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On improvements of Opial-type inequalities
Abstract: In the present paper, we establish some new Opial-type integral inequalities in two variables. The
results in special cases yield some of the interrelated results on Godunova–Levin’s and Mitrinović–Pečarić’s
inequalities. These results provide new estimates on inequalities of this type.
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1 Introduction
In 1960, Opial [15] established the following inequality:

Theorem 1.1. Suppose f ∈ C1[0, ℎ] satis�es f(0) = f(ℎ) = 0 and f(x) > 0 for all x ∈ (0, ℎ). Thenℎ
∫0 |f(x)f�(x)|dx ≤ ℎ

4

ℎ
∫0 (f�(x))2dx. (1.1)

The Opial-type inequality was �rst established by Willett [16]:

Theorem 1.2. Let x(t) be absolutely continuous on [0, a], and x(0) = 0. Thena
∫0 |x(t)x�(t)|dt ≤ a

2

a
∫0 |x�(t)|2dt. (1.2)

A non-trivial generalization of Theorem 1.2 was established by Hua [12]:

Theorem 1.3. Let x(t) be absolutely continuous in [0, a], and x(0) = 0. Further, let l be a positive integer. Thena
∫0 |x(t)x�(t)|dt ≤ al

l + 1

a
∫0 |x�(t)|l+1dt. (1.3)

A sharper inequality was established by Godunova [9]:

Theorem 1.4. Letf(t)be a convex and increasing function on [0,∞)withf(0) = 0. Further, letx(t)be absolutely
continuous on [0, ó], and x(á) = 0. Then, the following inequality holds:ó

∫á f�(|x(t)|)|x�(t)|dt ≤ f( ó
∫á |x�(t)|dt). (1.4)

Opial’s inequality and its generalizations, extensions and discretizations play an important role in establish-
ing the existence and uniqueness of initial and boundary value problems for ordinary and partial di�erential
equations as well as di�erence equations, see for example [1, 4–8, 10, 13, 17]. For Opial-type integral inequal-
ities involving high-order partial derivatives, see [3, 18]. For an extensive survey on these inequalities, see [2].
Mitrinović and Pečarić [14] proved some new extensions of Opial-type inequalities. The aim of the present
paper is to establish some Opial-type inequalities, which are some extensions of Godunova–Levin’s and
Mitrnović–Pečarić inequalities.
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2 Statement of the results
We shall extend some of the previous results for the functionswhich have an integral representation. For this,
we say that a function x(s, t) belongs to the class U(y, K) if it can be represented in the form

x(s, t) =

â1
∫á1

â2
∫á2 K(s, t, ò, ó)y(ò, ó)dòdó, (s, t) ∈ [á1, â1] × [á2, â2], (2.1)

where y(s, t) is a continuous function on [á1, â1] × [á2, â2], andK(s, t, ò, ó) is an arbitrary non-negative kernel
function de�ned on [á1, â1]×[á2, â2]×[á1, â1]×[á2, â2] such thatx(s, t) > 0 ify(s, t) > 0, (s, t) ∈ [á1, â1]×[á2, â2].

In particular, for ë > 0, we let

K(s, t, ò, ó) = Kë(t, s, ò, ó) = {{
{

[(s−á)+(t−â)]ë−1Γ(ë) , s + t ≥ ò + ó,

0, s + t < ò + ó.

Theorem 2.1. For i = 1, 2, 3, let xi(s, t) ∈ U(yi, K), wherey2(s, t) > 0 for all (s, t) ∈ [á1, â1] × [á2, â2], letp(s, t) > 0
for all (s, t) ∈ [á1, â1] × [á2, â2], and let f(x, y) be convex and increasing on [0,∞) × [0,∞). Then the following
inequality holds: â1

∫á1
â2
∫á2 p(s, t)f(

!!!!!!!
x1(s, t)
x2(s, t) !!!!!!!, !!!!!!!x3(s, t)

x2(s, t) !!!!!!!)dsdt ≤
â1
∫á1

â2
∫á2 õ(s, t)f(

!!!!!!!
y1(s, t)
y2(s, t) !!!!!!!, !!!!!!!y3(s, t)y2(s, t) !!!!!!!)dsdt, (2.2)

where

õ(t, s) = y2(s, t) â1
∫á1

â2
∫á2 p(ò, ó)K(s, t, ò, ó)

x2(ò, ó) dòdó.

