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PLAUSIBLE SPEED LIMIT FOR METALLIC PROJECTILES

By K. R. DINXIT
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ABSTRACT The light of o mctalhie projechile is discus cd i dwo sepatitte cases ()
incthe Fanth's atmepherve and tin e the intorste e space s shown Giad e the Tacth's

atmosphere 7 Mach mnmbers appear oo he e plasable speed Tt for long duraton

Mipht. I the ot Bar spees i« <hown tial whon ihving with o epocd, which s groato

than the velocity of eecape foom the sntace of the Barthe the hody will b warmed ap
inoa short intervalof e b the powear plant 1o snchan ostent fhat we have toapph o it
Ui cquations goyverning the AAahlits of Lot bodies in ntostediar space Hae we il
that our mctsllic progecutc is oo cmall o I stable Loasth, startinge trom e eguations
of Wignor and Setds (1933) and consudang e conne etion hobweon the elastie propafics
of ordinany wetals and e vefoaty ar sond i iose metads i isstona that at specds
vrcator Han the volocay of sonnd e tals, the Formy cnergs ol tie eleetion clowd will

heconie very large and Ongs miake O motal relatively foes ~table in i state

The Mizht of metailic projectiles ar hielr speeds is assuming inereasing
importance.  In the conaideraten of e movewent of such projectiles two
sepatale casea have to be considercd; tn the flight e the Liarth's atmosphere
and () the eit m the interstelar spuce. We shadl considar these fwo in
(hat order. Funthor, as the vddocity of sound ina metal is connected with
the clastic propet tivs, some new phictomeni micht he expected to ocenr when
the metal objeet moves with a veloan comparable with - the velooity of sonnd
propogation in the metal. Some aspects o this are considered i the last

section.
LoFLIGIT EN T IV R TIPS O NTAMOSPITERE

We are quite fannlio with the faws w hich ecovern the movement of
ordinary propelicr planes woving ot speeds ol about soo nep hand we ae
eradually gaining  somc knowledee ol the Night at higher speeds. I this
conmeetion we oftenn liear oi supersonic speeds, that s speeds which are
greater than the speed of cound in air at NI, namely 7o0.5 mop.h. When
a planc travels at a speed prcater than this, it is travelling faster than the
pressure waves and would be able (o cateh them up.  This resalts in a furions
clash of air-currents, which thiows the whele plane into violent vibrations.
As a result of these vibiations some conventional planes have heen actually
torn apart.  Wind tonucl eaperiments have been made goine up to Mach
vumber 4.4, (4.4 times the velocity of sound i ait). Lixperiments at higher
speeds, with air rushing past a model at one mile per second and more, have
not yet been performed Tt is, howver, possible to draw somc conclusions
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from our knowledge of the meteoric flights, about what we may ¢xpect 1o
happen, when a projectile is moving very fast in the atmosphere of the Idaith.
In this conucction 11 must be remembered that a meteor does not require a
power plaut for its propulsion.  The presence of the power plant and the
heat produced by it will introduce more complications.  We shall have to
consider these, specially in the case of interstellar flight, where no cooling
clficet will be produced by the air currents and the cooling due to radiation
becoes apprectable only at very high temperatures.

