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Localized Structures in
Indented Shells: A
Numerical Investigation
We present results from a numerical investigation of the localization of deformation in
thin elastomeric spherical shells loaded by differently shaped indenters. Beyond a critical
indentation, the deformation of the shell ceases to be axisymmetric and sharp structures
of localized curvature form, referred to as “s-cones,” for “shell-cones.” We perform a
series of numerical experiments to systematically explore the parameter space. We find
that the localization process is independent of the radius of the shell. The ratio of the ra-
dius of the shell to its thickness, however, is an important parameter in the localization
process. Throughout, we find that the maximum principal strains remain below 6%, even
at the s-cones. As a result, using either a linear elastic (LE) or hyperelastic constitutive
description yields nearly indistinguishable results. Friction between the indenter and the
shell is also shown to play an important role in localization. Tuning this frictional contact
can suppress localization and increase the load-bearing capacity of the shell under
indentation. [DOI: 10.1115/1.4028804]

1 Introduction

Localization of deformation in thin shells arises in scenarios
over a large range of length scales. At the macroscopic scale, this
problem is relevant to the outer-body shells of automobiles and
aircraft, which are often made from double-curved thin metal
sheets. Localization in these structures can occur during collisions
to cause elastic–plastic denting or crumpling [1–3]. The design of
thin-walled structures is bounded by a need for them to be light-
weight and slender, but also resistant to deformation by suppress-
ing localization, which can cause permanent damage. This calls
for a better understanding of the interplay between geometry and
friction of the indenter–shell contact in determining the mechani-
cal response. At the microscopic scale, colloidal capsules [4,5]
can buckle elastically into polygonal configurations, under vary-
ing osmotic pressure. Indentation, another mode of mechanical
loading, is encountered in the mechanical testing through atomic
force microscopy (AFM) of bacteria [6], virus capsids [7,8], and
microcapsules [9]. In AFM, a probe with a sharp tip scans an
object with nanometric resolution [10], such that the curvature of
the tip relative to the curvature of the object is often non-
negligible. As AFM is progressing toward measuring increasingly
smaller objects (e.g., proteins and virus capsids [10–12]), there is
a growing need to better understand how the curvature of the
probe and the nature of the indenter–object contact affect the
mechanical response [13].

The mechanics of shells is strongly linked to their geometry
[14,15] and, for a shell with positive Gaussian curvature, bending
and stretching are inherently coupled. The deformation of a shell
is primarily governed by a need to minimize the energetically
costly stretching, in favor of bending, thereby preserving the
isometry of the surface. In the linear regime, there has been a sub-
stantial body of work centered on rationalizing this interplay,
from the seminal work of Reissner [16] on spherical shells to the
more recent study of geometry-induced rigidity in nonspherical
pressurized shells [17,18]. Past the linear regime, Pogorelov [19]
developed a theory for the formation of an axisymmetric ridge on

an indented shell. This description is, however, not valid for
deformations large enough to cause nonaxisymmetric buckling
and the development of sharp angular features [20–22], for which
a general predictive framework does not yet exist.

The study of the large deformations of shells under indentation
typically involves either point or plate loading. Vaziri and
Mahadevan [20] conducted a numerical investigation of an elastic
hemispherical shell under point indentation using finite element
modeling (FEM). They found that, past the linear regime, the cir-
cular ridge loses axisymmetry, whereby three sharp vertices of
localized deformation form. Vaziri [21] has also studied the case
of plate indentation. Experimentally, localization in ping pong
balls has been studied by either indenting a single ball or com-
pressing packings of balls [23,24]. The effect of plasticity in the
localization during the indentation of metallic shells has also been
investigated, in both numerical simulations and experiments
[25–27]. We have also performed a detailed experimental investi-
gation of the formation of localized structures in thin elastomeric
shells under indentation [22], which we review in more detail in
Sec. 2.

