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SUMMARY

For data downloading from satellites, the traditional approach of considering the complementary probability
distribution, P(Atrop) of the total tropospheric attenuation Atrop (dB), at a frequency, polarization, and elevation
angle, may be too pessimistic, and it may lead to large overdesign. If the data volume downloaded in a given
observation time Tobs (a day, a week, a month, etc.), with a constant probability of symbol error, is more valuable
than the instantaneous symbol, or bit rate (as it may be the case in Earth resources observation or in other services
that allow long delays in communicating data), another approach can avoid overdesign, namely the various adap-
tive coding and modulation techniques. We study a particular time integral of Atrop(t): (i) to define the average
efficiency of a radio channel faded by the troposphere and (ii) to design a method that can theoretically achieve
the same volume of data downloaded in clear-sky conditions (no troposphere), even if the radio link is faded by
the troposphere. The average efficiency and its bounds can be calculated from the complementary probability
distribution of Atrop(t). We explicitly apply the theory to radio links faded by rain, by using the experimental
rain-attenuation time series measured with satellite ITALSAT in a 37.8° slant path, at 18.7, 39.6, and 49.5GHz
at Spino d’Adda (Italy), and to those simulated with the synthetic storm technique. Based on the average
efficiency, we define the method that can achieve in Tobs, theoretically, the same data volume as in clear sky,
directly applicable to quadrature phase-shift keying, multiple phase-shift keying, and Shannon capacity theorem.
The method requires a fixed increase in power margin, and bandwidth, compared with clear-sky conditions, and
delivers an average symbol rate equal to the maximum symbol rate obtainable when Atrop(t) = 0. The method
can also be used in terrestrial links at any frequency. We compare its theoretical performance with the traditional
adaptive coding and modulation techniques and show that, even theoretically, these techniques cannot achieve uni-
tary efficiency as, on the contrary, the novel method can do. Copyright © 2015 John Wiley & Sons, Ltd.
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1. A SINGLE PARAMETER FOR CHARACTERIZING RADIO LINKS AFFECTED BY
TROPOSPHERIC FADING

Real-time satellite communications at frequencies above 10GHz are characterized with the long-term
probability distribution, P(Atrop), of total tropospheric attenuation Atrop (dB) (a combination of attenu-
ation due to rain, hail, snow, mist, water vapor, clouds, and oxygen), at a frequency, polarization, and
elevation angle. This P(Atrop) refers to an average year, or to a shorter observation period, Tobs, for
example, a month, and is useful to calculate link budget and to assess link availability. The same
approach holds for second-order statistics, such as fade duration and time derivative of fade (rate of
change), which describe fading dynamics, especially with regard to rain attenuation, the most rapidly
changing and less predictable tropospheric fade in slant paths. Fade duration statistics give information
on the duration of continuous outages due to rain, and they set the stage for assessing how different
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714 E. MATRICCIANI
real-time communication services tolerate short or long outages. Rate-of-change statistics give infor-
mation on the dynamics of rain fade, and they set the stage for designing the methods that, in real time,
try to match the instantaneous signal-to-noise ratio, or some equivalent parameter, to the link fade. At
higher frequencies, such as Ka band, also the fading due to the other troposphere constituents men-
tioned previously must be considered. Because these latter effects are dynamically slower than rain
attenuation, currently they are commonly considered as static.

For data downloading, however, this approach may be too pessimistic, and it may lead to
large overdesign. In fact, if the size of the data volume downloaded in a given observation time
Tobs (a day, a week, a month, etc.) is more valuable than the instantaneous symbol or bit rate (as it may be
the case in Earth resources observation or in other services that allow long delays in communicating data),
another approach can be more useful and avoid overdesign, namely the various adaptive coding and
modulation (ACM) techniques (in the vast literature on the subject, for brevity, see [1–5]).

