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THE CALCULATION OF INTERPLANAR SPACINGS OF
CRYSTAL SYSTEMS BY VECTORS.

BY SURAIN SINGH SIDHU, M.Sc., Pu.D.

ABSTRACT. Expressions for the caleulation of interplanar spacings of crystal systems :
cubic, simple tciragonal, simple orthorhombic, hexagonal, simple monoclinic, triclinic and
rhombohedral have been derived by vectors. This treatment is  shown to be much briefer and
simpler than the one given by analytical methods, which are generally employed ot present
for these derivations.

The method of calculating the interplanar spacings between the successive
planes in any assumed crystal structure is based at present on a well-known
theorem in solid analytic geometry, which gives the perpendicular distance d from
any point toa plane. The derivations of the expression for d by this method,
especially for lattices other than cubic, seem to be accompanied by analytical
complexities. We shall derive these expressions here by vectors, which make the
derivations much briefer and simpler than the analytical method.

The perpendicular distance djs; between the successive planes of a given
set may be expressed as a function of the lattice constants a,, b,, and ¢,, and of
the Miller indices (kkl) of the set of planes in question as follows.

Let OX, OV and OZ be the crystal axes: a, be the unit distance along OX,

b, along OY and ¢, along OZ, and &, b and ¢ be the unit vectors along the

axes respectively. Let I be the unit vector normal to plane (kkl), then,

N=n,8+n;, b+n,0 v (1)
COEE E.B)% =@ 9% = . (2)
D, n=1 v (3)

I. Cubic, simple tetragonal and orthorhombic lattices :

For these lattices,
a=fmy=90°

then, & .b=a,0=b,c=0 b e ()

and a.8=hb,b=0, omy, w (5
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Substituting for I in equations (2) and (3), the right hand side of equation

(1), one obtains,

nal -a)):‘ 7
[ b"—o O e ]
or 'nai— =”b’k‘ "'”’cci'—a “ee (6)
and )2+ (ny)2+(no)=1. v ()
Solving equation (6)
n.,=4 h
a,
d
""=5,,k
n¢=d [
“U

Substituting the values of n,, ns, and »n, in equation (7) we get

2 2 2
d’ h2+-d—k2+-‘—i- P2=i,
a, b, C,

Solving for d or dj ;.

/;12’_,32: 12
dryes = A a—g‘*‘"’:_le"'blf .. (8

(a) For a cubic lattice, a,=b,=¢,, therefore

a
d»u=,‘/; : Sa. e vee (9)

(b) For a simple tetragonal lattice, a, =b, ¥ ¢,, therefore

Qo

d;.n" /\/ C g (x0)
B4 h2 42 C e 2 [LFYL L
£
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‘The ratio of two units of length c,/a, = ¢ is called the “axial ratjo.”

(¢) For a simple orthorhombic lattice 2, ¥ bo F ¢,, therefore

e T

or drg1= 2 2
’\/:"5 +k2+ 5’3 : e (11)

where a, /b, =a, and ¢, /b, =c are the axial ratios.

II. Hexagonal Lattice :

For a hexagonal lattice, a,=b, ¥ ¢,, and a=8=g0°, y=120°,
then ,
a.b=-" a_ o=b.o=0o . (12)
2
From equations (1), (2) and (3) subject to the conditions in equation (12) one
obtains as before,

n,Z-ﬂ-i— n,-:—"-d (z3)

"5 ﬂ-%"-'l'u%’--d o (14)

noited e (28)

and (%a)2+(83)2+ ()2 —n, ny=1. .  (16)

Solving equations (13), (14) and (15)
»=2 :—'(zk+k)

a2 d
L 1) 3 b.( )

o, ==}
[ co -

Substituting the values of n,, #, and n, in equation (16), we get

At k)T 4 L - @l a ) (bt ak) }-1.

/1) I S 9
d'i 9a,*® (ah+ )"+ 98,5,

8

9
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Since, for the hexagonal system a, =b, F¢,, therefore,

o

. . 2
d‘{;ﬁ~—i(5lz‘. +8hk+5k?) _;ﬁ"g(z’hz +5hk+2k2) + ! -2—}=1
4 4

o

2
or d2i —3:}- (W2 +hk+ k?)+l-§}=x.
2 c
Solving for d or d,;;, we get

Qo

d,, Y / \
N ‘; (h2+hk+E2)+ (q—“>12_

"

do

o aa=A, T  7)

(h2+hk+12) + L
4

w
/—

III. Simple Monoclinic Lattice :

For a simple monoclinic lattice, aoFb,Fc),

e=y=go0°, and B¥go°, then

a. 0 =cos £, a. b=b. ¢ =o. v (18)

