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Electrorheological fluids offer potential for developing rapidly actuated hydraulic devices where shear
forces or pressure-driven flow are present. In this study, the Bingham yield stress of electrorheological
fluids with different particle volume fractions is investigated experimentally in wall-driven and pressure-
driven flow modes using measurements in a parallel-plate rheometer and a microfluidic channel,
respectively. A modified Krieger-Dougherty model can be used to describe the effects of the particle
volume fraction on the yield stress and is in good agreement with the viscometric data. However, significant
yield hardening in pressure-driven channel flow is observed and attributed to an increase and eventual
saturation of the particle volume fraction in the channel. A phenomenological physical model linking
the densification and consequent microstructure to the ratio of the particle aggregation time scale compared
to the convective time scale is presented and used to predict the enhancement in yield stress in channel flow,
enabling us to reconcile discrepancies in the literature between wall-driven and pressure-driven flows.
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I. INTRODUCTION

Electrorheological (ER) fluids are materials that exhibit
a reversible change in rheological properties with the
application of an external electric field [1]. They consist,
typically, of a suspension of dielectric particles in an
insulating carrier fluid. When an electric field is applied,
the particles aggregate and align in the direction of the
field, forming columns consisting of chains of particles,
which cause the fluid to transition from a liquidlike to a
soft solidlike state. This change in the fluid properties is
very rapid (on the order of tens of milliseconds) and is
reversible upon removal of the electric field. These
features make ER fluids promising candidates for use
in a variety of hydraulic components and microfluidic
devices including valves, clutches, and dampers. Devices
based on ER fluids can operate under three different
modes: shear, flow, and squeeze [2]. In shear mode, one of
the electrodes is free to move in its plane, and common
applications include clutches, brakes, and dampers [3]. In
flow mode, the electrodes are fixed, and the pressure drop
across the channel is controlled using the electric field.
Valves and vibrators are typical applications in which ER
fluids are used in flow mode [4–6]. In squeeze mode, the
electrode gap is varied, and the fluid is compressed in the
wall-normal direction. Vibration control, shock absorbers,
and dampers are examples of application of ER fluids used
in squeeze mode [2,3]. A summary of the different modes
of operation and their typical engineering applications
is shown in Table I. For each mode of operation, the
particle interaction and the particle structures that are

formed affect the mechanical properties of the ER fluid,
most notably, its yield strength. Thus, an understanding
of the microstructures that form is crucial to predicting the
mechanical performance of devices utilizing ER fluids.
In shear mode, shear-induced lamellar structures are
known to form, while in flow mode, the suspension
microstructure tends to contain clusters and aggregates
[7–9]. In addition, an enhancement in the shear yield
strength has been shown in magnetorheological fluids as
the fluid is compressed in the direction orthogonal to shear
[10] and a strengthening of the microstructure of ER fluids
has also been shown in squeeze mode by Tian et al. [11].
The rheological response of ER fluids under shear is

traditionally modeled using a continuum approach with a
Bingham plastic model, where the application of the
field induces a field-dependent yield stress [4]. The
rheological constitutive relation for the ER fluid is typically
expressed as

TABLE I. A summary of the different modes of operation of ER
devices and their typical engineering applications.

Mode of
operation

Illustrative
schematic Applications

Shear mode Clutches, brakes, dampers
[2,3]

Flow mode Valves, vibrators [2–6]

Squeeze mode Shock absorbers, dampers
[2,3]*ahelal@mit.edu
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_γ ¼ 0 if τ < τyðE;ϕÞ;
τ ¼ τy þ μ_γ if τ > τyðE;ϕÞ; ð1Þ

where τ is the shear stress, _γ the shear rate, μ the plastic
viscosity, τyðE;ϕÞ is the field-dependent yield stress,
E the electric field, and ϕ the particle volume fraction.
ER fluid applications, in both shear and flow modes, have
been successfully modeled using Eq. (1), and it has been
demonstrated that experimental results align well with this
model [12–14].
For regular yield stress fluids, knowledge of the rheo-

logical constitutive relation in one mode can be used to
predict the flow performance in a different mode. However,
recent studies [12,15,16] indicate that there is a difference
in the dynamic response of ER fluids in shear and flow
modes. Lee and Choi [12] have compared the rheological
properties of an ER fluid in both modes and observed that
the Bingham yield stress is higher in flow mode. Nam et al.
[15] have studied the dynamic response of an ER fluid in
steady pressure-driven flow and found that the response
in flow mode is dominated by a densification process in
which the competition between particle interaction and
hydrodynamic forces on the incoming particles leads to
cluster formation. On the other hand, in shear mode, they
note that the aggregation of chains into columns is the
dominant process. This is in agreement with recent studies
by Qian et al. [17] on structure evolution in channel flow of
ER fluids.
In order to accurately model systems which utilize