Some similarities can be established between the localized
structures found in doubly-curved shells and those of developable
surfaces (e.g., plates, as well as conical, and cylindrical shells).
For example, when a plate is placed under boundary-imposed
geometric constraints, crumpling can occur such that energy is
localized along ridges and vertices, known as d-cones, for
“developable cones” [15,28]. This focusing of the energy along
small regions minimizes stretching energy globally and allows the
rest of the surface to remain developable. These two classes of
localized structures, ridges and d-cones, have been well studied
and characterized through experimental, numerical, and theoreti-
cal work [15,28]. Drawing an analogy with d-cones in plates and
cylindrical shells [29], we designate the localized objects in
doubly-curved shells as s-cones, short for “shell cones,” empha-
sizing that doubly-curved shells are not developable.

Here, we conduct a series of numerical experiments on the
indentation of thin elastic shells and take advantage of the predic-
tive power of FEM for this class of problems that we previously
validated against our own precision experiments [22]. We perform
a systematic parametric study to gain detailed physical insight
into the localization process, in a way that would be challenging
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to accomplish through physical experiments. In Sec. 2, we start by
defining the problem and reviewing our own previous experi-
ments. The numerics are introduced in Sec. 3. In Sec. 4, we
explore whether the self-weight of the shell has an effect on the
mechanical response. We then study how the localization process
depends on the radius of the shell and on the ratio between the
thickness and shell radius, in Sec. 5. A comparison between using
a linearly elastic versus a neo-Hookean (NH) material model is
studied in Sec. 6 and the maximum principal strains during local-
ization are quantified in Sec. 7. Finally, in Sec. 8, we investigate
the role of friction of the shell–indenter contact in localization.

2 Problem Definition and Review of Our

Previous Work

We start by reviewing our previous experimental and numeric
study [22] on the localization of deformation during the indenta-
tion of a thin elastic shell, which also serves to define the problem.
In Fig. 1, we show the case of point indentation (indenters with
other radii are discussed below). In the experiments, the thin
shells were fabricated out of Vinlypolysiloxane (VPS), a silicone-
based rubber, with Young’s modulus E¼ 1.36 MPa, radius
R1¼ 25 mm, and thickness t¼ 0.3 6 0.01 mm. The hemispherical
shell was clamped horizontally at its equator and an indentation
load was then applied to the pole of the shell, along its vertical
axis (see Fig. 1(a)). The evolution of the deformation upon
indentation was captured by digital imaging, as shown at the rep-
resentative stages of indentation in Figs. 1(a) and 1(b). The
dimensionless indentation was defined as e¼ d/R1, where d is the
indentation displacement, which was increased quasi-statically at
the rate of _d ¼ 5mm=min. The white lines in the photographs of
Fig. 1(b) correspond to light reflections from the ridgelike regions,
where the shell inverts. The FEM simulations (Fig. 1(c)) provided
the energy density, as indicated by the color map in the figure,
and localized structures were associated with sharp local increases
in energy density. Excellent qualitative and quantitative agree-
ment was found, throughout, between experiments and FEM
simulations [22].

During point indentation (Fig. 1), in the range 0.02< e< 0.29,
the cap of the shell first inverts inward, forming an axisymmetric
(Pogorelov) ridge [19], along which the shell stretches

(Figs. 1(a1) and 1(b1)). Past a critical value of indentation
(ec� 0.30), the ridge loses axisymmetry; strain focuses
(Figs. 1(a2) and 1(b2)) at three conical-like vertices, the s-cones,
and the inverted portion of the shell develops a tetrahedral shape.
These three s-cones are connected by straight segments, which we
designate as ridges, acting as folds between the mostly unde-
formed outer shell and the inner inverted region. Inside the
inverted tetrahedral region, additional folds form, which we refer
to as gullies that connect each of the s-cones to the point of inden-
tation. As the shell is indented further, the s-cones travel along the
surface of the shell and eventually new s-cones form by the split-
ting of an existing one (Figs. 1(a3) and 1(b3)) resulting in four
well defined s-cones (Figs. 1(a4) and 1(b4)).

