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ABSTRACT. The Fuanction theorctic method of Muschelisvili {19350 for solving
two dimensionat problems in elasticity is emploved to obtain solutions of the problems
of stress distribntion in a large plate containing an elliptic hole under the action of an
isnlated force or a couple at anv point inside the plate  TFrom these solutions particular
cases of the force and couple acting on the boundary of the hole are dertved and the results
are compared with thase obtained hy Rothman (1950), who used complex potentials as
introduced by Stevenson (rg4s).

INTRODUCTION

In a recent paper Rothman (1950) has obtained the solution of the
problems of stress distribution in an infinite plate with elliptic and circular
holes under the actions of isolated forces on the boundary of the hole.
Following Stevenson (1945), he has introduced two functions Qiz) and w(z),
in terins of which the stresses can be expressed. In the present paper the
solution is given of the problems of siress distribution in an infinite plate
with an elliptic hole under the action of an isolated force or a couple at
any point inside the plate. The method of Muschelisvili (rg33) has been
followed here. It may be mentioned that the complex stress functions
introduced by Muschelisvili are connected with the complex potentials
introduced by Stevenson. One of the functions of Stevenson is a
constant multiple of one of the functions of Muschelisvili and the
derivative of the sccond function of Stevenson is a constant multiple of the
second function of Muschelisvili. Rothman’s problems appear as particular
cases of the problems solved bere, if we make the point where the force is
applied tend to the boundary of the hole. Another particular case js the
problem of an infinite plate with a circular hole acted upon by a force at
an internal point. This problem has been solved by Sen (1945) by a
method which he has developed in the case of a force acting along a radius

of the hole, .
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It has been shown by Muschcltsvxh (1933) that in state of generalised

plane stress the stress combinations xa + yy and yy xx+ 2i xy of the average
stresses are given by

e

xa +yy=4 % real part of ¢,’(z)
2=[9,(z) +9,/(2)] e (1)
and
;51—.;.\\‘+2i.;3;=2[z¢,”(z)+1/z,’(z)'| e (2)

where ¢,(z) and ¥,(z) are two analytic functions of z(=a+iy) and a bar
over a function represents the complex conjugate of the function.
The resultant traction across an arc ADB (which the material on the

right exerts on the left) is given by
- - - - _B
X+i¥V=—i[9,(2) + 29,/ (2) =¥, (2} ]4 R )

and the moment of the traction across /B about the origin is given by

- n
M,=real part of [ —z2¢,"(2) ~ 2y, (2) + ¥,(2) ] oo (4)
The displacements are obtained from the relation
2p{u+iv)=Ko,(2) - z¢, (z) — ", (2) . (5)
where
- A+
I\ = m .

To determine ¢,(z) and ¥,(z) when stresses are prescribed on the
boundary, we have from (3)

#.(2) +26/ () + i D) =f 4 if, ] (6)
0.(2) + 20,/ (2) + ¥, (2) =L~ if,

where
R

f:+ifz=if (F,+iF,)dS + constant.
n,
F,(S)dS and F,(8) dS being the .x and y components of tractions across the
arc dS.

For an isolated force X +iY at the origin supposed to be in the interior
of the plate, the parts of ¢,(z) and ¥,(z) which give rise to the force are

- X+iY
¢.(2)= prr g log z
(7
Ytz = KX +iY) log

21(K +1)
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For a couple of moment M, we have them as
¢x(z) =0
. 8)
(5= — M ‘
¥,(z) and

When the force X +iY acts at the point z,, the relevant parts of ¢,(z)
and ¥, (z) are

N+1iY
(2)= ——= - y (z—z
#:(2) 2m(K +1) log o)

(9)

K(X—iY) {4y z

(2)= =>=—"" log {z—z,)+ = Lo~

¥ 2n0(K + 1) g o) am(N +1) z-z,°
and when the couple acts at the point z,, we have,
¢ilz)=o

(10)

= M T
Vile) ="

~ o~
v

~0
If z=w({{) transforts the region outsidc the hole in the =z--plane
conformally on the region outside the unit circle ¥ in the {—plane, we have

on vy

w((r)_

- (o) + o) =], +if,
w’ () (11,

s+ 29 4oy d@)=f—ifa

w’ (o)

¢(U’) +

where
p(2) =0 {o(O} and ¥ =y {u(0}

and {=o gives a point on 7y, so that co=1.

INFINITE PLATE WITRHR AN ELLIPTIC HOLE ACTED
UPON BY AN ISOLATED YORCE

Let the boundary of the hole be given by

ST =
R*(1 +m)? Rilr—m)? T (12)
‘The transformation
=..,(§)=R(§+$ s o<m<i,R>o cee (13)
S
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transforms the region outside the hole in the z-planc, to the region outside
the circle v, '{| =1 in the {-plane and the point at infinity in the two planes

correspond. Substituting from (13) in (11) and replacing o by 1/, we get

on vy

pr)+ = g (L) ag( 2 )= it

o(1 -—m(r“
(14;

#( L)+ TORIT o) + yloy=1, i,
a 0' - m

If a force X +1Y act at the point z, of the plate, we may take

Pz )=—~3¥+”’—— log (z—=z)+ ¢,"(2)
2z({N 1)
... (15)

iY “~n
} T '_’_““ “l’ln(z)-

K(X —-iY) .
log (#—zy) + i

¥ile)= w2*r(1\ + 1)

where ¢,°(2) and ¥,"(z) are analytic outside the elliptic hole (12),

Using the transformation (13) we write

N +iY ]Og =L (Lo =) + ()

Pl=- 2 K +1) o
oy [\—(A"'iY) (K""K )(t\n HI) ( .
- y A2 ¢
v 2n(Kt+ 1) log & v
N+iY S(‘;“(go +m +y0(%)

"ﬂ’([\ + T) I‘ (K'—‘No)‘SSO 7”)

where ¢°({) and Y°({) are analytic outside the unit circle y in the {-planc.
Since the boundary of the hole is free from tiactions, substituting in (14)

fi=o0, fa=o0, we get on the unit circle ¥y

¢°(0) + o? +__?n 90’ ( )+ 'ﬁ"( ) \ +1Y log L’LT &,_)ig’ﬁ_‘,:ln\t
am| I\ + ]) Oy

o(1—mo?)
_ K(X+iY) (1=0{) (Lo mo) P, Gt ? BN Gl CO)("g" = m)
— T Ty -
U{ +1) ol 2miK +1) Lol —oLo (go "ur)
s : (17)

¢ ( ) T4 me?) oy 4 gy = XY (1—aly) o= mo)

of—m 2a(K +1) e
0

~ KX=iy) | (o= (rr50~m; b NHiY Lli- ”ko)(Sn""w')
2n(K + 1) TS 20K+ 1) T (0~ L) (ola—m






