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ÁÁÁ ���

�©Ì�ïÄE LandsbergÝþ±9E FinslerÝþ�VÛ­È.·�ïÄ
E

LandsbergÝþ!¢ LandsbergÝþ!¢ BerwaldÝþ!E BerwaldÝþ±9f�E

BerwaldÝþ�m�'X,�Ä
ù
AÏÝþ��E¯K,¿}ÁÏéE FinslerA

Û¥�/Õ�Ë0Ýþ,=� Kähler-Berwald�E LandsbergÝþ. Û­È´ Riemann

AÛÚ¢ FinslerAÛ¥�EAÏÝþ���­�Ãã,�©ò§í2�
E Finsler

AÛ¥,ïÄ
E FinslerÝþ�VÛ­È9Ù�'5�.

31nÙ,·�ïÄ�
AÏ�¢ÚE FinslerÝþ�m�'X.·�Ì�y²


µXJ F ´E6/M þ�rà�f Kähler FinslerÝþ,Ke�Øã�dµ

(i) F ´��¢ BerwaldÝþ;

(ii) F ´��¢ LandsbergÝþ;

(iii) F ´��E BerwaldÝþ;

(iv) F ´��f�E BerwaldÝþ.

·�y²
: XJ F ´E6/M þ�rà�f Kähler FinslerÝþ,Ó�q´�

�¢ LandsbergÝþ,@o F �½´��E LandsbergÝþ. ·���E
�
AÏ

�E FinslerÝþ,Xrà�E BerwaldÝþ!rà�E LandsbergÝþ�.

31oÙ,·�Ì�ïÄE FinslerÝþ�VÛ­È.Äk,·��Ñ
E Finsler

Ýþ�VÛ­Èp�� Chern-Finsler éä!E Rund éä!E Berwald éä!E

Hashiguchi éä�L�ª, ù
E Finsler éä©OdVÛ­È6/�©þ6/þ

��AE Finsler éäL«. Ùg, ·��Ñ
E Finsler Ýþ�VÛ­È��X­

Ç!Ricciêþ­ÇÚ¢ÿ/��O�úª,ù
AÛþ©OdVÛ­È6/�©þ

6/þ��AþL«. ·���
E Finsler Ýþ�VÛ­È� Kähler Finsler Ýþ

(½f Kähler FinslerÝþ!E BerwaldÝþ!Kähler-BerwaldÝþ!f�E Berwald

Ýþ!E LandsbergÝþ!EÛÜMinkowskiÝþ)�¿�^�.��A^,·��Ñ


�EE BerwaldÝþ!f�E BerwaldÝþ!EÛÜ MinkowskiÝþ���k�

�{. ��,·�ïÄ
E FinslerÝþ�VÛ­È�ÛÜ�K²"5!ÛÜéó²"

5±9ÛÜ�/²"5.

31ÊÙ, ·�Ì�y²µ��jØC�r[à�E Finsler Ýþ´��E

LandsbergÝþ��=�§´��jØC� HermiteÝþ,ùL²,3jØC�r[à

�E FinslerÝþ¥,Ø�3E FinslerAÛ¥�/Õ�Ë0Ýþ.

'�cµE LandsbergÝþ;VÛ­È;rà�E FinslerÝþ;f Kähler FinslerÝþ;

E BerwaldÝþ;f�E BerwaldÝþ;¢ BerwaldÝþ;¢ LandsbergÝþ.
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Abstract

In this thesis, we mainly study complex Landsberg metric and doubly warped product
(DWP) of complex Finsler metrics. We study the relationships among complex Landsberg
metric, real Landsberg metric, real Berwald metric, complex Berwald metric and weakly
complex Berwald metric, and consider the construction of some special complex Finsler
metrics. We also try to find the “unicorn” metric in complex Finsler geometry, i.e., finding
the complex Landsberg metric which does not come from a Kähler-Berwald metric. Warped
product is an important method used to construct new and special metrics both in Rieman-
nian and real Finsler geometry. In this thesis, we generalize the warped product method to
complex Finsler geometry, and study some properties of the DWP-complex Finsler metrics.