This paper investigates an alternative method for performing ACM in satellite links subjected to
time-varying tropospheric fading, with quadrature phase-shift keying (QPSK) (or multiple phase-shift
keying). Whereas the traditional ACM approaches adjust constellation size and code rate for a fixed
symbol rate to maximize the instantaneous bit rate, the approach described here adjusts the symbol rate
to optimize the number of symbols and data bits downloaded during Tobs while maintaining a QPSK
scheme. However, to be applicable, the method requires to increase the transmitted power and band-
width. The latter requirement is not intuitive and will be justified in the following.

We first discuss a single parameter for characterizing radio channels faded by the troposphere,
namely what we term the average efficiency, and then we use it to propose an ideal method that, theo-
retically, could achieve the same total amount of downloaded data as if there were no troposphere (‘clear
sky’). The method may be a potential choice to add to the current ACM techniques. We consider only
the theoretical aspects, even if we report some experimental results concerning the numerical values of
the average efficiency (to which the method is tightly related), concerning only rain attenuation.

Time (or space) integrals of physical quantities are defined and used in many engineering areas and
in science, for example, in physics. For the first time, as far as we know, we study a particular time
integral of tropospheric attenuation Atrop(t) and discuss its meaning and possible applications in com-
munication systems in which the total volume of data downloaded in the observation time Tobs, with a
constant probability of symbol and bit error, is more important than the instantaneous symbol or bit
rate. In particular, we study the following integral:

τ ¼ ∫
Tobs

10�Atrop tð Þ=10dt (1)

Notice that τ ≤ Tobs has the dimension of time and can be used to define the average efficiency of a
faded radio channel.

First, we develop the theory that, from (1), defines the average efficiency. Then, we apply the theory
to the specific case of rain attenuation A(t) (dB) and calculate this parameter from the experimental
rain-attenuation time series measured with the satellite ITALSAT, in a 37.8° slant path, at 18.7,
39.6, and 49.5GHz at Spino d’Adda (Italy), and from those simulated with the synthetic storm tech-
nique (SST) [6] in the same locality. In case of rain, in most of the observation time Tobs, we will
not experiment rain attenuation, of course, and thus, instead of Tobs, only the total rain-attenuation time
TA must be considered in (1), with TA < Tobs.

Second, we apply the concept of average efficiency for defining the ideal clear-sky sizing method
mentioned previously, which theoretically requires a fixed increase in power margin and a variable
and larger bandwidth and delivers, in Tobs (or TA), an average symbol rate equal to the maximum
symbol rate obtainable when Atrop(t) = 0 (or A=0), thus perfectly combating any tropospheric fading.

Section 2 defines the equivalent download time and the average efficiency of radio channels for
QPSK and for Shannon capacity theorem. Section 3 reports the experimental results of average
efficiency for rain attenuation, obtained with ITALSAT and SST data. Section 4 defines the ideal
method and extends (1) to fades other than rain attenuation. Section 5 discusses the theoretical and
basic differences between the current ACM techniques and the new method. Section 6 concludes by
indicating some open problems and future developments. Appendices A–D report mathematical
developments that justify some theoretical results.
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Satell. Commun. Network. 2016; 34:713–723
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2. EQUIVALENT DOWNLOAD TIME DURING RAIN ATTENUATION AND CHANNEL
AVERAGE EFFICIENCY

Let us consider the baseband equivalent (ideal) AWGN channel for the QPSK (Appendix A), with one-
sided equivalent bandwidth Rs(1 + δ)/2 =BRF, being Rs the total symbol rate, BRF the radiofrequency
bandwidth, δ the roll-off factor, and Pr the carrier power (sum of the power of the two orthogonal
carriers) received in free space and clear-sky conditions (the equivalent power received after channel
decoding is given byPrgc, where gc is the constant coding gain in natural units). Standard calculations
show that the instantaneous symbol rate Rs(t)at time t, during a rain-attenuation event, is given
(Appendix B) by

Rs tð Þ≥Pr � 10�AG=10 � 10�A tð Þ=10

k Tm þ Trecð Þ ρ
¼ Ro � 10�A tð Þ=10 (2)

