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ORIGINAL ARTICLE Open Access

MHD squeeze flow and heat transfer of a
nanofluid between parallel disks with
variable fluid properties and transpiration
K. Vajravelu1*, K. V. Prasad2, Chiu-On Ng3 and Hanumesh Vaidya2

Abstract

Background: The purpose of the study is to investigate the effects of variable fluid properties, the velocity slip and the
temperature slip on the time-dependent MHD squeezing flow of nanofluids between two parallel disks with transpiration.

Methods: The boundary layer approximation and the small magnetic Reynolds number assumptions are used. The
non-linear governing equations with appropriate boundary conditions are initially cast into dimensionless form by
using similarity transformations and then the resulting equations are solved analytically via Optimal Homotopy Analysis
Method (OHAM). A detailed parametric analysis is carried out through plots and tables to explore the effects of various
physical parameters on the velocity temperature and nanoparticles concentration fields.

Results: The velocity distribution profiles for transpiration (suction/blowing) are parabolic in nature. In general, at the
central region, these profiles exhibit the cross-flow behavior and also exhibit the dual behavior with the increase in the
pertinent parameters. The temperature distribution reduces in the case of suction whereas the reverse trend is
observed in the case of injection.

Conclusion: The effects of temperature dependent thermophysical properties are significant on the flow field. For higher
values of the fluid viscosity parameter, the velocity field increases near the walls. However, the transpiration effects are
dominant and exhibit the cross-flow behavior as well as the dual behavior. The temperature and the concentration fields
are respectively the increasing functions of the variable thermal conductivity and the variable species diffusivity parameters.

Keywords: Squeeze flow, Nanofluid, Wall slip, OHAM, Transpiration

Background
Squeeze flow has promising applications in engineering and
industrial processes such as bio-mechanics, flow through ar-
teries, food processing, polymer processing, compression, in-
jection modeling, and mechanical, industrial, and chemical
engineering. Generally, squeeze flows are generated in many
hydro-dynamical machines and tools where vertical veloci-
ties or normal stresses are applied due to moving boundary.
Stefan (1874) initiated the study by considering the squeeze
flow of a Newtonian fluid with lubrication approximation.
Leider and Bird (1974) and Hamza (1988) extended the pio-
neering work of Stefan (1874) for flow between two parallel
disks. Domairry and Aziz (2009) performed a comprehensive

analysis of an electrically conducting fluid between two par-
allel disks of which the upper disk is impermeable and the
lower disk is permeable. Joneidi et al. (2010) analyzed the ef-
fects of suction/injection and squeeze Reynolds number on
the magnetohydrodynamic flow between two parallel disks.
Hayat et al. (2012) extended the work of Domairry and Aziz
(2009) to second-grade fluid using HAM homotopy analysis
method. Further, Hussain et al. (2012) examined the un-
steady MHD flow and heat transfer of a viscous fluid
squeezed between two parallel disks. Furthermore, Shaban et
al. (2013) reported the time-dependent squeeze MHD flow
between two parallel disks via a new hybrid method based
on the Tau method and the homotopy analysis method.
In recent years, manufacturing industries have begun to

choose the fluids based on the heat transmission property:
This has considerable implications in the performance of
many devices such as in air-conditioning, electronic,
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chemical, and power. The traditional fluids such as water,
ethylene glycol, mineral oils have limited heat transfer abil-
ity. Choi (1995) coined the word “nanofluid” for the fluids
with suspended nanometer sized (10−9 nm) particles called
nanoparticles, which were dispersed in traditional fluids.
The distinctive nature of the nanofluid, higher thermal
conductivity at low nanoparticle aggregation, strong
temperature-dependent thermal conductivity, and non-
linear increase in thermal conductivities are more useful in
industrial and engineering applications which include nu-
clear reaction cooling, geothermal power extraction, auto-
mobile fuels, radiator cooling, cooling of electronic devices,
smart fluids, and in bio- and pharmaceutical industry. Moti-
vated by the aforementioned applications, numerous re-
searchers have engaged in the discussion of flows of
nanofluids through different geometries (see Vajravelu et al.
2011; Makinde and Aziz 2011; Bachok et al. 2012; Safaei et
al. 2014; Safaei et al. 2014; Goodarzi et al. 2014; Togun et al.
2014; Prasad et al. 2016). The MHD squeezing flow of nano-
fluid between parallel disks is studied by Hashmi et al.
(2012). Recently, Das et al. (2016) presented a numerical
study on the squeeze flow of a nanofluid between two paral-
lel disks in the presence of a magnetic field considering slip
effects. Mohyud-Din et al. (2016) considered both velocity
and temperature slip effects on squeeze MHD flow of a
nanofluid between parallel disks.
All the above studies analyzed the characteristics of nano-

fluid squeeze flows assuming constant thermo-physical prop-
erties. However, several researchers (see Lai and Kulacki
(1990), Vajravelu et al. (2013), Prasad et al. (2016)) have
shown that the thermo-physical properties of the ambient
fluid may change with temperature, especially the fluid vis-
cosity and the fluid thermal conductivity. For lubricating
fluids, heat generated by internal friction and the corre-
sponding rise in the temperature affects the physical proper-
ties of the nanofluid, and hence the properties of the fluid

are no longer assumed to be constant. The increase in
temperature leads to an increase in the transport phenomena
and so the heat transfer at the wall is also affected. The ex-
perimental results show that even a very low volume fraction
of nanoparticles can significantly affect the thermo-physical
properties of a nanofluid (see Vajjha and Das (2012)). There-
fore, to predict the flow, heat, and mass transfer rates, it is
necessary to take the variable fluid properties into account.
Thus, the purpose here is to investigate the effects of variable
fluid properties, the velocity slip, and the temperature slip on
the time-dependent MHD squeezing flow of nanofluids be-
tween two parallel disks with transpiration. The governing
partial differential equations are transformed into a set of or-
dinary differential equations: The non-linear coupled systems
of equations have been solved for various values of sundry
parameters via an efficient analytical method, optimal homo-
topy analysis method (OHAM) (for details see Liao (2003),
Fan and You (2013)). The analysis revels that the fluid flow is
appreciably influenced by the physical parameters. It is ex-
pected that the results presented here will not only provide
useful information for industrial applications but also com-
plement the existing literature.

Mathematical formulation
Let us consider the MHD incompressible flow of an electric-
ally conducting nanofluid squeezed between two parallel
disks separated by a variable distance h(t) =H(1− αt)1/2

where α is a parameter having the dimension of inverse
time. The upper disk at z= h(t) is moving with the velocity

dz=dt ¼ − 1=2ð Þ αH=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−αtð Þp� �

towards or away from the
stationary lower disk at z= 0. Mathematically, w= ∂h/∂t rep-
resents squeezing of the upper disk with the lower disk. The
axial coordinate is denoted by z and the radial coordinate by
r. u and w are the radial and axial velocities, respectively. A
magnetic field of strength B(t) =B0(1− αt)− 1/2 is applied

Fig. 1 Geometry of the problem
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perpendicular to the disks. On the basis of low Reynolds
number assumption, the induced magnetic field is neglected.
Here, Tw and Cw denote the temperature and nanoparticles
concentration at the lower disk while the temperature and
concentration at the upper disk are Th and Ch, respectively.
The physical configuration is represented in Fig. 1. Here, the
cylindrical polar coordinates are chosen for the system. Due
to the rotational symmetry of the flow, the azimuthal com-
ponent of the velocity vanishes identically. Under these as-
sumptions, the governing equations for unsteady two-
dimensional flow and heat transfer of a viscous nanofluid
are (see Hashmi et al. (2012) and Das et al. (2016)):

