3
pT

is continuous with respect to w and thus will remain negative in
a neighborhood of @ = 0. Therefore, the function A(pr,w) is decreasing with pr for sufficiently

small .
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