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A NOTE ON DIRAC EQUATIONS AND THE ZEEMAN
EFFECT

By S. N. BOSE
AND
K. BASU
(Received for publication, Sepl. 25, 19)3)
ABSBTRACT. A new trcatmant has heen given for solving Dirac's cquations for hydre-
genic atoms, and the radial funetions are expressed in terms of a combination of Soning s

(i

polynomials 'J’,(:“) », 'l e

' fp) of only fwo conscentive degrees ny n=1; and the clementary

propeitics of such polynomials have cnabled us to tackle tie Zeeman effeet problem i general
(homogeneous ficld) leading to the standard quadratic cquation in enegy for the etfeet

1. With the help of the two-dimensional matrices vy, 5,, 5 of Pauli, the
wave-cquations of Dirac can be put in the well-known matrix forn:

[ Ze2 | [N S, Ze2 ., .
(1.1) IR+ + ™ IX+ DYV =0, | 1i-T + Y+DX=o
h¢ ) he T
. o O o
where D is the operator P Y e Gl s P
ox Oy o:

. . 1
If, similarly S= vsg+av, +25,, and s= - (x5, +vs, 4 25.), then
!

S.D.= I'; + L, where I =«(Mzsz + Moy + M, s.,).
¥

And the following commutation rules can he casily dedoeed :
s(L=1)+ {,=1)s=0, DI,=1)+(L-1)D=0;

also NeE 1,

Hence multiplying the cquations on the left by 8 we have

(1.2) g A8 %SX-P e Vv =0
) h(' T l dr
7.2
R+ PO sy o X+ (L- )X =0,
he r dr
. u, Uy o
Assuming X =| |= J(x) O v=| |=& (:) ¥ where ¢, ¥ are similar one-

Uy r Uy
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colimu matrices and functions of (#, ¢), the equations can be rewritten as

i YAk 7\ ) Iy
(r.3) i E 1+ }«h pA80) ey 20~ w=,
he ‘ r dr T
C i 1T 1 A T A Y =,
he | r _] dr r

The equations become casily separable if the matrices ¢ and ¥ are so chosen
that at first (L,—1)W=/Y and «P=V; and as 2=1, it follows thercfore from
commutation rules that

b and (1,—1) s¥r== =L,
We observe at onee that (1, = t)W\r= — g, U= [(L + 1)V, where
7 - ~2
1 ¢ . W) 1 (&
Vo= (51110, + S
27 sin 0 Gy ~f sin® 6 g2’
and therefore & can he cither a positive or a negative integer.

Secondly, il (b, W) are the matrices for positive k&, then (I, @) are the
matrices for negative k. Also remembering that the operato

14

e G 1 . .
- «,( xaf—_‘\' A 4 s, | commmtes with the equation-systen:, the angular
vV (<R} 2
X \ "

nmatrices can be expressed in lerins of spherical harmonics of order k and A —1
»
in the following form :

b= | b+ m ; , =, //}fﬁ.”,], i
i /\'/_21"--r v - Y 2k \‘//‘l ‘
(1..) | / 1 ! (k, a positive integer)
! k=m—1 Jlet k1
j ; S T | / Jpchr
IS Y Ve koo
fak+1  (b—p! | phtp dpg
T , o 4 t o «
where '\ 5{ =V 5 NUET IS ] /,+p(.\'"—" 1)* Vor (x=cos 6)
- LAY ( \ \S .-)""'

The functions are interchanged for negative values of k. Writing f(r)=uF(r)
so as to remove the imaginary from the radial equations, we get