In Ref. [22], we also considered the effect of changing the ra-
dius of curvature of the indenter, R2. The indenter to shell ratio,
C¼R2/R1 (see Fig. 2(a) for schematic), was varied from C¼ 0
(point load) to C¼1 (plate load), with 12 values in-between.
The nature of the indenter–shell contact is qualitatively different
for blunt indenters (C> 1) and sharp indenters (C< 1). For sharp
indenters, the pole of the shell and indenter remains in contact
throughout indentation (Fig. 2(b)), whereas for blunt indenters,
the shell delaminates from the pole of the indenter (Fig. 2(c)).
Therefore, the shape of the indenter has a marked effect on vari-
ous aspects of the localization process including: its onset, the
number of s-cones that form and the overall mechanical response.
Moreover, we also found that C had an important influence on the
frictional contact with the shell such that friction had to be
included in the FEM simulations in order to produce good quanti-
tative agreement with experiments.

3 FEM of an Indented Shell

Guided by the excellent quantitative agreement between experi-
ments and FEM simulations obtained in our previous study [22],
which validates the numerics, the remainder of this paper focuses
on significantly extending our numerical exploration to perform a
systematic study of parameter space. Our FEM simulations
are performed using the commercial finite element package
ABAQUS/CAE. The hemispherical shell is modeled with a clamped
boundary condition at its equator and each indenter is modeled as
a rigid sphere with a displacement-control boundary condition.
The indenters-to-shell radii ratio, C¼R2/R1 is varied by changing
R2, while keeping R1 constant. For the material properties of the
shell, we use a NH hyperelastic model (with the exception of
Sec. 6, where we compare the results to the LE case). The NH
strain energy potential is

W ¼ l
2
ð�I1 � 3Þ þ K

2
ðJ � 1Þ2 (1)

Fig. 1 Point indentation. (a) Experimental snapshots (axono-
metric view) of the evolution of the pattern of localization for an
elastomeric shell under point indentation at its pole. (b) Experi-
mental snapshots captured from underneath the shell. The
white reflection corresponds to the location at which the shell
inverts. (c) Snapshots from FEM simulations of the same sce-
nario corresponding to (b). Color map represents the strain
energy density. Further details on the material and geometric
properties are given in the text.

Fig. 2 Changing the shape of the indenter. (a) Schematic of
the indentation of a shell by an indenter of radii R1 and R2,
respectively. The indenter to shell ratio is C 5 R2/R1. (b) Sharp
indenters (C < 1) remain in contact with the pole of the shell dur-
ing indentation. (c) Blunt indenters (C > 1) delaminate from the
pole of the shell during indentation.
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where J is the total volume ratio, and �I1 ¼ �k2
1 þ �k2

2 þ �k2
3, where

�ki ¼ J�1=3ki and ki are the principal stretches. Unless stated
otherwise, we take the shear and bulk moduli to be l¼ 454.5 kPa
and K¼ 85.11 MPa, respectively, which describe the VPS mate-
rial previously used in the experiments [22]. The density of VPS
is q¼ 1200 kg/m3.

Four-node thin shell elements with reduced integration
(element type S4R) were used in all simulations with a free mesh
scheme and no initial geometric or material imperfection is
included in the computational model. These S4R elements are
general purpose shell elements that implement Kirchoff shell
theory in the thin shell limit. A mesh sensitivity study verified that
the results were independent of the element size. To capture the
local instabilities, we used a stabilizing mechanism (available in
ABAQUS/Standard solver) based on the automatic addition of
volume-proportional damping, which is decreased systematically
to ensure that the response was insensitive to this change. The
chosen conditions (free mesh, geometric nonlinearity, and dis-
placement controlled indentation under quasi-static conditions)
were sufficient to obtain a controlled postbuckling response, with-
out a need to feed the structure with imperfections nor perform a
RIKS analysis. Friction is modeled as a penalty formulation with
a standard Coulomb friction coefficient.