∂u
∂r

þ u
r
þ ∂w

∂z
¼ 0; ð1Þ

∂u
∂t

þ u
∂u
∂r

þ w
∂u
∂z

¼ −
1
ρf

∂p
∂r

þ 1
ρf

∂
∂r

μ Tð Þ ∂u
∂r

� �
þ ∂
∂z

μ Tð Þ ∂u
∂z

� �

þμ Tð Þ 1
r
∂u
∂r

−
u
r2

� �
0
BB@

1
CCA

−
σB2

0 tð Þ
ρf

u;

ð2Þ
∂w
∂t

þ u
∂w
∂r

þ w
∂w
∂z

¼ −
1
ρf

∂p
∂z

þ 1
ρf

∂
∂r

μ Tð Þ ∂w
∂r

� �
þ μ Tð Þ

r
∂w
∂r

þ ∂
∂z

μ Tð Þ ∂w
∂z

� �� �
;

ð3Þ

∂T
∂t

þ u
∂T
∂r

þ w
∂T
∂z

¼ 1
ρf Cp

∂
∂r

λ Tð Þ ∂T
∂r

� �
þ ∂
∂z

λ Tð Þ ∂T
∂z

� �

þλ Tð Þ 1
r
∂T
∂r

0
BB@

1
CCA

þτ

DB Cð Þ ∂C
∂r

∂T
∂r

þ ∂C
∂z

∂T
∂z

� �

þDT

Tm

∂T
∂r

� �2

þ ∂T
∂z

� �2
( )

2
6664

3
7775;

ð4Þ

∂C
∂t

þ u
∂C
∂r

þ w
∂C
∂z

¼
∂
∂r

DB Cð Þ ∂C
∂r

� �
þ DB Cð Þ

r
∂C
∂r

þ ∂
∂z

DB Cð Þ ∂C
∂z

� �
0
BB@

1
CCA

þDT

Tm

∂2T
∂z2

þ ∂2T
∂r2

þ 1
r
∂T
∂r

� �
:

ð5Þ

Here, ρf is the density of the fluid, σ is the electric con-
ductivity, T is the temperature of the fluid, and C is the
nanoparticle concentration. Further, μ is the coefficient
of viscosity which is considered to vary as an inverse
function of temperature (see Lai and Kulacki (1990),
Vajravelu et al. (2013), Prasad et al. (2016)) as

μ ¼ μh
1þ ζ T−Thð Þ½ � i:e:;

1
μ

¼ a T−Trð Þ ; where a ¼ ζ

μh
and Tr

¼ Th−
1
ζ
: ð6Þ

Here, both a and Tr are constants, and their values depend
on the reference state and the parameter ζ, reflecting a ther-
mal property of the fluid. In general, a > 0 corresponds to li-
quid and a < 0 to gasses. Also, let θr be the constant which is
defined by θr= (Tr−Th)/ΔT=− 1/(ζ ΔT), where ΔT= (Tw−
Th). It is worth mentioning here that for ζ→ 0 i. e. , μ= μh
(constant), θr→∞. It is also important to note that θr is
negative for liquids and positive for gasses. This is due to the
fact that viscosity of a liquid usually decreases with increas-
ing temperature while it increases for gasses. The
temperature-dependent thermal conductivity λ(T) and the
species dependence on molecular diffusion of the diffusing
species DB(C) (diffusion coefficient) in the fluid are assumed
to vary as linear functions of temperature and nanoparticle
species diffusion respectively in the following forms:

1
ρhCp

λ Tð Þ ¼ λh ¼ kh
ρhCp

� �

� 1þ ε1
T−Th

Tw−Th

� �� �
and DB Cð Þ

¼ DBh 1þ ε2
C−Ch

Cw−Ch

� �� �
; ð7Þ

where ε1 and ε2 are the small parameters, respectively,
called variable thermal conductivity parameter and the
variable species diffusivity parameter. Tw and Cw are the
temperature and the nanoparticle concentration at the
lower disk whereas μh, kh , and DBh are respectively the
fluid viscosity, thermal conductivity, and the species dif-
fusivity/Brownian diffusion coefficient of the fluid at the
upper disk, Tm is the mean fluid temperature, DT is the
thermophoretic diffusion coefficient, τ = (ρ∞cp)p/(ρ∞cp)f
is the ratio between the effective heat capacity of the
nanoparticle material and heat capacity of the fluid.
Thus, the value of τ will be therefore different for differ-
ent fluids and nanoparticle materials. The appropriate
boundary conditions for the problem (see Das et al.
(2016)) are

u ¼ −βi
∂u
∂z

; w ¼ −
w0ffiffiffiffiffiffiffiffiffiffi
1−αt

p ;T ¼ −γ1
∂T
∂z

þ Tw;

C ¼ Cw at z ¼ 0;

u ¼ βi
∂u
∂z

; w ¼ wh ¼ dh
dt

� �
; T ¼ γ1

∂T
∂z

þ Th;

C ¼ Ch at z ¼ h tð Þ
ð8Þ
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where β1 is the velocity slip parameter and γ1 is the
thermal slip parameter.

Similarity equations for nanofluid model
For the physical model considered, it is observed that the
nanoparticle species diffusion and thermal and momen-
tum boundary layers exist when the surface temperature
and the nanoparticle species diffusion differs from that of
fluid temperature as well as nanoparticles species diffu-
sion. Using the following similarity transformation (see
Das et al. (2016))

η ¼ z

H
ffiffiffiffiffiffiffiffiffiffi
1−αt

p ; u ¼ αr
2 1−αtð Þ f

′ ηð Þ; w

¼ −
αHffiffiffiffiffiffiffiffiffiffi
1−αt

p f ηð Þ; θ ¼ T−Th

Tw−Th
; ϕ ¼ C−Ch

Cw−Ch

ð9Þ
Equations (2) and (3) reduce to

f ″ 1−
θ

θr

� �−1
 !′′

−S ηf ‴ þ 3f ″−2f f ‴
� �

−Mnf ″ ¼ 0:

ð10Þ
Now, Eqs. (4) and (5) take the following forms with

the associated boundary conditions

1þ ε1θð Þθ′� �′ þ Pr S 2f θ′−ηθ′
� �

þ Prθ′ Nbϕ′ 1þ ε2ϕð Þ þ Ntθ′
� � ¼ 0;

ð11Þ

1þ ε2ϕð Þϕ′
� �′ þ Le S 2f ϕ′−ηϕ′

� �þ Nt
Nb

θ″ ¼ 0; ð12Þ

f ηð Þ ¼ A; f ′ ηð Þ þ βf ″ ηð Þ ¼ 0; θ ηð Þ þ γθ′ ηð Þ ¼ 1; ϕ ηð Þ ¼ 1 at η ¼ 0

f ηð Þ ¼ 1
2
; f ′ ηð Þ−βf ″ ηð Þ ¼ 0; θ ηð Þ−γθ′ ηð Þ ¼ 0; ϕ ηð Þ ¼ 0 at η ¼ 1

9=
;:

ð13Þ
The non-dimensional parameters θr, S,Mn, Pr,Nb,Nt, Le,

A, ε1, ε2, β, and γ denote respectively the fluid viscosity par-
ameter, squeeze parameter, magnetic parameter, Prandtl
number, Brownian motion parameter, thermophoresis par-
ameter, the Lewis number, the suction/injection parameter,
the variable thermal conductivity parameter, the variable
species diffusivity parameter, the velocity slip parameter,
and the temperature slip parameter. They are defined as

S ¼ α H2

2ν∞
; Mn ¼ H2σ B2

0

ν∞
; Pr ¼ ν∞

λ
; Nb ¼ τDB Cw−Chð Þ

ν∞
;

Nt ¼ τDT Tw−Thð Þ
ν∞Tm

; Le ¼ ν∞
DB

;A ¼ w0

αH
; β ¼ β1

H
ffiffiffiffiffiffiffiffiffiffi
1−αt

p ;

γ ¼ γ1
H

ffiffiffiffiffiffiffiffiffiffi
1−αt

p :

Physically, squeeze parameter S > 0 corresponds to
plates moving apart and S < 0 to the plates moving

closer. Furthermore, transpiration (suction/injection)
A > 0 corresponds to suction and A < 0 to injection at
the lower stationary disk. In the absence of variable fluid
properties (i. e., θr = ε1 = ε2 = 0), slip velocity (i. e., β = 0),
and slip temperature (i. e., γ = 0), Eqs. (10) to (13) reduce
to those of Hashmi et al. (2012). Also, in the absence of
variable fluid properties (i. e., θr = ε1 = ε2 = 0) the set of
equations with boundary conditions (14) reduces to
those of Das et al. (2016). The quantities of physical
interest are the skin friction coefficient Cfr, the Nusselt
number Nur, and the Sherwood number Shr which are
defined as follows:

Cfr ¼
μ∞

∂u
∂z þ ∂w

∂r

� �		
z¼h tð Þ

ρ∞
−αH

2
ffiffiffiffiffiffiffi
1−αt

p

 �2 ;Nur ¼

−H ∂T
∂z

� �		
z¼h tð Þ

Tw−Thð Þ ;

Shr ¼
−H ∂C

∂z

� �		
z¼h tð Þ

Cw−Chð Þ :

ð14Þ
In terms of (9), these expressions reduce to

Cfr ¼ H2

r2
Cf Rer ¼ f ″ 1ð Þ;Nur ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−αtð Þ

p
Nu

¼ −θ′ 1ð Þ; Shr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−αtð Þ

p
Sh ¼ −ϕ′ 1ð Þ ð15Þ

where Rer ¼ rαH
ffiffiffiffiffiffiffiffiffiffi
1−αtð Þ

p
2ν∞

is the local squeeze Reynolds
number.

Methods
Semi-analytical solution: optimal homotopy analysis
method (OHAM)
The governing equations are highly non-linear, coupled
ODEs with variable coefficients. We use optimal homo-
topy analysis method (OHAM) to obtain appropriate
analytic solutions for Eqs. (10)–(12) with associated
boundary conditions (13). The OHAM is based on the
homotopy concept from topology. In this regard, a non-
linear problem is transformed into an infinite number of
linear sub-problems. In the framework of OHAM, we
have great freedom to choose the auxiliary linear opera-
tors and initial approximations. This is advantageous
over other iterative techniques, where convergence is
largely tied to a good initial approximation of the solu-
tion. The OHAM differs from other analytic approxima-
tion methods as it does not depend on small or large
physical parameters. This is achieved by inclusion of an
artificial “convergence control parameter,” which guaran-
tees convergence of the solution series. The OHAM has
been successfully applied to a wide variety of non-linear
problems (for details see Liao (2003) Fan and You
(2013)). Optimal homotopy analysis method is employed
to solve the system of non-linear Eqs. (10)–(12) with
boundary conditions (13).
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In the outline of the OHAM, the non-linear equations
are decomposed into their linear parts as follows. In
accordance with the boundary conditions (13), the base
functions are chosen as {am ηm/m ≥ 0}, then the dimen-
sionless velocity f(η), temperature θ(η), and concentra-
tion ϕ(η) can be expressed in the series form as follows

f ηð Þ ¼
X∞
k¼0

ak η
k ; θ ηð Þ ¼

X∞
k¼0

bk η
k and ϕ ηð Þ

¼
X∞
n¼1

ck η
k

where ak, bk, and ck are the coefficients. According to the
rule of solution expression and boundary conditions
(13), we assume the following:
Initial guesses for dimensionless velocity f(η), tem-

perature θ(η), and concentration ϕ(η) as

f 0 ηð Þ ¼ A−η
3−6Að Þ β−1=2ð Þβ
2β 2−3βð Þ−1=2 þ η2

3−6Að Þ β−1=2ð Þ
2 2β 2−3βð Þ−1=2ð Þ

þ η3

6
3−6Að Þ− 3 3−6A β−1=2ð Þð Þ

2β 2−3βð Þ−1=2 þ 6 3−6Að Þ β−1=2ð Þβ
2β 2−3βð Þ−1=2

� 
;

θ0 ηð Þ ¼ 1−γ
1−2γ

−
η

1−2γ
and ϕ0 ηð Þ ¼ 1−η

9>>>>>>=
>>>>>>;

:

ð16Þ
Linear operators Lf, Lθ, and Lϕ as

Lf ¼ d4

dη4
; Lθ ¼ d2

dη2
; and Lϕ ¼ d2

dη2
such that ð17Þ

Lf c1 þ c2ηþ c3
η2

2
þ c4

η3

6

� 
¼ 0 ; Lθ c5 þ c6η½ �

¼ 0 and Lϕ c7 þ c8η½ � ¼ 0

where ci ' s (i = 1, 2, 3, 4, 5, 6, 7, 8) are arbitrary constants
and Hf(η) =Hθ(η) =Hϕ(η) = 1 are auxiliary functions.
Let us consider so called zeroth order deformation ap-

proximations as

1−qð ÞLf f̂ η; qð Þ−f 0 ηð Þ
h i

¼ qHf ηð Þh⌢ f Nf f̂ η; qð Þ; θ̂ η; qð Þ
h i

;

ð18Þ
1−qð ÞLθ θ̂ η; qð Þ−θ0 ηð Þ

h i
¼ qHθ ηð Þh⌢θNθ θ̂ η; qð Þ; f̂ η; qð Þ; ϕ̂ η; qð Þ

h i
;

ð19Þ
1−qð ÞLϕ ϕ̂ η; qð Þ−ϕ̂0 ηð Þ� � ¼ qHϕ ηð Þh⌢ϕNϕ ϕ̂ η; qð Þ; f̂ η; qð Þ; θ̂ η; qð Þ

h i
;

ð20Þ
with conditions

f̂ 0; qð Þ ¼ A; f̂
′
0; qð Þ þ βf̂

″
0; qð Þ ¼ 0; f̂ 1; qð Þ ¼ 1

2
; f̂

′
1; qð Þ−βf̂ ″ 1; qð Þ ¼ 0;

θ̂ 0; qð Þ þ γθ̂
′
0; ηð Þ ¼ 1; θ̂ 1; qð Þ−γθ̂′

1; ηð Þ ¼ 0; ϕ̂ 0; qð Þ ¼ 1; ϕ̂ 1; qð Þ ¼ 0:

where q ∈ [0, 1] is an embedding parameter and
h
⌢

f ; h
⌢

θ; h
⌢

ϕ

� �
≠0 are the convergence control parameters.