' G C s A
(1.5) dG 4y - YR, 7 F=o,
dl' 1 h(' 7
[ 2]
dF F:l [ . VAL
=k + | IR DA G —=o.
d) 7 h“l ! !
1. To soive the equations we assume
- = A Mo . —Ar ( . a2 1s0 B
(3.1) I‘“‘/o" ? I‘](l), (r-‘l;’"(' i (rl.r),;md h=llE/(I‘v['_]“‘)

where Ze2[Re=a,
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Substituting in (1.3), I’y and G, are casily scen 1o satisly the following
equations:

dGy . ek N !
——‘—',\(_11”"1\1']"'/ +I‘("l+ ‘-\‘(I',l)"“l_‘:) l ! =0
dr r 1 T '
(2.2)
dF R . k=, N, o Gy
dl— —AIf p ot Al 'S c / I 1 f[':(]“q) t ],‘.) l'l =0,

. . . e\l 22\
(2.3) where jo/go= ~(1{,~ L) hex = FM: L - "‘(::” ) ;—>“ and A ‘—~( L =1 )é
“() ‘ @ Tl )

If Byt Gy=2x", Gy—F)=2", climination leads easily to the follow ing
equations :

P i
(2.4) HI\,f(u"l—:Aﬂdx F2AN =)\ =0,
dr* oy '
N - dk _ . - v 1':4) , _
(z.5) 1 (N-mat=|N " =k ]\,
i . IL
provided 2 —n2=N=2L2—12) 12 =a?,

Taking the first equation it can he easily seen that it admits of polvnomial
solutions if N—pu=n (an integer). Writing p for 2Ar, and writing o Sonine
polynomnual in the for

(v on)] o w2 =1 b= )t o) On ap—1) w2
1 (p)—-B’ ) ) | 2o ThL 2y, _—.
n n / 1! ! 2! /
(2‘0) ?B(":‘) (- I)”[,I’I’— ap d . [ p - /le -+ .2/1]
dp

so chosen that it is normalized according to

j-a - pp.:/t T({‘)(/')'l‘(,fl)(!')dl’"""' |

0 !

()

with constant B,

1
we get B(":L)_:;"{u Wt 2p + 1)}

Hencee it casily follows thal y' and x * will have solutions as given below :

h ! i
(2-7) XI ZB( N 7;"‘—“_ - I\‘>2T('i )(IJ) we; I 1
" N=un+p= - . je= '
! 4 Vi—et L)
(2.8) ,ﬁ:ﬁ(N’;“+wJ“Tyllm)

where the normalising factor 8 is to be determined presently.
Our radial functions of egs. f2.1) stand thus

P \4 ) 4 )
- b . P J JON ) \(,")
(2.9) ¥=-38 /\/(I—i‘:o )c 2 p'uL (N]E -—k) 1 ,:L) (P)"(NE +1\») I,’,__I(/‘)]
£ u Y )
’ a DY —: Yl'.m ‘ (l' \ E“ ' i (”')
(z.10) G=3 ’\/(1 + ][;—‘: )a 2 p”” (hE —k) T’i) (p)"‘(NE +/-) I‘u_l(f';]
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Normalisation 1equires

A
f K2+ G2Ydr=1,

. . A LS
which zives & 2N L
< “0

We can write the two solutions (A) and (B), corresponding to positive and
negative values of & respectively.

0 J—

) = /\/I‘-+/l , 1) vh = k=pn  g.(r) A
) | 2l =1 r k=1 N 2k r le

j":“* 'I"-'f‘i'—x . ,’4(") \7:“+l. Ug = l‘.+/"+? }34(1’) \ﬂf“[l
| ak—1 r k=1 A k4 r k

i

(A

| _—

Y AR AE L A SR
”¥) 2R I T 281 ) \
V= I\"‘t—[‘l t . [7(1'_) \y/l‘v + 1, Tge — I3 —p—1 g_(r) \/’/‘ 41
2k + 1 T : 2k—1 r k=

wherein it is understood that /_ and g_ are obtained by changing the sign of
k, in the expressions for IF and G in (1.5) above.

s+ When the atom is in an electromagnetic ficld defined by the vector-
poteutinl (A A LA ), the Ditac-equations become

i o

. [ PR Y/ y .