Meteors usually come from distances heyond the Moon and have velocities
of about 20 miles per sccond at the time of enlering the ionosphare. The
motion ol the meteors is prodaced hy oravity, and their temperature is very
low, a few degerces absolute, at the tine of entering the Tarth's atmosphere.
The meteors durmg thewr fight become visible at o height of about 100 kilome-
tres above the sarface of the arth. At this heweht the anr pressiie 15 of tlpc
order of 107" mm. of Hy and the temperatuie is about —100' C. Thus tc
meteor up to the time it hecomes visible, hias bean flying ouly for a faw sucond\a‘
through cold rareficd atmosphere ; and yet it is warmed up to such an extent
as to become visible.  "Ube high temperature is the result of the movement
of the meteor.  ‘I'he meteor is moving faster than the an molecules, it
therefore traps and compiesses the slow movine air molecules in [ront of it.
A cap of compressed air s created i front o) the meteor.  Such a cap of
compruessed air hecouies intensely hot and melts the surface material of the
meteor.  The lw]m\u‘mr of the meteor s not so very peculiar, as any
projectile moving thioueh air with a speed, wineh is ereater than (he speed
of sound in air, will be trapping aiv in front of it. These trapped molecules
will he pushed  from behind by the projoctile and will acquire the veloeity of
the projectile. “Ihis is an additional veloeity acquired by the molecules.  The
effect of the added veloeity is to incerease the kimetic enerey and hence raise
the temperature of the trapped air moleenies. By applymg the Jaws of the
kinctic theory of gases, we find that a projectile moving with a speed of 11
mebies per sceond, will inerease the temperature of the molecules trapned in
front of it by 1”C. The increase in the temperature of the cap, as deter-
mined by the kinetic theory, is proportional to the square of the vcloeity and
we could expect that the temperature of the aircap trapped in frout of a
projectile, moving with the speed of sound in air would be about 70°C. Thus
we could expect a jet plane moving at a speed of f(ao._; m.p.h., to he preceded
by an aircap, whose temperature i1s greater than the {I-nmcrulLlre of the
surrounding air by about 70°C. The projectile is in contact with the aircap
and hence its temperatuare could also be expected 1o be greater than that of
the surrounding by 70°C, The larae amount of fuel consnmed in a jet plane
will Turther mmerease the temperature, but it may to some extent be compensa-
ted for by the partial vacuam and the corresponding cooling created hehind
the projectile.  “I'here will also he loss of cnergy due to radiation, calculations
are made for such changes in the next scetion, but in genceral the cooling
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prodaced by radiation for a (liabt in the Larth's atmosphere will be smalla
than the cooling produced by other causes.

To the same approximation, the temperature of a projectile made up of
thin sheets of metal, and moving at a speed whicli is 3 5 times the speed of
sound iu air, the incrcase in temperature above the surroundings would he
7oCx3.57=550"C I the temperature of the surrounding air is - 100",
temperature of the projectile would e =50°Ci and f miade of adumimum
1t would melt hefore this speed is reached. Thus 3.5 Mach numbers appear
to hbe the speed Jinng for a flight of thin aluminiom mojectile, oven thioueh
rarelicd war, Lor an interval - sulliciently long for the estahhshmeat ol equili-
briwm conditions. “I'here will be o slightly higher speed Tt for other metals.

Thus we ae toreed (o conelude, that it would he almost iimpossible to
have a metal projectile, flyine for an appreciable distance at specds 1epresented
by Mach nuwnbers heyond 5, without deformation of the projcetile caused by
welting of some ot ite pauts. Such delormation climges the shape of the fins
ol the projectile and reduces the speed. Tt shoaid he pointed out thay these
cadeulations consider the warnming up duce to compress,on of air in front of
the projectile, partial cooling due to the vacuum ercated at the hack and
the incrcase in tempertature due to the combustion of the fuel. Thesc
considerations, therctore, apply to the tlight 1w the Farth s atmosphere, he
it m troposphare, stratosplicie or ionosphere. To (his approsimation there
must he a plausible speed nnit, about 2 Mach numbers, for leng duration
(~1n00 scconds) lights, cven inoa rarefied atmosphere (pressure ~ o™ ' .
ol 11g).

o INTERSTELLAR FLIGHT

In the case ol fight i intastellar space, we have not to consider the
warmiug o1 cooling of the wircap or the airtail, We have to consider the
warming up of thie planc by the combustion ol the fucl and the radiation of
heat, to and from the projectile. Butitcorder to reach iulerstelar space, it
is  necessuy  lor a projectile to acquire a speed  which is greater than,
(at least ¢qual toy the velocily ol escape fI‘Ul‘I] sutface of the liarth. ‘I'his
velocity is piven by the rddation, P'=(2GM/a)®, where (0 s the  universal
constant of Gravitation, Al is the wass of the Ivarth and o the radius,  This
velocity 15 about 7.1 miles or 11,3 kilometres per sceond, and is about 2.2
times the velocity of sound i metals hike aluminivm aud steel. But the
velocity of sound in a metal is conneeted with the clastic propertics and  some
new  phenomena might he expecled to oceur, when a metal object moves
first througl air and then i interstellar space with a - velocity comparable
with the velocily of sound propagation in the metal. - We shall defer this
theorctical discussion to the next scection. Here we shail assume that such
speeds arce permissible without producing an clastic deformation of  the
metallic object, and proceed o consider the thermal conditions governing