. From equations (1), (2) and (3) subject to conditions in equation (18), we
ge .

n,,‘;;"» +n,%‘l cos B=d ' ae (10)

np glp'd vee  (20)

nagl—‘* cos .3+n.,£i~’ =d e (21)

and (na)? + (n3)%+(n.)2 + 2nam, cos B=1 oo (22)

Solving equations (1¢), (20) and (21),

o [n_1
Nag sh—l—g‘ﬁ COSB)
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* Substituting the values of n,, n, and n, in-the equation (22); we get

1 Y)e V2 [1\_ 2m A
ol ) -t -

Solving for d or dj &3,

/)] -2t eme

IV. Tiiclinic Lattice :

For the triclinic lattice, a, $b, ¥ ¢,, and a ¥ B8FyFg0°, then

a.b =cosy, a.0 =cosfB,and b.c =cos«a o (24)

T'rom equations (1) and (2) we obtain

a, a b))% a,c )%= 2
”aiz_ +"b( a . b ) I’l +'P’l.- ( a . C ) h d " (.'5)
na(a 5)91‘+nb.b—”+ n.(b.c) b= e (26)
. 'k k ¢ o k
and na @)Lty (6. 9 Lo L v )

Substituting the values of &, i’, a. 6, and b. © from equation (24) in equations
(25), (26) and (27), and simplifying, we get

' d (28)
ng+n, cosy+ng cos f= - h
e @
Mg COS Y+mny+mn, cos a= k- e (29)
. R ' - [
. d 1
ng cos BHny cos atn, =—r (30)

- Coo ~ _ .
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Solving equations (28), (29) and (30) for na, », gand n, hy the method of
determinants, we get

- ,
d—— cos Y cos B
a, )
d k I cos a
b,
d l
—— cosa X
Co
Ne=
1 cos ¥ cos B
cosy I cos a !
cos 8 cosa 1 |
I 3 cos fB
Qo
cos y d~k—-— cos o
b,
l
cos B d 1
Co -
ny =
1 cos ¥ cos fB
cos y 1 cos a
cos B cosa 1
1 cos Yy d h
Ao
cos Y b ¢ d—L
b,
ol
cos fB cos a d
Co
n.= ‘
I cosvy cos fB
cos vy I cos a
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From equation (3) it follows :
N.(n,8+nsb+n.0)=1

or - ma)n, + @bn, + 0.0)n.=1.
From equation (2) ane ol;stains

n.a=d", n.b=d%, andn.c=al,
Ao b

235

e (3&)

Substituting the values of n.&, n.b, n.0, n,, ny and n. as obtained

above, in equation (31), we get ¢
|
dZ— cosy cosf 1 dg'- cos 8 \ I cosy d b
|
h k k k dl k
d—| d=- + d- d— s + —| cos d —
aq dbo I Cosa b COS.Y b cos o . Yy 1 b
d—l— cos a T cos B d-«l- I cosB cose d 4
Con l Co Co =71
1 cosy cosf3
cos ¥y 1 cos a (32)
cos B cos 1
This may be simplified to
l’i cos y cos B I Lccos;(? I cosy A
a a a
2 2 9
d k—k 1 cosa|l+ 4 kEicosy k c¢os |+ 4 —Lcosy I ok
bO a bo ba" (4
L cosa 1 cos B L 1 cos B cosa 4
c c ¢l=y
I cosy cospB
cosy X coSa |i

cosB cose T |



356 S. S. Sidhu

Solving for d or dass,

A= |
b s y cosf3 O " cos B I cos Y b
a : a a
':—k 1 cosa|+kjcosy k cosa +léosy 1 k
[
1 : 1 ’ l
— coSea 1 cos 8 — 1 cosB cosa —
c c c
, (33)
¢ cos y cos B
AN T
cos y 1 cos a \
cos 3 cos o 1

\
(d) For the rhombohedral lattice, a,=b,=¢,, and a=f=yFgo". \ Then,

a.b=a, 0=b.0c=cos . v (34)
When these values are substituted in question (32), it hecomes
\hcosucosu] 1 hcosa,' 11 cos a !
\2 | e g !
d\, | 0 [d 1 "o (d ) :
— |h ‘L 1cosae +|— )k cosakcosal+| =) [ |cogacosa ki
a)" | | a ) | Co\@ ) 1
'l cosa 1! N lcosal 1 ' cosa g 1=,
i 1 cos a cos a |
cos a 1 cos o !
cos a COs a S _
Solving for d or dxx:,»
a,
divi= [ e - | . S . |- _
| hcosecose \ cos a hcos a | cosacoseh | N
I !
h! k 1l cosa +k‘ ! k cos e + 1 Il cosak
Il cosa 1 ‘ cosea e 1 cose I I
b €os o cosS a
\ . cos « l cos &
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W
=  (h% + k* + I¥) sin®a + 2(hk + Kl + Rl) (cos'a — cosa)

a, ¥'1+2c08%— 3009

SUMMARY
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Formulas for the calculation of interplanar spacings of crystal systems are
derived by a vector method, which is much briefer and simpler to use than the

analytical method, The results are summarized in table I :