Here, Nf,Nθ, and Nϕ are non-linear operators defined as

Nf ¼ 1−
θ̂ η; qð Þ
θr

 !2

f̂
iv

η; qð Þ þ 1−
θ̂ η; qð Þ
θr

 !
2 ^f ‴ η; qð Þθ̂′ η; qð Þ

θr

þ 1−
θ̂ η; qð Þ
θr

 !
^f ″ η; qð Þθ̂″ η; qð Þ

θr
þ 2 ^f ″ η; qð Þθ̂′

2
η; qð Þ

θr
2

− 1−
θ̂ η; qð Þ
θr

 !3

S η ^f ‴ η; qð Þ þ 3 ^f ″ η; qð Þ−2f̂ η; qð Þ ^f ‴ η; qð Þ

 �

−Mn2 1−
θ̂ η; qð Þ
θr

 !3

^f ″ η; qð Þ;

Nθ ¼ 1þ ε1 θ̂ η; qð Þ

 �

θ̂′ η; qð Þ

 �′

þ PrS 2f̂ η; qð Þ θ̂′
η; qð Þ−η θ̂′ η; qð Þ


 �
þ PrNb θ̂′ η; qð Þ ϕ̂′ η; qð Þ þ PrNbε2ϕ̂ η; qð Þθ̂′ η; qð Þ ϕ̂′ η; qð Þ

þPrNt θ̂′
2
η; qð Þ;

Nϕ ¼ 1þ ε2 ϕ̂ η; qð Þ� �
ϕ̂

′
η; qð Þ


 �′
þ LeS 2f̂ η; qð Þϕ̂ η; qð Þ−ηϕ̂ η; qð Þ


 �
þ Nt
Nb

θ̂″ η; qð Þ:

From Eqs. (18) to (20), at q = 0, we have

Lf f̂ η; 0ð Þ−f 0 ηð Þ
h i

¼ 0; Lθ θ̂ η; 0ð Þ−θ0 ηð Þ
h i

¼ 0 ; and Lϕ ϕ̂ η; 0ð Þ−ϕ̂0 ηð Þ� � ¼ 0

which implies that f̂ η; 0ð Þ ¼ f 0 ηð Þ , θ̂ η; 0ð Þ ¼ θ0 ηð Þ ,
and ϕ̂ η; 0ð Þ ¼ ϕ̂0 ηð Þ respectively, whereas at q = 1,
we have

Nf f̂ η; 1ð Þ; θ̂ η; 1ð Þ
h i

¼ 0;Nθ θ̂ η; 1ð Þ; f̂ η; 1ð Þ; ϕ̂ η; 1ð Þ
h i

¼
0; and Nϕ ϕ̂ η; 1ð Þ; f̂ η; 1ð Þ; θ̂ η; 1ð Þ

h i
¼ 0 which implies

that f̂ η; 1ð Þ ¼ f ηð Þ , θ̂ η; 1ð Þ ¼ θ ηð Þ , and ϕ̂ η; 1ð Þ ¼ ϕ ηð Þ
respectively.
Hence, by defining

f m ηð Þ ¼ 1
m!

dmf η; qð Þ
dηm

				
q¼0

; θm ηð Þ ¼ 1
m!

dmθ η; qð Þ
dηm

				
q¼0

;

ϕm ηð Þ ¼ 1
m!

dmϕ η; qð Þ
dηm

				
q¼0

we expand f̂ η; qð Þ , θ̂ η; qð Þ , and ϕ̂ η; qð Þ by means of
Taylor’s series as

f̂ η; qð Þ ¼ f 0 ηð Þ þ
X∞
m¼1

f m ηð Þqm;

θ̂ η; qð Þ ¼ θ0 ηð Þ þ
X∞
m¼1

θm ηð Þqm; and ϕ̂ η; qð Þ ¼ ϕ0 ηð Þ

þ
X∞
m¼1

ϕm ηð Þqm:
(21)

Vajravelu et al. International Journal of Mechanical and Materials Engineering  (2017) 12:9 Page 5 of 14



If series (21) converges at q = 1, we get the homotopy
series solutions

f ηð Þ ¼ f 0 ηð Þ þ
X∞
m¼1

f m ηð Þ; θ ηð Þ ¼ θ0 ηð Þ þ
X∞
m¼1

θm ηð Þ ; and

ϕ ηð Þ ¼ ϕ0 ηð Þ þ
X∞
m¼1

ϕm ηð Þ:

ð22Þ

Optimal convergence control parameter
It should be noted that f(η), θ(η) , and ϕ(η) in Eq. (22)
contain the unknown convergence control parameters
h
⌢

f ; h
⌢

θ; and h
⌢

ϕ which can be used to adjust and
control the convergence region and the rate of con-
vergence of the homotopy series solution. The mth
order deformation equations and the conditions are
as follows:

Lf f m ηð Þ−χmf m−1 ηð Þ� � ¼ Hf ηð Þh⌢f Rm
f ηð Þ;

Lθ θm ηð Þ−χmθm−1 ηð Þ� � ¼ Hθ ηð Þh⌢θ Rm
θ ηð Þ;

Lϕ ϕm ηð Þ−χmϕm−1 ηð Þ� � ¼ Hϕ ηð Þh⌢ϕ Rm
ϕ ηð Þ;

with f m 0ð Þ ¼ 0; f 0m 0ð Þ þ βf ″m 0ð Þ ¼ 0; f m 1ð Þ ¼ 0; f 0m 1ð Þ
−βf ″m 1ð Þ ¼ 0; ‘θm 0ð Þ þ γθ′ 0ð Þ ¼ 0; θm 1ð Þ−γθ′ 1ð Þ ¼ 0;
ϕm 0ð Þ ¼ 0; ϕm 1ð Þ ¼ 0, where

Rm
θ ¼ θ″m−1 þ ε1

Xm−1

k¼0

θ″m−1−kθk þ
Xm−1

k¼0

θ′m−1−kθ
′
k

 !

þPrS 2
Xm−1

k¼0

θ′m−1−k f k−ηθ
′
m−1

 !

þPrNb
Xm−1

k¼0

θ′m−1−kϕ
′
k þ PrNb ε2

Xm−1

k¼0

ϕ′
m−1−k

Xk
j¼0

θ′k−jϕj

þPrNt
Xm−1

k¼0

θ′m−1−kθ
′
k

Rm
ϕ ¼ ϕ″

m−1 ηð Þ þ ε2
Xm−1

k¼0

ϕ″
m−1−kϕk þ

Xm−1

k¼0

ϕ′
m−1−kϕ

′
k

 !

