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This paper presents an active Fault Tolerant Control (FTC) strategy for induction motor (IM) that ensures Field
Oriented Control (FOC) and offset the effect of the sensor faults despite of the load torque disturbance. The
proposed approach uses a fuzzy descriptor approach to estimate simultaneously the system state and the sensor
fault. The physical model of IM is approximated by the Takagi-Sugeno (T-S) fuzzy technique in the synchronous
d-q rotating frame with field-oriented control strategy. The stability conditions are analyzed using Lyapunov theory.
The controller and observers gains are calculated by solving a set of Linear Matrix Inequalities (LMIs). Finally, the
effectiveness of the proposed strategy have been illustrated in simulation and experimental results.
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Upravljanje otporno na kvarove asinkronog motora zasnovano na deskriptorskom observeru. U ovom
radu je predstavljena strategija upravljanja otpornog na kvarove za asinkroni motor koja omogućuje vektorsko
upravljanje bez pogreške uslijed kvara senzora i postojećeg poremećaja momenta tereta. Predloženi pristup koristi
neizraziti deskriptor za estimaciju stanja sustava i kvara senzora. Fizikalni model asinkronog motora s vektorskim
upravljanjem aproksimiran je korištenjem Takagi-Sugeno modela u rotirajućem d-q koordinatnom sustavu. Uvjeti
stabilnosti analizirani us korištenjem Ljapunovljeve teorije. Konstante pojačanja regulatora i observera su izračunati
rješavanjem skupa linearnih matričnih nejednadžbi. Učinkovitost predložene strategije je ilustrirana simulacijskim
i eksperimentalnim rezultatima.

Ključne riječi: upravljanje otporno na kvarove, Takagi-Sugeno model, asinkroni motor, vektorsko upravljanje,
kvar senzora, linearne matrične nejednadžbe

NOMENCLATURE

isd, isq : The (d, q) stator currents.

ψrd, ψrq : The (d, q) rotor flux.

ωm : The rotor speed.

ωs : The electrical stator speed.

Ls, Lr : The stator and rotor inductances.

M : The mutual inductance.

Rs, Rr : The stator and rotor resistances.

np : The pole pairs number.

f : The friction coefficient.

1 INTRODUCTION

Today, Induction Motors (IM) become very used in a
wide range of industrial applications especially in electric
drive traction. This is due to their reliability, robustness
and low cost. However, the control of IM is known to be

difficult, since the dynamic system is nonlinear, some elec-
trical variables are not measurable such as flux and its pa-
rameters are often imprecisely known or variable.

It is known that if a fault occurs the control perfor-
mance may be deteriorated and in some cases can lead to
system instability. To overcome this drawbacks, the strat-
egy for fault detection and isolation (FDI) and for Fault
tolerant control (FTC) are introduced to offset the fault
effect and maintain system stability [1-6]. In literature,
we find two approaches for the design of fault tolerant
control: Passive Fault Tolerant Control (PFTC) and Ac-
tive Fault Tolerant Control (AFTC). The first approach re-
quires priori information about the fault which may af-
fect the system. These fault is considered as uncertainty
or disturbance which are taken into account in the design
of the control law [7]. In the second approach, accord-
ing to the information provided by the FDI block the con-
trol law compensate the fault on-line [8,9,10]. However,
the success of previous methods depends on the system
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model complexity. Takagi-Sugeno (T-S) technique is con-
sidered as an efficient way to represent nonlinear system.
It consist to decompose the model of the nonlinear system
into a series of linear models involving nonlinear weight-
ing functions. The equivalent fuzzy model describes the
dynamic of behavior of the system [11]. This approach
has been successfully integrated in nonlinear system mod-
eling and control. The problem of tracking control for T-S
and faulty models has been studied by a few numbers of
works [12,13].

Because of several stress, IM can be affected by var-
ious faults [14]. In addition, the overall performance of
induction motor drives with a feedback structure depends
not only on the health of the motor itself but also on the
performance of the driving circuits and sensors: the en-
coder, voltage sensors and current sensors. FTC problem
for IM becomes an important topic of research in the last
years [15,16,17,18,23]. The papers [15,16], present a ro-
bust fault tolerant control using the combination of the
backstepping control and the sliding mode observer. In
[17], the problem of the FTC of IM drives is presented
where two control techniques are used: the indirect field-
oriented control (IFOC) in the fault free case and speed
control with slip regulation (SCSR) in the case of current
sensor fault. In [18], the author presents a comparative
studies between several fault tolerant control schemes of
IM. The paper [19], presents a FTC strategy in inverter
fault case. To counteract, the mechanical fault and guar-
antee the IM control performances, the author in [20] pro-
poses an implicit fault control. Recently, FTC of IM based
electrical vehicles has been introduced in order to maintain
the system stability despite on the presence of sensor and
actuator faults [21,22].