4 Self-Weight of the Shell

We first investigate how the self-weight of the shell affects the
mechanical response during indentation, focusing on the case of
point loading described in Sec. 2, for a shell with t/R1¼ 0.01. In
Fig. 3(a), we plot the indentation load, P, as a function of dimen-
sionless indentation, e, and compare the two cases of excluding
(Pwithout, solid line) and including (Pwith, dashed line) self-weight
of the shell. The two vertical dashed lines at e¼ 0.21 and e¼ 0.67
indicate the critical indentations at which three and four s-cones
form, respectively. For small values of e, both cases (inclusion
versus exclusion of self-weight) exhibit nearly identical load-
indentation curves, demonstrating that the weight of the shell has
little effect prior to the formation of s-cones. The two curves then
start to deviate from each after e & 0.21 and we further quantify
this relative deviation by the ratio

uðeÞ ¼ Pwithout � Pwith

ðPwithout þ PwithÞ=2
(2)

In Fig. 3(b), we plot uðeÞ and find that it remains small (.10%),
especially for the values of indentation of interest, 0.21< e< 0.67,
where s-cones first form and evolve. Given that self-weight only
has a small effect on the mechanical response in this region of
interest, for simplicity we choose to neglect it from here on.

5 Radius and Thickness of the Shell

We now study the effect of the radius of the shell on the forma-
tion of s-cones and associated mechanical response, toward
probing the universality of the localization process across length
scales. In Fig. 4, we present a series of nondimensionalized load-
indentation curves for shell indentation under point loading, with
radii in the range 0.01<R1 (m)< 1000. The loads have been
normalized by Et2, where E is the Young’s modulus and t is the
thickness of the shell, which is set such that the ratio between the
thickness and the radius of the shell remains constant, t/R1¼ 0.01.
Under this nondimensionalization, the load-indentation curves
collapse onto a single master curve, which is significant of scale
invariance.

In Fig. 4, we also superpose (vertical solid lines) the mean of
critical indentations (for the six values of R1) at the onset of three
and four s-cones, at e¼ 0.180 6 0.005 and e¼ 0.710 6 0.010,
respectively. The vertical dashed lines in this figure are the corre-
sponding standard deviation for the critical indentations (for the
six values of R1). The mean values of critical indentation at the

Fig. 3 The effect of self-weight on the mechanical response.
The shell thickness to radius ratio is t/R1 5 0.012. (a)
Load–indentation curves for a shell under point indentation
when weight is included (dashed blue) or excluded (solid red).
(b) Relative difference of the two load curves, u (defined in
Eq. (2)). The vertical dashed lines correspond to indentation
values at which three s-cones and four s-cones form, e 5 0.21
and e 5 0.69, respectively.

Fig. 4 The effect of shell radius on mechanical response. Non-
dimensionalized force–indentation curves for shells with
various radii, ranging from R1 5 0.01 m to R1 5 1000 m with the
same thickness ratio of t/R1 5 0.01. Force is nondimensional-
ized with the Young’s modulus E and thickness t. The solid
(dashed) vertical lines correspond to the average (standard
deviation) of the critical indentation for the formation of 3 and
4 s-cones (across the six shell radii).
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onset of three and four s-cones are nearly identical across the
varying shell radii, with small standard deviations from the
average values, which further demonstrates the scalability of
the localization process across length scales and its strong rooting
in geometry.

We now consider the effect of the dimensionless thickness,
t/R1, on the formation of localized structures and conduct
simulations (still for point indentation) in the range of
0.001< t/R1< 0.07. The ratio t/R1 is varied by keeping R1¼ 1 m
constant and varying t, with all other parameters constant. In
Fig. 5, we present a series of representative surface maps of the
strain energy density, W, for shells with different values of t/R1,
for which the formation and evolution of s-cones is qualitatively
different. For the thinnest shells (0.001� t/R1� 0.004), there is
first an evolution from three-to-four, then four-to-five s-cones,
with the appearance of a new s-cone occurring by splitting of an
existing one, similarly to the scenario presented for point
indentation in Sec. 2. Shells with an intermediate thickness
(0.005� t/R1� 0.02) exhibit a similar three-to-four evolution but
no new s-cones emerge for further indentation. For the thicker
shells (0.03� t/R1� 0.06), three s-cones form at the onset but
there is no further evolution upon an increase of indentation. For
the thickest shell studied (t/R1¼ 0.07), the deformation remains
axisymmetric throughout indentation, suggesting that there is a
critical thickness ratio, 0.06< (t/R1)c< 0.07, above which local-
ization is suppressed.

