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Dept. Electrical and Computer Engineering

This dissertation develops theory and algorithms for distributed consensus in
multi-agent networks. The models considered are opinion dynamics models based
on the well known DeGroot model. We study the following three related topics:
consensus of networks with leaders, consensus prediction, and distributed optimiza-
tion.

First, we revisit the problem of agreement seeking in a weighted directed net-
work in the presence of leaders. We develop new sufficient conditions that are weaker
than existing conditions for guaranteeing consensus for both fixed and switching
network topologies, emphasizing the importance not only of persistent connectivity
between the leader and the followers but also of the strength of the connections. We
then study the problem of a leader aiming to maximize its influence on the opinions
of the network agents through targeted connection with a limited number of agents,
possibly in the presence of another leader having a competing opinion. We reveal

fundamental properties of leader influence defined in terms of either the transient



behavior or the achieved steady state opinions of the network agents. In particular,
not only is the degree of this influence a supermodular set function, but its contin-
uous relaxation is also convex for any strongly connected directed network. These
results pave the way for developing efficient approximation algorithms admitting
certain quality certifications, which when combined can provide effective tools and
better analysis for optimal influence spreading in large networks.

Second, we introduce and investigate problems of network monitoring and
consensus prediction. Here, an observer, without exact knowledge of the network,
seeks to determine in the shortest possible time the asymptotic agreement value by
monitoring a subset of the agents. We uncover a fundamental limit on the minimum
required monitoring time for the case of a single observed node, and analyze the
case of multiple observed nodes. We provide conditions for achieving the limit in
the former case and develop algorithms toward achieving conjectured bounds in the
latter through local observation and local computation.

Third, we study a distributed optimization problem where a network of agents
seeks to minimize the sum of the agents’ individual objective functions while each
agent may be associated with a separate local constraint. We develop new dis-
tributed algorithms for solving this problem. In these algorithms, consensus pre-
diction is employed as a means to achieve fast convergence rates, possibly in finite
time. An advantage of our distributed optimization algorithms is that they work
under milder assumptions on the network weight matrix than are commonly as-
sumed in the literature. Most distributed algorithms require undirected networks.

Consensus-based algorithms can apply to directed networks under an assumption



that the network weight matrix is doubly stochastic (i.e., both row stochastic and
column stochastic), or in some recent literature only column stochastic. Our algo-
rithms work for directed networks and only require row stochasticity, a mild assump-
tion. Doubly stochastic or column stochastic weight matrices can be hard to arrange
locally, especially in broadcast-based communication. We achieve the simplification
to the row stochastic assumption through a distributed rescaling technique. Next,
we develop a unified convergence analysis of a distributed projected subgradient al-
gorithm and its variation that can be applied to both unconstrained and constrained

problems without assuming boundedness or commonality of the local constraint sets.
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Chapter 1: Introduction

Networks are ubiquitous in physical, biological, and engineered systems. Depend-
ing on the particular domain and on the network nodes and their interconnections,
networks can display interesting characteristics and can achieve a variety of func-
tions. Networks research has seen significantly increasing interest over the past
several decades, owing mainly to the realization that applications are wide-ranging
and that these applications can prove to be both practical and valuable for society.
While a large body of literature has arisen, our understanding of the characteristics,
features and dynamics of networks is still in the early stages of development.

In this thesis, we aim to contribute to this important and growing field by
pursuing several directions in the general area of network consensus. Among the
topics we pursue is the development of new conditions and algorithms for reaching
and/or predicting agreement among agents in a network. To this end, a number
of theories will be brought to bear on several problems of interest under various
scenarios with regard to network connectivity. We also introduce and study problems
of network monitoring and consensus prediction, and apply our results to distributed

optimization.



1.1 Motivation and Thesis Objectives

1.1.1 Consensus and Information Sharing Model

There has been much interest in problems of distributed computation and cooper-
ative control, where a group of agents aims to achieve a global objective without
resorting to a centralized coordination entity and possibly in the presence of limited
computing capability and/or energy resources. In this realm, network consensus is
a basic problem, which concerns processes by which a collection of agents through
their local interactions tries to reach a common goal or decision. This problem has
been studied extensively in recent years and has found applications in many areas
such as opinion dynamics and learning in social networks, distributed optimization,
multi-vehicle rendezvous, formation control and sensor fusion, to name a few (see,
e.g., [1-13]). Extensive surveys and tutorials can be found in [14-16].

Historically, consensus in one form or another has long been observed in both
natural and social networks and systems. For example, a flock of birds flies in a
certain shape with a common velocity, a swarm of fireflies blinks in unison, a group of
people achieves agreement after repeatedly exchanging opinions with one another.
The discovery of network consensus can be traced to circa 1665 when Christiaan
Huygens observed the synchrony of two pendulum clocks mounted next to each
other on the same support, a phenomenon now referred to as coupled oscillations
[17]. Thus, studying mechanisms for network consensus is key to understanding

collective behaviors of both natural and social systems, and to building engineering



networks as well.

Many recent efforts have also been devoted to the case of networks with more
than one type of agents, including, e.g., leaders and followers, stubborn or even
adversarial agents, which appear naturally in real world networks and systems (see,
e.g., [5,12,13,18-23] and references therein). The notion of leader is also useful
in the study of control of networked systems, where leaders serve as agents that
directly receive control inputs and network connections are paths for control action
propagating to the other agents [24]. Network controllability and its dual notion,
observability, have also been studied extensively in recent years [25-31]. However,
a closely related problem, namely network consensus prediction has scarcely been
considered. In this thesis, we will investigate this problem in detail.

The idea behind consensus can also serve as a mechanism for information shar-
ing/diffusing in the design of many distributed multi-agents algorithms, including
distributed optimization where a group of agents with limited communication tries
to solve a global optimization problem. This problem arises in many applications
such as distributed estimation in sensor networks [32-34], distributed resource al-
location [35,36], and large-scale machine learning and statistical inference [37-39],

and is becoming more urgent in the new era of “Big Data”.

1.1.2  Network Asymmetry

For distributed systems, communication is vital to system performance as it is the

backbone for information to flow from one agent to another, and hence, the only



platform for each agent to contribute to or get involved in the global objective of
the network. As a result, special attention for communications is needed in the
study and design of distributed systems; in fact, it is one of the main aspects that
is different from centralized ones.

In general, communications can be categorized as undirected or directed. In
many applications, it is possible that inter-agent communications are undirected,
i.e., when two individuals communicate, each receives information from the other,
and moreover, they can have some agreement on how to use that information. How-
ever, there are many other scenarios where communications are directed due to, e.g.,
communication constraints arising from various sources, including physical network
connections or hardware capability of system components. This is clearly the case
when we consider the effect of a leader or stubborn agent in the network. An-
other practical example is an ad hoc Wireless Sensor Network, where there may not
be a pre-existing communication infrastructure at the time of deployment and di-
rected communications can arise as a consequence of the geometric network layout or
nonuniform transmission power limits, or even sensor mobility. We identify directed
communication as a type of network asymmetry; see Figure 1.1 for an example of a
directed network with 5 agents.

Although directed communication schemes include undirected schemes as a
special case (and thus apply to a much larger range of situations), a large body of
literature in the field of consensus and distributed computation and optimization
focuses on undirected networks. Such networks are more amenable to mathematical
analysis, especially when using tools that assume network symmetry (such as sym-

4



Figure 1.1: A directed network of 5 agents.

metric nonnegative Laplacian matrices, for instance). Analysis of algorithms and
problems with directed communications is generally very involved and often requires
new tools and techniques. We seek to develop algorithms that apply to networks with
directed communication schemes as the prime subject of this thesis. In particular,
we are interested in scenarios where network asymmetry poses challenges in the
analysis and may hinder system performance.