ER fluids, particularly ER valves, there is a need for a
better understanding of how the yield-hardening behavior
observed in channel flow differs from the rheological
response observed in shear mode. Yield hardening in flow
mode is dominated by a densification process, which, in
turn, depends on the initial volume fraction of particles in
the fluid. In general, understanding the effect of the particle
volume fraction on the response of ER fluids has proven to
be challenging. For a given electric field, a linear depend-
ence of the yield stress with an increasing particle volume
fraction has been observed [18–20]. However, at higher-
volume fractions, some report the presence of a maximum
in the yield stress [18,19], while others observe an
exponential-like growth [20]. A first step to resolve this
discrepancy is to perform a systematic study comparing the
effects of the particle volume fraction on the response of the
ER fluid in the two different flow modes.
In the present study, we take this first step by exper-

imentally investigating the yielding properties of ER
fluids with different particle volume fractions under both
steady simple shear flow and pressure-driven channel flow
with a constant electric field. Values of Bingham yield
stress are extracted from the data by regression to Eq. (1),
and a comparison between the fluid responses in these two
modes can then be performed. Finally, we present a model
that captures the experimentally observed dependence of

the fluid rheology on particle volume fraction in shear, as
well as a phenomenological model that rationalizes the
densification process and consequent yield hardening
measured in channel flow. Our interest lies in using these
densification models to predict the yield pressure of
rapidly actuated hydraulic devices such as ER valves
from viscometric measurements performed on a torsional
rheometer.

II. MATERIALS AND METHODS

ER fluids with different particle volume fractions
ð0 ≤ ϕ ≤ 0.55Þ are prepared from a stock solution of a
commercially available ER fluid (Fludicon, RheOil4). The
stock solution has a particle volume fraction ϕ ¼ 0.41 and
is made of a colloidal suspension of polyurethane (PUR)
particles doped with Liþ (mean diameter of 1.4� 0.6 μm)
with silicone oil as a carrier fluid [21–23]. A SEM
showing the morphology of the ER particles is shown in
Appendix A. This class of ER fluids containing polymer
particles doped with salt and/or polar organic dopants has
been shown to exhibit a low base viscosity and a relatively
high yield stress while having low current density. In
addition, they also show good sedimentation and redis-
persion properties, a short response time (1–10 ms),
and long-term stability making them a promising candidate
for practical applications using electrorheological fluids
[13,24]. Particle volume fractions lower than the stock
solution are obtained by dilution with 100 cSt silicone
oil while higher particle volume fractions are obtained
by centrifuging the stock solution and removing a known
volume of carrier fluid using a micropipette and then
resuspending the centrifugate using an ultrasonic bath.
The rheological response of the ER fluid under shear

mode is measured using an AR1000N stress-controlled
rotational rheometer with a custom-made ER fixture which
applies a uniform electric field between two aligned parallel
plates. Steady-shear flow tests with decreasing shear rates
varying from 4 ≥ _γ ≥ 0.1 s−1 are performed using a
parallel-plate geometry with a gap of 300 μm. This
procedure analogous to that described by Ref. [25] is
shown to ensure that a reproducible value of the dynamic
yield stress is reached at steady state for a similar class of
materials. The maximum shear rate applied is chosen as
_γ ≤ 4 s−1 to minimize formation of shear-induced lamellar
structures during the steady-shear flow tests that tend to be
associated with a nonmonotonic flow curve [7,8]. This
protocol ensures that the ER fluid remains homogeneous
during the steady-shear flow tests and that modeling using
the Bingham model [Eq. (1)] as well as comparison to
flow data obtained from microchannels is applicable. The
tests are performed at constant temperature T ¼ 22 °C
and constant particle volume fraction ϕ ¼ 0.41 with
different electric fields as well as constant electric field
E ¼ 3 kV=mm for fluids with different particle volume
fractions. The electric field E ¼ 3 kV=mm is chosen
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because it is of particular interest in valve applications: This
electric field is high enough for potential engineering
applications and for dielectrophoretic effects to be negli-
gible and low enough to avoid electrical breakdown if an air
bubble passes through the microchannel.
To measure the rheological response under flow mode,