The bit rate Rb(t) is proportional to Rs(t) according to the code rate Rc applied. Moreover, in (2),
Tm (K) is the average physical temperature of rain (assumed to be constant), and Trec (K) is the receiver
equivalent noise temperature; AG (dB) is the total attenuation due to water vapor, oxygen, and clouds
and is supposed to be constant during rain attenuation (we will remove this restriction in Section 4);
ρ=Eb/No is the signal-to-noise ratio, Eb is the received energy per bit, and No= k(Tm+Trec)is the one-
sided noise power density. The inequality (2) arises because we assume that the antenna noise temper-
ature Tsky ≤ Tm (K) is upper bounded byTm, a conservative hypothesis that models rain fade, for noise
calculation, as due to a passive attenuator at temperature T=Tm with A→∞ (Appendix B). We do not
mention scintillation because, according to the results reported as follows, this phenomenon is negligi-
ble for our theory.

Let us study (2) under the hypothesis of providing the minimum equivalent and tolerableρo (fixed by
the tolerated maximum probability of symbol and bit error) by reducing Rs(t). In other words, we sup-
pose that the link can match dynamically and perfectly Rs(t) to the slow (compared with the symbol
rate) time-varying A(t). The amount of symbols downloaded during the rain-attenuation time TA is
given by

D ¼ ∫
TA

Rs tð Þdt ¼Ro ∫
TA

10�A tð Þ=10dt ¼ Roτ (3)

As evidenced in (3), the integral (1), applied to rain attenuation now, gives the equivalent time τ
during which the constant rate Ro delivers the same total volume of downloaded symbols D. In other
words, the perfect matching (2) in TA is equivalent to transmitting the theoretical maximum symbol rate
Ro in an ideal channel with A(t) = 0 dB but for the shorter equivalent interval τ.

The integral (3) plays the same role for multiple phase-shift keying modulation and for Shannon
capacity formula. For Shannon, by adopting natural logarithms, and recalling that ln(1+ γ)≤ γ, we
can write

C ¼ BRF � ln 1þ γð Þ=ln 2≤ P=Noð Þ=ln 2 (4)

where γ=P/(NoBRF) is the carrier-to-noise ratio and P ¼ Pr�10�AG=10�10�A tð Þ=10 is the received power.
In (4), let us assume ln(1 + γ)≈ γ, acceptable if γ(t)< 1 (0 dB), because this is likely most of the range
(actually between �3 and 6 dB) for adopting QPSK in the current ACM techniques, so that we make
consistent comparisons. We obtain

C tð Þ ¼ Pr � 10�AG=10

k Tm þ Trecð Þln 2
� 10� A tð Þ=10 ¼ Co � 10� A tð Þ=10 (5)

Γ ¼ ∫
TA

C tð Þdt ¼ Co ∫
TA

10�A tð Þ=10dt ¼ Coτ (6)

Therefore, we find the same equivalent time of QPSK, an important result because τ and the
efficiency τ, defined as follows, represent, respectively, the least equivalent time and the largest effi-
ciency, because they refer to Co.

Now, we can define the average efficiency η, both for QPSK (2) and for Shannon capacity (5), as
the ratio between the number of downloaded symbols and the number of downloadable symbols when
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Satell. Commun. Network. 2016; 34:713–723
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A(t) = 0, both in TA. Because the latter is given by RoTA (or CoTA), from (5) or (6), we obtain the
following average efficiency:

η ¼ ∫
TA

10�A tð Þ=10dt=TA ¼ τ=TA (7)

Therefore, the total data volume is D (or Γ ), and, consequently, the average symbol rate provided
to the user, with the required quality, is given by

ℜ ¼ D=TA ¼ ηRo (8a)

ℜ ¼ Γ=TA ¼ ηCo (8b)

In other words, the average symbol rate ℜ is a fraction η of the maximum rate obtainable when
A(t) = 0, which is in clear-sky conditions. The average efficiency can thus characterize radio links
with a single number.