The effect of shell thickness on localization is further quantified
by analyzing the strain energy, W, along paths traced over ridges
between adjacent s-cones (see the schematic dashed lines in
Fig. 6(a)). In Fig. 6(b), we plot W along these paths for shells in
the range 0.002< t/R1< 0.03, indented up to e¼ 0.75 under point
load. As the t/R1 ratio decreases, energy localization increases at
the s-cones, relative to the ridges. For thinner shells, energy is
focused more sharply at the s-cones, when compared to thicker
shells. This sharpness in energy focusing is quantified in Fig. 6(c)
by plotting the minimum and maximum energy densities, Wmin

and Wmax, along the traced paths, as a function of t/R1. The energy
density at the s-cones, Wmax, is approximately independent of
t/R1; Wmax¼ (4.2 6 1.3)� 103 J/m3. In contrast, the energy at the
midpoint of a ridge, Wmin, increases with t/R1 in a way that is
consistent with the scaling Wridge� t2 (the exponent obtained by
fitting the data to a power-law is 2.1 6 0.1), but we have not yet
been able to rationalize this finding. It is interesting to note, how-
ever, that this scaling is quantitatively different from that of the

energy along a ridge on a plate, Wridge� t8=3 [15,30]. As t/R1

increases, the strain energy becomes less localized at the s-cones
in comparison to the ridges.

6 Linear Elastic Versus Neo-Hookean Material

Models

The simulations performed thus far used a NH material model,
which closely matches the elastomeric VPS shells of the experi-
ments in Ref. [22]. This is in contrast with previous studies of
localization in thin shells which used a LE material model
[20,21]. Toward better understanding the role of material nonli-
nearities in the localization process, we directly compare the
LE and NH cases for the material reported in Ref. [22] and sum-
marized in Sec. 2. However, note that in both cases, geometric
nonlinearities are taken into account in the FEM simulations.

In Fig. 7, we present FEM snapshots of the indented configura-
tions, for the LE (Fig. 7(a)) and NH (Fig. 7(b)) cases, for a shell
with t/R1¼ 0.012. These series of snapshots is obtained over a
range of shell-to-indenter radii, from point load (C¼ 0) to plate
load (C¼1). The corresponding configurations in Figs. 7(a)
and 7(b) are obtained for the same value of dimensionless

Fig. 5 The effect of shell thickness on the formation and
evolution of s-cones. Representative snapshots of shells for
t/R1 5 (0.004, 0.02, 0.05), under point indentation. The color map
corresponds to strain energy density.

Fig. 6 The effect of shell thickness. (a) Snapshots of shells
with increasing t/R1 ratios at e 5 0.75, under point indentation.
The color map indicates strain energy density. The black
dashed lines trace a path along ridges between adjacent
s-cones. (b) Strain energy density, W, along the paths in (a),
for shells with thickness to radius ration in the range
0.002 < t/R1 < 0.03, indented to e 5 0.75 under point indentation.
(c) Wmax (at the s-cones) and Wmin (at the ridges), as a function
of t/R1. The solid red line indicates a power-law fit to the data,
with exponent 2.1 6 0.1.
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indentation, e. Localization occurs with all indenters, except for
C¼ 1, where the radius of the indenter is identical to that of the
shell and the two surfaces remain in complete contact, thereby
preventing the formation of s-cones (identified by the sharp
increases in energy density, as above). At the same value of C, the
number and distribution of s-cones in the LE and NH cases are
qualitatively similar. For sharp indenters (C< 1), the number of s-
cones increases with indentation and new s-cones emerge by the
splitting of an existing one. For blunt indenters (C> 1), the num-
ber of s-cones does not evolve after onset, contrary to Ref. [22]
where an evolution was also found in this regime. This discrep-
ancy is presumably due to the frictionless assumption in the shel-
l–indenter contact of the simulations shown in Fig. 7 (whereas
friction was taken into account in Ref. [22]). The effect of friction
will be systematically considered in Sec. 8, below.