a rectangular microchannel is fabricated [17] (shown in
Fig. 1). The microchannel consists of three regions: a test
section with electrically conductive side walls through
which the field is applied and two auxiliary sections with
nonconductive side walls at the inlet and outlet to minimize
effects due to the curvature of the streamlines. The two
electrode side walls are made out of a conductive copper
film (250 μm thick, 10 mm long) and separated by a
250-μm gap. For the nonconductive walls, a polyether ether
ketone film of similar dimensions is used. To seal the
microchannel, a 50-μm-thick adhesive film (3M, 966)
bonded the films to a 1-mm-thick glass slide and a
3-mm-thick acrylic sheet with tapped holes for the inlet
and outlet adapters. The portion of the microchannel, over
which an electric field can be applied, has the dimensions
L ¼ 10 mm, W ¼ 350 μm, h ¼ 250 μm. The conductive
side walls are connected to a high-voltage power supply
(Stanford Research Systems PS350) via a driver circuit
board. ER fluids are injected into the channel using a gas-
tight glass syringe (Hamilton, 1005 TLL) that is connected
to the microchannel with stainless-steel tubing (i.d. of
1.6 mm). The flow rate Q of the fluid is controlled
by a syringe pump (Harvard Apparatus, PHD Ultra) and
operated within the range of 30 ≤ Q ≤ 60 μL=min. The

pressure drop between the entry and exit of the
channel is measured using a differential pressure sensor
(Honeywell, 26PCBFA6D) with a measurement range of
0 ≤ ΔP ≤ 35 kPa; the signal is amplified and acquired
using a DAQ board (National Instrument, DAQ1200).
In the microchannel, gravity plays a negligible role, and
the settling of the particles can be neglected. A lower bound
on the characteristic time scale for settling is given by
tsettling ∼ μh=ðρp − ρfÞga2 where a is the average particle
diameter, and ρp, ρf are the densities of the particles and the
fluid, respectively. We estimate tsettling ∼ 5000 s, which is
much larger than the time scales in our study, and therefore,
settling can be considered negligible.

III. RESULTS AND DISCUSSION

Flow curves of the measured shear stress vs imposed
shear rate curves for the stock solution (ϕ ¼ 0.41) at
different electric fields obtained in shear mode are pre-
sented in Fig. 2, and the data are fit with the Bingham
model [Eq. (1)]. We observe that in the absence of an
electric field, the ER fluid behaves like a Newtonian
fluid of viscosity μ ¼ 31 mPa s. When an electric field is
applied for E ≥ 1.5 kV=mm, the ER fluid develops a
field-dependent yield stress as shown in Fig. 2(b).
The flow curves for the solutions with different particle

volume fractions at E ¼ 3 kV=mm obtained in shear mode
are presented in Fig. 3. This data were fit with the Bingham
model of Eq. (1). While some applications operate at high
shear rates with an electric field applied (e.g., dampers
and vibration control devices), for valve applications, our
interest lies solely in the yield pressure of the valve and,
thus, in the shear yield stress extracted from the Bingham
model fit. For each volume fraction, the Bingham yield
stress is extracted from the fit to be compared to the yield
stress obtained from flow-mode measurements. Figure 4
shows a sample output for the pressure drop measured
in a flow-mode experiment as a function of time at two
different particle volume fractions (ϕ ¼ 0.05, 0.4) with an
imposed flow rate Q ¼ 50 μL=min. The observed curves
all indicate an initial pressure rise followed by a series of
oscillations. At the beginning of each test, the electric field
is activated causing the ER fluid initially present in the
microchannel to block the flow. As the syringe pump
displaces the fluid, the effective “lumped” compressibility
β ¼ 1