Notice that we do not need to consider rain-attenuation time series in (7) because it corresponds
to the average value of the random variable 10� A/10, which is, of course, the instantaneous efficiency.
We just need to know the conditional complementary probability distribution Pc(A) =P(A)/Po, where
Po=P(A>0) =TA/Tobs is the probability of rain attenuation. Standard calculations give the following
final result (Appendix C):

η ¼ 1� ln 10=10ð Þ ∫
∞

0
10�A=10Pc Að ÞdA (9)

From the aforementioned discussion, it is obvious that we do not need to know fade duration statis-
tics to calculate the average efficiency and that we could introduce in (2) further constant fading or gain
(site diversity, time diversity, etc.), which will only change Ro, not the average efficiency (9). This
argument applies also to a constant interference power, if we consider it another source of Gaussian
noise (worst case according to Shannon). In other words, all constant-power noise sources, or gains,
change Ro but not η.

The average efficiency (9) is a random variable limited in a range. Any time we deal with integrals,
we can use the Cauchy–Schwarz inequality for finding bounds, given by (Appendix D):

1� ln 10
20

∫
∞

0
10�A=20Pc Að ÞdA

� �2
≤ η ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ln 10

5
∫
∞

0
10�A=5Pc Að ÞdA

s
(10)

3. AVERAGE EFFICIENCY EXPERIMENTAL RESULTS

We apply the theory to the experimental rain-attenuation time series measured at Spino d’Adda (45.4°N,
9.5°E, 84ma.s.l.), Italy, at 18.7, 39.6, and 49.5GHz, in a 37.8° slant path (after proper post-
detection filtering, the sampling time is 1 s), during the ITALSAT experimental campaign, in the years
1993–2000 (7 years). Second, because this data bank in the long term is not statistically complete
because some intense rain-attenuation events were missed [7], we apply the SST to a large data bank
of rain-rate time series collected at the same site in the years 1993–2002 (10 years), to simulate rain-
attenuation time series at the same frequencies and elevation angle (Figure 1).

Table I lists the values of the average efficiency at 18.7, 39.6, and 49.5GHz both for filtered and
non-filtered rain-attenuation time series measured with ITALSAT. In the latter, scintillations are
present, while in the former, they have been filtered. There is no appreciable difference between the
two sets, so that scintillation plays no role in this assessment, at least for the electrically large antenna
(offset parabolic antenna of 3.5m diameter) used in Spino d’Adda. Because, in the long term, the set of
rain-attenuation time series simulated with the SST is more complete than the ITALSAT measurements
[7], we base our main analysis and results on these simulated data, also reported in Table I.
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Satell. Commun. Network. 2016; 34:713–723
DOI: 10.1002/sat
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Figure 1. (a) Complementary probability distribution functions (or fraction of time), P(A), in an average year, of
the rain attenuation, A (dB) in abscissa is exceeded at 18.7, 39.6, and 49.5GHz, 37.8° elevation angle; (b) distri-
bution function (or fraction of time) that the instantaneous efficiency in abscissa is not exceeded in an average year.
Black lines represent ITALSAT experimental results, and blue lines denote synthetic storm technique experimental

results (Spino d’Adda).

Table I. Average, minimum, and maximum of the average efficiency, in an average year, at 18.7, 39.6, and
49.5GHz, measured from non-filtered (with scintillations) and filtered (no scintillations) ITALSAT rain-

attenuation time series, in a 37.8° slant path in Spino d’Adda, 1993–2000.

Average efficiency
18.7GHz 39.6GHz 49.5GHz

Non-filtered Filtered Non-filtered Filtered Non-filtered Filtered

Minimum 0.814 0.815 0.575 0.574 0.476 0.475
0.845 0.546 0.437

Average 0.828 0.828 0.622 0.621 0.537 0.536
0.859 0.594 0.493

Maximum 0.847 0.847 0.681 0.679 0.613 0.612
0.876 0.650 0.561

Italics give the synthetic storm technique-derived average efficiency in the years 1993–2002.
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4. A METHOD FOR DOWNLOADING CLEAR-SKY DATA-VOLUME DESPITE FADING

The concept of average efficiency suggests an ideal method for achieving the same volume of data
downloadable in clear-sky conditions. If this method could be perfectly applied, with any fade, the
average symbol rate in Tobs would be equal to the maximum symbol rate obtainable when Atrop(t) = 0,
therefore restoring the average efficiency to unity, both for the symbol rate Rs(t) and bit rate Rb(t). As
we show next, the cost to pay for this result is to increase the transmitted power and the bandwidth.