Remark 2.2. Let xi(s, t), yi(s, t) and p(s, t) be reduced to xi(t), yi(t), p(t), respectively, where t ∈ (á, ó) and
i = 1, 2, 3, with suitablemodi�cations in Theorem 2.1. Then (2.2) becomes the following inequality established
by Mitrinović and Pečarić [14]:ó

∫á p(t)f(
!!!!!!!
x1(t)
x2(t) !!!!!!!, !!!!!!!x3(t)

x2(t) !!!!!!!)dt ≤
ó
∫á õ(t)f(

!!!!!!!
y1(t)
y2(t) !!!!!!!, !!!!!!!y3(t)y2(t) !!!!!!!)dt, (2.3)

where

õ(t) = y2(t) ó
∫á p(s)K(t, s)

x2(s) ds,

y(t) is a continuous function on [á, ó] andK(t, s) is an arbitrary non-negative kernel de�ned on [á, ó] × [á, ó]
such that x(t) > 0 if y(t) > 0, t ∈ [á, ó].

Remark 2.3. TakingK(s, t, ò, ó) = Kë(s, t, ò, ó) in Theorem 2.1, (2.2) reduces toâ1
∫á1

â2
∫á2 p(s, t)f(

!!!!!!!
x1(s, t)
x2(s, t) !!!!!!!, !!!!!!!x3(s, t)

x2(s, t) !!!!!!!)dsdt ≤
â1
∫á1

â2
∫á2 õ(s, t)f(

!!!!!!!
y1(s, t)
y2(s, t) !!!!!!!, !!!!!!!y3(s, t)y2(s, t) !!!!!!!)dsdt, (2.4)

where

õ(s, t) = y2(s, t) â1
∫á1

â2
∫á2 [(s − ò) + (t − ó)]ë−1

Γ(ë)
p(ò, ó)
x2(ò, ó)dòdó, s + t ≥ ò + ó,

and õ(s, t) = 0 if s + t < ò + ó.

Let us changeKë(s, t, ò, ó) toKë(t, s). Namely, for ë > 0,

Kë(t, s) = {{
{

(t−s)ë−1Γ(ë) , s ≤ t,

0, s > t.
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Further, let xi(s, t), yi(s, t),f(s, t) andp(s, t) be reduced to si(t), yi(t),f(t) andp(t), respectively, where t ∈ (á, ó)
and i = 1, 2. TakingK(t, s) = Kë(t, s) in (2.4), we reduce (2.4) to the result of Godunova and Levin [11].

Now, let x(s, t) ∈ U(y, K), where K(s, t, ò, ó) = 0 for ò + ó > s + t. We shall say that such functions belong
to the class U1(y, K). It is clear that in this case, (2.1) reduces to

x(s, t) =
s
∫á1

t
∫á2 K(s, t, ò, ó)y(ò, ó)dòdó. (2.5)

Theorem 2.4. Let the functionf(x) be di�erentiable on [0,∞) such that, for v > 1, the functionf(x1/v) is convex
and f(0) = 0. Let 1ì + 1v = 1, and let x(s, t) ∈ U1(y, K), where

(
s
∫á1

t
∫á2 (K(s, t, ò, ó))ìdòdó)1/ì ≤M.

Then â1
∫á1

â2
∫á2 |x(s, t)|2(1−v) à

2f
àsàt

(|x(s, t)|)|y(s, t)|vdsdt ≤ v2
M2vf(M(â1∫á1

â2
∫á2 |y(s, t)|vdsdt)

1/v
). (2.6)

Remark 2.5. Let x(s, t) and y(s, t) be reduced to x(t), y(t), respectively, where t ∈ (á, ó), with suitable modi�-
cations in Theorem 2.4. Then (2.6) becomes the following inequality:ó

∫á |x(t)|1−vf�(|x(t)|)|y(t)|vdsdt ≤ v
Mvf(M( ó

∫á |y(t)|vdt)1/v).
This is just a new result established by Mitrinović and Pečarić [14].

3 Proofs of the results
Proof of Theorem 2.1. From the hypotheses of Theorem 2.1, it turns out thatâ1
∫á1

â2
∫á2 p(s, t)f(

!!!!!!!
x1(s, t)
x2(s, t) !!!!!!!, !!!!!!!x3(s, t)

x2(s, t) !!!!!!!)dsdt
=

â1
∫á1

â2
∫á2 p(s, t)f(

!!!!!!!!!

∫
â1á1 ∫â2á2 K(s, t, ò, ó)y2(ò, ó) y1(ò,ó)y2(ò,ó)dòdó

x2(s, t) !!!!!!!!!
,
!!!!!!!!!