To further compare the LE versus NH models, quantitatively,
we turn to the mechanical response, as measured by the indenta-
tion load, P, as a function of dimensionless indentation, e. In
Fig. 8(a), we plot load-indentation curves for different indenters,
C¼ (0, 1, 3, 10), all of which exhibit a monotonically increasing
load and the curves are concave-down. Again, the results obtained
with the LE (solid lines) and NH (dashed lines) material model
are nearly identical. Moreover, Fig. 8(b) presents the critical
indentation at which s-cones first form, as a function of C for both
cases (circles and diamond symbols for the LE and NH model,
respectively). The critical indentation has a divergencelike behav-
ior, with the maximum values of the critical indentation found on
either side of C� 1. Again, we find nearly identical quantitative
results between the two material models, and the deviation
between the two are within 2%.

7 Maximum Principal Strains During Indentation

Having found that the FEM simulations produce nearly identi-
cal results when either a LE or a NH material model is used, we
further investigate this finding by quantifying the maximum
principal strain, defined locally at the material level, in the shell
during indentation. This information would have been possible
but challenging to obtain experimentally through 3D digital image
correlation (DIC); instead, we take advantage of our numerics

given that they have already been carefully validated against
experiments [22].

In this section, the VPS material of the shell is modeled as NH,
with R1¼ 1 m and t¼ 0.01 m. For clarity, we plot the maximum
principal strain, emax, as a function of dimensionless indentation,
separately for sharp indenters (C� 1, in Fig. 9(a)) and for blunt
indenters (C> 1, in Fig. 9(b)). In all cases, emax remains small and
does not exceed �6%. We find that emax first increases sharply in
the linear regime, then plateaus as the cap near the pole inverts
and the axisymmetric ridge forms. Past the onset of s-cones
(marked by a black diamond in each curve of Fig. 9), emax then
increases again, moderately for sharp indenters (Fig. 9(a)) and
more sharply for bunt indenters (Fig. 9(b)). For sharp indenters,
the overall value of emax is largest for point load and decreases
with increasing C, toward 1. The opposite trend is found for blunt
indenters; emax is largest for plate load and decreases as C
decreases toward 1.

It is remarkable that, even though the shells undergo signifi-
cantly large macroscopic deformation during indentation, the
local strains remain in the order of a few percent, albeit still local-
ized. This finding supports that the usage of Kirchoff shell theory
for this problem (as implemented in the FEM simulations) is
appropriate. We recall that Kirchoff’s theory is only valid for
shear shells and small local strains, i.e., for scenarios in which
transverse shear deformations are negligible [14].

In Sec. 6 above, we found that using either a LE or a NH model
produced nearly identical results. This can now be attributed to
the relatively low values of strains involved, such that the material

Fig. 7 Deformed configurations of a shell under indentation
using (a) a LE or (b) a NH material model. The shell thickness to
radius ratio is t/R1 5 0.012. In both cases the ratio between the
radii of the shell and the indenter, is varied from point load
(C 5 0) to plate load (C 5 ‘). The color map represents to strain
energy density. Red circles indicate the location of s-cones.
Dashed lines are drawn over ridges that connect s-cones, along
which the curvature of the shell is inverted. Solid red lines are
drawn over gullies that connect s-cones to the pole of the shell
(only present for point load). No localization occurs with inden-
ters with C�1 (shaded region).