i L+ PO X +DY AV

(.1 1) he I Lo : X+l h“,\ §]
L N . 7.2 & -

32 =1+ [V+DX+4  AX=

(. ) he ! “ r he ¢

where }xf—LIA.-.;Sr‘*'AuSu 'I'Acsu]

In the case of a constant magnetic field H, in the direction of Z-axis

—

|
(373) A= | o e T Gin 6 i_: LHra.
l
|

(4 71/
oM fsm 6 0

We observe in passing that in the absence of A, the wave function X is
generally small compared with Y —the radial component of IF(s) has the factor

N2

N

—i , while G{1) has ,\ / 1 +E so that the perturbation effect of

- 2
L
‘1(1 ]<U

AX 15 small as compared with effect due to the term lf:{-AY in eq. (3.1).
c .
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Remenmbering

o TR S (L—,u)(l\—)ui 1) i Ueor (ke + p+ 1)y
Ty 6= — , "o
¢ koS0 2k )2k +3) ki \/ k=) ke
W g (l‘ ;L-} 1 l +~pl )) [l.r] (k=) (h=p—1) p+1
MUY 0= - - ;
N \/ 1‘1-1)( O R VAN e IS Tt

we seek an approximate solution of the equation by choosing one set of angular

. T L4 . . v
function (% ’, , Y’,, '), and assuming the existence of both the sets (3 ’;_],

Y;‘:_;) and (Y’;‘f4 o \';L 1) n X. This can be done by suitably combining

the (A) and (B) types, thus
Take u,=Ci’u‘; +CZ iy, =1, 2, 3 1,

2, 3. whaere  (uy, wy, ws, y)
correspouds to k= +[; and (7, ©3, %, v4) corresponds to k= ~{/-11). Mo

explicitly, their values arc

. [+ p folr) o . [=p+1 Vv J-{r)
Uf]"" /\/21-—'1 l"*r \'1__11 //,_.+; (fl'I ]

r

o i—p—1 RN (Y BT S /IUH iAo -
Uo = = . e B A VAP T Vi S

1

. }-;A“k 2.(r) on - /H pAog ) opm
= — A H vy - v ’
" ’\/2/-“ T { 2 VAR R r /

(o I+p+ &:(r) i Ty /\/1-‘1‘l a=(r)ymn
u,——',\/ 2l 41 r oo ! 2+ r !

'he constants A, N, g of the two types of solutions are different and are
expressed by the following relations

(3..1) A, =(E%—-E?)1‘/hf, 12—u2=p% N,=ol /|1§- *J”j
and Ni=n,+pn [IOI' (A)~ type with F=1{].
1
(3-5) /\-Z(E?)'—E?)'l‘/ht'), (I N2—aZ=p2 N =oli/|1§-12]%,
and N_=n_ 1 p_ [ for (B)=type with k=—(/+1)].
1f £, and Li— differ slightly from onc another, we have the following approxi-
matc relations

|
(3-6) A¢=A—-) PN==M: + 1, N\ =N-—: Na=Nse— 1T, ﬂnd ﬁ—- L.

By following the usual method of perturbation we see easily that the charac-
teristic equation for determining the Iiigen value E would be

4 < .
I'._' 1,'44
(3.7) “‘{ ,
| bogy hL‘_[F,-" 1:,_} +payy

4

+ poyy Parz =0
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wliere pr=¢11/.:he, and

nyy -'-T-f :«,q'g :aYl -+ \yf :BX. Jd\f
(3.4) u”—f Nfavo+vEax_ |4V
r -
. ;:/ X*¥aV_+ V¥ aN_ dV

g m-f Xf 7a\'1 | \"3 1aXN ., il({\/’

and X7 cte. are trausposed conjugates of X. (the a is given in (3.3))
Carrying out integrations over the angle-variable-space we get

s

oy s - alipda) ¢ f (
n (ol =1) (el 1) tfogidr;

2ulgp 4 (1)

reT (201 1) (a2l 3) f cg-dr;
0
(] ;f’fl'*' + 7
“r2T ey V=l ) f'(].-,:» log)dr,
R ;