þ LeS 2
Xm−1

k¼0

ϕ′
m−1−k f k−ηϕ

′
m−1

 !
þ Nt
Nb

θ″m−1

and

χm ¼ 0;m≤1
1;m > 1

�
:

Error analysis

Now we evaluate the error and minimize over h
⌢

f ; h
⌢

θ;

andh
⌢

ϕ in order to obtain the optimal values for h
⌢

f ; h
⌢

θ;

andh
⌢

ϕ and the least possible error. In the process of
error analysis, two different methods are employed,
namely, exact residual error and average residual error.
For different order approximation, CPU time required

Rm
f ¼ f ivm−1 þ

1

θr
2

� �Xm−1

k¼0

f ivm−1−k

Xk
j¼0

θk−jθj−
2
θr

� �Xm−1

k¼0

f ivm−1−kθk þ
2
θr

� �Xm−1

k¼0

f ‴m−1−kθ
′
k−

2

θr
2

� �Xm−1

k¼0

f ‴m−1−k

Xk
j¼0

θk−j′θj

þ 1
θr

� �Xm−1

k¼0

f ″m−1−kθ
″
k −

1

θr
2

� �Xm−1

k¼0

f ″m−1−k

Xk
j¼0

θ″k−jθj þ
2

θr
2

� �Xm−1

k¼0

f ″m−1−k

Xk
j¼0

θ′k−jθ
′
j−Sηf

‴
m−1

þ Sη

θr
3

� �Xm−1

k¼0

f ‴m−1−k

Xk
j¼0

θk−j
Xj
i¼0

θj−iθi þ 3Sη
θr

� �Xm−1

k¼0

f ‴m−1−kθk−
3Sη

θr
2

� �Xm−1

k¼0

f ‴m−1−k

Xk
j¼0

θk−jθj−3Sf
″
m−1

þ 3S

θr
3

� �Xm−1

k¼0

f ″m−1−k

Xk
j¼0

θk−j
Xj
i¼0

θj−iθi þ 9S
θr

� �Xm−1

k¼0

f ″m−1−kθk−
9S

θr
2

� �Xm−1

k¼0

f ″m−1−k

Xk
j¼0

θk−jθj þ 2S
Xm−1

k¼0

f ‴m−1−k f k

−
2S

θr
3

� �Xm−1

k¼0

f ‴m−1−k

Xk
j¼0

f k−j
Xj
i¼0

θj−i
Xi
l¼0

θi−lθl−
6S
θr

� �Xm−1

k¼0

f ‴m−1−k

Xk
j¼0

f k−jθj

þ 6S

θr
2

� �Xm−1

k¼0

f ‴m−1−k

Xk
j¼0

f k−j
Xj
i¼0

θj−iθi−M2f ″m−1 þ
M2

θr
3

� �Xm−1

k¼0

f ″m−1−k

Xk
j¼0

θk−j
Xj
i¼0

θj−iθi

þ 3M2

θr

� �Xm−1

k¼0

f ″m−1−kθk−
3M2

θr
2

� �Xm−1

k¼0

f ″m−1−k

Xk
j¼0

θk−jθj
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for evaluation of f″(1) is observed. As for the CPU time
is concerned, the average residual error needs less time
compared to that of the exact residual error for increas-
ing values of m (for details, see Table 1). At the mth
order deformation equation, the exact residual errors are
given by

Êm
f ¼

Z1
0

N1

Xm
n¼0

f n ηð Þ
" # !2

dη

Êm
θ ¼

Z1
0

N2

Xm
n¼0

θn ηð Þ
" # !2

dη

Êm
ϕ ¼

Z1
0

N3

Xm
n¼0

ϕn ηð Þ
" # !2

dη:

But in practice the evaluation of Êm
f , Êm

θ , and Êm
ϕ is

much time-consuming so instead of exact residual er-
rors, we use average residual errors defined as

Em
f ¼ 1

M þ 1

XM
k¼0

Nf

Xm
n¼0

f n ηk
� �" # !2

;

Em
θ ¼ 1

M þ 1

XM
k¼0

Nθ

Xm
n¼0

θn ηk
� �" # !2

;

Em
ϕ ¼ 1

M þ 1

XM
k¼0

Nϕ

Xm
n¼0

ϕn ηk
� �" # !2

; and

Et
m ¼ Em

f þ Em
θ þ Em

ϕ

where Em
t is the total squared residual error, ηk ¼ kΔη ¼ k

M ;

k ¼ 0; 1; 2; ::::M . Now the error functions Em
f , Em

θ , and Em
ϕ

are minimized over h
⌢

f ; h
⌢

θ; andh
⌢

ϕ to obtain the optimal

values. Evidently, limm→∞ Em
f ¼ 0, limm→∞ Em

θ ¼ 0, limm→∞

Em
ϕ ¼ 0 correspond to a convergent series solution. Aver-

age residual errors for f, θ, and ϕ are obtained by
considering the optimal values of h

⌢

f −0:821699ð Þ; h⌢θ

−0:919399ð Þ ; and h
⌢

ϕ −0:918880ð Þ in Table 3, which
has been obtained by minimizing the squared residual
errors of f, θ, and ϕ at the approximation m = 6 as
shown in Table 2. It is observed from Table 3 that

CPU time increases consistently as the approximation
increases and with the increase of order of approxi-
mation, the average residual error for f, θ, and ϕ
decreases continuously. Hence, the optimal value of
f, θ, and ϕ helps in the fastest convergence of solution
series. Substituting these optimal values of h

⌢

f ; h
⌢

θ; andh
⌢

ϕ

in Eq. (22), we get the approximate solutions of Eqs. (10)
to (12) satisfying the boundary conditions (13).

Results and discussion
The system of Eqs. (10) to (12) is highly non-linear
coupled ordinary differential equations. The system of
equations with the boundary conditions (13) is solved
analytically via efficient OHAM. In order to validate the
method and to judge the accuracy of the analysis, the
values of the skin friction, local Nusselt number, and the
local Sherwood number are compared with the previ-
ously published results for special cases in which the
thermo-physical fluid properties are neglected (see
Tables 4, 5, and 6). It can be found from Tables 4, 5, and
6 that the present results agree very well with those of
Hashmi et al. (2012) and Das et al. (2016).
On employing the above analytical schemes, the sys-

tem of equations are solved for several sets of values of
the pertinent parameters, namely, the fluid viscosity par-
ameter θr, the squeeze parameter S, the magnetic param-
eter Mn, the Prandtl number Pr, the thermophoresis
parameter Nt, the Brownian motion parameter Nb, the
variable thermal conductivity parameter ε1, the variable
species diffusivity parameter ε2, the Lewis number Le,
the suction/injection parameter A, velocity slip param-
eter β, and the temperature slip parameter γ. In order to
get clear insight into the effects of these parameters on
flow characteristics, the obtained results are analyzed
graphically in Figs. 2, 3, and 5. It may be note that, θr < 0
for liquids and θr > 0 for gasses. This is due to the fact
that viscosity of a liquid decreases with increasing
temperature while it increases for gasses. Hence, in this
steady, we considered negative values of θr. The com-
puted numerical values for f″(1), θ′(1), and ϕ′(1) are
tabulated in Table 7.

Velocity field
The effect of θr, Mn, S, and β on the velocity distribu-
tion f′(η) for transpiration (suction/blowing) is eluci-
dated in Fig. 2a–d. Here, the profiles are parabolic in
nature. In general, at the central region, these profiles
exhibit the cross-flow behavior and also exhibit the dual
behavior with the increase in the pertinent parameters.
From Fig. 2a it is clear that, for higher values of θr, the
velocity profile increases near the walls where the tran-
spiration effects are dominant when η ≤ 0.44, η ≤ 0.46,
andη ≤ 0.49. However, for η > 0.44, η > 0.46, andη > 0.49,

Table 1 Comparison of f″(1) and CPU time (s) incurred to
evaluate the mth order approximation by exact residual error
and average residual error when M = Pr = 1, S = Nb = Nt = 0.5,
Le = 2, A = 0.01, γ = ε1 = ε2 = 0.1, θr = − 5.0, andβ = 0.01.

