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Probleme

In this work, we study the existence of periodic solutions for the
following neutral partial functional differential equations of the
following form

d
i X(1) = LOa)] = Alx(t) = L)l + G(xe) + £(2), (1)
where A: D(A) C X — X is a linear closed operator on Banach
space (X, ||.]|) and f € LP(T, X) for all p > 1. For ra; := 27N (
some N € N) L and G are in B(LP([—r2,0], X); X) is the space
of all bounded linear operators and x; is an element of
LP([—r2x ,0], X) which is defined as follows x¢(6) = x(t + 0)
for 6 € [—-r,0].
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For 1 < p < oo, a sequence {My},., C B(X,Y) is said to be an
LP-multiplier if for each f € LP(T, X), there exists u € LP(T,Y)
such that (k) = Mf (k) for all k € Z.

Theorem (Neumann Expansion)

Let A € B(X, X), where X is a Banach space. If || A ||< 1 then
I — A is invertible, moreover

(I — A= iAk.
k=0
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Assume that A generates a Cp-semigroup (T (t))s>0 on X. A
function x is called a mild solution of Eq. (1) if :

t
Dxe = T(£)Dy +/ T(t — 5)(Gxe + f(s))ds for 0 < ¢ < 2.
0

Let (T(t))e>0 be the Co-semigroup generated by A. If
g : [0,a] — X is a continuous function, then

/Ot /Os T(t —s)g(§)déds € D(A) and

A/o /0 T(t—s)g(&)déds = /0 (T(t—s)—1)g(s)ds;0 <t <a.
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Lemma

Assume that A generates a Co-semigroup { T(t)};5o on X, if x is
a mild solution then

t

Dxt—Dcp—i—A/

t
Dxsds —i—/ (Gxs + f(s))ds for 0 <t <27.
0 0

Assume that A generates a Cp-semigroup (T (t))¢>0 on X and
f € LP(T; X)
For some 1 < p < oo} if x is a mild solution of Eq. (1). Then

(ikDy — ADy — Gi)%(k) = (k) for all k € Z.
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Theorem

Let 1 < p < co. Assume that A generates a Cg-semigroup
(T(t))e>0 on X. If 07(A) = ¢ and (ikDx — ADy — G)~1 is an
LP-multiplier Then there exists a unique mild periodic solution of
Eq. (1).
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Application

Let A be a closed linear operator on a Hilbert space H and
suppose that iZ C p(A) and sup Hk(ika - ADk)_lH = M < 0.
keZ

If |G| < then for every f € LP(T; X), there exists a

1
(2!’27.-)1/”/\/]
unique strong LP-solution of Eq. (1).
From the identity

ikDx — ADy — Gy = (ikDy — ADy)(I — Gy (ikDy — ADy)™)
it follows that
ikD — ADy — Gy is invertible whenever || Gy (ikD — ADy) 7| < 1.,
we observe that ||Gi|| < (22 )P || G|
Hence,
|| Gk (ikDy — ADy) || = || Gk(ikDie — ADi) || <
(2 )YP |G| M == a < 1.
Then 07(A) = ¢ and we deduce that
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(ikDy — ADy. — Gi)™* = (ikDy — ADy) (I — Gi(ikDy — ADi) ™)~

= (ikDyx — AD) ™ > " [Gy(ikDy — ADy) 1]
n=0
Moreovery

ik (ikDi — AD)e — Gie) || < |lik(Di — AD|| > _[Gi(ikDy — ADy) ™"
n=0
1+ M

l—«

IN

and

sup ||ik(ikDx — ADy — Gi) || < oc.
keZ

we conclude that there exists a unique strong LP-solution of Eq.

(1).

R.Bahloul Docteur en Mathématiques Appliquées

8/11



W. Arendt, S. Bu, Operator-valued Fourier multipliers on periodic Besov
spaces and applications, Proc. Edinburgh Math. Soc. 47, (1), 15-33
(2004)

C.Lizama, Fourier multipliers and perodic solutions of delay equatons in
Banach spaces, J.Math.Anal.Appl. 324,(2), 921-933 (2006)

9/11
R.Bahloul Docteur en Mathématiques Appliquées



J.Wu, Theory and Applications of Partial Differential Equations,
Appl, Math .Sci. 119, Springer-verlag, (1969).

A. Pazy, Semigroups of Linear Operators and Applications to
Partial Differential Equations, Springer-Verlag, 1983.

10/11
R.Bahloul Docteur en Mathématiques Appliquées



Merci pour votre attention

R.Bahloul Docteur en Mathématiques Appliquées