V ðΔVΔPÞT of the entire microfluidic system (consisting of
the syringe, tubing, channel, and fluid contained therein)
comes into play, and the pressure rises. For a given flow
rate, the slope of the pressure rise is the same for different
volume fractions and can be used to estimate this lumped
compressibilityβ of the system ðΔP ¼ −1=β lnð1 −Qt=V0Þ
whereV0 is the volume of the system, β ¼ 5 MPa−1). When
the imposed pressure difference exceeds a critical value, the
ER microstructure yields, enabling the ER suspension
to flow, thereby resulting in a drop in pressure. Since the
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FIG. 1. (a) Schematic top view of a microchannel fabricated for
pressure measurements in flow mode. Also shown is a micro-
graph showing the microstructures that develop upon application
of an electric field E ¼ 4 kV=mm for ϕ0 ¼ 0.02 (b) Cross-
sectional view of the microchannel in the flow direction.
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electric field is still present in the channel, at a second critical
pressure, the flow is arrested once more and the compression
cycle starts again, hence, the observed oscillations. By
averaging over a series of peaks, we obtain an average value
of the yield pressure differential at yield for the channel
at each imposed mass flow rate. In the lubrication limit
(L ≫ h,W), the field-dependent pressure difference at yield
ΔPyðE;ϕÞ can be related to the Bingham yield stress using
the following relation obtained via a global force balance on
the system [17,26]:

ΔPyðE;ϕÞ ¼
2τyLðhþWÞ

hW
; ð2Þ

where L is the length of the channel over which the field is
applied, and h is the gap between the electrodes. Using this
relation, we can compute the Bingham yield stress τyðE;ϕÞ
from the measured yield pressure for each flow rate and
particle volume fraction.
The yield stress data extracted from the tests in shear and

flow modes are shown in Fig. 5 as a function of the particle

volume fraction. We observe that for all the flow rates
tested, the yield stress computed in flow mode is a weak
function of the flow rate but is consistently greater than the
one extracted from the steady-shear experiments. In steady
shear, the yield stress is found to increase linearly with the
particle volume fraction at low-volume fractions and then
more rapidly at higher-volume fractions. In channel flow,
we observe that after an initial increase, the extracted yield
stress reaches a plateau value above a composition of
ϕ ≈ 0.25. This plateau intersects the yield curve obtained
from shear tests at ϕ ≈ 0.54. Electrorheological fluids, as
well as yield stress fluids, are prone to slip under shear
[27,28], and control experiments are performed to confirm
that the measurements taken represent a true yield of the
material and that wall slip does not play a major role in our
measurements. Steady-shear flow tests performed on the
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FIG. 2. Shear stress vs shear rate
curves for different electric fields ob-
tained from steady-shear flow tests on
the AR1000N rheometer with a custom
ER parallel-plate fixture (R ¼ 20 mm,
H ¼ 0.3 mm) for ϕ ¼ 0.41. The lines
indicate fits of the data with the
Bingham model [Eq. (1)]. (a) Field-off
case (E ¼ 0 kV=mm): The ER fluid
is Newtonian and flows easily through
the microchannel. (b) Field-on case
(E > 0 kV=mm): The ER fluid has a
field-dependent yield stress, and flow
can occur only in the microchannel if
the applied pressure drop exceeds the
yield pressure drop.
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volume fractions obtained from steady-shear flow tests on the
AR1000N rheometer with a custom ER parallel-plate fixture
(R ¼ 20 mm, H ¼ 0.3 mm) at E ¼ 3 kV=mm. The lines indi-
cate select fits of the data with the Bingham model [Eq. (1)].
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particle volume fractions (ϕ ¼ 0.05, 0.4) as a function of time
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curve which are averaged to determine the yield pressure of
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ΔP ¼ −1=β lnð1 −Qt=V0Þ, where V0 is the volume of the
system, β ¼ 5 MPa−1.
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rheometer are performed at different gaps [29] and are
shown to superimpose for ϕ ¼ 0.41 and E ¼ 3 kV=mm
(Fig. 9 in Appendix C) indicating that wall slip plays a
negligible role in our measurements for the range of the
shear rates tested. For the case of channel flow, Video 1 in
Appendix C taken using the imaging setup described
by Qian et al. [17] demonstrates the absence of slip at
the walls for a low-volume fraction fluid (ϕ ¼ 0.02) at an
applied of field of E ¼ 4 kV=mm and an imposed flow
rate Q ¼ 30 μL=min.
To rationalize these results, we note that in the steady-

