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Abstract

Barycentric coordinates is a powerful and yet simple way to interpolate data values on

polyhedral domains . At first , barycentric coordinates is defined in the triangles . It has

a large variety of properties like lagrange , affine invariant , positive , normalization and

so on . However, in reality we often meet polygons, even polyhedrons , So we need to

extend the barycentric coordinates . Before this paper , many barycentric coordinates do not

study to approach high order polynomials . However in practical , high order barycentric

coordinates improve the degrees of freedom , high convergence rate , and can approach high

order polynomials . And this is why we study quadratic barycentric coordinates . This thesis

consists of four chapters.

In Chapter 1 , we introduce the background and properties of the barycentric coordi-

nates and generalized barycentric coordinates , and summarize the advantages and disad-

vantages of various barycentric coordinates .

Our major work is the applications of the second Chapter and Chapter 3 . The second

chapter presents in real life , if you want to get high degreesof freedom , then you need

to increase the number of additional conditions , but these additional conditions are often

very hard to find . Based on this purpose , we computer quadratic barycentric coordinates

using serendipity finite elements . At first , we introduce thealgorithm of the quadratic

coordinates and describe properties , and it is proposed by Alexander . And then ,use the

quadratic barycentric coordinates to deform the image.

In Chapter 3, through numerical experiments,we found that when the deform using

midpoints, deformation results like mean value coordinates. And calculation of the quadratic

barycentric coordinates is more complex than mean value coordinates, so that the quadratic

barycentric coordinates need to be improved. Considering choosing arbitrary points on the

edges, it can be found that quadratic barycentric coordinates can compress or extend the

image.

In addition to the above, quadratic barycentric coordinates is unable to calculate con-

cave polygon. But in real life, we can see concave polygon everywhere. Then considering

the parameterization of the computer graphics used.Then mapping to the unit circle, we can

calculate the quadratic barycentric coordinates. Using this method to deform image, the

results are reasonable.

We summarize our main results and future studies in the last Chapter.
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press%�I"ù�%�IòY
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3àõ¡Nþ�O��{§¢y
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þ�%�I [4]§¿�y²
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Wachspress%�I§�� Jutao[5] Ú Floater[6] ©Oòù«%�Ií2�
n��m§��éu�mã/Ǒk
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��XÚ�nØ�y²§y²
ù�%�Iéu?¿õ>/Ñ´·^�"Ó��Ï§Langeròþ�%�Ií2�
¥¡ [8]"=�ù�ÿ�þ�%�I®²�y²�±^uO�℄õ>/§�´3C/L§¥ÏǑK���)§��C/(JØ
g,§�3dÄ:þ§LangerÚ Seidelu 2008JÑ
p�þ��I
[9]5)ûù�¯K"�*®k�%�I§éõØg,�ÛÑ´duØU�y%�I��K5¤Úå�§Ǒ
)ûù�¯K§3 2007��ÿJoshi�<JÑ
NÚ%�I [10]§ù«%�I��{´^ Laplacian�§5�ONÚN�§d� Laplacian�§�)ǑÒ´NÚ%�I§�´ Laplacian�§�)¿vk��äN�/ª"Ó�k�
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1�ÙXØ
1.2 %%%���III
1.2.1%%%���III���½½½ÂÂÂ3¢S)¹¥§·�F"Ïé��«�I§�,�:?uØÓ��IX��ÿ§§��I�±�±ØC"�´Äuù��Ï§JÑ
%�I [26]§ù�5�§ǑÒ´��ØC5"

ããã 1.1 ¡¡¡ÈÈÈ���III«««¿¿¿ããã3ã 1.1¥§?¿�½��nÆ/ T §Ù 3�º:_��ü�©OǑ A1§A2Ú A3 §éu T S�?¿�: v §Pù
:3�Æ�IX¥��I©OǑµA1 =