the Qight in iutersteilar space.
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Let ns consider a metallic projectile, mass 10 tons (10,000 kilograms)
and surfuce area 100 square metres his projectile starts from rest on  the
surtace of the Jaarth and acquires a speed of 11 3 kilometres per sceond
I etore it leaves the Farth's atmosplicre, in about 100 seconds.  During  this
period bt has acquired a kinctie energy ~0 4 x 10" ergs. Ilis energy is
supplicd by the raprd combustion of the fucl. Now cvery unit of [acl
atthsed may be sphit up i two parts, « and b« s used in producing
motion and in dmpmting kinetic enagy tme”, whereas b s wasted in
modacing an mercase of temperature The ratio o, a+ b 1s known as the
cfhereney of the fuel. Theratio a2 b, is indepondent of the velocity, but
1t may be sheltly modificd by the temperature of the fuel, which modifics
the propertics ol the fucl and henee its efficiency But to a0 {irst approxima
tonr we niy  assame that the vatio a0 s constant, (hen the increasc of
tempaerature of the object, wili be proportional to b and henee to o and thas
to the square of the veloety. Fven the best fuel is tot 100 % cfficicut and a
certain pereentage of it wil he wasted m heating  the power plant and oty
projectile, and o o frst appreximation the change of temperature produced
by this wastelul combustion can be taken proportional to the squuare of the
velocdy o Tt shonld be nowea that this heating is not the same as produced hy
[rictionul resistance, which is not proportional to the square ol the velocity  at
Ingh velocities,

o get an iden of the changes of temperature produced, by the heat
supplicd or radiated, et as denlate the encigy 1oquired to heat the projectile
from 300"K to 1tooo” K. The averave speerhic heat of the pojectile could be
.

. ’ . . Xh)
assamed ‘0 b o 2 oealories pei degiee Co The required enerpy wili be

" eies, which is only one per cent

0.2 7 7ouX 10" =1.1% 70" calories or 5.0 ~ 10’
of the kinetic enerey, and could he casily supplicd cven hy a [ael with an
ellicicuey of 092, But no fucel has reached this cfliciency, and the actnul
heating produced while imparting the kimetic encigy  corresponding to  the
velocity ol escape would be much greater than that indicataed Dy the rano
300"K to 10007 K.

Lt us now consider e radiation to and {rom the plane.  ‘I'he radiation
received by the plane depends on tie solar constant and the surface arca.
LFor the surlace arca of 100 s metres it is 1.35 x 10" crgs per second
and is negligible  as compared 1o 5.9 % 10" ergs. The loss of heat by
radiation is  governed by the Stelan’s law and would depend on the
temperature of the projectile. Tor an object at 1oun®K and 100 sq. mictres
surface aren it would be 5.73% 10" ¢rgs per sceond, which means that
only o thousandth  part of the heat prodoced (5.9 % 10" crgs) by a fucl
wlhich is 094, cflicient, is Jost in onc sccond by radiation.  The radiation
loss per sceond will be comparable with the heat prodiced by the wasteful
combustion of the fuel only at very high temperatures, comparable with
the surfiee comperature of  the stars. In o interstellar space the loss of heat

duc to radiation is the only means available for 1educing the temperatare
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of the projectile. Asseen ahove the redintion loss af low tomparatures

f~71000" K1 is negligihle as compared to the heat producad by the wasteful

combustion of the fuel. Hence the temperature of

on ducreasiue  until equilibrium
temperatures

the projectile will go
conditions arc  estabnshed ot vary high
But Jong before this happens, the entive matenad ot o
projectile would be vapomised; we shall have (o consder thi- objcet as o
small hot gascous bady and apply to it cquations similar to those given
by S. Chandiasckhar, (1030

(1'“/”._'_["‘)7_ (1;\]‘
)

This ds the cuation of hydrostatic, radiative cquilibrivun ol @ sphericadly
syietrical distiibation of matter (Where
radiation pressurg, (0, the constant
mside 1 and pthe density).