shear experiments, the system is closed, and the volume
fraction of particles in the sample is fixed, whereas in
channel flow, the system is open, and new particles are
continuously convected into the microchannel, thus, poten-
tially increasing the local volume fraction if the fluid
exiting the channel is depleted in particles. Since the yield
strength of the ER fluid is determined by its microstructure,
which, in turn, depends on the local volume fraction
of particles, the higher value of yield stress observed in
channel flow and the saturation of the yield stress at higher-
volume fractions are both consistent with an increase of the
local volume fraction in the channel to a maximum value of
ϕM ≈ 0.54. These results are consistent with the densifi-
cation process described qualitatively by Nam et al. [15].
Optical transmissivity measurements performed by Qian
et al. [17] show cluster formation in pressure-driven flow
and the formation of a compaction front at the entrance
of the microchannel that is associated with an increase in
volume fraction. In addition, images taken by Tang et al.
[8] show that after densification, at sufficiently high
pressures, fingers appear near the inlet as the material

yields.This behavior is reminiscent of fluidization in jammed
granular media [30] where compaction fronts and finger
formation at sufficiently high pressures are known to occur.
In granular systems where the interstitial fluid is compress-
ible, e.g., air, diffusive propagation of the overpressure
can play a role in the compaction process. However, in
our system, the fluid is incompressible and such effects do
not play a significant role in the dynamics of the system.

A. Modeling the yield stress in wall-driven shear flow

In a wall-driven shear flow with a homogeneous
orthogonal electric field, the measured yield stress is a
material function that depends solely on the electric field
and the volume fraction of particles. Our focus is to model
the effect of the volume fraction of particles on the yield
stress of ER fluids in wall-driven flows.
Previous studies have shown that the yield stress of ER

fluid in wall-driven shear flow exhibits a maximum [18,19],
while others show a monotonic increase of the yield stress
with volume fraction [31–33]. In our case, no maximum in
yield stress is observed within the range of volume fractions
studied. Based on the chain model, the influence of the
particle volume fraction on the yield stress of ER fluids is
often described using a power law or exponential model
over the volume fractions studied [19,20,34]. These models
fail to capture the effects observed here, namely, a linear
dependence at low-volume fractions and a diverging
behavior as the volume fraction approaches the maximum
packing fraction (expected to be ϕ ¼ 0.64 for a random
close packing of spherical monodisperse particles). The
observed results are more akin to results obtained for
concentrated suspensions of solid particles in yield stress
fluids. For such suspensions, the viscometric properties
(viscosity, shear modulus, yield stress) are often modeled
using an empirical Krieger-Dougherty model [35–37]:

τyðϕÞ
τ0

¼
�
1 −

ϕ

ϕm

�
−Kϕm

; ð3Þ

where K is a coefficient that quantifies the initial linear
increase in yield stress at low-volume fractions, τ0 is a
characteristic yield stress, and ϕm is the maximum packing
fraction. K is analogous to the Einstein coefficient or
intrinsic viscosity when the shear viscosity of a suspension
is fitted to this model. We propose to model the influence of
the particle volume fraction on the yield stress of the ER
fluid by using a modified form of this relationship to
account for the absence of a yield stress when no particles
are present (ϕ ¼ 0):

τyðϕ; EÞ
τ0ðEÞ

¼
��

1 −
ϕ

ϕm

�
−Kϕm

− 1

�
: ð4Þ

In this model, τ0ðEÞ is a characteristic field-dependent yield
stress that reflects the strength of the attractive interaction
between the particles. K is expected to be independent of
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FIG. 5. Comparison of the yield stress extracted from the
viscometric tests in the rheometer (Fig. 3) and from the yield
pressure in the microchannel flow setup [Fig. 4 and Eq. (2)] for
flow rates Q ranging from 30 to 60 μL=min as a function of the
particle volume fraction for E ¼ 3 kV=mm. The black solid line
shows the fit of the modified Krieger-Dougherty (KD) model
[Eq. (4)] to the viscometric data. The red and blue dashed lines
show the fit of the proposed model obtained by combining
Eqs. (4) and (7) with the microchannel data for Q ¼ 30 and
60 μL=min, respectively.
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the electrical field E for E ≥ 1.5 kV=mm where dielec-
trophoretic effects are negligible. As the field E increases, it
is expected that the structures that form remain structurally
similar, while the strength of the attractive interaction
increases, leading to an increase of τ0ðEÞ. A fit of this
model to the yield stress in the shear vs volume fraction
curve is shown in Fig. 5, and the coefficient of determi-
nation is found to be R2 ¼ 0.98 for K ¼ 1.23,
τ0ðE¼ 3 kV=mmÞ ¼ 700 Pa, and ϕm ¼ 0.63. A similar
model was used by Mueller et al. [38] and Heymann et al.
[39] to fit the yield stress of suspensions of solid spheres
with Kϕm ¼ 2. We expect that this divergence from the
case of solid suspensions is due to the fact that ER fluids
are active materials that do not exhibit a yield stress in the
absence of an electric field but rather develop this property
through the aggregation of particles into chains and
columns [4,15] and can form ordered lamellar structures
upon the application of the electric field [7,8].