In the third chapter, we study the relationships among some special real and complex
Finsler metrics. We proved that if F is a strongly convex weakly Kähler Finsler metric on a
complex manifold M , then the following assertions are equivalent:

(i) F is a real Berwald metric;

(ii) F is a complex Berwald metric;

(iii) F is a weakly complex Berwald metric;

(iv) F is a real Landsberg metric.

We prove that if F is both a strongly convex weakly Kähler Finsler metric and a real
Landsberg metric on a complex manifoldM , then F is a complex Landsberg metric. We also
construct some special complex Finsler metrics, such as strongly convex complex Berwald
metric, strongly convex complex Landsberg metric, etc.

In the fourth chapter, we study the DWP-complex Finsler metrics. We firstly derive the
most often used complex Finsler connections (the Chern-Finsler connection, the complex
Rund connection, the complex Berwald connection, and the complex Hashiguchi connec-
tion, etc.) associated to the DWP-complex Finsler metrics, which are expressed in terms of
the corresponding complex Finsler connections associated to the complex Finsler metrics of
its components, respectively. Secondly, we obtain the formulae of the holomorphic curva-
ture, Ricci scalar curvature and real geodesic of the DWP-complex Finsler metrics in terms
of the corresponding objects associated to its components. We obtain a necessary and suf-
ficient condition for the DWP-complex Finsler metrics to be a Kähler Finsler (resp. weakly
Kähler Finsler, complex Berwald, Kähler-Berwald metric, weakly complex Berwald, com-
plex Landsberg, complex locally Minkowski) metric. As an application, we give an effec-
tive method of constructing complex Berwald metrics, weakly complex Berwald metrics
and complex locally Minkowski metrics. Finally, we study the flatness of locally projective,
locally dual, and the flatness of locally conformal of the DWP-complex Finsler metrics.
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In the fifth chapter, we prove that a unitary invariant strongly pseudoconvex complex
Finsler metric is a complex Landsberg metric if and if only if it comes from a unitary invari-
ant Hermitian metric. This implies that there is no “unicorn” complex Finsler metric among
unitary invariant strongly pseudoconvex complex Finsler metrics.

Key Words: Complex Landsberg metric; Doubly warped product; Strongly convex com-
plex Finsler metric; Weakly Kähler Finsler metric; Complex Berwald metric; Weakly com-
plex Berwald metric; Real Berwald metric; Real Landsberg metric.
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1.1 ïïïÄÄÄ���µµµÚÚÚ���KKK¿¿¿ÂÂÂ

Í¶êÆ[����Ñ:/¢ FinslerAÛ´vk�g.��� RiemannAÛ0
[1]. FinslerAÛ3g,Æ�+�A^4Ù2�,cÙ3ÔnÆ!)ÔÆ!ó§Eâ!
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E FinslerAÛ´vk Hermite�g.��� HermiteAÛ.E FinslerÝþ®¤
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Kobayashi ÝþÚ Carathéodory Ýþ. z��k>½Ã>�E6/Ñ�3 Kobayashi
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Ú¢ÿ/��§. 1967c, Kobayashi S [11]JÑ KobayashiÝþ.

1972c, Rund H [12]ïÄ
E6/þ�6����Eéä±9�6����
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1975c, Kobayashi S [17]ïÄE�þmÚE6/þ�ål�,�J�
E Finsler
Ýþ�ýéà5^�,¦y²
�X�þm´ Negative�¿©7�^�´T�þmþ
�3��­Ç�K�r[à�E FinslerÝþ.

1981c, Lempert L [18]y²
3 Cn ¥�1wk.rà�þ, KobayashiÝþÚ
CarathéodoryÝþ��,§�3�X�m�"�¡	1w,¿�Ñ´f Kähler-Finsler
Ýþ,$�3z�:Ñkrà�I/.