Let us consider rain attenuation explicitly and introduce in (2) a fixed power margin 1/η, so that we
receive the following power:

Pr;η ¼ Pr

η
(11)

This power does maintain a constant ρo, and thus the tolerated maximum probability of symbol
error, only if we adopt the following instantaneous symbol rate:

R�
s tð Þ ¼ Ro=ηð Þ�10�A tð Þ=10 (12)

Accordingly, the maximum bandwidth is multiplied by 1/η (Appendix A). Therefore, the average
symbol rate becomes (Roτ)/(ηTA) =Ro.

In other words, as soon as A(t) = 0+, power and symbol rate are both simultaneously increased
(multiplied by 1/η, a non-intuitive fact), and, during the rain-attenuation event, the transmitter power
is maintained constant, while the symbol rate is reduced according to (12). The variation can be large,
but in a practical system, we could fix a minimum rate, for example, (Ro/η)/100, hence A(t)≤ 20 dB in
(12), without affecting the value of η calculated numerically with (9), because the highest attenuations
give a little contribution to the numerical value of (1); see Figure 1.

Now, whichever is the observation time Tobs, or TA, the average symbol rate would always be equal
to Ro, that is, that obtainable when Atrop(t) =A(t) = 0. For instance, at Spino d’Adda, at 49.5GHz
(Table I, SST), for the minimum average efficiency (worst case), we need a fixed power margin of
� 10 × log10η=� 10 × log100.437=3.6 dB and should multiply the bandwidth, at most, by the fac-
tor 1/0.437=2.3, during a rain-attenuation event. These considerations apply also to shorter observa-
tion times, such as quarters or single months. Table II shows the average efficiency obtained at
49.5GHz (SST) for each quarter of a calendar year. The worst quarter is the summer one (Table III;
July, August, and September, the most rainy months in the area considered), and the worst month in
this quarter is September (Table III), when the minimum average efficiency is 0.337, so that, in this
case, we need to increase the power by 4.72 dB and multiply the bandwidth by 3.0.

Notice that the same procedure can be applied to smaller observation periods, even to a particular
day of the year, once data are enough to obtain reliable statistics for calculating or measuring the
average efficiency from the long-term P(A) of that day. Notice, however, that because the average
efficiency is calculated for the expected (ergodic) average P(A) in Tobs, variations around this P(A)
in Tobs will cause, of course, variations in the average efficiency, other than those in (10).

The average efficiency does not increase much with frequency. At 100GHz, a frequency at which
rain attenuation is maximum, in September the minimum average efficiency is 0.167, and it becomes
0.176 at 200GHz, 0.189 at 300GHz, and 0.196 at 400GHz (terahertz band). At 100GHz, the power
should be increased by 7.8 dB and the bandwidth multiplied by 107.8/10 = 6.0. These results can make
this method useful also for short-length (hundreds of meters) terrestrial line-of-sight radio links at
terahertz frequencies. The numerical values of η should be assessed once measured or reliable predic-
tions are possible at these higher frequencies, for all types of hydrometeors and oxygen [8].
Table II. Average, minimum, and maximum average efficiencies at 49.5GHz in a 37.8° slant path in Spino
d’Adda obtained with the synthetic storm technique in the years 1993–2002, for each quarter of a calendar year

Average efficiency I II III IV

Minimum 0.488 0.447 0.354 0.428
Average 0.528 0.503 0.436 0.483
Maximum 0.582 0.570 0.528 0.552

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Satell. Commun. Network. 2016; 34:713–723
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Table III. Average, minimum, and maximum average efficiencies at 49.5GHz in a 37.8° slant path in Spino
d’Adda obtained with the synthetic storm technique in the years 1993–2002, for July, August, and September.