It will he seen

object will he

p.ois the gas pressae, o, Lhe

ol gravitation, Moo the mass enclosed

from the cquation, that the radiation prossure for om
lage compared with the pravitational attiaction, and  the
systemr will not be stable. In fact o an atltempt to establish a state of
cauilibrinm by making the loss of energy duce to radiation cqual to the heat
produced, onr projectile Fainds atsclf mto a state,  where at Tails to satisty
the conditions of stability for heated bodies e interstellar space

appears that in mtersteilar space, the flight of a metallic object

Thus it

with a
power plant, at speceds greater than the velocity o escape, for an appreciable
tiine, will result m the deformation and the possitble destruction of  our
ohjeet.  But no objeet can veaeh the interstellar space, unless it lias acquired
i the Earth's atmosphere o velocity preata

than the velocty of eseape
from the surlace of the arth.

Foven if it were possible to do so Gand - this is
rather unbikely as 7 Mach muubers is a plansible specd limit for atmosplictic
liigiit ol about 100 sceouds duration), o light in intastellar space with
such a velocity Tor an appreciable time, will result in the delormation and
possible destruction of the metallic object with o powcer plant. Thus (ven
in interstellar space there appears to be a plausibie spead Tinit (for o
metallic objee! with a power plant), which must be less than the velodity
of escape and henee must be comparable with the Lanit ol abount 7 Mach
numbers for atmospherie light of appreciable duration T'hie mmpossibility
of interstellar fight at speeds Tess than tho veloeity of escape, need not
concern s while considering the conditions of  thermal cquilibrinm — Both
these conditions, however, taken together give us the plaasible speed limit
as already mentionced,

3. THIE VELOCITY OF SOUND IN A METATL AND ITS
COULRSIVE PROPERTIES

The first successful calculation of the coliesive lerces inoanetals was
made by Wigner and Scitz (1g33) who obtained wave functions Jor clectrons
: N o ) . . [ . o, Ao,

i mctadic sodium and lthium by numerical integration. Wigner and Scitz
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divide the lattice into polyhedra, one polyhedron surroundmyg cach atom.,
The wave functions of the valence clectrons extend throughout the whole
lattice and have periodic properties. Uhis leads to houndary condition for
the wave function at the boundary of any atomic polyhedion, d¢jdn=o,
where the differentiation is normal to the houndary.  Ifrohlich (1937) 1eplaced
the atomic polyhedron by a sphere of equal volume and radius 1y, so that,

w1yt == the atomic volume, or the volume of the atomic polyhedron.

'I'he polyhedron having been replaced by the sphere, the boundary  condi-

dy
dn

tion assumed is that vanishes everywhere on the surface of the sphere.

Within this sphere e is taken as the potential enerzy of an celectron
in the ficld of the ion. If I<(y) is the enerey of an clectron in the lowest state
in the latice @ I(rg) is given by the Schrodiuger equation,

: o / .
-d——"-b- 4T ay + | EG)=10) Y=o !
dr rodr
with the boundary condition,
dl’b =0 for r=1,
dr

I'rohlich has caiculated the values of 150r,) subject to certain simpiifying
assumplions (Hume-Rothery, 19a7).  Tlc writes

1G)Y=1.,+ 15 + I

In this cquation [, is the work reguined to break up into free clectrons and
positive 1ons a hypothetical crystal (o which all the clectrons are m the lowest
cenergy state: 4 is the mean ermi enerey and in a [ree clectron model it is
the kimnetic energy of the motion of translation of the clectrons, whercos in
the zone theorics 4 is that part of the encrgy whieh is associated with the
motion of the electrons in the periodic ficld of the lattice ; and Is s the
ionisation potential of a free atom and is constant for any given mectal.