B. Modeling the yield stress in channel flow

As discussed, ER fluid flow in a channel is characterized
by a densification process that is manifested as an increase
in the local volume fraction of particles in the channel and
in the overall pressure differential. Unlike wall-driven flow,
the measured yield function is not a material property of the
fluid but rather a complex function of the fluid and channel
properties. Consider an ER fluid of initial volume fraction
ϕ0 that is pumped at a constant flow rateQ into an ER valve
that is activated with a constant transverse-electric field E.
Because of the electrostatic interactions, stable micro-
structures are formed in the channel through chaining
and aggregation of particles. Eventually, these particulate
chains may span the channel width and then become
immobilized in the channel while the suspending solvent
continues to flow out of the channel exit. The evolution of
the structures formed during flow and, thus, the particle
volume fraction in the channel is a complex function of ϕ0,
Q, and E.
We characterize the structures formed in the ER channel

using the concept of hydraulic permeability κ which
must satisfy the following conditions as shown in Fig. 6.

First, at large flow rates Q → ∞ or small initial
volume fraction ϕ0 → 0, all structures are unstable as
the hydrodynamic forces acting on the chains dominate
over the electrostatic forces. We expect no particles
to be retained in the channel and, thus, a flow mobility
M0 ¼ ðQL=WhΔPÞ that is given by standard equations
for viscous flow in a channel. Under the lubrication
approximation W ≫ h, M0 ¼ ðh2=12μÞ where h is the
electrode thickness (which forms the channel separation),
W the width of the channel, and μ the viscosity of the
fluid. The flow mobility can be related to an effective
permeability κ0 via the Darcy equation for flow in porous
media, and we can define the permeability in this limit as
κ0 ¼ M0μ. Second, in the limit Q → 0, hydrodynamic
forces are small, the particles reach a maximum packing
volume fraction ϕM, and the chained microstructure that
is formed by the ER suspension has a permeability κM.
We note that the structure formed under dynamic flow
conditions may be trapped at a maximum packing volume
fraction ϕM that is lower than the maximum possible
packing fraction reached under static conditions ϕm.
These conditions are in agreement with the experimental
observations of Tang et al. [8] and Nam et al. [15] that
show that cluster size observed in channel flow decreases
with the imposed flow rate. The existence of several
time scales in the evolution of the structure of ER fluids
has been shown in previous reports [8,15,17,40,41]: a
short time scale related to the aggregation of particles
into chains and a longer time scale associated with
cluster formation. Following the work by Qian et al.
[17], the electric field sets a time scale for aggregation
tαðEÞ, while the structure formation is governed by the
ratio of the convective time scale for the flowing sus-
pension tc to the aggregation time scale tαðEÞ. The
convective time scale tcðQ;ϕ0Þ is given by tcðQ;ϕ0Þ ¼
ðLA=QÞ½ðϕM − ϕ0Þ=ϕ0� and represents the time needed
to fill a channel of length L and cross section A to the
maximum volume fraction ϕM when starting from an
initial volume fraction ϕ0.
We propose the following permeability function κs

that defines the overall microstructure formed within the
channel:

κs ¼ κM þ ðκ0 − κMÞð1 − e−½tαðEÞ=tcðQ;ϕ0Þ�Þ: ð5Þ

This function satisfies the experimental observations
described above and physically corresponds to the fact
that under fast flow rates or small initial volume
fractions, the structure formed will be more permeable
than at slow flow rates. As the flow rate is reduced, the
suspended particles have more time to rearrange and
reach the maximum packing fraction ϕM without getting
trapped in a frustrated or jammed state at a lower-volume
fraction. An analogous functional form was proposed by
Nakano et al. [16] to model the dependence of the

