
ON THE DISTRIBUTION OF STRESS IN A DEEP BEAM 
CONTAINING TWO EQUAL CIRCULAR HOLES*

B y B . K A R U N K S

Dbi’Aktmknt ok Ai’i'uiii) IMivsK's, U niviirsitv Cobbigi' <ii' SciKNci; am > 'J'i;i.'uNoi,ooy,
C a i,c v t t a .

(Received foi publUalloii, Febniary jS, KjfiS'

ABSTRACT. The iudnenco of two equal cireulaf holes, placed .symuietrieally above 
and below the neutral axis of a deep plate beam on the distribution of stress in it, has 
been discussed. The values of the eiicuniferentiul stress over the boundaries of the holes, 
0=0 8 and o= -o.8 are shown in a graph and di,seus.sed.

I N T R O 1) U C r  1 O N

The solution to the itroblem of stress distribution in a deep plate beam 
containing two ctiual circular holes placed symmetrically above and below 
the neutral axis is here obtained in bipolar co-ordinates as introduced by 
Jeffery (1921). The corresponding; problem, when the centres of the lioles 
lie on the neutral axis, has been solved by Sengupta (l052^ In this paper 
the notations of the co-ordinates etc. are kept the same as of Jeffery and the 
following equations, as given by him, are made use of.
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//X= + K log k’osliot -  cos/i)! (coslia -  cosBj
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 ̂ Communicated by Prof. P. C. Malianti.
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T H 1̂  S O ly U T I () N

Let 2b be the depth oi the beam and 2c be its thickness. Using bipolor 
co-ordinates, let  ̂= o tlie v-axis of the relevent Cartesian co ordinates
be the neutral axis and = and «= while -t, >  o, be the boundaries
of the two equal circular holes. If ? be the radius and d be the distance of 
the centre of tlie holes from the neutral axis, we have,

/ = a cosech exj ti ~ a. coth cx̂
t/ /) = cosh <Xi

Let M be the applied bending moment. Then at a great distance from 
the holes tlie stress 1 unction may I)e taken as

where
/J = M

St?c

'i'ransforming in bipolar co-ordinates we obtain,

//\o = .bi“ sinh'*^

When >

(coslr^-~cos/J)’

//Xo =  -b *̂'|coshx f  2 (n sinhoc + coshLc'""“cos«/3|  

and when  ̂ <  o

/ i X o =  - - c o . s l r >  +  2 2  s i n lr - t  -  c o s h a ^ c " "  c o s w / ^ l

(5)

( 6)

(?)

We have to add to //Xo anothei stress function h\i suc h that hxi gives 
no stress at infinity ('‘̂  = 0, ft-o)  and the complete strcvss function ihxo’̂ hxi) 
gives no stress over the boundaries « = '/, and ^=-'3^1.

Obviously the required stress function is odd in a and even in fi. Hence 
we may omit the terms in even functions of  ̂ and odd functions of /3 in the 
general solution of hx and choose

x(cosh(X- Qosf )̂ + CiSinluocosiS

4 „siuh(?/4 1 )“̂ 4-I)„sinh(fii)"^|cosn/^?j (8)

It is clear that at infinity ('̂  = o, /i=-o) //Xi vanishes and feXo becomes 
equal to the complete stress function.

Using the boundary conditions fen* no stress (Jeffery, 1921) over the 
boundaries and v.= seperately, we obtain

I j  ______ f)COSh2̂ ,
sinh2CXi(cosh2x, - 1 sinh2CXi(cosh23fj - i )

( '  ~  2 ( « - “  i ) (  w s i n h x , r ' " " " ‘ “̂ ‘ 4 - c o s l i H t t j ]

sinh2»>, -wsinhaTti

2̂  __ _______  ̂ 4 - c o s h H O t J

” sinh2«<Xi -  «sinli2cXj
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Substituting these values in (cSj, the stresses and over the circular 
boundaries and ot=s - x ,  are calculated from the sum of the stress func
tions h \ i  and the respective //\o as

1 i —A a( cosh ̂  i — cos/i)

_6cosha ,̂ _  +8 i  W„cosn,/j) ... (9)

where
coshai(cosli2^i - i )  cosh '̂ î —I w.|

j)sinho(,eosh//(x, 
sinli2//<x, — »sinh2cx,

(10)

The series in (9) converges only Mowly, unless o, is large, so for conve
nience in numerical calculations the more slowly converging part in it is 
separated out by setting

i l / „  =  }i(fr -  i ) s i n h ' y - , r  +  iV * -• (ti)
We can readily obtain

„ ■ ? / 2  ̂ • i_ /j_i2{(i —cosh»iCos/i)'‘ -siiih  aisur^lsinliw,
8 n(> r-I Isinh’’-1 ( ' - ' ' * i c o s H P = - - , r  ' “bTr----- ---------(cosh*, — cosp)M s2

Substituting in (9) we have

=  -coshcx,cos/^)” ~sinh"^.,sin7^1
I (co s h a -co s /7  ’ ̂

4 - --- (5 COSll2 «i 4  12  COSlm,COs/:̂ )
cosh'-'-,'cosh2"y-, -1 )

4 8  2  (coshO(,-COS/7 *\7 cOS)j/:?l ... (12)
» - 2  J

The numerical values of the coefficients A\ are given in 'I'able I.

T aiu.u I

“ I 0,6 o.S I u f.2 1.4 I 0 1.8 2.0 2.2

Ni 1.677 0.755 0.370 o.iSS 0 099 0.053 0 028 0 015 0.001

N, 0 g? T 0.274 0.082 0.020 0.008 0. 02 o.oor

N, 0.41^ 0.072 0.013 0.002 O.OOl

Ns 0.159 0 .0 x6 0.001

N, 0.048 0.003

N7

Ns

0.015

0.004
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The graphs of the stresses on the boundaries are plotted in figure i for 
a case in which the holes are fairly close to the neutral axis, ®=±o.8 for 
which the shortest distance between the boundaries of the holes and the 
neutral axis is approximately one-third of the radius of the circle. The 
maxinuini stresses are, as expected, on the points furthest from the neutral 
axis, lint they quickly fall to zero at /?=±24° and change sign there. 
They again change their signs at f t -  ± 7 7“

Positive or negative values of

Fio. I
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