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Problème

In this work, we study the existence of periodic solutions for the
following neutral partial functional differential equations of the
following form

d

dt
[x(t)− L(xt)] = A[x(t)− L(xt)] + G (xt) + f (t), (1)

where A : D(A) ⊆ X → X is a linear closed operator on Banach
space (X , ‖.‖) and f ∈ Lp(T,X ) for all p ≥ 1. For r2π := 2πN (
some N ∈ N) L and G are in B(Lp([−r2π, 0], X ); X ) is the space
of all bounded linear operators and xt is an element of
Lp([−r2π , 0], X ) which is defined as follows xt(θ) = x(t + θ)

for θ ∈ [−r , 0].

2/11

R.Bahloul Docteur en Mathématiques Appliquées



Definition

For 1 ≤ p <∞ , a sequence {Mk}k∈Z ⊂ B(X ,Y ) is said to be an
Lp-multiplier if for each f ∈ Lp(T,X ), there exists u ∈ Lp(T,Y )
such that û(k) = Mk f̂ (k) for all k ∈ Z.

Theorem (Neumann Expansion)

Let A ∈ B(X ,X ), where X is a Banach space. If ‖ A ‖< 1 then
I − A is invertible, moreover

(I − A)−1 =
∞∑
k=0

Ak .
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Definition

Assume that A generates a C0-semigroup (T (t))t≥0 on X . A
function x is called a mild solution of Eq. (1) if :

Dxt = T (t)Dϕ+

∫ t

0
T (t − s)(Gxs + f (s))ds for 0 ≤ t ≤ 2π.

Remark

Let (T (t))t≥0 be the C0-semigroup generated by A. If
g : [0, a]→ X is a continuous function, then∫ t

0

∫ s

0
T (t − s)g(ξ)dξds ∈ D(A) and

A

∫ t

0

∫ s

0
T (t − s)g(ξ)dξds =

∫ t

0
(T (t − s)− I )g(s)ds; 0 ≤ t ≤ a.
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Lemma

Assume that A generates a C0-semigroup {T (t)}t≥0 on X , if x is
a mild solution then

Dxt = Dϕ+ A

∫ t

0
Dxsds +

∫ t

0
(Gxs + f (s))ds for 0 ≤ t ≤ 2π.

Theorem

Assume that A generates a C0-semigroup (T (t))t≥0 on X and
f ∈ Lp(T;X )
For some 1 ≤ p <∞ ; if x is a mild solution of Eq. (1). Then

(ikDk − ADk − Gk)x̂(k) = f̂ (k) for all k ∈ Z.
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Theorem

Let 1 ≤ p <∞. Assume that A generates a C0-semigroup
(T (t))t≥0 on X . If σZ (∆) = φ and (ikDk − ADk − Gk)−1 is an
Lp-multiplier Then there exists a unique mild periodic solution of
Eq. (1).
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Application

Let A be a closed linear operator on a Hilbert space H and
suppose that iZ ⊂ ρ(A) and sup

k∈Z

∥∥k(ikDk − ADk)−1
∥∥ =: M <∞.

If ‖G‖ < 1

(2r2π)1/pM
then for every f ∈ Lp(T;X ), there exists a

unique strong Lp-solution of Eq. (1).
From the identity

ikDk − ADk − Gk = (ikDk − ADk)(I − Gk(ikDk − ADk)−1)

it follows that
ikDk −ADk −Gk is invertible whenever

∥∥Gk(ikDk − ADk)−1
∥∥ < 1.,

we observe that ‖Gk‖ ≤ (2r2π)1/p ‖G‖.
Hence,∥∥Gk(ikDk − ADk)−1

∥∥ =
∥∥Gk(ikDk − ADk)−1

∥∥ ≤
(2r2π)1/p ‖G‖M := α < 1.
Then σZ (∆) = φ and we deduce that 7/11

R.Bahloul Docteur en Mathématiques Appliquées



(ikDk − ADk − Gk)−1 = (ikDk − ADk)−1(I − Gk(ikDk − ADk)−1)−1

= (ikDk − ADk)−1
∞∑
n=0

[Gk(ikDk − ADk)−1]n

Moreovery∥∥ik(ikDk − ADk − Gk)−1
∥∥ ≤ ‖ik(Dk − ADk‖

∞∑
n=0

[Gk(ikDk − ADk)−1]n

≤ 1 + M

1− α
and

sup
k∈Z

∥∥ik(ikDk − ADk − Gk)−1
∥∥ <∞.

we conclude that there exists a unique strong Lp-solution of Eq.
(1).
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