Average efficiency July August September

Minimum 0.409 0.348 0.337
Average 0.490 0.436 0.416
Maximum 0.575 0.532 0.507
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The extension of the results to the general case of total tropospheric fading is straightforward. It suf-
fices to adopt, in the foregoing equations, the probability distribution of total fade P(Atrop) instead of
that of rain attenuation P(A). In other words, the theory is general.
5. THEORETICAL COMPARISON WITH CURRENT ADAPTIVE CODING AND
MODULATION TECHNIQUES

Let us compare, theoretically, the method here proposed with the current ACM techniques by con-
sidering first power and bandwidth and then a fundamental limit of current ACM techniques that the
novel method has not.

5.1. Power and bandwidth

The current ACM techniques attempt to maximize the instantaneous bit rate Rb(t), not the total down-
load, as the novel method does, by changing the modulation order km and/or the code rate Rc, compatible
with γ(t) and ρo, while keeping constant both the symbol rate and the transmitter power adopted in clear-
sky conditions (unless another fade countermeasure, such as adaptive power control, is used, in which
case, however, outages are always possible), according to the general relationship Rb(t) =Rskm(t)Rc(t).
This design produces complex modulation/coding schemes because of the frequent switchover of
modulation and code rate [3, 4].

The novel method requires, as the current ACM techniques, a fixed transmitter power, but larger
than that adopted in clear-sky conditions, and, differently than traditional ACM, a variable symbol rate
(which can incorporate a variable symbol rate due to the source of information or coding, besides that
due to A(t)), which translates, proportionally, into a variable symbol rate for QPSK. However, the
implementation of this method (once A(t) is estimated, an issue also for ACM) requires to change
the satellite bandwidth dynamically, and this technology can be demanding and complex.

In other words, while ACM tries to maximize Rb(t) by changing the product km(t)Rc(t) according to
γ(t) and ρo, the method proposed here tries to match Rs(t) to A(t), according to (12), an action that
together with the increased transmitted power (11) restores the average efficiency to unity for QPSK
and, more generally, for Shannon capacity, in a given observation period (e.g., a day and a week).

This result is not even theoretically possible with ACM techniques, as we show next, and, therefore,
it can motivate further in-depth analysis of the practical applications of the method proposed here.

5.2. Theoretical limitation of current adaptive coding and modulation techniques

The modulation that ACM can adopt at constant power and symbol rate to maintain ρ(t)≥ ρo for the
lowest γ(t) available is, of course, QPSK. In this case, from (2), the minimum bit rate is given by

Rb tð Þ ¼ Ro � 10 Gc tð Þ � A tð Þ½ �=10 � Rc tð Þ (13)

where Gc(t) = 10 × log10gc(t) is the time-varying coding gain (dB) (assuming a perfect matching).
Let us assume the most favorable value Rc(t) = 1 for the traditional ACM, so that the average effi-

ciency (9) is now given by

ηACM ¼ ∫
TA

10 Gc tð Þ � A tð Þ½ �=10dt=TA (14)

Because Gc(t) is limited by Shannon, with a practical maximum value around 10 dB, all these ACM
techniques cannot always set Gc(t)�A(t) = 0; therefore, ηACM < 1. With the traditional ACM
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Satell. Commun. Network. 2016; 34:713–723
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techniques, long intervals with Gc(t)<A(t) can be frequent (because of fade durations), especially at
high frequencies, such as Ka band and above, giving long intervals of no service. Theoretically, this
cannot happen with the method discussed in this paper.
6. CONCLUDING REMARKS

The novel fixed-modulation/adaptive-bit-rate method, described in this paper, is different from the
methods used by traditional ACM techniques [1–5]. The novel method can theoretically restore the
channel average efficiency to unity, in a given observation interval Tobs, for any frequency band, a
result that current ACM techniques cannot obtain, even theoretically. Therefore, it may provide another
possible ACM adaptive technique, or it can suggest another way of controlling or improving the cur-
rent ACM techniques. In theory, the method can also be applied to other slow fading mechanisms in
clear-sky conditions (multipath) or to time-varying fades due to the troposphere or to interference. This
approach could also provide a practical standard reference method to characterize the relative practical
benefits of different adaptive countermeasure methods by comparing their efficiencies.