Order
m

Using exact residual error Using average residual error

− f″(1) CPU time (s) − f″(1) CPU time (s)

1 2.87099 9.83 2.87063 0.61

2 2.86492 26.86 2.86492 2.14

3 2.84464 73.93 2.84498 5.94

4 2.84315 1234.25 2.84332 14.43
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the velocity profiles decreases as θr→ 0. This may be at-
tributed to the fact that, for a given base fluid (air or
water), when ζ is fixed, lesser θr implies higher
temperature difference between the wall and the ambi-
ent fluid. Hence, the results explicitly manifest that θr is
the indicator of the variation of fluid viscosity with
temperature which has a substantial effect on f′(η) and
hence on f″(1) (see Table 7 for details). The effect of Mn
on f′(η) is demonstrated in Fig. 2b. It is observed that,
for the higher values of Mn, the fluid velocity increase
and thereby decrease the thickness of the momentum
boundary layer near the wall region, for absence of suc-
tion/injection parameter and 0.23 ≥ η ≥ 0.67 for suction)
However, the reverse trend is observed in the central re-
gion. This dual behavior of the flow is due to the mass
conservation constraint (see Lawal and Kalyon (1998)).
Figure 2c depicts the behavior of S on f′(η) It is seen that
f′(η) decreases with an increase in S at the central region
for suction (0.32 ≤ η ≤ 0.74) and the reverse trend is re-
corded in the case of injection. Physically, in the case of
suction, there will be an increase in h(t) which will cause
it to decrease in velocity and the increase in squeezing
parameter. Further, when η ≤ 0.32 or η ≤ 0.74, that is the
neighborhood of 0.32 and 0.74, there will be a corre-
sponding decrease in h(t) which in turn will increase in
both fluid velocity and squeezing parameter. The effect
of β on f′(η) is shown in Fig. 2d. The behavior of f′(η) at
the surface of the disks is zero when β = 0 (no slip at the

wall). For the suction flow, an increase in β strengthens
the f′(η) near the wall, that is for η ≥ 0.16 and η ≥ 0.82,
while at the central region, rising β results in weakening
of f′(η). However, for the case of injection, the effect of f
′(η) is opposite to that accounted for suction flow. Phys-
ically, in the case of injection, an increase in f′(η) near
the wall region with increasing β gives rise to a decrease
in velocity gradient at there. However, when the mass
flow rate is kept constant, an increase in the fluid vel-
ocity near the wall region will be remunerated by an
analogous fall in the fluid velocity near the mid region
so that mass conservation limitation will not be disho-
nored (see ref. (Lawal and Kalyon 1998)).

Temperature distribution and nanoparticle volume
distribution
The effects of S, γ, ε1, Pr, and Nt on the temperature dis-
tribution θ(η) for transpiration are presented in Fig. 3a–c.
Figure 3a illustrates the effect of S on θ(η). For larger S,
the temperature distribution reduces in the case of suction
whereas the reverse trend is observed in the case of injec-
tion. Higher values of S indicate a decrease in the kine-
matic viscosity which depends on the velocity and
distance between disks. The effect of γ on θ(η) is depicted
in Fig. 3b. It is observed that in the absence of thermal slip
(when γ = 0); the temperature of the fluid and temperature
of the disks’ surfaces remain same (here, 0 for the lower
disk and 1 for the upper disk). These results are found to

Table 2 Values of convergence control parameters hf ; hθ; andhϕ and the corresponding total residual errors Etm for different orders
of approximation m with S =M = 0.1, Pr = 0.72, γ = 0.1, Nb = Nt = 0.1, Le = 1, A = 0.01, ε1 = ε2 = 0.1, θr = − 10.0, β = 0.1.

m −hf −hθ −hϕ Etm CPU time (s)

1 0.855974 0.913900 0.213443 2.51 × 10−1 1.14

2 0.914521 0.894988 0.120164 1.08 × 10−2 5.34

3 0.905082 0.873693 0.917802 2.98 × 10−4 14.92

4 0.886267 0.835341 0.896250 5.54 × 10−6 38.95

5 0.858155 0.913425 0.876598 2.40 × 10−7 72.10

6 0.821699 0.919399 0.918880 3.42 × 10−8 74.52

Table 3 Individual average residual error with S =M = 0.1, Pr = 0.72, γ = 0.1, Nb = Nt = 0.1, Le = 1, A = 0.01, ε1 = ε2 = 0.1, θr = − 10.0, β = 0.1.

m Efm Eθm Eϕm CPU time (s)

1 1.85 × 10−1 4.24 × 10−3 1.09 × 10−1 0.17

2 1.02 × 10−2 1.15 × 10−4 7.63 × 10−3 1.33

3 5.44 × 10−4 4.05 × 10−6 2.06 × 10−4 4.84

4 1.94 × 10−5 1.82 × 10−7 8.31 × 10−6 13.63

5 3.64 × 10−7 7.83 × 10−9 4.67 × 10−7 33.22

6 4.13 × 10−9 2.58 × 10−10 2.68 × 10−8 71.22

7 2.55 × 10−9 7.23 × 10−12 1.01 × 10−9 139.98

8 5.32 × 10−10 1.62 × 10−13 3.31 × 10−11 280.03

9 6.70 × 10−11 5.94 × 10−15 8.03 × 10−13 454.01

10 6.44 × 10−12 3.05 × 10−16 2.73 × 10−14 743.12
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be identical to the results of Das et al. (2016) when γ = 0.
In the case of suction, temperature of the fluid decreases
as γ increases when η ≤ 0.74 and for injection, the trend is
reverse when η ≥ 0.34. The influence of the Pr on θ(η) is
displayed in Fig. 3c. It is worth mentioning here that, from
the experimental studies it has been noted that at 20 °C,
the Prandtl number for air is 0.72; at 300 °C, the Prandtl
number for water is 1.09; at 40 °C, the Prandtl number for
ammonia is 2.0; and at 417 °C, the Prandtl number for
molten salt is 5.09 (see Tables 4, 5, and 6). Physically, Pr <
< 1 means high thermal conductivity but low viscosity,
while Pr > > 1 corresponding to high-viscosity oils (see
Kothandaraman and Subramanyan (2014)). Rapid increase
in temperature profile is recorded for decreasing Pr, while
the thermal boundary layer thickness decreases with in-
creasing values of Pr (as evident from Table 7). This is due
to fluids with higher values of Pr possess a large heat cap-
acity and hence intensifies the heat transfer which leads to
a fall in the rate of heat transfer; in addition to this, the as-
sumption of temperature-dependent thermal conductivity
suggests a reduction in the magnitude of the velocity by a

quantity ∂
∂r λ Tð Þ ∂T∂r
� �þ ∂

∂z λ Tð Þ ∂T∂z
� �þ λ Tð Þ 1r ∂T∂r which can be

seen in Eq. (4). Therefore, the rate of cooling is much fas-
ter for the coolant material having small values for the
thermal conductivity. Opposite behavior of θ(η) is ob-
served in the case of ε1. Figure 3d reflects the effects of
suction and injection for increasing values of Nt and Nb
on θ(η). The increase in both Nt and Nb leads increase in
θ(η) for suction and for injection opposite nature is ob-
served. The behavior of concentration profile (nanoparti-
cle volume distribution) ϕ(η) is demonstrated in Fig. 4a, b.
Figure 4a shows the effect of Nt and Nb on ϕ(η). Both
Nt and Nb exerts opposite effects on ϕ(η). Increase in Nt
results in a decrease in ϕ(η), this results is due to a larger
mass flux at the lower disk. The effect of Le and ε2 on
ϕ(η) is discussed in Fig. 4b. The increase in ε2 results in an
increase in concentration and the opposite results are
found in the case of Le. Figure 5a–c presents the three-
dimensional plot of the velocity components. These plots
exhibit similar results as those of f′(η).
In Table 7, we present the results of f″(1), θ′(1), and

ϕ′(1) for several sets of values of the physical

Table 4 Comparison of the values of the of skin friction coefficient for various values of Mn and S with A= 2, Pr = Le = Nb = 1, θr→∞,
ε1 = ε2 = β= γ=Nt= 0.