FIG. 6. Schematic of the chained microstructures built in the
channel as a function of the nondimensional ratio of the
aggregation time tαðEÞ to the convective time tcðQ;ϕ0Þ ¼
ðLA=QÞ½ðϕM − ϕ0Þ=ϕ0�. As the ratio tαðEÞ=tcðQ;ϕ0Þ gets
smaller, the residence time in the channel becomes longer, there
is less frustration, and the structures can anneal to a higher
packing fraction ϕM.
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pressure drop for flow of ER fluids in a rectangular
channel on the flow rate and shown to agree with their
experimental results.
To relate permeability and average volume fraction in the

channel at any given time, we use the simple relation
proposed by Qian et al. [17]

κ ¼ κ0ð1 − ϕÞn; ð6Þ

where ϕ is the average volume fraction in the channel,
and n is an empirical parameter found to be n ¼ 6 by
Qian et al. [17]. This functional form is chosen because it
was shown experimentally using light intensity measure-
ments that it provides a good approximation to the
evolution of the permeability in an ER channel. In
addition, it is readily invertible, thus, providing an exact
expression for the average volume fraction of particles in
the channel for a given permeability. A more in-depth
discussion comparing permeability models from the
literature and this model is provided in Appendix B.
Combining Eqs. (5) and (6), we can compute the average
volume fraction ϕs of the assembled microstructures
built in the channel during shear flow:

ϕsðE;Q;ϕ0Þ¼1−
�
κM
κ0

þ
�
1−

κM
κ0

�
ð1−e−½tαðEÞ=tcðQ;ϕ0Þ�Þ

�
1=n

:

ð7Þ

By combining Eqs. (4) and (7), the yield stress of the
permeable microstructure that assembles in the channel
is then given by τyðϕsÞ, where τyðϕÞ is the material
function that is measured independently under wall-
driven shear flow in the rheometer and discussed earlier
in Eq. (4).
Figure 5 shows the experimental data and the model

predictions of the yield stress in our channel geometry
obtained by combining Eqs. (4) and (7) for tαðEÞ ¼
3.5 ms and a maximum packing fraction ϕM ¼ 0.54 for
two different flow rates: 30 and 60 μL=min. The model
demonstrates the ability to capture the experimental
observation discussed earlier for ER fluids in pressure-
driven microchannel flow: a sharp increase of the yield
stress at low initial volume fractions, followed by satu-
ration at high initial volume fractions and a weak
dependence of the measured results on the flow rate.
The fitted value found for the aggregation time scale
tαðEÞ ¼ 3.5 ms is within the range reported in the liter-
ature for electrorheological fluids [5,13,15,19]. The
analysis performed does not depend sensitively on the
choice of the permeability model, provided the permeabil-
ity of the chained microstructure in the channel is a
monotonically decreasing function of the particle volume
fraction (as is expected). This simple two-parameter
phenomenological model, thus, offers a simple, yet rich,

physical mechanism to model the yield hardening
observed in channel flow. Previous work has focused
on showing that each mode of shear must be characterized
by separate experiments to model the performance of ER
fluids in devices of interest. Using our model and the
physical understanding of the densification that occurs in
channel flow, we demonstrate that we are able to model
and predict the rheological performance in channel flow
using an independent characterization of the dependence
of the yield stress on the particle volume fraction per-
formed in wall-driven flow [Eq. (4)]. This allows us to
reconcile the discrepancies observed in the two modes
of flow.

IV. CONCLUSIONS

When designing devices using active suspensions in
flow mode, the phenomenon of yield hardening must be
considered. Specifically, the local densification in the
microstructure must be taken into account in the systems
modeling, since it controls the magnitude of the yield
pressure in the device. In the present work, we show that
the complex interdependencies between the electrostatic
interactions, the hydrodynamic forces, and the channel
geometry can be modeled by understanding the ratio of
the particle aggregation time scale to the convective flow
time scale and linked to the permeability of the chained
microstructures that assemble in the channel when a
transverse-electric field is applied to the flow. The
understanding of flow-induced densification and satura-
tion is important in optimizing parameters such as
channel length and switching time in ER-fluidic valve
design. With the physical understanding of the densifi-
cation that occurs in channel flow, we can model and
predict the performance in channel flow using a char-
acterization of the dependence of the yield stress on the
particle volume fraction performed in wall-driven flow,
thus, allowing us to reconcile the discrepancies observed
in the two modes of flow.
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APPENDIX A: MORPHOLOGY
OF THE ER PARTICLES

The morphology and size distribution of the ER particles
present in RheOil 4.0 are shown in Fig. 7. The mean
diameter is d ¼ 1.4� 0.6 μm.
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APPENDIX B: COMPARISON OF
PERMEABILITY MODELS