The power margins founded in Section 4 for the specific case of rain attenuation only are realistic and
of the same order as the power margins encountered in satellite systems today. The required bandwidth
expansion, however, can be large and may pose serious challenges for spectrum regulation. Notice,
however, that this variable bandwidth is required, of course, only when the link is mainly faded by rain
(which is, of course, the fastest and less predictable fading mechanism of the troposphere), not all the
time. Therefore, the same channel could be used by other links faded by rain. In other words, a possible
method to provide a variable bandwidth channel to a link faded by rain is by resorting to a spare channel
(a shared resource) designed for this purpose. See [9] for the kind of information and detailed analysis nec-
essary in a similar investigation and [5] for a practical use. This channel will be assigned dynamically and
momentarily to the link, either downlink or uplink. It should not be an insurmountable difficulty, for ex-
ample, in Earth observation downlinks where there are only few ground receiving stations and the down-
load takes place only for few minutes at each pass of the satellite (once the corresponding P(A) or Ptrop

(Atrop) and average efficiency are known, for this variable elevation-angle link). Of course, this design will
add a large complexity to the system because all interested links must be monitored simultaneously, and,
in case of many stations interested, the number of shared channels must be designed by considering the
probability of requiring the shared resource by several links at the same time.
APPENDIX A. BASEBAND EQUIVALENT AWGN CHANNEL FOR THE QPSK

Let us refer to one of the two orthogonal carriers of QPSK. It carries Rs=2 symbols per second, and it
needs a radiofrequency bandwidth BRF ¼ 2�Rs 1þ δð Þ=4 ¼ Rs 1þ δð Þ=2, which is the base bandwidth
occupied by a direct transmission of the full symbol rate Rs. Because the other orthogonal bandwidth is
superposed, QPSK needs the same bandwidth of a direct transmission. Now, for the signal-to-noise
ratio, each carrier uses half of the total power transmitted for QPSK, or for the full symbol rate at
baseband, but it carries half of the total symbol rate, so that, as the noise power density is the same
for both carriers and equal to that found at baseband in the direct transmission, the carrier signal-to-noise
ratio is equal to that found with the full rate transmission Rs at baseband. The same is valid for the other
carrier. In conclusion, the baseband transmission provides the same total symbol rate and probability of
symbol error using the same bandwidth and power of QPSK, so that, in ideal conditions (no interference
between the two orthogonal carriers), it is the equivalent circuit of QPSK.
APPENDIX B. NOISE CALCULATION

The system (total) noise is given by Ts=Tsky+Trec (K) where Trec (K) is the receiver equivalent noise
temperature and Tsky (K) is the antenna noise temperature. Tsky is mainly caused by absorption, not
by scattering phenomena. Raindrops, however, absorb and scatter electromagnetic waves, so that rain
attenuation is caused by both absorption and scattering. To be conservative, however, we assume that
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Tsky is caused by the total rain attenuation A (dB), so that, by modeling rain attenuation as caused by an
ideal passive medium with average physical temperature Tm (K), Tsky is given by

Tsky ¼ 10A=10 � 1

10A=10
Tm þ 1

10A=10
Tds (B1)

where Tds (K) is the space background noise. This is the standard model for Tsky, with Tm≈ 275K
usually assumed in communication link budgets (see [10] for a model of Tsky versus A, applicable
before saturation occurs in (B1)). Equation (B1) includes already the possible noise increase due to
water vapor, masked by Tm.

