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i 

摘 要 

无网格法直接通过节点信息建立形函数，不依赖于节点之间的有序拓扑连接，

能够建立任意高阶连续的整体协调形函数和位移场。在过去的二十多年里，无网

格法得到了快速发展，在许多领域得到了成功应用，例如，裂纹扩展模拟，板壳

分析，大变形模拟和断裂破坏模拟等。然而，由于无网格形函数一般不是多项式，

且各个形函数的支撑域与背景积分子域通常不重合，因而伽辽金无网格法为了保

证计算精度，需要在每个背景积分子域内采用高阶的高斯积分方法进行数值积分。

但高阶高斯积分会明显降低无网格法的计算效率，不利于无网格法的大规模工程

应用。因此，如何在保证精度的前提下提高计算效率是无网格法研究领域的一个

核心问题，具有重要的理论研究和工程应用价值。目前常用的稳定节点积分方法

明显提高了伽辽金无网格法的计算效率，但仅具有线性准确性。 

本文提出了伽辽金无网格法的一种稳定、高效和精确的二阶嵌套子域数值积

分方法。文中首先提出了目前广泛采用的稳定节点积分无网格法的内能积分误差

表达式，并对一次和二次无网格基函数的稳定节点积分方法的内能积分误差进行

了详细分析，证明稳定节点积分方法具有线性准确特性。然后，针对三角形积分

子域，将其进一步划分为全等的四个嵌套三角形积分子域，通过优化组合嵌套积

分子域刚度矩阵方式来建立整体刚度矩阵，以消除稳定节点积分法的高阶误差项，

达到二次准确性，进而建立了伽辽金无网格法的二阶嵌套子域数值积分方法。此

外，根据嵌套式子域积分无网格法的二次准确性条件，建立了对应的一致外力项

积分方法。二阶嵌套子域数值积分方法与稳定节点积分方法类似，数值积分中采

用形函数的光滑梯度，不需要进行繁琐的形函数求导计算，因而具有计算高效的

特点。同时，通过合理的嵌套子域组合积分方法，该方法具有二次积分准确性。

最后，将基于嵌套式子域积分的无网格法用于求解势问题、弹性力学问题等典型

问题，全面验证了其精度、收敛性和计算效率。 

关键词：无网格法；形函数光滑梯度；二次准确性条件；嵌套子域积分方法；计

算效率 
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Abstract 

Meshfree methods are capable of constructing arbitrary order smoothing and 

compatible shape functions only through unstructured nodes and do not reply on 

elements with specific connectivity. During the past two decades, meshfree methods 

have experienced rapid developments and evolutions with many successful applications, 

i.e., crack propagation modeling, plate and shell analysis, large deformation simulation, 

and impact and fragmentation simulation, etc. Although the meshfree shape functions 

do not depend on any element, the rational nature and overlapping supports of shape 

functions pose severe difficulty on the accurate domain integration for Galerkin 

meshfree methods, as necessitates higher order Gauss quadrature rules to achieve 

satisfactory numerical results. A direct consequence induced by higher order Gauss 

integration is the low computational efficiency that prevents the applications of 

Galerkin meshfree methods to large scale practical problems. Thus the development of 

efficient integration algorithms has been a major concern for Galerkin meshfree 

methods. It is noted that the currently widely used stabilized conforming nodal 

integration approach has gained significant acceleration of computational efficiency, 

while this method only meets the linear exactness condition. 

In this thesis, a stable and efficient nesting sub-domain gradient smoothing 

integration algorithm is proposed for Galerkin meshfree methods with particular 

reference to the quadratic exactness. The proposed algorithm is consistently built upon 

the smoothed gradients of meshfree shape functions defined on two-level nesting 

triangular sub-domains, where each integration cell consists of four equal-area nesting 

sub-domains. Firstly, a rational measure is devised to evaluate the error of the gradient 

smoothing integration for the stiffness matrix. It is shown that the stabilized conforming 

nodal integration is exact for a linear field and has a second order error for a quadratic 

field. Thereafter through a detailed analysis of the gradient smoothing integration errors 

associated with the two-level nesting triangular sub-domains, a quadratically exact 

algorithm for the stiffness matrix integration is established through optimally 

combining the contributions from the two-level nesting sub-domains. Moreover, the 

integration of force terms consistent with the stiffness integration is presented in order 

to ensure exact quadratic solutions in the context of Galerkin formulation. The present 
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approach with quadratic exactness shares the same foundation as the well-established 

stabilized conforming nodal integration method with linear exactness, i.e., the 

smoothed derivatives of meshfree shape functions are directly built upon the values of 

meshfree shape functions on the boundary of the integration cells and the time 

consuming derivative computations are completely avoided. Thus both accuracy and 

efficiency are achieved by the proposed methodology. The efficacy of the present 

nesting sub-domain gradient smoothing integration algorithm is thoroughly 

demonstrated by a series of benchmark potential and elasticity problems. 

Key Words: Meshfree methods; Smoothed gradient of shape function; Quadratic 

exactness; Nesting sub-domain gradient smoothing integration; Computational 

efficiency 
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