In our work, we exploit the performances of the FTC
for state feedback control for IM to guarantee the stability
and the operating in safe despite the speed sensor fault. A
fuzzy descriptor observer is designed to give simultaneous
estimation of system state and sensor fault. This estimation
will be exploited in an observer based FTC to guarantee the
control performances of the IM with respect to load torque
disturbance.
This paper is organized as follows: Section 2 introduces
the physical model of the IM and an open-loop control
strategy is designed. A fuzzy observer-based fault toler-
ant tracking control is considered in section 3. In sec-
tion 4, simulation and experimental results are provided to
demonstrate the design effectiveness. Section 5 concludes
this paper.

Notation : The symbol (*) denotes the transpose ele-
ments in the symmetric positions.

2 OPEN LOOP CONTROL

2.1 Physical model of induction motor
Under the assumptions of the linearity of the magnetic

circuit, the model of the IM in the synchronous d-q refer-
ence frame can be described as

ẋ(t) = f(x(t)) + g(x(t))u(t) + w(t) (1)

where

f(x(t)) =




−αisd + ωsisq + Ks
Tr
ψrd +Ksnpωmψrq

−ωsisd − αisq −Ksnpωmψrd + Ks
Tr
ψrq

M
Tr isd − 1

Tr
ψrd + (ωs − npωm)ψrq

M
Tr isq − (ωs − npωm)ψrd − 1

Tr
ψrq

npM
JLr

(ψrdisq − ψrqisd)− f
Jωm



,

w(t) =




0
0
0
0
−CrJ



, g(x(t)) =




1
σLs

0

0 1
σLs

0 0
0 0
0 0



,

u(t) =

[
usq
usd

]
, α =

(
1
στs

+ 1−σ
στr

)
,

σ = 1− M2

LsLr
, τs = Ls

Rs
, τr = Lr

Rr
,Ks = M

σLsLr
.

x(t) =
[
isd isq Ψrd Ψrq ωm

]T

2.2 open loop control
This section is dedicated to present the open loop con-

trol strategy. If we replace the state variables of the IM
x(t) =

[
isd isq Ψrd Ψrq ωm

]T
by the corre-

sponding reference
[
isdc isqc ψrdc 0 ωmc

]T
in (1),

we obtain




d
dt isdc = −αisdc + ωsisqc + Ks

τr
ψrdc + 1

σLs
usdc

d
dt isqc = −ωsisdc − αisqc −Ksnpωmcψrdc+

1
σLs

usqc
0 = −(ωs − npwmc)ψrdc − M

τr isqc
d
dtψrdc = M

τr isqc − 1
τr
ψrdc

d
dtωmc =

npM
JLr

(ψrdcisqc)− f
Jωmc − 1

JCr

(2)

To guarantee the field oriented control performances, the
open-loop reference stator current, the electrical speed and
the open loop control can be written as follows:
{

isdc = ψrdc
M + τr

M
d
dtψrdc

isqc = JLr
npMψrdc

(
Cr
J + f

Jωmc + d
dtωmc

) (3)

ωsc = npωmc +
M

τrψrdc
isqc (4)





usdc = σLs

(
d
dt isdc + αisdc − ωscisqc − Ks

τr
ψrdc

)

usqc = σLs

(
d
dt isqc + αisqc + ωscisdc+
Ksnpωmcψrdc

) (5)
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2.3 Takagi-Sugeno Fuzzy Induction motor model
When the field-oriented control strategy is considered,

the IM becomes similar to the separately excited DC motor.
In this condition, the rotor flux vector(ψrd, ψrq) is aligned
to the d-axis, and we obtain

{
ψrd = ψrdc
ψrq = 0

(6)

To guarantee the field-oriented control performance, the
electrical speed of the stator in the rotating synchronous
d-q frame can be expressed as

ωs = npωm +
M

τrψrd
isq (7)

If we replace the electrical speed (7) in the physical model
(1), the nonlinear model of the IM can be written as

{
ẋ(t) = Ax(t) +Bu(t) + w(t)
y(t) = Cx(t)