In this section, we discuss the sensitivity of our densi-
fication model to the choice of the permeability model.
As suspended particles flow into the channel, chainlike
microstructures are built dynamically, first forming chains
then coarsening them [18,19]. Because of the complex
dynamic nature of this process, it is difficult to make a
comparison to traditional permeability models in porous
media that are based on a preexisiting static structure.
Nonetheless, we compare in this section the model used by
Qian et al. [17] to permeability models from the porous
media literature that characterize flow past an array of
cylinders [17,19], despite the fact that in our system, a wide
range of different column sizes form during flow and
assembly, we make the comparison of our chosen model
[17] to models with an array of columns of fixed diameter d
(Ergun [42] and Tamayol and Bahrami [43]). Physically,
this corresponds to approximating flow in the channels to
flow through the largest pores or structures in our structures
that have an average diameter size on the order of d.
The total hydraulic resistance in a microfluidic channel

partially filled with ER particles can be modeled as the
open channel and the chained microstructures in series,
and, thus, the overall permeability is given by κ ¼
½κpκ0=ðκp þ κ0Þ�where κ0 is the open-channel permeability
and κp the permeability of the static microstructure.

The expressions for κp for the different models are given
below,

κp;Ergun ¼
d2

150

ð1 − ϕÞ3
ϕ2

; ðB1Þ

κp;Tamayol ¼ 0.16αd2

�
1 −

ffiffiffi
ϕ
α

q �
3

ϕ
ffiffiffiffiffiffiffiffiffiffiffi
1 − ϕ

p ; ðB2Þ

where α ¼ ðπ=4Þ is for a square packing of cylinders
and α ¼ ðπ=2 ffiffiffi

3
p Þ is for a hexagonal packing. We note

that the model proposed by Ergun et al. [42] has the
same functional dependence on volume fraction as the
Carman-Kozeny classical relation for a random packing of
spheres [44,45].
We compare the overall permeability given by these

models to the simple expression given by Qian et al. [17]
κ ¼ κ0ð1 − ϕÞn where κ0 is the open-channel permeability
(κ0 ¼ 4.5 × 102 μm2), and n is an empirical parameter
found to be n ¼ 6. As shown in Fig. 8, the permeability
predicted by the different models is in good agreement
for an average column diameter d ¼ 46 μm. This size is
reasonable for the typical length scale of the structures in
the channel, as the particles (with an average diameter of
2.5 μm) are convected into the channel and jam dynami-
cally under flow.

APPENDIX C: IMPORTANCE OF WALL SLIP
IN VISCOMETRIC AND CHANNEL FLOW

MEASUREMENTS

Yield stress fluids including ER fluids, particularly at
high particle volume fractions, are prone to wall slip during
viscometric and channel flow. To correct for slip in the
parallel-plate geometry on the rheometer, the protocol
proposed by Yoshimura and Prud’homme [29] is followed.

0.0 0.1 0.2 0.3 0.4 0.5 0.6
100

101

102

103
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(

FIG. 8. Comparison of the overall system permeability pre-
dicted by Qian et al. [17] with κ0 ¼ 4.5 × 102 μm2 and n ¼ 6,
Ergun et al. [42] and Tamayol and Bahrami [43]. For d ¼ 46 μm,
the permeability is predicted to be very similar for all three
models.
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FIG. 7. Morphology of ER particles. (a) SEM image showing
the morphology of the polyurethane particles contained in the ER
fluid. (b) Histogram of particle-size distribution in the ER fluid.
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The sample is tested at two different gaps (H ¼ 0.5 and
0.3 mm, respectively) to probe and correct for slip effects. If
the flow curves at different gaps superimpose, then
the wall slip is negligible. If gap-dependent rheology
is observed, a correction needs to be applied to extract
the true shear rate applied on the sample at each value
of the applied stress. The flow curves for ϕ ¼ 0.41 and
E ¼ 3 kV=mm at two different gaps are shown in Fig. 9
and show that wall slip plays a negligible role in the
steady-shear flow tests performed on the rheometer.
For the corresponding case of pressure-driven channel

flow, Video 1 demonstrates the absence of slip at the
walls for a low-volume fraction fluid (ϕ ¼ 0.02) at an
applied field of E ¼ 4 kV=mm and an imposed flow rate
Q ¼ 30 μL=min.
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