∫
â1á1 ∫â2á2 K(s, t, ò, ó)y2(ò, ó) y3(ò,ó)y2(ò,ó)dòdó

x2(s, t) !!!!!!!!!
)dsdt

≤

â1
∫á1

â2
∫á2 p(s, t)f(

â1
∫á1

â2
∫á2 K(s, t, ò, ó)y2(ò, ó)

x2(s, t) !!!!!!!
y1(ò, ó)
y2(ò, ó) !!!!!!!dòdó,

â1
∫á1

â2
∫á2 K(s, t, ò, ó)y2(ò, ó)

x2(s, t) !!!!!!!
y3(ò, ó)
y2(ò, ó) !!!!!!!dòdó)dsdt.

By using Jensen’s integral inequality, we haveâ1
∫á1

â2
∫á2 p(s, t)f(

!!!!!!!
x1(s, t)
x2(s, t) !!!!!!!, !!!!!!!x3(s, t)

x2(s, t) !!!!!!!)dsdt ≤
â1
∫á1

â2
∫á2 p(s, t)(

â1
∫á1

â2
∫á2 K(s, t, ò, ó)y2(ò, ó)

x2(s, t) f(
!!!!!!!
y1(ò, ó)
y2(ò, ó) !!!!!!!, !!!!!!!y3(ò, ó)y2(ò, ó) !!!!!!!)dòdó)dsdt

=

â1
∫á1

â2
∫á2 f(
!!!!!!!
y1(ò, ó)
y2(ò, ó) !!!!!!!, !!!!!!!y3(ò, ó)y2(ò, ó) !!!!!!!)y2(ò, ó)(

â1
∫á1

â2
∫á2 p(s, t)K(s, t, ò, ó)

x2(s, t) dsdt)dòdó

=

â1
∫á1

â2
∫á2 õ(ò, ó)f(

!!!!!!!
y1(ò, ó)
y2(ò, ó) !!!!!!!, !!!!!!!y3(ò, ó)y2(ò, ó) !!!!!!!)dòdó,
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where

õ(ò, ó) = y2(ò, ó) â1
∫á1

â2
∫á2 p(s, t)K(s, t, ò, ó)

x2(s, t) dsdt.

Hence â1
∫á1

â2
∫á2 p(s, t)f(

!!!!!!!
x1(s, t)
x2(s, t) !!!!!!!, !!!!!!!x3(s, t)

x2(s, t) !!!!!!!)dsdt ≤
â1
∫á1

â2
∫á2 õ(s, t)f(

!!!!!!!
y1(s, t)
y2(s, t) !!!!!!!, !!!!!!!y3(s, t)y2(s, t) !!!!!!!)dsdt,

where

õ(s, t) = y2(s, t) â1
∫á1

â2
∫á2 p(ò, ó)K(s, t, ò, ó)

x2(ò, ó) dòdó.

This completes the proof.

Proof of Theorem 2.4. From the hypotheses of Theorem 2.4 and in view of Hölder’s inequality, we obtain

|x(s, t)| ≤
s
∫á1

t
∫á2 K(s, t, ò, ó)|y(ò, ó)|dòdó

≤ (
s
∫á1

t
∫á2 (K(s, t, ò, ó))ìdòdó)1/ì( s

∫á1
t
∫á2 |y(ò, ó)|vdòdó)

1/v
≤M(

s
∫á1

t
∫á2 |y(ò, ó)|vdòdó)

1/v
.

Now, let

z(s, t) =
s
∫á1

t
∫á2 |y(ò, ó)|vdòdó.

Hence
à2z(s, t)
àsàt
= |y(s, t)|v.

Moreover, it is easy to see that
|x(s, t)| ≤M(z(s, t))1/v.

Therefore â1
∫á1

â2
∫á2 |x(s, t)|2(1−v) à

2f
àsàt

(|x(s, t)|)|y(s, t)|vdsdt
≤

â1
∫á1

â2
∫á2 M2(1−v)(z(s, t))2(1/v−1) à2f

àsàt
(Mz(s, t)1/v)àz(s, t)

às
àz(s, t)

àt
dsdt

=
v2
M2v â1
∫á1

â2
∫á2 à2f

àsàt
(Mz(s, t)1/v) ⋅ M

v
(z(s, t))1/v−1 àz(s, t)

às
⋅
M
v
(z(s, t))1/v−1 àz(s, t)

àt
dsdt

=
v2
M2v â1
∫á1

â2
∫á2 à2f

àsàt
(Mz(s, t)1/v)d(M(z(s, t))1/v)sd(M(z(s, t))1/v)t

=
v2
M2vf(M(z(â1, â2))1/v)
=

v2
M2vf(M(â1∫á1

â2
∫á2 |y(ò, ó)|vdòdó)

1/v
).

This completes the proof.
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