(x1, y1) , A2 = (x2, y2) , A3 = (x3, y3) Ú v = (x, y) , Ó�� △A1A2A3 , △vA2A3,

△vA3A1 , △vA1A2 �k�¡ÈǑ S , S1 , S2 Ú S3 "d�½Â: v �%�I
(w1, w2, w3)Ǒ

w1 =
S1

S
=

1

2S
(a1 + b1x+ c1y);

w2 =
S2

S
=

1

2S
(a2 + b2x+ c2y);

w3 =
S3

S
=

1

2S
(a3 + b3x+ c3y)"Ù¥ ai , bi , ciǑ'u x1 , x2 , x3Ú y1 , y2 , y3�Xê§ i = 1, 2, 3"
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1.2%�I






a1 = x2y3 − x3y2, b1 = y2 − y3, c1 = x3 − x2,

a2 = x3y1 − x1y3, b2 = y3 − y1, c2 = x1 − x3,

a3 = x1y2 − x2y1, b3 = y1 − y2, c3 = x2 − x1"ÏǑ½Â¥�¡Èæ��´k�¡È§¤±%�I´�±*¿�nÆ/�	�«��§�é{`§ǑÒ´²¡þ�?¿:§�éuù��½�nÆ/§Ñ´k%�I�[27]"
1.2.2%%%���III���555���%�Ikéõé��5�§Ì�kµ

(1)8�5µw1 + w2 + w3 = 1¶
(2)�5°Ýµ x = w1x1 + w2x2 + w3x3� y = w1y1 + w2y2 + w3y3¶
(3)��5µ%�IL«´���¶
(4).�KF5�µwi(Aj) = δij¶
(5)�K5µéunÆ/SÜ�¤k:§%�Iþ´�Kê¶
(6)��ØC5µ3��C�e§%�I�±ØC"3ù
5�¥§k�
5�´éN´y²�§éu5� (1) (2) (3)�±ÏL{ü�O���¶� v :á3
nÆ/�n�º:þ�§kü�k�¡ÈÑCǑ
 0§,	��k�¡ÈB´��nÆ/�¡È§d�5� (4)ǑB��
y²¶qÏǑ�Ä�:´nÆ/SÜ�:§¤kk�¡Èþ´�ê§=éA�%�IǑ´��§K5� (5) ´¤á�¶éu5� (6) §=Ǒb��3����C� φ : x = w1A1 + w2A2 + w3A3 → ŵ1φ(A1) + ŵ2φ(A2) + ŵ3φ(A3) ,Kk(ŵ1, ŵ2, ŵ3) = (w1, w2, w3)"¯¢þ§� φ : v → Mv + c§Kk

φ(v) =Mv + c =M

3∑

i=1

wiAi + c =

3∑

i=1

wi(MAi + c) ,ùǑÒ`²
%�I´��±nÆ/ǑëìX�ÛÜ%�IL«§§L«�´,�:'unÆ/n�º: A1 , A2Ú A3��é �§�	Ü�I�'§ùǑÒ´%�I����âÑ�`:"
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1�ÙXØ
1.3 222ÂÂÂ%%%���III¯̄̄KKK���½½½ÂÂÂ999555���ÏǑ%�I£ã�´:�nÆ/�'X§�´3y¢�)¹¥�3X�/G¤Zþ�§·�F"uy�«aqu%�I��I§��ù«�IPkaqu%�I�5�§£ã
:�õ>/$�´õ¡N�º:�'X§�´Äuù�8�§JÑ
2Â�%�I[28]"�½ R