Fig. 8 Quantitative comparison of mechanical response
between LE and NH material models. (a) Load-indentation
curves for a variety of indenters, C 5 (0, 1, 3, 10), using the LE
(solid lines) and NH (dashed lines) material model. (b) Critical
indentation at the onset of localization, comparing the LE and
NH models. No localization occurs for C�1 (vertical dashed
line). The shell thickness to radius is t/R1 5 0.012.

Journal of Applied Mechanics DECEMBER 2014, Vol. 81 / 121008-5

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jamcav/930973/ on 07/11/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use



nonlinearities associated with finite deformations of the hyperelas-
tic material are negligible. Moreover, this finding is also consist-
ent with the excellent quantitative agreement between FEM and
experiments obtained in Ref. [22], given that uniaxial mechanical
testing of VPS indicates that the response remains linear for
strains up to� 10%. More generally, these results suggest that
whereas plasticity would need to be considered for thin metallic
shells under indentation (strains above 1%), many polymeric
shells may remain in the linear material regime, even after the
onset of s-cones.

8 The Role of Friction

The simulations performed in the sections above assumed a
frictionless contact between the shell and the indenter. However,
our previous experiments have revealed the important role that
friction plays in the mechanical response during indentation [22].
Given that the effect of friction is particularly significant for
blunt indenters, we chose to focus on C¼ 10, as representative of
this regime. We proceed by systematically exploring the
shell–indenter frictional contact in this problem, using FEM, with
a variety of friction coefficients ranging from l¼ 0 to 1.7 (for a
shell with t/R1¼ 0.01).

In Fig. 10(a), we show representative snapshots of the indented
shell, at e¼ 0.4, for increasing values of friction coefficient, where
the number of s-cones is found to increase with l. Six, seven, and
eight s-cones form for l¼ 0, 1, and 1.4, respectively, and for
l> 1.5, the deformation remains axisymmetric and no s-cones
appear. For l¼ 1.7, the largest value explored, the shell eventu-
ally undergoes global buckling, whereby the sides of the shell

cave inward, near the base of the shell, developing a pattern of
five horizontal dimples (see Fig. 11). The study of this global
buckling regime is outside the scope of this paper.

We return to the strain energy density, W, to gain more insight
into how friction affects the distribution of localized strain energy.
In Fig. 10(b), we plot W along a path traced over the ridges
between two neighboring s-cones (dashed line in Fig. 10(a)), for
different values of l. The energy becomes less sharply focused at
s-cones relative to the ridges, as l increases. The maximum and
minimum of the energy density, Wmax (at the s-cones) and Wmin

(at the ridge midpoint), respectively, are plotted in Fig. 10(c) as a
function of l. As the friction coefficient l increases, the energy is
reduced at the s-cones and increased at the ridge midpoint, and
both eventually converge to the same value (�2� 103 J/m3) when
l� 1.5. Coincidentally, this is the value of the friction coefficient,
beyond which no localization is observed and the deformation is
essentially axisymmetric, as mentioned above.

Next, we quantify the critical indentation for the onset of local-
ization as a function of l (Fig. 12(a)). The formation of s-cones is
delayed for increasing values of the friction coefficient l, and the
critical indentation asymptotes to ec¼ 0.18, as l decreases toward
0. The dependence of the reaction force at the critical indentation
versus l is plotted in Fig. 12(b). Similarly to the ec(l) dependence,
the reaction load at the critical indentation increases with l and

Fig. 9 Maximum principal strain, emax, during indentation a
shell (t/R1 5 0.01) for (a) sharp indenters, C £ 1, and (b) blunt
indenters, C > 1. The black diamond symbol on each curve indi-
cates the critical indentation at which s-cones form.