(8)

where

A =




−α ωs
Ks
τr

Ksnpωm 0

−ωs −α −Ksnpωm
Ks
τr

0
M
τr

0 − 1
τr

M
τrψrdc

isq 0

0 M
τr

− M
τrψrdc

isq − 1
τr

0

0 0 −npMJLr isq −npMJLr isd − f
J




B =

[ 1
σLs

0 0 0 0

0 1
σLs

0 0 0

]T
, C =




1 0 0 0 0
0 1 0 0 0
0 0 0 0 1




The system (8) contains the following three nonlinearities:



z1(t) = isd(t)
z2(t) = isq(t)
z3(t) = ωm(t)

(9)

By using the well known sector nonlinearity technique.
The local weighting functions are defined by

{
F1j(t) =

zj(t)−zjmin

zjmax−zjmin

F2j(t) =
zjmax−zj(t)
zjmax−zjmin

(10)

Thus we can transform the non linear terms under the fol-
lowing shape:

zj(t) = F1j(t)zjmax + F2j(t)zjmin; j = {1, 2, 3} (11)

Consequently, the global fuzzy model of the IM can be
written in the following form:

ẋ(t) =

8∑

i=1

hi(z(t))(Aix(t)) +Bu(t) + w(t) (12)

where




hi(z(t)) = µi(z(t))
8∑
i=1

µi(z(t))

, µi(z(t)) =
3∏
k=1

Fik(zk(t))

hi(z(t)) > 0,
8∑
i=1

hi(z(t)) = 1

3 OBSERVER BASED FAULT TOLERANT
TRACKING CONTROL

3.1 Reference model

As in [24], to specify the desired trajectory, the refer-
ence model is chosen as follows

ẋr(t) = Arxr(t) + r(t) (13)

where
xr(t) =

[
isdr isqr ψrdr ψrqr ωmr

]T
is the

reference state.

Ar =




−ζ1 ωsr ζ2 Ksnpωmr 0
−ωsr −ζ1 −Ksnpωm

Ks
τr

0
M
τr

0 − 1
τr

M
τrψrdr

isqr 0

0 M
τr

− M
τrψrdr

isqr − 1
τr

0

0 0 −npMJLr isqr −npMJLr isdr − f
J




ζ1 = (α + KΨ) , ζ2 = (Ksτr +
MKf
Lsτr

) and
ωsr = npωmr + M

τrψrdc
isqr

where KΨ and Kf are positive constants introduced
to improve the dynamic of the IM. r(t) is a bounded
reference input given as

r(t) =
[
B I

] [ Ur(t)
w(t)

]
(14)

where

Ur(t) =

[
Usdr
Usqr

]

Usdr = σLs

[
d
dt isdc + (α+Ki)isdc − ωscisqc

+
(
MKψ−LsKs

τRLs

)
Ψrdc

]

Usqr = σLs

[
d
dt isqc + (α+Kf )isqc + ωscisdc

+KsnpωmcΨrdc

]

The reference model (13) can be described via T-S
fuzzy model where the global fuzzy reference model is in-
ferred as

ẋr(t) =

8∑

j=1

hj(zr(t))(Arjxr(t)) + r(t) (15)
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To attenuate the external disturbances, we consider theH∞
performances related to the tracking error xr(t) − x(t) as
follows

∫ tf
0

(
[xr(t)− x(t)]

T
Q [xr(t)− x(t)]

)
≤

γ2
∫ tf

0

(
r(t)T r(t) + w(t)Tw(t)dt

) (16)

3.2 Fault tolerant Tracking control strategy
In order to point up the proposed approach, the fault is

injected to the T-S model (12) that represents the model of
the IM. The faulty system can be written in the following
structure:




ẋ(t) =
8∑
i=1

hi(z(t))(Aix(t) +Bu(t) + w(t))

y(t) = Cx(t) +Df(t)
(17)

where f(t) ∈ <l denote the sensor fault. D is of appropri-
ate dimension and assumed to be of full column rank.
Construct the augmented descriptor system consisting of
the system (17) and the sensor fault as follows:




Ē ˙̄x(t) =
8∑
i=1

hi(z(t))

(
Āix̄(t) + B̄u(t)+
H̄w(t) + D̄xs(t)

)

y(t) = C̄x̄(t) = C0x̄(t) + xs(t)

(18)

where

xs(t) = Df(t), x̄(t) =

[
x(t)
xs(t)

]
, Ē =

[
In 0
0 0

]
,

Āi =

[
Ai 0
0 −Ip

]
, B̄ =

[
B
0

]
, D̄ =

[
0
Ip

]
,

C0 =
[
C 0

]
, C̄ =

[
C Ip

]
, H̄ =

[
I
0

]

and the vector xs(t) is considered as an auxiliary state of
the augmented system (18).