Among various models in the literature, the DeGroot model [1] is one of the
most often used for its simplicity and ability to exhibit consensus behaviors. Here,
each agent in the network repeatedly updates its opinion as a weighted average of
the opinions of its immediate neighbors, including itself. This update scheme simply
gives rise to a row stochastic weight matrix, which under mild conditions guaran-
tees consensus in the network. The agreement value depends on this weight matrix
and the agents’ initial opinions. However, in many situations including various dis-
tributed optimization algorithms, an averaging scheme is desired instead; and to
this end, the weight matrix is often required to satisfy a balancedness condition,

namely, double stochasticity. In such a case, this condition means any agent needs



to know to whom it sends information and/or regulates the way the recipient uses
the information. This can be ensured fairly easily and locally in undirected networks
but is very hard and costly to ensure in many distributed systems such as wireless
sensor/ad-hoc networks and especially networks with broadcast-based communi-
cations. A few algorithms proposed recently for directed networks employ column
stochastic matrices by requiring that each agent at any time is aware of which neigh-
bors receive the information sent to them by the agent. A row stochastic matrix is
much easier to implement in these applications/communication environments, but
yields unsatisfactory performance when used with those algorithms. Therefore, in
this thesis, we will mostly deal with row-stochastic matrices as the main source of

network asymmetry.

1.2 Main Problems and Thesis Contributions

In this research, we consider the following three main topics and the associated
problems identified below. Unlike most existing work in the literature where network
symmetry or balancedness is assumed, we address the general case of weighted
directed graphs. Thus, one of the main technical contributions that we emphasize is
a set of tools and techniques developed to overcome network asymmetry in various

problems and applications of consensus.



1.2.1 Network with Leaders

In the first part of the thesis, we consider a DeGroot model with the presence of
external media nodes, representing leaders, or sources of news often having constant

opinion values. See Figure 1.2 for an illustrative example.

Leaders

Figure 1.2: A network in the presence of 2 leaders T and Q.

First, when consensus is the main goal of a leader, we are interested in finding
conditions under which the whole network will eventually agree with that leader’s
opinion for any initial opinions of the agents. Indeed, we will determine how strong
the connections between the leaders and the followers as well as those among the

followers should be to ensure that this agreement can be achieved asymptotically.

e When there is only one leader, we derive new sufficient conditions for guar-
anteeing consensus with the leader for both fixed and switching topologies.
These conditions emphasize the persistence of the connectivity between the
leader and the followers and are the mildest so far, covering many existing

results in the literature.



e In the presence of more than one leader, we show that only those that are
persistent matter. In particular, when only one leader is persistent, we provide

conditions under which the network converges to the state of this leader.

e A technical contribution lies in the tool that we develop to prove the results
above; namely, a result on the convergence of a infinite product of nonnegative

substochastic matrices.

Second, we study the problem of a leader that aims to influence the opinions
of agents in a directed network through connecting with a limited number of the
agents. The leader’s goal is to select this set of agents, referred to as direct follow-
ers, to achieve the greatest possible influence on the opinions of agents throughout
the network. Here, when there is only one leader and consensus is guaranteed a
priori, the influence of that leader is characterized through the transient error of the
network, and thus is able to take into account both the network structure and the
opinion dynamics evolving on it. When, on the other hand, there is a second leader
(or a stubborn agent) with a competing opinion and consensus is not achievable,
the influence of the first leader is measured in terms of the steady state error of the
network. Compared to existing work, not only are our problem settings and formu-
lations more natural (and thus likely to be of more value for practical applications)

but our technical results are also much stronger. In particular,

e We prove the supermodularity property of the objective function capturing the
leader influence in both cases and the convexity of its continuous relaxation

for general directed networks. Here, the convexity result is novel; the super-



modularity result generalizes existing results in the literature but is proved

using a different technique.

e We then develop greedy algorithms that are theoretically guaranteed to have
a lower bound on the approximation ratio. The new convex result allows us
to benefit from efficient (customized) numerical solvers to obtain practically
comparable solutions. We demonstrate through numerical examples that the
two approaches can be combined to provide effective tools and better analysis

for optimal design of influence spreading in diffusive networks.

1.2.2 Consensus Prediction

In this part of the dissertation, we introduce and study the problem of consensus
prediction in a network whose dynamics is described by a DeGroot model. In
particular, we assume that there is an observer who can monitor the states of a group
of agents, but might not have accurate knowledge of the underlying communication

graph and the associated weight matrix; see Figure 1.3.

Observer

Figure 1.3: A network with an observer.



We want to answer the following questions: For any initial opinions of the
agents, how can the observer determine the consensus value, if it exists, by using
a finite number of observations? what is the minimum number of observations
needed? And, if the observer has more information about the network structure,
how to minimize observation time over possible choices of observed nodes. Our main

contributions in this topic are as follows:

e We reveal an intrinsic relation between the consensus value and network data,
namely, if the consensus value can be computed at a particular time for any
initial opinions, then it can be expressed as a linear combination of available

observation data with associated coefficients depending on the weight matrix.

e We derive a fundamental limit on the monitoring time for the case of a single
observed node, below which the observer with limited knowledge about the
network is not able to determine the consensus value regardless of the method

used. We provide sufficient conditions for achieving this limit.

e We provide a conjecture and analysis for the case of multiple observed nodes
and develop algorithms toward achieving the conjectured bounds through local
observations and computations. We show that with certain knowledge about
the network structure, the observer can answer a few questions regarding the

optimal monitoring time.
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1.2.3 Distributed Optimization

In our work on distributed optimization, we seek interaction rules for a network
of agents which result in the network collaboratively solving a global optimization
problem. The interactions among agents must be local, without a central coordina-
tion unit, and the objective function is the sum of local costs of all the agents; see

Figure 1.4.

min 3 f(x)

Figure 1.4: A network of five agents that try to minimize the sum of individual cost

functions.

Under the conditions that the underlying communication graph is directed and
the weight matrix is only row stochastic, we design algorithms for the agents to col-
laboratively solve this problem in a distributed manner and/or with fast convergence

rates.

e We first study the use of consensus prediction for enhancing convergence of

distributed optimization algorithms. The resulting algorithms are the first
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that possess the following useful features: (i) they are distributed but behave
similarly to the centralized gradient methods except on a slower time-scale (in-
cluding finite time convergence for quadratic cost functions), (ii) all the agents
are able to locally stop updating at the same time with the same estimate of
optimal solution, and (iii) the theoretical convergence scales at most linearly

with a network size in general (and thus is the best so far).

e We provide a unified analysis for distributed projected subgradient methods
with nonidentical local constraint sets. To deal with network asymmetry, we
introduce a rescaling technique to the original distributed projected subgra-
dient methods by incorporating an addition consensus step which aims to
provide each agent with an estimate of the corresponding element of the left

Perron eigenvector of the weight matrix.

e We present another algorithm that also uses the rescaling technique above but
is able to achieve linear convergence under a stronger assumption on the local

objective cost functions.

1.3 Literature Survey

One of the very first mathematical models used for studying network consensus is
the DeGroot model [1], described as follows. Consider a group of N agents and
let x;(t) € [0,1] denote the opinion of agent i at time ¢; here time is discrete, i.e.,
t € Z,. Fach agent has an initial opinion z;(0). At any time ¢t > 0, each agent

observes the opinions of its neighbors and naively updates its own opinion according
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to
N
zi(t+1) =Y wyz(t), i=1,...,N, (1.1)
j=1

where w;; indicates the weight that agent ¢ places on agent j’s opinion. Here w;; # 0
implies that agent i is able to obtain the opinion of agent j at time ¢. Thus,
W = [w;;] € RV*N is often called the weight matrix (or trust matrix). In this regard,
it is natural to represent the communication network among the agents using graphs,
where z; is the state of node 7 and w;; the weight or strength of link (4, j); and for this
reason, the terms agent and node are used interchangeably. The network achieves
consensus if for any initial opinion z;(0), it holds that lim; , |z;(t) —z;(t)| = 0, V4, j.
Thus, the network following (1.1) is often called a consensus network.