Fig. 10 The effect of friction on localization. (a) FEM
snapshots for indentation of a shell (t/R1 5 0.01) with C 5 10, for
various friction coefficients, l, at e 5 0.4 indentation. The color
map indicates strain energy density. (b) Strain energy density
plotted along paths over ridges between adjacent s-cones,
black dashed lines in (a), for shells different values of l. (c)
Wmax (at the s-cones) and Wmin (at the ridges midpoint) as a
function of l.
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asymptotes to P(dc) ’ 30 N, as l decreases toward 0. These two
results suggest that rougher shells (higher friction coefficients) are
more resistant to localization and have a higher load-bearing
capacity.

In Fig. 13, we plot load-indentation curves for different values
of the friction coefficient and find that P significantly increases
with l, especially in the regime where localization occurs
(e& 0.2). For low values of the friction coefficients, l< 1, the
load-indentation curves have a concave-down shape in which the
load asymptotically tends to an approximately constant value. In
contrast, for large friction coefficients l> 1, the load-indentation
curves have inflection points, after which the curves have a
concave-up shape. These results suggest that the shell–indenter
frictional contact can be tuned to dramatically modify the
mechanical response of the shell under indentation.

9 Discussion and Conclusions

We have presented systematic results of an FEM numerical
exploration on the large deformation of indented thin elastic
spherical shells. Our FEM simulations had previously been accu-
rately validated against experiments. The curvature of the indenter
was found to strongly effect the onset and evolution of localized
structures, which we labeled as s-cones. Moreover, by varying the
radius of the shell, while keeping the thickness-to-radius ratio t/R1

constant, we presented evidence for the scale-invariance of the
localization in indented shells. This finding suggests that our
results should be relevant and applicable for engineering scenarios
across a wide range of length scales. The thickness of the shell
when compared to its radius does, however, affect the pattern of
s-cones at onset, their evolution of s-cones, and whether or not
they form at all. The extent of localization as measured by the
strain energy density stored also depends strongly on the thickness
of the shell; it is more pronouncedly localized at the s-cones for
thin shells than in thick shells.

Even though shells under indentation can undergo large mac-
roscopic deformation, the local material strains remain relatively
small, less than 6%, throughout the process. As a result, the
nonlinearities of the hyperelastic material considered are negligi-
ble, such that using either a LE or NH yields nearly identical
results. This indicates that our results are applicable beyond
elastomeric shells and can be extended to other materials that
remain in the elastic regime up to a few percent strain, provided
that no plasticity takes place. Moreover, the fact that large mac-
roscopic deformations of our shells are achieved with relatively
small values of local strains, proposes that localized structures
such as s-cones, ridges, and gullies may be employed as
energetically efficient hinges, for the design of foldable (e.g.,
origami) shell structures.

The frictional shell–indenter contact dramatically affects the
mechanical response of the shells and modifies their load-bearing
capacity, especially for blunt indenters. Moreover, higher values
of the friction coefficient between the shell and the indenter can
lead to the suppression of localization. This finding, in conjunc-
tion with the observation of increased load-bearing capability for
rough shell–indenter contact, could have implications for the
design of engineering shells with enhanced resistance to localiza-
tion by roughening their surfaces.

The robustness of the localization behavior that we have
uncovered for shells under indentation emphasizes the prominent
interplay between geometry and mechanics in this class of prob-
lems. We hope that our exploratory numerically study will help
catalyze further theoretical efforts in this direction. Moreover, our
work has focused on elastic systems and it would be interesting
to perform a similar analysis for metallic shells that undergo
elastic–plastic deformation.

Fig. 11 (a) Isometric view of the global buckling mode for a
shell (t/R1 5 0.01) under large indentations (configuration
shown at e 5 0.51) for an indenter with C 5 10 and l 5 1.7. (b)
Side view. Color map indicates strain energy density.

Fig. 12 (a) The critical indentation for the onset of localization
for an indenter with C 5 10 versus l. (b) Load, P, at the critical
indentation, versus l. The shell thickness to radius ratio is
t/R1 5 0.01.

Fig. 13 The effect of friction on the mechanical response.
Load-indentation curves for an indenter with C 5 10 for friction
coefficients l 5 0, 0.25, 0.5, 1.0, 1.3, 1.5, 1.7.
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