The following fuzzy observer is constructed to estimate
simultaneously system state and the sensor fault





Eż(t) =
8∑
i=1

hi(z(t))
(
Niz(t) + B̄u

)

ˆ̄x(t) = z(t) + Ly(t)
(19)

where z(t) ∈ <n+p is the auxiliary state vector and
ˆ̄x(t) ∈ <n+p is the state estimation vector. E,Ni ∈
<(n+p)∗(n+p), L ∈ <(n+p)∗p are the gain matrices of the
observer. Let us define the observer error as follows:

ē(t) = x̄(t)− ˆ̄x(t) =
[
eT0 (t) eTs (t)

]T
(20)

From (18) and (19) we obtain

(
Ē + ELC̄

)
x̄(t)− Ê̄x(t) =

8∑
i=1

hi(z(t))
(
(Āi+

+NiLC0)x̄(t)−Nî̄x(t) + (D̄ +NiL)xs(t) + H̄w(t)
)

 

m
  

s q
U  

s d
U

 
c

I  
b

I  
a

I

 

s d
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s q
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( )f t
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Fig. 1. Fault tolerant control strategy

(21)

if we choose

Ni = Āi +NiLC0

E = Ē + ELC̄
D̄ = −NiL

(22)

the dynamic error can be written in the following form

E ˙̄e(t) =

8∑

i=1

hi(z(t))
(
Niē(t) + H̄w(t)

)
(23)

In order to guarantee the constraints (22), the observer pa-
rameters E,Ni, L are chosen as follows

Ni =

[
Ai 0
−C −Ip

]
, L =

[
0
Ip

]
, E =

[
In 0
RC R

]
(24)

with R ∈ <p∗p is non singular matrix. Then the dynamic
error can be written in the following form:

˙̄e(t) =

8∑

i=1

hi(z(t))
(
Siē(t) + H̃w(t)

)
(25)

where

Si = E−1Ni =

[
Ai 0

−CAi −R−1C R−1

]
,

H̃ = E−1H̄ =

[
In
−C

]

The following fuzzy controller is employed to deal with
the above control system design.

u(t) =

8∑

i=1

hi(z(t))Ki (x̂(t)− xr(t)) (26)

The FT controller design methodology is illustrated by the
scheme illustrated in figure 1.
The tracking error is defined as follows

et = x(t)− xr(t) (27)
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Then from (15,17) and (26), the tracking error dynamic is:

ėt(t) =
8∑
i=1

8∑
j=1

hj(z(t))hi(z(t)) ((Ai +BKj)er(t)

BKje(t) + (Ai −Arj)xr(t) + w(t)− r(t))
(28)

We construct an augmented system containing the tracking
error and the estimation error:

˙̃x(t) =

8∑

i=1

8∑

j=1

hj(z(t))hi(z(t))
(
Ãix̃(t) + F̃ijΦ(t)

)
(29)

where

x̃(t) =



et
e0

es


 ,Φ(t) =



w(t)
r(t)
xr(t)


 ,

Ãij =



Ai +BKj −BKj 0

0 Ai 0
0 −CAi −R−1C −R−1


 ,

F̃ij =




I −I Ai −Arj
I 0 0
−C 0 0




The H∞ performances (16) related to the tracking error
can be modified as follows:

∫ tf

0

x̃T Q̃x̃dt ≤ γ2

∫ tf

0

Φ(t)dt (30)

where Q̃ =



Q 0 0
0 0 0
0 0 0




Now the goal is to design a fuzzy controller able to force
the output of the IM to tracks the reference signal in both
the faulty and fault-free cases.
Theorem 1. For a given positive scalar µ, the closed
loop fuzzy system in (29) is asymptotically stable
and the H∞ performance is guaranteed with an
attenuation level γ, if there exists some matrices
X1= XT

1 > 0,P2= PT2 > 0,P3 = PT3 > 0, Yj , Ω and the
scalar γ satisfy the following LMI:



Ξ11 −BYi 0 I −I Ai −Arj
∗ −2µX 0 0 0 0
∗ ∗ −2µI 0 0 0
∗ ∗ ∗ −2µI 0 0
∗ ∗ ∗ ∗ −2µI 0
∗ ∗ ∗ ∗ ∗ −2µI
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