1. To evaluate the integral {T} or {11}, we substitute the values,of the
corresponding 1, g, and remembering 1= p 2A, we obtain

AT (]:2—]‘:2)l,j I ] —p k1] adp) I
]l o “+ “«0 A [ ! N ‘ W _ ’\, , | . / '{ f s
e 2N, I3 AAT | 1<, ‘ ! () | di

0

/ <5 2
(s et )} ol

! /0

The integrals are evaluated gquickly hy rcpuulcd partial integrations ; thus
o

9 -
Tt | oy f Yoy d" | et
/ ' | dp= W n!l’ (n -) ap+ 1) Lo tp) dp” ‘ r dp

0 i
n -p ap--n n o
= [ '1’) o d['- d al P [)’a - ”( nt "-/‘)Il'”“l + o
Jonl Py 4+ 2p+1) dp 1! _

=(+n)(n+ap+U)=n(n+p)=2N, +1.

Similarly
Y . T2
n=1
, !

]
An casy substitution of the value of Ay in the foregoing leads to the following
results :

4]
— l‘ 1‘.
‘.) f:‘*r*l'u_ 1"21”:“ ;
(’l 1 J Tha g+ dl }Id)( ]_l“)
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[vs) N s S,
(4.2) [‘ff—g-dr== - hfﬂ Lkl + 1)]‘1" .
o 41 I

The evaluation of the third integral cannot, however, he exactly  expressed
in a neat form ; for the simple reason that A, N,, Es aswellas Ao, N, Tio
arc different in the two solutions, as also p. =215 and p. = 2A. 1, however,
we introduce approximations in the beginning, and tuke

(43’ )\4 =A_= :A]) E’r:l‘:-‘i zu——:/‘++ Iy =0y =1, -,

we sce the third integral

i [ i
SRR G| TR | ENR TR LU RE Y
1905 VA A O N ) x
M=-"9 e { Ny ! I !

!

y [ \Y
f" P22 e g MKNIF] B ]> (NI{‘”“‘ ])
0 ! . /

Vs
—p o b))
* [" Pyt "’J‘.(u'flf/')'l AL (I"WI’I

"o S
I*he two definite integrals can be casily evaluated in the same way as before.
Ll o

We give the results below .

- oo, ol + [ et
et 2 i I e
S ”‘\/n—[!nll(nJr::;ur)l(u+:,u+2)
A ld”‘ /)" ' 1—(11-1)()l+;?/l -+ 1)/:"'-}— ]:vV(N—])(N+]+ 1),
iy
(4.5) /v =Pt F 2l ) N DIN - T,
0
Hence
(my=- M NN \/N"'m“ VN={ YN 111
2N I I I

'\/N];:-U‘il /\/Nlifl_"/“[ ,/Nd ! A/N*'I-:I].

Observitig Ko/ Tim1, we sec
he h(
firy= - 1. O aN=- 7.
2N T',(; l‘,()
Finally, putting p=¢Ill/2he, and ch/2mpe=py (Bobr-magncton) and subs-
tituting the values of the three integrals {and making Ty Lim1) we see that the

determinantal equation (3.7) takes the form

| ==

Do fe, —. 2L . #all I=m=+ 90+ m+h)

\] -1, i iy 11 a4 V(= m+ )+t i
{4.6) ; ‘\

T G Y P NI I B

z iy V=m0 m+ ) | DRSS D ol T |

wherein we have put #+ 3= m (magnetic quantum nutber),
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The result (4.6) agrees completely with that quoted by Bethe (1033
supposcd to have been worked out by him from Pauli’s equations. Condon and
Shortley (1435) obtained similar determinant from principles of guantum mecha-
nics by applying two-fold perturbations (spin-orbit and magnetic) simultancously.
It may Dbc noted that Darwin (19g28) has many similar features with our mode
of attack, and we can claim some clegance by our introduction of Sonince’s
propertics, which exhibit our solutions in a good perspective.
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