This model was introduced in [1] for the synchronous and time-invariant case,
where the author studied the process of reaching agreement among a group of ex-
perts, used in [40] for studying coordination of a group of particles, and extended
in [2,41-43] for the case of asynchronous and time-varying network in the context
of distributed decision making and parallel computing. Since then, a vast literature
on network consensus has developed. Models that generalize or are related to (1.1)
are also numerous, including, for example, agents with high order linear dynam-
ics [44,45], nonlinear dynamics (possibly with nonlinear coupling among agents)
[40,46-51], where consensus (in terms of the agents’ outputs) is also known as syn-
chronization. Convergence under various assumptions on the communication graph
are also studied, including, for example, directed information flow [6,8], link/node

failure and noises [33], communication time-delays [47,52], fixed or switching net-
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work topology [5,9], and quantization [53,54].

In this thesis, however, we will mostly focus on the first-order linear model
(1.1), which is relatively simple but instructive enough for basic study of consensus
dynamics and particularly suitable for various distributed computation and opti-

mization algorithms.

1.3.1 Consensus in Networks with Leaders

Many recent efforts have also studied networks with more than one type of agent,
including, e.g., leaders and followers, stubborn or even adversarial agents (see, e.g.,
[5,12,13,18-23]). In general, for the DeGroot model, consensus can still be achieved
asymptotically with a single leader, but not if there are multiple leaders such that
at least two of them are uncooperative.

In this subsection, we review known conditions for consensus in the literature,
where a leader is included in the network as a special agent with constant opinion.

For the case of a fixed network with a constant weight matrix, a necessary
and sufficient condition for consensus is that the graph is rooted [9]. However, such
a condition is still an open question for a time-varying interaction topology. In
this case, conditions for consensus are those ensuring the convergence to a rank-one

matrix of an infinite product

lim W)W (E —1)...W(0),

t—o00

where each W(t) is a stochastic matrix. This is also a well studied problem in the

theory of non-homogeneous Markov chains. Therefore, many results and tools in
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matrix theory and Markov chain theory can be appealed to. It has been shown [9,55]
that a necessary condition is that the union graph over an infinite interval is rooted.
This condition though is far from being sufficient; a counterexample can be found
in [8]. Therefore, to derive sufficient conditions, more assumptions on the network
connectivity and the weight matrix are required. For example, the authors in [5]
rely on Wolfowitz’s theorem [56] on the convergence of infinite products of stochastic
matrices W (t) belonging to a finite set. This condition is relaxed in [8,55,57,58] so
that the matrices can belong to an infinite set. However, these works require that
all the self-weights and other nonzero link weights are uniformly bounded below by
a positive number and that either the weight matrix at any time has a symmetric
zero/nonzero structure (i.e., the graph is undirected) or the union of the interaction
graphs over any period of some fixed length is strongly connected. Similarly, the
limiting behavior of products of random stochastic matrices is also studied in [59]
assuming the cut-balanced property of the sequence of the matrices, which is in the
same spirit of having symmetric zero/nonzero structures.

We will show that for the DeGroot model in the presence of a leader, the
strong connectivity and symmetric structure condition of the weight matrix can
be relaxed. However, we take a different approach, in that we develop consensus
conditions directly for the model with leaders.

Besides deriving condition for guaranteeing consensus, the problem of selecting
an optimal subset of agents in the network to influence is also of interest in many
practical applications, often known as leader selection and optimal stubborn agent

placement [20,60-67]. By considering different measures of influence or centrality in
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the network, there have been various approaches to solve the associated optimization
problem. For example, [68] considers the problem of minimizing the convergence rate
of a consensus network. The authors show the connection between the convergence
rate and the maximum distance from the leader to the followers and then apply a
combinatorial optimization method to solve the problem approximately. In [69], the
authors consider the problem of minimizing the total system error in a noisy network
and derive systematic solutions for some special cases. In [62] the authors consider a
characterization quantifying both the transient and the steady states of the agents’
opinions, assuming that all the regular agents have the same initial opinions and
that any direct follower replaces its own opinion by that of the leader. In [70], the
authors use a continuous-time model and consider the problem of leader selection
in order to minimize the convergence error, defined as the £,-norm of the distance
between the followers’ states and the convex hull of the leader states. By replacing
the convergence error by an upper bound that is independent of the initial states of
the network, [70] is able to employ a supermodular optimization approach.

Our work in this topic departs from this literature in many respects. First, we
drop the assumption that the network is undirected, and only ask that the underly-
ing network be directed. Second, we allow selected direct follower nodes (i.e., agents
directly connected to the leader) to follow inter-agent dynamics like any other agents,
rather than forcing them to adopt the leader’s opinion instantaneously. Third, we
allow the agents in the network to have different initial opinions, and the leader
can assign different weights to the network agents. Finally, and more importantly,
although continuous relaxation and greedy heuristics have been employed in deal-
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ing with influence maximization problems, our theoretical results on convexity and
supermodularity are considerably stronger than existing results. We achieve this
without assuming any symmetry or resorting to the random walk theory. This not
only provides a deeper understanding of diffusive processes but also can be used for

a broad range of applications.

1.3.2 Consensus Prediction

The topic of consensus prediction is useful in network monitoring and security but
has not received much attention. The existing literature mostly focuses on the ob-
servability problem for networked multi-agent systems. The problem we consider
differs from the observability problem in the sense that we are concerned with the
final value instead of trying to recover the initial conditions of all the agents. More-
over, here, the observer might not have know the network structure or the weight
matrix. Our analysis builds on a recent method for reaching consensus in finite
time by employing the minimal polynomial of each agent [71,72]. This method is
concerned only with consensus predictability, and does not concern optimality.
Although predicting the agreement value of a consensus network is the main
goal here, our approach makes a contribution to the topic of network identification

through application of realization theory [73-75] to distributed networked systems.
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1.3.3 Distributed Optimization

Consensus also plays an important role in distributed optimization, where a group
of agents with limited communication tries to solve a global optimization problem,
where the objective function is the sum of (possibly nonsmooth) local objectives of
the agents and the global constraint set is the intersection of local constraints. Tsit-
siklis [2] among others pioneered research on distributed computation over networks
and the interplay between network dynamics and performance of decentralized al-
gorithms in the context of networked control. Specifically, in [2] the problem of
achieving consensus in system (1.1) was studied and then used as a subroutine for
performing estimation and solving a class of optimization problem in a distributed
manner. In this connection, the consensus step is utilized to deal with the fact
that the agents have incomplete knowledge about the optimization problem. It was
this idea that has triggered the development of many consensus-based distributed
algorithms, see e.g., [32,42,76-85] and references therein.

Well known among those is the class of distributed (sub)gradients methods,
which possesses many practically desirable characteristics including its simplicity in
implementation and generally weak assumptions on the local cost functions as well as
the network topology. Major limitations of algorithms in this category are also well
studied. First, the convergence of many algorithms depends on the choice of step size
sequences. When a constant step size is used, both Distributed Gradient Descent
and Distributed Subgradient methods only yield convergence to a neighborhood

of the optimal solution and of the optimal value [78,86]. This occurs even under
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stronger assumptions on the local objective functions such as strong convexity and
Lipschitz continuous gradients, and is thus one of the main differences between these
methods and their centralized counterparts. This motivates the use of particular
diminishing or adaptive step sizes to achieve asymptotic convergence. However, the
convergence rate can be very slow (compared to that of the centralized method),
depending on the step size sequence, whose appropriate selection is not trivial.
Nesterov’s acceleration technique can employed [87] to speed up the convergence.
Second, many incremental subgradient methods require all the agents to construct a
closed cycle in order to pass an estimate of the solution around the network; see e.g.,
[32,88,89]. Third, even when asymptotic convergence is guaranteed, it is not obvious
how each agent can locally decide when to stop the algorithm without affecting other
agents’ estimates. Put differently, there are no simple criteria for all the agents to
stop at the same time while also sharing the same estimate of an optimal solution.
This is also true for most (if not all) other distributed optimization methods.