0 0 0 0 0 X1

µI 0 0 0 0 0
0 µI 0 0 0 0
0 0 µI 0 0 0
0 0 0 µI 0 0
0 0 0 0 µI 0

Ξ77 Ξ78 P2 0 0 0
∗ Ξ88 −P3C 0 0 0
∗ ∗ −γ2I 0 0 0
∗ ∗ ∗ −γ2I 0 0
∗ ∗ ∗ ∗ −γ2I 0
∗ ∗ ∗ ∗ ∗ −Q−1




< 0

(31)

where

Ξ11 = AiX1 +X1A
T
i +BYi + (BYi)

T

Ξ77 = P2Ai +ATi P2

Ξ78 = ATi C
TP3 − CTΩT

Ξ88 = −ΩT − Ω
Ki = YiX

−1
1

R = (Ω−1P3)−1

then the tracking control performance is guaranteed and
the sensor fault can be easily estimated by:

f̂(t) = (DTD)−1DT
[

0 In
]

ˆ̄x(t) (32)

Remark. Theorem 1 derives a condition that guarantee
the stability of the closed loop system and the trajectory
tracking performances. The result is expressed in the form
of linear matrix inequalities (LMI) which can be easily
solved by using standard Matlab LMI Tolbox [25].
Proof: See Appendix

4 SIMULATIONS RESULTS

In this section numerical simulations have been per-
formed to validate the developed control scheme. The IM
is characterized by the following parameters:
The reference rotor speed started at t = 2s and increase

to the desired value 90rad/s at t = 3.5s. The load torque
of value Cr = 5Nm is applied at t = 5s. The reference
flux Ψrdr starts at the beginning of time with value of
1Wb. A speed sensor fault is chosen as bias which appears
and disappears during a short time. This fault and can be
modeled as follow:

f(t) =





0 if t ∈ [0, 8]
50 if t ∈ [8, 12]
0 if t ∈ [12, 20]

The simulation results illustrated in fig. 2-6 show
the trajectories of IM state together with the reference

AUTOMATIKA 57(2016) 3, 703–713 707
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Table 1. Induction motor parameters
Pole pairs numbers 2
Stator resistance 10.5 Ω
Rotor resistance 4.3047 Ω
Stator inductance 0.4718 mH
Rotor inductance 0.4718 mH
Mutual inductance 0.447 mH
Motor inertia 0.0293 kg.m2

Friction coefficient 0.001N.m.rad−1

Motor rated power 1.1Kw
Motor rated speed 1500tr/min

states. In absence of FTC, the system state diverge from
their desired trajectory. In the other hand, fig. 7 clearly
demonstrates that the accurate estimate of the sensor
fault signal is achieved using the descriptor observer.
It has been shown that through descriptor technique,
the proposed scheme is able to estimate the sensor
fault and to compensate the unknown input disturbance.
The simulations results demonstrate the effectiveness
of the proposed control approach. It’s clear that the
proposed fuzzy FTC law forces the state variables to
track the reference trajectory even in presence of sensors
faults to ensure the decoupling control characteristic of IM.
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Fig. 2. rotor speed

5 EXPERIMENTAL RESULTS

In order to verify the performances of the proposed
method, the experimental tests were carried out using the
test benchmark, of Laboratory of Innovative Technology
(LTI), University of Picardie Jules Verne at Cuffies France,
presented in fig.9. The IM stator is fed by a SEMIKRON
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Fig. 3. d-axis stator current
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Fig. 4. q-axis stator current
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converter (4 kW, IGBT modules) controlled by the dsp
1104 board. The dspace board receives the measured cur-
rent and the actual position thought the current transducer
board LA-55NP and a 5000 points incremental encoder.
The interface is used to provide galvanic isolation to all
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signals connected to the dspace controller.

To show the validity and the effectiveness of the proposed
control approach, the same control objectives as the simu-
lation are adopted. The controller and observer gains used
here are the same as those used in our system simulation.
The same speed sensor fault are chosen as the similar case
of the simulation results.

The fig.10-14 illustrate the experimental results.
We can see that using the fuzzy fault tolerant controller, the
system state undergo a fluctuation and remain close to the
desired reference value with small tracking error. The dis-

 

Fig. 9. The test benchmark

0 2 4 6 8 10 12 14 16 18 20

0

20

40

60

80

100

120

Temps (s)

R
ot

or
 s

pe
ed

 (
R

ad
/s

)

 

 

Reference
Estimated with FTC
Mesured with FTC

Fig. 10. rotor speed
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Fig. 11. d-axis stator current

agreement seen between the experimental and correspond-
ing simulation results can be explained by inaccuracies that
exist in our data acquisition system, the dead times of the
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Fig. 12. q-axis stator current
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Fig. 14. q-axis rotor flux

inverter power switching signals as well as due to mag-
netic saturation and motor iron loss that are not taken into
account in our system modeling. This confirms that the
performances of the FTC scheme are satisfactory and al-
lowing acceptable functioning of the IM even in the occur-
rence of the sensor fault.