Now, for the usual low values of Tds (approximately 3K or few Kelvins, if the antenna is not
pointed to the sun or to another strong thermal-noise spot source), we can neglect the second term in
(B1) and write

Tsky≈
10A=10 � 1

10A=10
Tm < Tm (B2)

Therefore, by assuming Tsky=Tm (worst case), we can write the inequality (2).
APPENDIX C. AVERAGE EFFICIENCY CALCULATION

The average efficiency (7) is given by the average value of the random variable 10�
A
10, hence, in the long

term, by the integral

I ¼ ∫10�
y
10f Y yð Þdy (C1)

where fY(y) is the density function of the random variable y=A. We can express this average as a func-

tion of the conditional complementary probability distribution Pc yð Þ ¼ ∫
∞

y
f Y ζð Þdζ , with ζ a dummy

variable.

Because fY(y) is the derivative of the distribution function FY yð Þ ¼ ∫
y

0
f Y ζð Þdζ and PY(y) = 1�FY(y),

we can write

I ¼ ∫10�
y
10F ’

Y yð Þdy (C2)

Integrating (C2) by parts,

I ¼ ∫
∞

0
10�

y
10F ′

Y yð Þdy ¼

I ¼ FY yð Þ�10�
y
10

h i∞
0
� ∫

∞

0
10�

y
10 � ln 10

10

� �
FY yð Þdy ¼

I ¼ ln 10
10

∫
∞

0
10�

y
10FY yð Þdy ¼

I ¼ ln 10
10

∫
∞

0
10�

y
10 1� Pc yð Þ½ � dy ¼

I ¼ ln 10
10

� 10
ln 10

� ln 10
10

∫
∞

0
10�

y
10Pc yð Þdy ¼

I ¼ 1� ln 10
10

∫
∞

0
10�

y
10Pc yð Þdy

(C3)

(C3) gives (9).
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APPENDIX D. AVERAGE EFFICIENCY BOUNDS

The average efficiency is a random variable limited in a range. Any time we have integrals, we can use
the Cauchy–Schwarz inequality for determining bounds. Let us calculate the upper limit. For real func-
tions f(t) and g(t), it states that

∫f tð Þg tð Þdt� � 2≤∫f 2 tð Þdt ∫g2 tð Þdt (D1)

In (D1), equality holds if g(t) = εf(t), with ε=constant. By setting f(t) =1 andg tð Þ ¼ 10�
A tð Þ
10 , we can write

∫
TA

10�
A tð Þ
10 � 1 � dt

� �2
≤ ∫
TA

dt ∫
TA

10�
A tð Þ
5 dt ¼ TA ∫

TA

10�
A tð Þ
5 dt

with equality sign holding when 10�
A tð Þ
10 ¼ ε, that is, A(t) = constant. Now, from this expression, we obtain

∫
TA

10�
A tð Þ
10 dt

� �
¼ τA≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TA ∫

TA

10�
A tð Þ
5 dt

r
¼ TA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
TA

∫
TA

10�
A tð Þ
5 dt

s

Hence, the upper bound

τA
TA

¼ η≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
TA

∫
TA

10�
A tð Þ
5 dt

s
¼ ηmax

Therefore, according to calculations similar to those reported in Appendix C, ηmax is given by

ηmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ln10

5
∫
∞

0
10�

A
5P Að ÞdA

s
(D2)

Let us calculate the lower limit, hence the most conservative value. According to the Cauchy–Schwarz
inequality, we can write

∫
TA

ffiffiffiffiffiffiffiffiffiffiffiffi
10�

A tð Þ
10

q� �2
dt ∫

TA

dt≥ ∫
TA

ffiffiffiffiffiffiffiffiffiffiffiffi
10�

A tð Þ
10

q
dt

� �2
Hence,

∫
TA

10�
A tð Þ
10 dt�TA≥ ∫

TA

10�
A tð Þ
20 dt

� �2
By dividing both members by T 2

A, we obtain

1
TA

∫
TA

10�
A tð Þ
10 dt ¼ τA

TA
¼ η≥

1
TA

∫
TA

10�
A tð Þ
20 dt

� �2
¼ ηmin

which, integrated, gives

ηmin ¼ 1� ln 10
20

∫
∞

0
10�

A
20P Að ÞdA

� �2
(D3)

(D2) and (D3) set the range (10).
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