When all the local cost functions are quadratic, many other consensus-based
algorithms can outperform those in the subgradient class. For example, the ratio
consensus method can be used to solve problem without constraints and converges
exponentially [34,90]. Based on this method, [91] proposed a Newton-Raphson-like
algorithm which also converges asymptotically for a class of functions having con-
tinuous, strictly positive and bounded second derivatives, assuming a sufficiently
small discretization step. Recently, much attention has also been given to decen-
tralized Alternating Direction Method of Multipliers (ADMM) type methods with
fast convergence in both theory and practice [39,43,92].
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Most existing methods in distributed optimization (including those mentioned
above) require the network to be undirected so that neighboring agents exchange in-
formation in both directions, increasing the possibility of reaching some agreement.
Many methods employing subgradient and consensus steps require the weight ma-
trix associated with the network to be column stochastic or even doubly stochastic,
which may be hard to arrange in directed networks, especially in a broadcast-based
communication environment. Recent reweighting technique introduced in [93, 94]
allows row stochastic matrices but assumes knowledge of the graph, that is the sta-
tionary distribution of the weight matrix and the number of agents in the network.
Thus, a fully distributed algorithm employing only row stochastic weight matri-
ces has not been available in the field of distributed optimization thus far. In our
work, we will develop such an algorithm. Moreover, known convergence analysis of
distributed subgradient methods varies according to whether the problem is uncon-
strained or constrained, and whether the local constraint sets, usually compact, are
identical or nonidentical. Thus, there is a lack of a unified convergence analysis for
those scenarios, and hence developing such a analysis is also one of the goals of this

thesis.

1.4 Thesis Organization

The remainder of the thesis is organized as follows. This introductory chapter
will end with notations, definitions and mathematical background, including well

known results for the DeGroot model. Our main results are presented in three parts
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corresponding to the three topics.

Part I of the thesis is concerned with the influence of a leader on the opinions
of the agents in a directed network whose dynamics follow the DeGroot model.
Specifically, in Chapter 2, we develop various sufficient conditions for guaranteeing
consensus of all the network agents to the leader opinions in many scenarios: static
and dynamic network topologies, with one leader or two competing leaders. Then
in Chapter 3, we are concerned with the problem of optimizing the influence of a
leader on the opinions of the agents in the case of a fixed network topology. We
derive various joint centrality measures for a group of followers in different settings,
and then develop theory and approximation algorithms for obtaining suboptimal
solutions in large networks.

Part II, which consists of Chapter 4, deals with problems related to an observer
that seeks to predict the consensus value of a network by monitoring the opinions of
a group of agents. This setting can be seen as the dual to that in Part I, where the
leader injects information/control into the network. We make use of a central tool
in functional analysis, namely the Hahn-Banach Theorem, to prove the optimality
aspect of the degree of the minimal polynomial of a node as a tight lower bound of
the observation time over all possible approaches to determine the consensus value
if only that node is monitored. We then develop analysis and distributed algorithms
for the case of multiple observed nodes. We also discuss optimal selection of observed
nodes using graph theory.

Part III of the thesis is concerned with distributed optimization. In Chapter 5,
we employ the consensus prediction method presented in Chapter 4 as an acceler-
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ation technique for enhancing convergence of the distributed gradient method in
terms of correctness and speed. In the special case where the local objective func-
tions are quadratic, we show that finite time convergence can be achieved. We also
discuss a performance limit of distributed optimization and compare it with our al-
gorithms. In Chapter 6, we introduce new technique that enables many distributed
optimization algorithms to work with directed networks and row stochastic weight
matrices. We then develop a unified analysis for convergence as well as convergence
rate of a distributed subgradient algorithm and its variation that can be applied to
both unconstrained problems and constrained ones possibly with nonidentical and
unbounded local constraint sets.

Finally, conclusions and directions for future research are given in Chapter 7.

1.5 Notation and Mathematical Background

1.5.1 Notation and Definitions

Notation:

We use boldface characters and symbols to denote vectors, for example, x =
(21,20, ..., x|t € R™, x; = 231, Tin, ..., Ti)? € R™, 1 = [1,1,...,1]7 and e; =
0,...,0,1;,0,...,0]7. For a vector x, ||x||1, ||x||2 (or just ||x||) and ||x||o denote its
I-norm, 2-norm, and oco-norm, respectively. We also denote by diag(x) the diagonal
matrix whose diagonal elements are the elements of vector x.

For a matrix A, A" denotes its transpose, A" its pseudo-inverse, [A];; or A;;

the i7" element, rank(A) the rank, tr(A) the trace, p(A) its spectral radius, ||A|| the
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(induced) 2-norm of A, and |A| the matrix composed of absolute value of elements
of A, ie., [|A]l;j = |[A];],Vi,j. We also use A® and A, respectively, to denote
the i-th row and j-th column of A.

Sets are denoted by calligraphic upper case letters. For a given set A, |A| or
card(A) denotes its cardinality, and x4 denotes the associated indicator function.
The degree of a polynomial ¢ is denoted by deg(q).

Basic Notion:

A matrix A = [a;;] is nonnegative (positive) if a;; > 0 (a;; > 0),Vi,j. f A—B
is a nonnegative matrix, we write A > B. A nonnegative square matrix A is row
stochastic (or simply stochastic) if A1 = 1, (row) substochastic if A1 < 1, column
stochastic if AT1 = 1, and doubly stochastic if it is both row and column stochastic.
A square matrix A is called an M-matrix if (i) all the off-diagonal elements are
nonpositive, i.e., a;; < 0,Vi # j, and (ii) it can be expressed as A = sI — B where
B is a nonnegative matrix such that p(B) < s.

A directed graph G = (V, ) consists of a finite set of nodes V = {1,2,..., N}
and a set £ CV x V of edges, where an ordered pair (i, ) € £ indicates that agent i
receives information on the state of agent j. A directed path is a sequence of edges
in the form (i1, 12), (i2,93), ..., (ig—_1, k). A simple path is a path without any node
repeated. Node i is said to be reachable from node j if there exists a path from j
to i. Each node is reachable from itself (i.e., self-loop is permitted). For node 1,
N;={j €V:(ij) € E} is the set of in-neighbors (or neighbors for short), and |N;|
is the degree (also in-degree) of node i. Graph G is connected (or weakly connected)

if it cannot be partitioned into 2 separate groups that have no paths connecting
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them. Graph G is strongly connected if each node is reachable from any other node.
A tree is a graph that has a node called root from which all the other nodes are
reachable. The diameter of a connected graph G, denoted by diam(G), is the length
of the longest path among all simple paths.

Let f : R™ — R be a convex function. The domain of f is denoted by dom( f).
We denote by 0f(x) the subdifferential of f at x € dom(f), i.e., the set of all

subgradients of f at x:

0f(x) ={g €R™: f(y) — f(x) > g" (y —x), ¥y € dom(f)}. (1.2)
A differentiable function f is called strongly convex with parameter p > 0 if

for any x,y € dom(f),

) = 1) 2 VI (y = %) + Slly = x| (1.3)

1.5.2  Convergence of DeGroot Model

This subsection presents convergence conditions for the DeGroot model (1.1) that
will serve as a basic result for our development in the sequel. Consider a leaderless
network consisting of N agents denoted by V = {1,2,...,N}. The underlying
communication is characterized by a directed graph G = (V,€). The update of
each agent i’s opinion at any time ¢ > 0 (here t denotes time, which can take any

nonnegative integer value) can also be given as follows:

> jen; Wija;(t)

zi(t+1) = > ien Wij
JEN; U

, ZL’z(O) = Xg; € R, (14)

where w;; € [0, 00) quantifies the unnormalized weight that agent ¢ places on agent
j’s opinion and recall that N denotes the set of node i’s immediate neighbors
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(including itself). The weight matrix of the network is denoted W := [w;;] € RV*N,
with the inter-nodal influence parameters w;; > 0 when there is a direct link from

agent j to agent ¢ and w;; = 0 if no such link exists.

Definition 1.5.1. Consider the DeGroot model (1.1). The network achieves consen-

sus if for any initial opinions, it holds that lim,_, |z;(t)—xz;(t)| = 0,Vi,j = 1,..., N.

In most chapters (except Chapter 2), we will make the following assumptions
on the communication graph G and the weight matrix W, which are usually imposed

to ensure consensus of the network.