Mn S Hashmi et al.
(Hashmi et al. 2012)

Present Study CPU time
in seconds− f″(1) −hf Ef10

0 1 7.53316579 7.533166134027173 0.9677134841537185 1.734689146770528 × 10− 7 12.0019918

2 8.26387231 8.263872005406636 0.9704415447020044 1.803753433567724 × 10− 7 11.4906528

3 9.09732572 9.097325884047699 0.9714084422981315 2.017660259031556 × 10− 7 11.3115338

5 11.3492890 11.349079068376334 0.9671141942979257 3.832529114797568 × 10− 7 12.2261407

1 0.1 8.97552394 8.975523936918258 0.6586335149025293 3.901356871103989 × 10− 6 11.6837806

0.5 8.34924578 8.34924579267211 0.8848994230900776 5.175581204948535 × 10− 7 11.4095983

1 7.72194601 7.721945958968551 0.9686906697036372 1.753316413825429 × 10− 7 11.1624343

2 6.94077326 6.940264738765628 0.7930138508564271 1.820417866243763 × 10− 3 11.1854494

Table 5 Comparison of the values of the local Nusselt number for various values of Nb and Nt with A = 2, Mn = Pr = S = Le =
1, θr→∞, ε1 = ε2 = β = γ = 0

Nb Nt Hashmi et al.
(2012)

Das et al.(2016) Present Study CPU time of
the system
in seconds

− θ′(1) −hθ Eθ15

0.1 0.1 0.52628540 0.526285397692707 0.5262854795861431 0.908516 1.412748795457583 × 10−11 54.439

0.5 0.63433253 0.526285397692707 0.6343325523545158 0.914084 1.52497172481667 × 10−13 54.525

1.0 0.78636385 0.634332530012476 0.7863638216341705 0.928943 9.805935149902197 × 10−13 54.009

1.5 0.95569955 0.955699547716439 0.9556995220292246 0.918411 7.022421405151564 × 10−12 54.625

1.5 0.5 1.17682119 1.176821184883260 1.1768208205076784 0.956179 2.358155300119884 × 10−10 53.940

1 1.48581207 1.485811936635642 1.4858197859422315 1.017842 1.217973748574313 × 10−8 53.585

1.5 1.82305276 1.823053529110100 1.8231897567384212 0.953137 1.724206185011289 × 10− 6 54.439

2 2.17915991 2.179227931099257 2.1772753199939645 0.817733 7.893665960448466 × 10− 4 57.834
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a b

c d

Fig. 2 a Velocity profiles for different values of θr and A with Pr = 0.72, Le = 0.66, S = 2, β = 0.02, γ = 0.1, Mn = 10, ε1 = ε2 = 0.2, Nb = 0.2, Nt = 0.2. b
Velocity profiles for different values of Mn and A with Pr = 0.72, Le = 0.66, S = 2, β = 0.02, γ = 0.1, ε1 = ε2 = 0.2, θr‐1 = −5, Nb = 0.2, Nt = 0.2. c Velocity
profiles for different values of S and A with Pr = 0.72, Le = 0.66, θr = −5.0, Mn = 2.0, ε1 = ε2 = 0.2, Nb = 0.1, Nt = 0.1, γ = .01, β = 0.02. d Velocity
profiles for different values of β and A with Pr = 0.72, Le = 0.66, θr = −5, Mn = 10, ε1 = ε2 = 0.2, Nb = 0.2, Nt = 0.2, γ = 0, S = 2.0

Table 6 Comparison of the values of the local Sherwood number for various values of Nb and Nt with A = 2, Mn = Pr = S = Le =
1, θr→∞, ε1 = ε2 = β = γ = 0.

Nb Nt Hashmi et al.
(2012)

Das et al.(2016) Present study CPU time of
the system
in seconds

− ϕ′(1) −hϕ Eϕ15

0.1 0.1 0.86604666 0.866046665141329 0.8660467842530996 0.936748 2.426680292036448 × 10− 10 54.439

0.5 0.53012814 0.530128143896286 0.5301281821145534 0.928890 9.992908438598528 × 10− 13 54.525

1.0 0.48603919 0.486039186120291 0.48603915346137855 0.891607 4.403963236292989 × 10− 13 54.009

1.5 0.46986157 0.469861566526085 0.4698615495700593 0.884253 3.657227369041722 × 10− 13 54.625

1.5 0.5 0.40180718 0.401807177532398 0.40180541220583815 0.908420 2.420566500000295 × 10− 10 53.940

1 0.12619334 0.126193335885242 0.12617433001495504 0.949699 2.832474925670632 × 10− 8 53.585

1.5 0.39083080 0.390839865635371 0.3900777099943474 0.865141 6.281273402797455 × 10− 6 54.439

2 1.16777723 1.16800852390237 1.1587904533044613 0.912246 3.5954596655078387 × 10− 4 57.834
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parameters. Increase in the magnetic parameter reduces
the skin friction but increases the Nusselt number as
well as the Sherwood number. Furthermore, an increase
in the variable thermal conductivity parameter and the
variable species diffusivity parameter results in an in-
crease in the Nusselt number and the Sherwood
number.

Conclusions
In this paper, an analytical technique is used to solve the
mathematical model of MHD squeeze flow of nanofluid be-
tween parallel disks. This analysis gives unified results for
the parameters Mn, S, Nt, and Nb, from which one can
obtain the results for the special cases of Hashmi et al.

(2012) and Das et al. (2016). The effects of temperature-
dependent thermo-physical properties are significant on the
flow field. For higher values of the fluid viscosity parameter,
the velocity field increases near the walls. However, the
transpiration effects are dominant and exhibit the cross-
flow behavior as well as the dual behavior. The temperature
and the concentration fields are respectively the increasing
functions of the variable thermal conductivity and the vari-
able species diffusivity parameters.