6 CONCLUSION

In this work, a fuzzy fault tolerant tracking control has
been designed for the field oriented IM drive affected by
external disturbance and sensor fault. The T-S fuzzy model
is used to represent the induction motor in the synchronous
d-q frame rotating. In order to guarantee the tracking per-
formances, a fuzzy observer is used to estimate simultane-
ously the system state and the sensor fault. The stability
condition has been proposed in terms of LMIs. Finally,
simulation and experimental results are given to illustrate
the effectiveness of the proposed fuzzy controller. Its noted
that this results will be extended by considering the para-
metric uncertainties to take into account the variation of the
resistance value that can be affect the decoupling control.
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APPENDIX
Proof of theorem 1
Consider the following candidate Lyapunov function for
the augmented system (29)

V (x̃T (t)) = x̃T (t)P̃ x̃(t) (33)

The time derivative of the candidate Lyapunov function is:

V̇ (x̃(t)) =

8∑

i=1

8∑

j=1

hi(z(t)hj(zr(t)
[
x̃T (t)

(
ÃTijP̃ + P̃ Ãij

)
x̃(t) + ΦT (t)F̃Tij P̃ x̃(t) + x̃T (t)P̃ F̃ijΦ(t)

]
(34)

To achieve the performance required by (30) and the
closed loop stability of (29) the following inequality must
hold

V̇ (x̃T (t)) + x̃T (t)Q̃x̃(t)− γ2ΦT (t)Φ(t) ≤ 0 (35)

The inequality (35) after substituting V̇ (ē) from equation
(34) becomes:

8∑

i=1

8∑

j=1

hi(z(t))hj(zr(t))

[
x̃(t)
Φ(t)

]T
J

[
x̃(t)
Φ(t)

]
≤ 0 (36)

J =

[
ÃTijP̃ + P̃ Ãij + Q̃ P̃ F̃ij

F̃Tij P̃ −γ2I

]

(36) is satisfied if the following condition holds
[
ÃTijP̃ + P̃ Ãij + Q̃ P̃ F̃ij

F̃Tij P̃ −γ2I

]
≤ 0 (37)

P̃ is structured as : P̃ = diag
[
P1 P2 P3

]
.

Then by using Ω = P3(R−1) the inequality (37) can be
written as follows:



Θ11 −P1BKj 0 P1 −P1 P1(Ai −Arj)
∗ Θ22 Θ23 P2 0 0
∗ ∗ Θ33 −P3C 0 0
∗ ∗ ∗ −γ2I 0 0
∗ ∗ ∗ ∗ −γ2I 0
∗ ∗ ∗ ∗ ∗ −γ2I


 < 0 (38)

where

Θ11 = P1(Ai +BKj) + (Ai +BKj)
TP1 +Q

Θ22 = P2Ai +ATi P2

Θ23 = −(CAi)
T + CTΩT

Θ33 = −ΩT − Ω

The condition (38) contains nonlinear terms. Now, the
goals is to formulate as an LMI problem.
Hence after partitioning the inequality (38), we obtain

πij =

[
π11 π12

π21 π22

]
(39)

where π11 = Θ11, π12 = [−P1BKj 0 P1 . . .
. . .−P1 P1(Ai −Arj)] and π22 is the lower right
block of (39).
To effect the necessary change of variable the congruence
lemma is required. Pre and post multiplying (38) by Z
defining in the following form

Z = diag(P−1
1 X), X = diag

(
P−1

1 I I I I
)

then it follows that
[
P−1

1 π11P
−1
1 P−1

1 π12X
Xπ21 Xπ22X

]
≤ 0 (40)

(40) implied that Xπ22X is negative then using Lemma 4
[19], we obtain

Xπ22X ≤ −2µX − µ2π−1
22 (41)



P−1

1 π11P
−1
1 P−1

1 π12X 0
Xπ21P

−1
1 −2µX µI

0 µI π22


 < 0 (42)

After subsisting π11, π12, π22 in (42), the LMI condition
presented in theorem 1 hold.
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