Assumption 1.5.2. The network G = (V,E€) is a fized and strongly connected

directed graph.

Assumption 1.5.3. The matric W = [w;;] is row stochastic and satisfies w;; > 0

if (4,7) € £, wi; > 0 for some i € V, and w;; = 0 otherwise.

Assumption 1.5.3 means that the zero-nonzero structure of the weight matrix
W reflects the network structure. Moreover, W is now a normalized weight matrix.

Thus, we can also express (1.4) compactly as
x(t+1) = Wx(t). (1.5)

It is well known (see, e.g., [1,5,14,15,49]) that under the assumptions above,
the network achieves consensus. In fact, W is irreducible and represents an ergodic
Markov chain. Let 7 denote the stationary distribution of W, i.e., 7 is the left
eigenvector of W corresponding to the eigenvalue 1 and satisfying the condition
177w = 1. The following result is the well known Perron-Frobenius theorem for
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irreducible matrices (see, e.g. [95]), which lays the foundation for theories of Markov

chains and network consensus (see, e.g., [14,15] and references therein).
Theorem 1.5.4. (see, e.g., [95]) If W is row stochastic and irreducible, then
1. W has spectral radius p(W) = 1, which is also a simple eigenvalue.
2. wt'W = =T and = is a strictly positive vector.

3. limy_,oo Wt = 17T, The convergence rate is geometric and determined by the

second largest eigenvalue of W.

Corollary 1.5.5. Under Assumptions 1.5.2 and 1.5.3, the network (1.4) achieves
consensus and

lim a;(t) = w'x(0), Vie, (1.6)
—00

Moreover, the convergence rate is geometric.

Clearly, the consensus value depends on the weight matrix W and the initial
opinions x(0).

We also often define a weighted Laplacian matrix L = [l;;] € RV*¥ satisfying

eL=1-W

for some € > 0. The following are obvious.

n'L=0", Ll1=0.

Moreover, all the eigenvalues of L are positively stable except only one at the origin.
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Part I: Consensus Network with Leaders

27



Chapter 2:  Opinion Dynamics with Persistent Leaders

Abstract: 'This chapter revisits the problem of agreement seeking in a network of
agents under the influence of leaders. The persistence of the effect of the leader (or
leaders) on the opinions of the network agents is characterized by the total weight
that they place on the leader’s information over time. If this weight is infinite, then
the leader is called persistent. We will describe the asymptotic behavior of network
opinions towards the state of a persistent leader in both cases of fixed and switching
network topologies. We also show that only persistent leaders are able to drive the

network to the leader’s constant state.

2.1 Introduction

It is widely known that both the communication graph and the influence structure
of a network play important roles in reaching consensus. The former indicates whom
an agent interacts with while the latter determines the weights on the information
that he receives from others. In most existing work on network consensus with
or without leaders, the weights are usually assumed to be constant or varying in a
compact set bounded away from zero (see, e.g., [1,5,13,15] and references therein). In

practice, however, the connections between agents may be transient and the weights
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may fluctuate in a broad range and even diminish with time. Recently, the notion
of persistent graphs was studied in [55], where it was shown that persistent links
are crucial in seeking an agreement. However, the work [55] considered networks
without a leader and required stronger conditions than just the persistence of the
agent interconnections. In this chapter, we study networks in the presence of leaders
and show that consensus can still be achieved under milder requirements.

A great number of recent efforts have also been devoted to the consensus
problem in networks with leaders (see, e.g., [5,12,13,20] and references therein).
A general conclusion is that consensus cannot be achieved when the leaders have
competing opinions. This is mainly because only persistent leaders were considered.
In this chapter, we show that network agreement can still be reached in the pres-
ence of competing leaders provided that only one of them is persistent. This also
distinguishes our results from existing works in this setting.

The main contributions of this work are as follows. First, we derive new
sufficient conditions for guaranteeing agreement in networks with a leader for both
fixed and switching topologies. These conditions emphasize the persistence of the
connectivity between the leader and the followers and, to the best of our knowledge,
are the mildest, covering many existing results in the literature. Second, we show
that in a network with more than one leader, only those that are persistent matter.
In particular, when there is only one persistent leader, we provide conditions under
which the network converges to the state of this leader. Most of the results in this
chapter were first presented in [96].

The rest of the chapter is organized as follows. In Section 2.2, we describe
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the problem of interest in detail. Sections 2.3 and 2.4 present the main results for
networks with a single leader and two leaders, respectively. Finally, discussion and

future work are given in Section 2.5.

2.2 Problem Formulation

Consider a set of N agents or nodes interacting over a communication network. The
topology of the network at time ¢t € Z, is described by a graph G(t) = (V,£(t)).
Let z;(t) € [0, 1] denote the opinion of node i at time ¢. At the initial time ¢ = 0,
each agent has an initial opinion z;(0). Suppose that at each time ¢, every agent
synchronously obtains opinions of his neighbors and naively updates his opinion
following the DeGroot discrete-time model [1]

zi(t+1) =Y wy(t)z(t), VieV, (2.1)

jev

where w;;(t) > 0 indicates the weight that agent ¢ puts on agent j’s opinion at time
t. Here W (t) = [w;;(t)] € RV*Y represents the weight matrix (or trust matrix) at
time t. We will assume that W(t) is a row stochastic matrix for any ¢, i.e., W (t) is
nonnegative and W (¢)1 = 1.

Now we consider to the above network under the effect of an external media
node, representing a leader or a source of news with a constant opinion value T" €
[0,1]. Although it is often thought of as a stubborn node indistinguishable from
the others, we consider it separately from that context as we want to look at the
network from the point of view of a leader and investigate its effect on the opinions
of other regular agents, conventionally called followers. To this end, assume that
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the leader can connect to some of the followers and persuade them to trust in its
opinion 7" with trust levels a;(t) € [0,1],Vi € V. Here, o;(t) = 0 means distrust or
unawareness of the leader and «;(t) = 1 implies absolute trust. The update rule is
then given by
zi(t+1) = a; ()T + (1 — i) > wy(t)z;(t), Vie V. (2.2)
JEV

In the matrix form, (2.2) reads
x(t+1)=at)T+ )W (t)x(t), (2.3)

where a(t) = [ay(t), ..., an(t)]T and ['(t) = [ —diag(a(t)) with I € RY*N being the
identity matrix. We are interested in finding conditions under which the network
can finally agree with the leader opinion. Indeed, we will determine how strong
the connections between the leader and the followers should be to ensure that this
agreement can be achieved asymptotically. We will also extend these results to the
case of the network with more than one leader.

The following notions will be used in this chapter. See, e.g., [8,55].

Definition 2.2.1. Consider a time-varying graph G(t) = (V,£(t)) with an associ-

ated time-dependent weight matrix W ().
e Link (4, j) is called persistent if » ., w;;(t) = oo.
e Node i is persistent if ), SV wii(t) = oo.

e The persistent graph G., induced by {G(t), W (t),Vt € Z, } is the graph con-
taining all the persistent links.
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2.3 Opinion Dynamics with One Leader

This section studies the convergence of opinions under different assumptions on the
connection topology of the followers’ network and the connectivity of the leader with
the followers.

First, it is easy to see that if there exists t* € Z, such that x(t*) = T1
(e.g., a(t* — 1) = 1), then x(t) = T'1,Vt > t*, i.e., the network converges to T in
finite-time (at most ¢* steps) for any initial opinions x(0).

Second, it is also known that when W and e are constant, then x(t) — 7'1 for
any x(0) if the extended graph including the leader and the followers is a spanning
tree whose root is at the leader (see, e.g., [9]).