Nomenclature
A suction/injection parameter
a constant in Eq. (6)
C nanoparticle volumetric fraction

a b

c d

Fig. 3 a Temperature profiles for different values of S and A with Pr = 0.72, Le = 0.66, β= 0.02, γ = 0.01, Mn = 10, ε1 = ε2 = 0.2, θr‐1 =−5, Nb = 0.1, Nt = 0.1. b
Temperature for different values of γ and A with Pr = 0.72, Le = 0.66, β= 0.02, S= 4, Mn = 10, ε1 = ε2 = 0.2, θr‐1 =−5, Nb =Nt = 0.1. c Temperature profiles for
different values of ε1 and Pr with Le = 0.66, S= 10, β= 0.02, γ= 0.01, ε2 = 0.1, A= 0.2, θr‐1 =−5, Mn = 10 d Temperature profiles for different values of Nb
and Nt with Pr = 0.72, Le = 0.66, β= 0.02, γ= 0.01, ε1 = ε2 = 0.2, θr‐1 =−5, Mn = 10, S= 4
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Cw nanoparticle concentration at the lower disk
T temperature (K)
Tr constant in Eq. (6)
Tw temperature at the lower disk (K)
T∞ ambient temperature (K)
Tm mean fluid temperature (K)
ΔT temperature difference (K)
DT thermophoretic diffusion coefficient (kg/ms K)
DB∞ Brownian diffusion coefficient (kg/ms)
B0 uniform magnetic field (Tesla)
Cp specific heat at constant pressure (J/kg K)
Cfr skin friction
h(t) variable distance =H(1 − αt)1/2

K(T) temperature dependent thermal conductivity
(W/m K)
K∞ thermal conductivity of the fluid far away from the
sheet (W/m K)
Le Lewis number
Mn magnetic parameter

Nb Brownian motion parameter
Nt thermophoresis parameter
Nur reduced Nusselt number
Pr Prandtl number
Rex local squeeze Reynolds number
Shr reduced Sherwood number
S squeezing parameter
r, u , and w radial and axial velocities (m/s)

Greek symbols
α characteristic parameter
ζ constant defined in equation (6)
ν∞ kinematic viscosity away from the sheet (kg/m3)
ρ∞ constant fluid density (kg/m3)
ρf density of the fluid (kg/m3)
σ electric conductivity
ε1 variable thermal conductivity parameter
ε2 variable species diffusivity parameter (m2/s)
η similarity variables

Table 7 Values of skin friction, Nusselt number, and Sherwood number for different physical parameters with γ = β = 0.1, Nt = Nb =
0.1, S = 0.1, A = 0.01.

Pr Le ε2 ε1 θr Mn − f″(1) −hf Ef10 − θ′(1) −hθ Eθ10 − ϕ′(1) −hϕ Eϕ10 CPU time

6.2 1 0.1 0.1 −10 0.5 6.93724 0.521876 1.85 × 10−5 2.56836 0.795575 3.93 × 10−6 −0.20702 0.816672 6.56 × 10−5 452.31

1 7.16163 0.529837 1.90 × 10−5 2.56728 0.795370 3.87 × 10−6 −0.20606 0.816681 6.49 × 10−5 417.61

1.5 7.54951 0.540578 2.20 × 10−5 2.56541 0.794987 3.77 × 10−6 −0.20439 0.816682 6.37 × 10−5 466.91

2 8.12409 0.551879 2.94 × 10−5 2.56262 0.794530 3.16 × 10−6 −0.20191 0.816656 6.21 × 10−5 415.70

2.5 8.92326 0.561811 4.11 × 10−5 2.55874 0.793334 3.42 × 10−6 −0.19845 0.816579 5.99 × 10−5 417.18

6.2 1 0.1 0.1 −10 0.1 3.23547 0.539759 3.88 × 10−6 2.61368 0.800566 4.60 × 10−6 −0.24769 0.820601 7.36 × 10−5 445.34

−5 6.37108 0.796477 1.40 × 10−4 2.57160 0.796836 4.08 × 10−6 −0.20998 0.817371 6.64 × 10−5 404.28

−1 3.66322 0.344926 4.32 × 10−2 2.59901 0.400879 1.80 × 10−4 −0.23434 0.538266 3.87 × 10−4 377.96

6.2 1 0.1 0 −10 0.1 6.88538 0.83426 2.12 × 10−6 4.37052 0.753998 2.89 × 10−6 −0.05358 0.838724 5.27 × 10−6 413.24

0.2 6.84778 0.563282 1.20 × 10−5 3.29095 0.747359 7.96 × 10−5 −0.38818 0.772511 2.83 × 10−4 416.86

0.4 6.80107 0.690673 6.36 × 10−4 2.76736 0.689505 4.11 × 10−4 −0.84408 0.694220 7.80 × 10−4 416.80

0.8 6.66595 0.605364 0.602742 2.40018 0.386541 4.20245 1.00077 0.003287 1.63 × 10−4 536.38

6.2 1 0 0.1 −10 0.1 6.87282 0.817156 2.97 × 10−5 2.53070 0.787063 1.65 × 10−6 −0.22122 0.827749 4.33 × 10−5 407.73

0.2 6.86217 0.528059 1.83 × 10−5 2.60736 0.795988 8.99 × 10−6 −0.19379 0.805701 1.08 × 10−4 461.73

0.4 6.85327 0.780916 1.10 × 10−4 2.68649 0.785656 3.00 × 10−5 −0.16792 0.782738 3.30 × 10−4 384.13

0.8 6.83347 0.580338 2.35 × 10−5 2.85208 0.739950 1.48 × 10−4 −0.12115 0.716450 3.26 × 10−3 416.60

6.2 1 0.1 0.1 −10 0.1 6.86664 0.519571 1.84 × 10−5 2.56923 0.795649 3.95 × 10−6 −0.20845 0.816398 6.51 × 10−5 429.74

5.0 6.86634 0.522037 1.71 × 10−5 2.57158 0.795701 3.95 × 10−6 −0.21346 0.815193 6.23 × 10−5 444.22

10.0 6.86703 0.806771 4.15 × 10−5 2.57445 0.795678 3.96 × 10−6 −0.21969 0.813673 5.88 × 10−5 435.78

25.0 6.86487 0.535357 1.18 × 10−5 2.58273 0.795091 4.05 × 10−6 −0.23816 0.809001 4.96 × 10−5 436.47

0.72 1 0.1 0.1 −10 0.1 7.02711 0.910736 4.87 × 10−15 1.43830 0.913630 2.82 × 10−16 0.86420 0.918855 2.80 × 10−14 380.47

1.09 7.01781 0.896013 8.61 × 10−14 1.49661 0.908669 2.18 × 10−14 0.80733 0.905835 6.45 × 10−13 391.07

2.0 6.99425 0.869605 2.11 × 10−11 1.64904 0.830756 2.05 × 10−11 0.65997 0.877078 1.20 × 10−10 848.27

5.09 6.90493 0.826361 2.89 × 10−6 2.28346 0.796751 2.40 × 10−7 0.05966 0.832669 4.16 × 10−6 552.53

6.2 6.86798 0.809634 4.61 × 10−5 2.56870 0.795627 3.95 × 10−6 −0.20732 0.816668 6.58 × 10−5 534.81
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θ dimensionless temperature
ϕ dimensionless concentration
θr fluid viscosity parameter
μ dynamic viscosity (Pa s)
μh fluid viscosity of the fluid at the upper
disk (Pa s)
kh thermal conductivity of the fluid at the
upper disk
DBh species diffusivity/Brownian diffusion coefficient of
the fluid at the upper disk
μ∞ constant value of dynamic viscosity (Pa s)
τ ratio between the effective heat capacity of the
nanoparticle material and heat capacity of the fluid
τw wall shear stress
ψ stream function
β velocity slip parameter
γ thermal slip parameter

Subscripts
∞ condition at infinity
w condition at the wall
′ differentiation with respect to η

Fig. 5 a 3D plot of u with η and r. b 3D plot of u with η and t. c 3D
plot of w with η and t

a

b

Fig. 4 a Concentration profiles for different values of Nb and Nt with
Pr = 0.72, Le = 0.66, β= 0.02, γ= 0.01, ε1 = ε2 = 0.1, θr‐1 =−5, Mn = 10.0,
S= 10. b Concentration profiles for different values of ε2 and Le with
Pr = 0.72, S= 10, β= 0.02, γ= 0, ε1 = 0.2, A= 0.2, θr‐1 =−5, Mn = 10
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