1

Thus it will be seen that — (19, | I, +15) is the wak required to
cvaporate tlic clectrons and jons from the crystal and convert them into
neatral atoms; or the enerpy of the crystal relative to the free atom is -1 (12,
+ /5, + ). Targe values of this expression tend to make the encigy of the
crystal greater than that of fice atomas and hence théerystal relatively less
stable. £, is the constant of the free atoms, while both I<, and Ly are
functions of the distance between the atoms.  Ifrohlich assumed that the
¢lectron clouds do not overlap and that I7, is the same as given by the free
electron theory ; and cal::ulutcd 12, I for different values of r,. ‘I'he curve
for I, + Ey passes through a minimum. ‘The minimum indicates the cquili-

brinm  value of r, ( + 71, =the atomic volume) or the lattice spacing aud the

R
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curvalure in the region of the mumnimum permits a calculation of the compressi-
bility K,

\

:I. it ——’l‘ (_l’!.‘ = ’I( li?’j“ \
K dv |0 det

where s the total energy.

=0

Fuclis {1036) has shown that the mutual attraction hetween the ionic

cores cannot be neglected  Oniy by taking tlns into account it is  possible
to explain satisfaciorily the clastic properties of the noble metals. But once
this is done, the nature of the curve showing total encrey as o function of 1,
is similar to the curve obtained hy Tidhtich.  1ere also the mmimum gives
the cqailibritnm value of 1, and the Jattice spacing, the

bl

carvature as before
cives the compressibility. This then mav be assumed to he the general
properly for all metals, cven alvminium and iron for which uo exact caleula-
tions are available.

We now proceed to establish relations hetween the elastic propettics as
defined above with the velocity of sound iu o metal.
We know that

| Te | v ’ i
"= the veloeity ol sound = 4 clastivity = \HhL‘ YVoung s modulus
densily density

We also know, that if i 1s the compressibility, & is the hulk modulos. Y s the
Young's modulus and o is the Porsson's ratio which s noatly equal 1o 4 for
most metals, then we have

ke ) =V
3'1—20) 3l -2 3)
This gives us the relation,
. " 1
N te o= tae b
A » INE

Hence we get,

Doy = atomic weight
N atomic volume 0!

bhut

T 1 ) " d:’]z
N 0fl di®

Therefore we finally come to the expression that

N j“"'
ar® '

/

That is the vclocity of sound in a nietal is a function of the distance at wluch
the total encrgy beconies a minimum (or the lattice spacing), as well as the
curvature of the energy curve at that place.  This will he strictly correct for
the idewi metals of Frohleh, for changes in which the atomic volume remains
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unaitered, and for metals for which the Poisson’s ratio is about §; for all other
metals we mayv assume it to he a cood cuough first approximation.

The question now arises as to what we might expect to happen when the
metal hegins to move with a veloeity  which s grealer than the velocity of
sound i that metal, As seen above the velocity of sound i a metal represents
the menimum of the cuergy curve and the value of L, {or which it s stable.
When the veloeity of a metal inercases, it also incrcascs the velocity of the
clection clond associated with it. - As the veloeity  puasses heyond the limit
pivenn by the velocity of sound in that metal, 1. Fernn enerey Iy of the
deetron elond will bean to inerease above the Timit civen by the minnnam
encrey and the stabihty. - Greatar the deviation from (e veloeity of sound,
the wraatar will he the dnerease in 5 and greater will be the instability (hat
results, This also apuears to point out that the flight of a pure metalhc obyeet
at velocities ereatar than that of sound i that metal increases the cnur‘uy{‘ of
the associated clection clond and makes (e mctallic objeet relatively  1dss

stable. \‘

The plausible speed Hnit snogested by these hcoretical considerations i‘;:,
comparable with that 2iven in sections 1and 2 In this conneetion we should
remember it meteors dare not picees o pure metals and henee (heir stability
will hie poverned by other canses than the Termi energy. For example, at
valoaities greater than the velocity  of sound in o sobd we can expeet the
chatacteristic frequencres,  the Debye chaacteristio tempaature and  the
melting pomd to he alieved. We shall, however, deler this discussion to a

Tater paper.

ROVAL INSTITULE OF SCIFNC),
JOMEAY, [NDTY,
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