Third, consider the case when the leader’s effect lasts for an interval [0, ¢y], e.g.,
a campaign period with a(t) = 0, Vt > ty. Suppose that W is fixed and the network
is strongly connected. Then there exists w € RY such that lim, .o W = 177 (cf.
Section 1.5). As a result, lim; ,, x(t) = 17w7x(ty), i.e., the consensus value may

differ from T If a(t) = a, Vt € [0, o], then it can be verified that

lim x(¢) = 1 (T — =" (CW)"* (1T — x(0))) . (2.4)

t—o00

Since I'WW is strictly substochastic and irreducible, it follows that p(I''W) < 1 (see,

e.g., [97, Thm 1.1, p. 24]), and thus lim, . (TW)% = 0. Therefore, x(oc0) = T'1

when ty — o0, i.e., consensus to the leader’s state when the leader is persistent.
Next, we allow a(t) to be time-varying and the limit lim, ., a(t) need not

exist. Some related works are [5,57] and [59]. Notice that the results in [5] rely
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on Wolfowitz’s theorem [56] on the convergence of infinite products of stochastic
matrices belonging to a finite set. This condition is relaxed in [57] so that the
matrices can belong to an infinite set. However, the work [57] requires the symmetry
of the zero/nonzero structure of these matrices. Similarly, the limiting behavior of
products of random stochastic matrices is also studied in [59] assuming the cut-
balanced property of the sequence of these matrices. This property is in the same
spirit of having symmetric zero/nonzero structures. Here, we need not impose those
conditions.

The following condition suffices to ensure the asymptotic convergence of the

network to the leader’s opinion.

Theorem 2.3.1. (One Leader, Arbitrary Graph) Consider system (2.2) and suppose

that the weights on the leader satisfy
min o, (t) = oo. (2.5)
Then x(t) — T1 as t — oo for any initial opinion x(0).

Proof. The proof follows the method presented in [46]. Let x(t) = [x(¢)T T]7T.

Equation (2.3) is equivalent to

x(t+1) =W(H)x(t), W(t) 2 : (2.6)

33



Let h(t) = mMaXj<; j<N+1 (‘fl(t) — fj(t)) ObViOUSIY, h(t) Z O,Vt Z 0. Now

h(t+1)= max (Z;(t+1)—;(t+1))

1<i,j<N+1
= max ( Z Wik Zr(t) — Z wjki'k<t>)
1<7,j<N+1
1<k<N+1 1<k<N+1
= 131'71’1]'12]}\{]4-1 Z (w,k — wjk)xk(t)
1<k<N+1
Denote hyj(t) = S0 (i, — ;1) (t). Then

hig(t) = > (g — min(@g, wip))i(t) — Y (b — min(dg, ) ix(t)

1<k<N+1 1<k<N+1

< > (@ — min (D, ;1)) max 3(t) - > (5 — min (i, By)) min 7 ().
1<k<N+1 1<k<N+1

Rearranging terms and using the fact that Zgjll wygp=1,1=1,..., N + 1 yield

hij(t) < max@y(t) —mindy(t) — ) min(@, i) (max i (t) — min (1))

1<k<N+1
— (mlaxicl(t) — mlin (1)) (1 — Z min(wik,wjk))
1<k<N+1

Therefore,

h(t+1) < max h(t)(l— Z min(@bik,ﬁ)jk»

1<ij<N+1

1<k<N+1
= h(t)(l - i Z mln(wik,wjk)>. (2.7)
1<k<N+1

Now for any i,j € V

> min(ii, W) > min(d; v, Bx41) = min(a;(t), a;(t)) > min a(t) (2.8)
1<k<N+1 €

Define a(t) := mingey o (t). It follows immediately from (2.7) that, for any ¢t > 0

t

h(t +1) < h(t)(1 — a(t)) < h(t)e 2™ < h(0)e™ s=0 ), (2.9)
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The second inequality follows from the fact that 1—z < e7*,Vz > 0. The assumption

that Y oo a(s) = oo implies that lim; . h(t) — 0, hence z;(t) — T,Vi € V. O

Clearly, the result above holds for any structure of the network and weight
matrix (even in the time-varying case) as it merely relies on the condition (2.5),
which means that every node in the network persistently trusts the leader (in the
sense that ), a;i(t) = 0o, Vi € V). Note that the notion of persistent graphs, that
is a graph that consists of links satisfying ), wi;(t) = oo, was also studied in
[55]. However, to guarantee the global agreement, [55] requires further that there
exist a, > 0 and 7T, > 0 such that Z?:f*_l w;;(s) > a,, vt > 0 and for all persistent
links (7, 7). This condition is stronger than the condition of being a persistent link.
Therefore, the results in [55] cannot be applied in this case.

One can notice that condition (2.5) is rather strong. In practice, there are
many situations where ensuring this condition may be costly since the leader needs
to directly approach every agent in the network for an infinite number of times.
This is usually not the most practical advertising strategy either. In fact, the leader
should make use of the connections between the followers to advertise for its opinion.

Therefore, below, we relax this condition by imposing requirements on the network

structure.

Assumption 2.3.2. The graph G is fixed and strongly connected. The weight matrix

W is fixed and has positive diagonal elements, that is w;; > 0,Vi € V.

Theorem 2.3.3. (One Leader, Strongly Connected Graph, Fixed Weight) Consider
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system (2.2) and let Assumption 2.3.2 hold. Suppose the weights c; satisfy

I?e%XOéi(t) = 00. (2.10)
>0

Then x(t) — T'1 as t — oo for any x(0).

Before giving the proof, we make a few remarks. First, Theorems 2.3.3 and
2.3.1 show the importance of persistent links (including constant weights as a spe-
cial case) in shaping the final opinion. Second, since the network size is finite,
(2.10) is equivalent to the condition that at least one follower persistently trusts the
leader even if its trust level fades away. This condition holds for many plausible
specifications of «y, e.g., a;(t) = ﬁ for any ¢ € (0,1] and v € [0, 1].

It is tempting to follow the proof of Theorem 2.3.1which is primarily based on

inequalities (2.7) and (2.8). However, under condition (2.10) this technique is no

longer applicable. Consider, e.g., a connected undirected network with N =5 and

w11 W12 0 0 0
W1 Wy wa3z 0 0
W=10 wyp ws wy 0

0 0 w3 wa wys

0 0 0 Wr4 Wss

Assume that a;(t) = 0,Vi € V\ {3},Vt > 0 and ), as(t) = oo. It can be seen

that

min E min(w;g, Wji) = 0.
1<i,j<N+1
1<k<N+1

Thus, from (2.7), we can only obtain that h(t + 1) < h(t),Vt > 0, which is not
enough to ensure the convergence of h(t) to 0.
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Moreover, since a(t) is not restricted to belong to a finite set, the results in
5] cannot be used. Further, neither W nor W (t) (see (2.6)) is required to have a
symmetric zero/nonzero structure, the results in [57,59] and [98] are not applicable.
The following proof uses the results presented in [99] on the convergence of infinite
products of substochastic matrices. Notice that [99, Theorem 6.2] requires that the
smallest row-sums of all the matrices be uniformly bounded away and below 1. Here,
we require milder conditions.

The following results are needed to proceed the proof of Theorem 2.3.3.

Lemma 2.3.4. [99] Let M; € R™" i = 1,...,m be any m substochastic matrices,

then the product P =[]}~ M; is also a substochastic matrix.

Lemma 2.3.5. [99] Let M; € R™" i = 1,...,n — 1, be irreducible substochastic
matrices with positive diagonals, then the product P = H;:ll M; is a strictly positive
matriz, i.e., P;; > 0, Vi, j. Further, let

m = mm{[Mk]Zjh,j € [1,%], ke [1, n— 1], [Mk]lj > O},
then minm- Pz] 2 mn—l'

For any matrix M, let r;(M) = >_; My, ie., the sum of ih-row of the matrix.

Lemma 2.3.6. Suppose that M; € R™" ¢ = 1,...,m satisfy min; r;(M;) < r, and

max; r;(My) < g, k = 2, ...,m. Then it holds that min; r;(My...M,,) < riFa...Tp,.