N �m¥�?¿��õ>/£õ¡N¤C = {V,E}§Ù¥ V Ǒ C �º:�8Ü§=Ǒ V = {vi}
n
i=1§ vi ∈ R

N §E Ǒ C �>�8Ü§=Ǒ E = {ej}
m
j=1"éu?¿�: v ∈ R

N Ñ�3�|�I¼ê {λ1(v), λ2(v) · · · , λn(v)}� λi(v) ∈ R��Xe�ª
n∑

i=1

λi(v)vi = v (1.1)Ú
n∑

i=1

λi(v) = 1 (1.2)¤á"d�� λi(v)B�½Â¤
2Â�%�I"2Â�%�I�Ǒ�«óä§§ké2��A^§~��A^kã�C/§nÆ/���ëêz§O�Å�ý��"�âØÓ��¹§§Ǒ¬kØÓ�5�§ØÓ�5��y
ØÓ�C/�J§'X.�KF5�Ò�±
ã�é����5§ù
~~�^�5� [29]äkXeLãµ
(1)�55�µf(v) = n∑

i=1

λi(v)f(vi)§Ù¥ f(vi)Ǒ vi:�N\�¼ê¶
(2)��ØC5µ�â±þ½Â�2Â�I´àg�I§¤±ǑÒ÷v��ØC5,ǑÒ´�±é��|�wi(v)�� n∑

i=1

wi(v)(vi − v) = 0§d� λi(v) =
wi∑n
i=1

wi
¶

(3).�KF5�µλi(vj) = δij¶
(4)1w5µλi(v)3õ>/�SÜ��´ C11w�¶
(5)�K5µλi(v) ≥ 0¶
(6)�òz5µ�õ¡NòzǑüX/�§: v��I¼êòzǑ%�I"2Â�%�I�éu%�I5`®²U?éõ
§§�±3?¿�õ>/$�´õ¡Nþ�^§¿�k
2Â�%�Iéu�êǑk�
é��5�§�´3¢S�^þ§�,´k�½�Û�5"ÏL½Â�±*	�§�Ü©2Â%�I�°Ý����gÒ�±
§ù�3k
�¹e´Øv±)û¯K½ö)û¯
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1.32Â%�I¯K�½Â95�K��J¿Ø´�n�§Ǒ
�Öù�¢�§�©Ì�&?�gþ�%�I9ÙA^"
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111���ÙÙÙ àààõõõ>>>///þþþ������ggg%%%���III999ÙÙÙAAA^̂̂
2.1 àààõõõ>>>///���ggg%%%���III���½½½ÂÂÂ�âØÓ�%�I�O��{±9�±)û¯K�ØÓ§·�¬��ØÓ«a�%�I"3¯õ�%�I¥§þ�%�IÏǑÙ²(�O�úª!{ü�/ª!'���5�±9éu?¿õ>/Ñ�O��`:§¤Ǒ
�«�2�$^�%�I"3�©¥§Ì�^uO��Ǒ´þ�%�I"õ>/C �þ�%�I�O�/ª [30]Ǒµ







wi(v)∑n
i=j wj(v)

v ∈ C ;

(1− µ)δij + µδi(j+1) v = (1− µ)vj + µvj+1 ;

δij v = vj" (2.1)Ù¥
wi = 2

tan(αi−1/2) + tan(αi/2)

ri
"�Ä�%�Iduäk��ØC5ù�5�§~~�^uã��/!ã�C/�"�´38¤k��{¥§�Ü©�%�IÑ�k��°Ý§'Xþ�%�I!wachspress%�I�"3dÄ:þ§k�
%�I�O��{ÏLO\�Ä��Ï�§X�ã��ê½ö���ê§��C/�°Ý�±k�½§Ý�O\"�´§ù���{I��õ�^�§��ê�O�Ǒ'�æ�§¤±�©á��&¢�«�{§3ØO\^��Ä:þ§�±��C/��J����\õ�z"Äuù�8�§¤±�©ÏL|Ü%�I {λi}
n
i=1 5���|�I{µab} =

{λaλb}
n
a,b=1§��§�±÷v~ê!�5Ú�g°Ý [25]§ǑÒ´µ

n∑

a=1

n∑

b=1

µab = 1 ,

n∑

a=1

n∑

b=1

vaµab = x ,

n∑

a=1

n∑

b=1

vav
T
b µab = xxT" (2.2)
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