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THE DISTORTION OF PLANE X-WAVE AND ITS EFFECT
ON ELASTIC SCATTERING IN COULOMB FIELD

By K. C. KAR
(Received for publication, 2oth April, 19..1)

ABSTRACT. A new method is discussed for finding the effect of distortion of the incident
x-wave. T is shown that to a first approximation the distortion has no effect on the intensity
of clastic scattering and the wavestatistical value of the critical approach.

In the wavestatistical theory of elastic scattering already discussed by the
writer (Kar, 1937), it is assumed that the incident electron wave is plane. The
wave equation for it is

Ax+k2Zx=o0; k=312@— (1)
On coming within the potential field the wave equation is modified and becomes
Ax+k2<r —%>x=o e (2)

At small distance from the scattering centre the potential V becomes
appreciable and has the effect of perturbing the wave-function thereby causing
scattering. However, at large distance V is small but not negligible as in eq. (1j.
Its effect is to bring about slight distortion of the plane wave. The distorted
plane wave then encounters the large potential field at close distance and is
scattered.

The method adopted in the present paper for finding out the distortion
is somewhat different from that of Temple (1928) and others,

The well known solution of (1) is

x=R(r)P;"(cosh) e'™? .. (3
where R satisfies the differential equation
d®R .2 dR (1+
—‘—i-:rI} +;~ a}" + ,\’,QR“'I“Q"Q’I) R=O ces (3.1)

On putting p=kr and R=p3R7T, we have from (3.1) after simple transformations
1

d2R1 I dR] (l+ 5)2 _
+ 14 ) =478 tp v (3.
dp” p dp gl ,o2 170 (3 2)

which is the well known Bessel’s equation whose solution is
Ry=A4;7J; 3 (k1) e (3.3)
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"I'hus the solution of the wave equation (1) may be taken in the general form

x=:/11t572 Lm Jl+1} k)P’ (Coso)ezmq) e gy

lym

where each term of the series isa solution of (1). If, however, it is supposed
that the incident electron wave is plane and is procceding along .x-axis, the
solution of (1) is obviously

X?—-‘Aezkx veo (41)
As in this case the wave-function x has axial symmetry about the x-axis,

we cannot take the solution in the gcneral form (4) but have to assume m=o.
Thus (4) becomes

x=~——— 2 A Jl+i kr)Pl(cosa) e (402)

It may be casily seen on expanding e aﬁer Rayleigh (vide Theory of
Sound, Vol. 1) that the solutions (4.1) and (4.2) are identical.

Now, in the above treatment we have neglected the Coulomnb potential at
large distance and obtained the wave-function for a plane wave. If, however,
the potential is taken into account, the wave is modified. And we have for
the R—equation from (2), taking V=+(Ze2/7)

d®R 2 dR | e Wt1) p_20kZ p_, ()
dr? r dar 72 T

e —_ .
where o/ =~%;~rf- . On putting p=kr and R=p 1}Rl as before, we have from (s)
v

dp®  p dp
Let us make the substitutions

2
d2 > + I dR] +{ l';%) \) — 2;IZRi=0 cae (5.1)

ol
Ry =(p=pe)e®Z . Ry, p=tr, po=lx
Hence on differentiating we get

de__‘ ia'Z | dRg _ ia’ZR
dp P= P) dp Pz 2

dp*® dp® pe dp P2 Pz \ dp pa

So we have from (5.1)

dle_(p )m’Z [ QR 1aZdR9 4 ia/Z ’RQ" 7<dR2 —i:’;{RQ)} ‘

2
\ 2 4 2720
dng I dR2 5 _(1+&) +o%Z P -20'Z l(}_R___z +RQ
=+ - +R2 1 2

dp? " p dp l P pz dp  p

+WZ [ ~—1 Rg=o0 e (502)
PPz Pz
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At large distance pz—>p and so (5.2) may be written in the form

;

2 ’ + 124272 va!7 2.
d 52.,.}- dRy Ro I._(,,I,,L‘é;’.f‘., Z ?,-_.:3_‘_ id}\z +R, ":U (5.3)
dp* p dp p? ) P dp /

It may be casily seen that if o’Z is neglected, there would be no distortion
and (5.3) would reduce to (3.2). Thus it foilows that the distortion is negligible
for high speed incident particles and also for scattering by light atoms.

The following method may be adopted to solve the differential eq. (5.3).
For small distortion the last term of eq. (5.3) is quite small. So we neglect
it at first and get the solution in Bessel IFunction as in (3.2).  We have evidently

Re=Agdgyy ) (5.4)
(s+4)2=(1+%)2 + 222
On using the well known asymptotic value
m .S e
T (p)mi ~ S €.
«/2,,Js+g P
it may be easily seen that
zd;{ﬁ:—RQ . (g)

for large value of p. Consequently, to this order of approximation, the last
term in (5.3) vanishes. Thus (5.4) may be taken as an asymptotic solution of
(5.3). Again, as «/2Z% is a small quantity of the second order we may neglect
it and take s=/in (5.4) and so the asymptotic value of the wave-function for the
distorted incident wave becoincs

1 2 : ia log klr—a
== (ier) ¢ > (cost v (7
X=k - AIJ/-F%‘/?)L I](L()bf) (7)
On summing the series in the usual way we have for the alternative form
ikx i vl = x
x=AcI, vt ia log klr - ) o (22)

in agreement with Temple’s formula, his unimportant constant factors being
supposed to be included in the unknown constant A.

Let us next find the effect of the above distortion on the first order scattering
function. The well known differential equation determining the scattering
function without distortion, is

, g 82

A()LIX])')']v'z./\]X] = ‘]‘22—* \7X0 cee (7.2)
where xo is the undistorted incident wave-function. TIf, now, we take account
of the effect of distortion, (7.2) should be

. ) . 8 2 .
A(’\IX11+/93<1"¥‘>’\1X1= 22'" Vx v (7.3)

where x is given by (7.1).
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On solving (7.3) we have

X = _?"8111'12;11 fv(rl)ci/c.\tl +ia log k(ry—.y) T ikry=ialog klry =xy)

xcil€1‘2+ill 10g /\'\,12"‘.\22). dr (74)

T2

L) . ilerye
2mem A de log klry.n. Ll eI
- 5 g kiTo.Vn) Ve 1¢__~ dr ... (75)
h 712
On integrating in the usual manner as hefore, we get for the scattaring function
Y ik o log k(r—x
Acosecti Rt tinlog KO—ay ,
= e Tiyy) o (8
2y r

AMxi=

where w
Flrg)= /\"[ sin KV ir)rdr o (o)
To
It is the same as the formula of T'emple when the wavestatistical conncetion
for critical approach is neglected.  On evaluating F(r ) for the coulomb repulsive
force, we have for the relative intensity of scattering

Ze? \y 4) 2 ,
I= 5 |2coscctd0 cos? !y, e (802)
2
2mov

being the same as the formula derived before by Kar (1937) without considering
the effect of distortion. ‘I'hus, it follows that the distortion of the incident
wave has no effect on the relative intensity of scattering. The critical approach
1o is also unaffected and is the same as that given by Kar (1437), viz.,

ro=p. Ze (cosectf+1); p=1.35 o (8.3)
mu? : ’

In the above treatment I have not considered the cffect of relativity. It is,
however, obvious that by taking into account the distortion, one would find no
change in the relativestic expressions for the intensity of scattering uand the
critical approach. It may be casily checked if necessary.
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