Proof. If min; r;(M) < ry and max; r;(Ma) < 7o, then ry(My Ma) = 35 [M]ijr;[ M)

IN

Zg[Ml]Uf2 = Ti[Ml]fg. Thus, mini Ti(MlMQ) < ZIFQ' By induction, it holds that
min; r;(M;...M,,) < ryTs...Tp, provided max; r;(My) < 7, k =2,...,m. O
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Lemma 2.3.7. Let U,V, Dy and Dy be nonnegative matrices with appropriate di-

mensions. If Dy < Dy, then ||[UD1V||o < [[UD3V |-

Proof. Let U denote the i-th row of U and V(;) the j-th column of V. Since
U,V, D, and D, are nonnegative, it follows that 0 < U(i)DlV(j) < U(i)DQV(j) for

Vi, j. Thus 0 <UD,V <UD,V , and hence, [[UD1V |0 < ||UD2V || so- O
The proof of Theorem 2.3.3 is presented next.

Proof. Defining &(t) £ x(t) — T'1, the update rule (2.3) can be expressed as follows
£+ 1) = A(DEW),  A() 2T(OW, (2.11)

where I'(t) = I — diag(a(t)). We need to show that lim; ,., &(t) = 0 for any &(0),

or equivalently,

lim H I1 A(t)HOO —0, (2.12)

$—00
0<t<s

where []o,<, A(?) 2 A(s)... A(0). Note that although A(t) is substochastic for all
t > 0 (hence p(A(t)) < 1), it does not automatically imply that [],., A(t) = 0;

this is true even if A(t) is strictly substochastic. (For example, the sequence a; =

2 \/2 + /24 ... + V2 satisfies a; € (0,1),¥i > 1, but [[°, a; = 2)

i times

Take any 1 € (0,1) and define

Aty =T()W, T(t) = I - diag(na(t)).
Obviously, I'(t) < T'(t), ¥t > 0. Applying Lemma 2.3.7, we have
Lol <] I o] o
0<t<s 0<t<s
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Thus, the following condition suffices for (2.12)

lim ’ I1 A(t)” —0. (2.13)
S5—00 0<t<s [e's)
Next, define
B(s) := 11 A(t), with Ny := N —1, (2.14)

sNy §t§(8+1)N171

and note the following.

(i) 3b > 0 such that min; ; B;;(s) > b,Vs > 0 and Vi, j € V. This can be shown

as follows. Let

w = min{wy;| i,j € V,w;; > 0}. (2.15)

Then, min{A;(t)| i,j € V, A;;(t) > 0} > (1 — n)w. Note that A(t) is irre-
ducible since the network is strongly connected (by assumption). Thus, by

Lemma 2.3.5, we have

min B;;(s) > ((1 - mw)™ =:b.

(2.16)
(il) max; r;(B(s)) < 1, since B(s) is substochastic any s (cf. Lemma 2.3.4).
(ili) min; r;(B(s)) <1—46((s+1)N; — 1) where
i(t) == nlgle%xozi(t), vt > 0.
This can be obtained by using Lemma 2.3.6 with
min; (A((s + DN = 1)) < 1= 6((s + )N = 1)

and max; r; (fl(t)) <1fort=sNy,...,(s+1)N; —2.
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Now, let r;-(B(s)) denote the smallest row sum of B(s). Using the above results

yields

ri(B(s+1)B(s)) = Y Bi(s+ 1)ry(B(s))

1<j<N

= Byj(s + 1)rj« (B(s)) + Z Byj(s + 1)rj(B(s))

1<j<N,j#5*
(ii) — (iii)
< Biyp(s+D[1-0((s+ DN —1)]+ > By(s+1)

1<j<N,j#j*

(2 By (s+1)[1=6((s +1)Ny = 1)] + 1 — Byje (s + 1)

(i)

<1—b5((s+1)N; — 1)

< e WEHIM-D i ey,

where the last inequality follows from the fact that 1 — 2z < e7%,Vz > 0. Thus

I I[I AW~ = I [T B@s+1)B(2s)l

0<t<(2m+2)N1 -1 0<s<m
< I 18es+1BEs)
0<s<m
< e b2 d((2s+1)Ni-1) (2‘17)
If > 2 ,0((25s4+1)N; — 1) = oo, then the right side of (2.17) decays to 0 as m — oo,

thus (2.13) follows immediately. Therefore, it remains to show that this is also the

case when (2.10) holds, or equivalently »,.,d(t) = oo. To this end, let

AP =Y 8(i+j2Ny), Vi€ [0,2N; — 1]

0<j<m

and note that

> sy= > A (2.18)

0<t<2(m+1)Ni—1 0<s<2Ny—1
Now, let (2.10) hold. We claim that there must exist k£ € [0,2N; — 1] such that

AP = oo. This can be shown by contradiction, i.e., if A < oco,Vi € [0,2N; — 1],
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then ZiNé "A> < oo, thus taking the limit of both sides of (2.18) as m — oo
yields >, d(t) < oo, which contradicts (2.10). Thus the claim holds.
Now, if & = Ny — 1, ie., AY _; = oo, then we obtain the desired result,

(s+1)N1+k—1 i

otherwise we can redefine B(s) = [T,7 vy (t) and follow the same steps as

above to show that [[°, A(t) = 0 and thus [Is0 A(t) = 0. This completes the

proof. O]

Note that we can take Ny = dp in (2.14), where dy denotes the diameter of the
graph G, and then repeat the above proof using a slight modification of Lemma 2.3.5

applied to A(t) = ['(t)IV. In fact,

k<i<k+do—1
is strictly positive for any k. The proof of this is not much different from that of
Lemma 2.3.5, thus skipped here. Note also that dy = N — 1 in the worst case.

The above proof also allows us to estimate the e—convergence time for some

cases of «;(+) as follows.

Corollary 2.3.8. (e—Convergence Time) Let dy be the diameter of the graph G and

w be defined as in (2.15). Given any number € > 0, it holds that
() = T1|oo < €[x(0) = T[]
if t > 2dym where

(i) m = exp((05 T log €71 if max; o;(7) = %H, or

(ii) m = mlog e ! if max; a;(1) = a € (0,1) for all T > 0.
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Proof. The proof follows from (2.17) and the fact that S5 T>1In(k+1). O

The following result is a straight extension of Theorem 2.3.3 to the case of

time-varying weight matrices.

Assumption 2.3.9. (Strong Weight) The weight matriz W (t) is row stochastic and

satisfies
a) w;(t) >, Vi €V for some v € (0,1),

b) wij(t) € {0}U[v,1),Vi,j € V,i#j.

Theorem 2.3.10. (One Leader, Strongly Connected Graph, Time-varying Weight)
Consider system (2.2) and suppose that G(t) is strongly connected for allt > 0 and

that Assumption 2.3.9 holds. If (2.10) holds, then x(t) — T'1 for any x(0).

Proof. The only difference between Theorems 2.3.10 and 2.3.3 is that A(t) = ['(¢)W (¢).
However, under Assumption 2.3.9, we can choose w = v and b = ((1 — n)y)V¥ !

for (2.15) and (2.16), respectively, then follow the same steps as in the proof of

Theorem 2.3.3. O

Note that if there exists t* € Z, such that Hf:o A(t) =0 (e.g., a(t*) = 1),
then the network converges to 7" in at most ¢* + 1 time steps for any initial opinion
x(0). Thus, condition (2.10) used in Theorems 2.3.3 and 2.3.10 is only sufficient but
not necessary.

The strong connectivity requirement can be further relaxed to the existence of
a spanning tree provided that a root node believes in T persistently. In the following,
we assume that node 1 be always a root node.
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Theorem 2.3.11. (One Leader, Spanning Tree Graph, Time-varying Weight) Sup-
pose that the graph G(t) is a directed spanning tree whose root is at node 1 for all

t > 0. Let Assumption 2.3.9 hold. It follows that x(t) — T'1 for any x(0) if

> a(t) = oo. (2.19)

t>0

The intuition of the result is as follows. Condition (2.19) means that there is an
infinite information flow from the leader into node 1. Since node 1 is the root of the
tree, this flow arrives at every node of the network, thus consensus can be achieved.

The idea of the proof follows that in Theorem 2.3.3 with some modifications.