1990c, Faran J [19]|^ Cartan�¹ÄIe{ïÄ
E FinslerÝþ�ÛÜ�d
5¯K,¿3 KobayashiÝþ1w��/e�Ñ
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1.1ïÄ�µÚ�K¿Â

.!rà�«�þ� Kobayashi Ýþ�AÛ5�?1
�X�ïÄ, �Ñ
~­Ç
Riemann­¡��ÿ/�Xi\E Finsler6/�¿�^�,¿g,��éäk~�
X­Ç� Kähler Finsler6/�©a¯K�ïÄ.

Royden H L [23], Fukui M [24], Aikou T [25], Abate MÚ Patrizio G [26]c�±A
��Ó�K8>©: /E FinslerÝþ (½6/)0,lØÓ�ÝXÚïÄ
E FinslerÝ
þ (6/),��X�¤J.

�©Ì�ïÄE LandsbergÝþ±9E FinslerÝþ�VÛ­È.e¡Òù�¡�
ïÄ�µ��{ü0�.

1.1.1 AAAÏÏÏ FinslerÝÝÝþþþ

3¢ FinslerAÛ¥, BerwaldÝþÚ LandsbergÝþ´üa­��AÏ FinslerÝ
þ [27]. 1926cå, Berwald L [28], [29]XÚïÄ
�aAÏ�¢ FinslerÝþ,ùa
Ýþ� CartanÜþ Aijk 'u Berwaldéä�Y²�C�© Aijk|l ð�". ùaÝþ
¡�¢ Berwald Ýþ, äk¢ Berwald Ýþ�¢6/¡�¢ Berwald 6/. 1976 c,
Ichijyō Y [30] éëÏ�¢ Berwald 6/ M �Ñ
��AÛ�x: M þz�:?�
Dk Minkowski �ê���m (TxM,Fx) ÏL²1£Ä�p�5�å, =: ëÏ�
¢ Berwald6/�u��¢ Minkowski�m. 3ÛÜ�IXe, BerwaldÝþp��
Berwaldéä½ Chern-Rundéä½ Cartanéä�éäXê=�.6/�Ik' [27],
[31], [32]. é²w, Riemann6/ÚÛÜ Minkowski6/Ñ´AÏ�¢ Berwald6/.
1981c, Szabó Z I�Ñ
� Riemann6/�¢ Berwald6/�~f [33].

1928c, Berwald L [34]|^ Berwaldéä�y
 Landsberg­Ç,T­Ç�"�
Ýþ¡�¢ LandsbergÝþ,äk¢ LandsbergÝþ�¢6/¡�¢ Landsberg6/.
�� Landsberg Ýþ÷v: Ȧijk := Aijk|lu

l = 0. 1978 c, Ichijyō Y [35] éëÏ�¢
Landsberg6/M �Ñ
��AÛ�x: M þz�:?�Dk Minkowski�ê��
�m (TxM,Fx)ÏL²1£Ä�p�å,ù�g,�åØ2�¢ Berwald6/@��
¦´�5�
. é²w,¢ Landsberg6/�) Riemann6/!¢ÛÜ Minkowski6
/Ú¢ Berwald6/.

3¢ FinslerAÛ¥,?Û��¢ BerwaldÝþ�½´¢ LandsbergÝþ,,
,´
Ä�3�¢ Berwald�¢ LandsbergÝþ�,´��úm¯K [31]. ù�¯K� Bao
D [36]¡�/Õ�Ë0¯K.

é��ã�m,ïÄöÑvké��¢ Berwald�¢ LandsbergÝþ. Matsumoto
M [37]�QßÿØ�3�¢ Berwald�¢ LandsbergÝþ. 2008c, Szabó Z I\¡¤
k�K¢ LandsbergÝþþ�¢ BerwaldÝþ [38],,
;�X,¦gCuyy²¥�
3���×\ [39],ù¦�/Õ�Ë0¯K�,´�úm¯K.

,��¡, Asnov G S3 (α, β)-Ýþ¥�E
�aA��K�/Õ�Ë0Ýþ
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