Tamrg 1.
. No. of equation
Lattice. Characteristic, giving value
for dasis
I. Rectangular a =8 =17vr=090°

a. Cubic @y = by = € ©
b. Simple tetragonal a, = b, F ¢, (10)
¢, Simple orthorhombic a, F b, Fco (1)

II. Hexagonal a, = b, sk ¢,
a = B = go’ ¥ = 120° (17)

III. Simple monoclinic a, # by gk c,
a =7 =g B8 & go° @3

IV. Triclinic a, b, c,
ash oy oo’ 3

V. Rhombohedral g, = b, =¢,
¢=p =7 0" @s)

My thanks are due to Dr. D. R. Inglis and Professor A, G. Worthing for

helpful discussions.

DaPARIMENY OF PHYSICS,
UNIVERSITY OF PITISBURGH,
PITYSBURGH, PENNSYLVANIA,



Obituary Notices

SIR J. C. BOSE

By the dcath of Sir Jagadish Chandra Bose, F.R.S,, D.Sc., LL.D., at
Giridih on Tuesday, the 23rd of November, 1937 at the age of 79, the scientific
world has lost a research worker and an original investigator of a very high order.
After graduating at St. Xavier's College, Calcutta, he went over to England
for higher studies, and joined the University College, London, where he studied
Botany as his special subject. He also studied Physics under Lord Rayleigh
at Cambridge. He came back to India in 1884 and was appointed as Professor
of Physics, Presidency College, Calcutta from which he retired in 1915 as
Emeritus Professor. Many universities in Great Britain and India recognised
his scientific abilities and paid him academic honours. He was awarded
the C.I.E. and C.S L. and in 1917 received Knighthood. "

He was a delegate to the International Scientific Congress held in 1900
and also the scientific member of deputation to Europe and America in 1907,
1914 and 19710.

He published numerous papers among which a few can be mentioned
helow :—

(1) Index of Refraction of Glass for the Flectric Ray. (Proc. Roy. Soc.,
1897.) )

(2) On the Influence of Thickness of Air Space on Total Refraction of
Electric Radiation. (Proc. Roy. Soc., 1897.)

(3) On the Selective Conductivity Fixhibited by certain Polarising Substances.
(Proc. Roy. Soc , 1897.)

(4) 'The Production of a Dark Cross in the Field of Electromagnetic Radia-
tion. (Proc. Roy. Soc., 1898.)

(5) On the Electric Touch and the Molecular Change produced in Matter
by Electric Waves. (Proc. Roy. Soc., 1900.)

(6) On the Similarity between Radiation and Mechanical Strain. (Proc. Roy.
Soc., 1901.) )

(7) On the Strain Theory of Photographic Action. (Proc. Roy. Sbe., 1901.)

(8) On the Change of Conductivity of Metallic Particles under Cyeclic
Electromotive Variation. (Brit. Assoc. Glasgow, 1go1.)

(9) Electromotive Wave accompanying Mechanical Disturbance in Metals
in Contact with Electrolyte. (Proc. Roy. Soc., 1902.)

(10) On the Continuity of Effect of Light and Electric ‘Radiation on

Matter.
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Besides, he was the author of a large number of papers on Plant Physiology.
A connected account of his investigation in this domain is to be found in his books,
Response in the Living and the Nem-living. published as early as 1902, as
well as in Plant Response, Electro-Physiology of Plants, Irritability of Plants ;
Life Movements in Plants, Vols. I and IT ; Life Movements in Plants, Vols. IIT
and IV ; the Ascent of Sap, the Physidlogy of " PHoto“Synthesis ; Nervous Mecha-
nism of Plants ; Motor Mechanism of Plants ; Plant Autographs and their Reve-
lations’; T'ropi¢ Mbvemsirt and Growth of ‘Plants:

After his retirement from the Government service he founded the Bose
Research Tnstftute in 1917 and was the Founder Director all the time.

PROF. LALJI SRIVASTAVA. -{\
We extremely regret to recotd the death of Prof. Lalji Srivastava. IlIe was
a member of the Indianx Association for the Cultivation of Science and a Professor
of the Ajmere Colleze; Rajputana.