Proof. For simplicity, assume that a;(t) = 0,Vt > 0, Vi = 2,..., N. The proof
follows the same line of that of Theorem 2.3.3. Recall (2.11)-(2.13) and note that
A(t) is a substochastic matrix for any ¢; specifically, 7 (A(t)) < 1 and r;(A(t)) =
1, =2,...,N. Let dy denote the diameter of the tree. It can be proved that if any

matrices Ay, ..., Ag, satisfy the conditions on A(t), then P £ Hfil A; satisfies

Let B(s) = [T¥)%1 A(¢). Tt follows that

- t=sdp

ri(B(s+ 1)B(s)) = Bi(s + 1)r1(B(s)) + Z Bij(s+1)rj(B(s))

2<j<N

< Ba(s+1)(1—nar((s+ Ddo — 1))+ > Bij(s+1)

2<j<N
< Ba(s+1)(1—=nay((s+1)do— 1)) +1— Bi(s+1)
<1—=bnai((s+1)dy —1)
< e tnaa((s+1)do—1) VieV,
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where the second to last inequality follows from (2.20). The rest of the proof follows

that of Theorem 2.3.3. O

We can further relax the condition on the connectivity of the network by
employing the notion of bounded connectivity times (see, e.g., [100]). Before stating

this result, we need the following lemma.

Lemma 2.3.12. [5] Let m > 2 be a positive integer and let Ay, Ag, ..., A, € R™
be nonnegative matrices with positive diagonal elements satisfying 0 < p < [A;];; <
p,Vi,Vj, then

2

m—1
AAy. Ay, > (;‘—p> (A + A+ ...+ Ay).

As a consequence of this lemma, if the union of all graphs associated with A;
is a spanning tree, then the graph associated with the product A; A, ... A,, is also a
spanning tree. For any integers ¢t > 0 and Ny > 0, define Gy, (t) = (V, UZJ;]XO_lé'(k))
as the union of a sequence of graphs over interval [t, ¢ 4+ Ny). We state the following

result.

Theorem 2.3.13. (One Leader, Periodically Spanning Tree Graph) Consider sys-
tem (2.2) and let Assumption 2.3.9-a) hold. Suppose there exists Ny > 0 such that
for allt, the graph Gin,(t) admits a spanning tree whose root is at node 1 and edges

satisfy

> wy(k) =N (2.21)

t<k<t+No—1

If (2.19) holds, then x(t) — T'1 for any x(0).
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Proof. (Sketch) Let G} denote a spanning tree in the union graph Gjy,(t) whose
root is at node 1 and edges satisfy condition (2.21). This condition implies that
during any interval of length N, and for any (i,5) € G there exists at least one
time ¢j; such that w;;(t};) > 7. Denote dy the maximum diameter of Gin,(t), Vt.
Since the self-weight w;; of each agent is bounded away from 0 by v, then one can
see that every node in the network is reachable from node 1 in at most dyN, steps.

Thus, the first column of the matrix

(k+1)doNo—1

II Ao

t=kdoNo
is positive and bounded away from 0 by a positive number b = ((1 — n)y)%o,

Therefore, one can follow the same steps as in the proof of the Theorem 2.3.11 to

conclude this result. O

A closely related work to this result is Proposition 3.3 in [55]. In that paper, the
authors studied the problem of e—agreement in persistent graphs without a leader.
Here, we consider the presence of a leader (or a source of news) in the network. It can
be seen that under the assumptions of Theorem 2.3.13, the link between the leader
and agent 1 and those between the agents in the graph G,{V ° are persistent. However,
one cannot utilize the result in [55] to prove Theorem 2.3.13 because it assumes that
there exist a, > 0 and 7T, > 0 such that Zi;T*fl w; ;(s) > a.,Vt > 0 and for all

persistent links (7, 7). This condition is indeed equivalent to (2.21). However, we do

not require this condition on the connections between the leader and the followers.
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2.4  Opinion Dynamics with Two Leaders

In this section, we investigate the case where there are two leaders (or two sources
of news) with different opinions 7" and (). Assume that all the nodes in the network
can be influenced by the two leaders with trust levels a;(t), 5;(t) € [0,1],Vi € V.

The update rule is now given by
x(t+1)=a)T+ B(t)Q + L)W (t)x(t), (2.22)

where a(t) = [ay(t), ..., an()]7, B(t) = [B1(¢), ..., By (t)]* and T'(t) = I —diag(c(t)+
B(t)).

In general, when both 7" and () are persistent and the weight matrix W is time-
varying, network agreement need not be achieved and the agents’ opinions may not
converge. Interesting results on opinion disagreement and fluctuation can be found
in, e.g., [12,13] and [20]. In the case where a(t) = o, B(t) = B, and W (t) = W,

the opinions converge to a fixed vector X, satisfying
(I —=TW)xo = aT + BQ.
In the following, we consider the case when only T is persistent.
Assumption 2.4.1. The weights the weights o and B satisfy >, max;ey o;(t) =
oo and Y > max;ep Bi(t) < 0o.

Note also that if there exists t3 € Z, such that §;(t) = 0,Vi € V,Vt > tg, then
we can immediately make use of the results in the previous section since after time
ts there is only one persistent leader. In what follows, we assume that the presence
of leader () can last for infinite time.
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Theorem 2.4.2. (Two Leaders, Strongly Connected Graph, Time-varying Weight)
Consider system (2.22) with two leaders. Suppose that G(t) is strongly connected for

allt > 0 and that Assumptions 2.3.9 and 2.4.1 hold. Then x(t) — T1 for any x(0).
Proof. Again, let £(£) = x(t) — T'1. Then system (2.22) becomes

E+1)=TOWEER) +(Q—T)B(1). (2.23)
Let A(t) = D(OW(t) and u(t) = (Q — T)B(t). We note the following;:

(i) From Theorem 2.3.10, it can be verified that the unforced system &(t + 1) =
A(t)&(t) with £(0) = x(0) — T'1 is asymptotically stable. In fact, let ®(t,1)
denote the transition matrix ®(¢,1) := A(t — 1)A(t — 2)... A(l + 1), then it

follows that limy_,., ®(t,1) =0,V € Z.
(ii) By Assumption 2.4.1, u is absolutely summable and hence bounded.

We now show that lim; ., £(¢) = 0. The solution to (2.23) is given by

£(t) = 0(t,00£(0)+ > @(t.k+ u(k). (2.24)

0<k<t—1

Let § > 0 be given. If ||£(0)|c = 0, then ||®(¢,0)|||l€(0)]|cc = 0,Vt. Otherwise,

from fact (i) we have limy_,o, ®(¢,0) = 0. Thus, IN; € Z, such that

OJIO'z

[2(2,0)[[c][€(0)[|oc < 5, VE = Ni. (2.25)

Next, from (ii) we have 37, o l[u(t)llec < [Q — T30 [I1B(1)]|ec < 0. Therefore,

dNs € Z, such that N, > N; and

5
Dokl <5, Ve N (2.26)

k>t
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Let w = sup, ||u(t)||o. From (i) we have IN3 € Z, sufficiently large such that
1D (t,7) oo < 0 Vi < Ny, t> Ny+ N. (2.27)
Ulloo = =775 1S Ny, = . .
) 3UN2 2 2 3
Now for any ¢t > Ny + N3, it follows from (2.24) that

IE@) oo < 12(E 0)lloc €)oo+ D~ 12t K + 1) lool (k) - (2.28)

0<k<t—1

Using (2.25), (2.26) and (2.27), and noting that ||®(¢,k+1)||e < 1 for any k < t—1,

we have the following for Vi > Ny + Nj:

5 =
IEDNe < 5+ D@tk + Dol [uk) oo
k=0
5 No—1 t
< 3t Yootk + Dlllulk)lloc + > 19k + 1)l [u(k) oo
k=0 k=N>
No—1 t
J J
< -+ U+ u(k) oo
< G2 gt X
< 040y f: [a(B)|w <0 (2.29)
- 3 3 © =7 '
k=N>
Since ¢ > 0 is chosen arbitrarily, (2.29) proves that &(¢) — 0 as t — 0. O

It should be noted that the result of Theorem 2.4.2 is still valid when there
are two or more nonpersistent leaders in the network. This result implies that
only persistent ones matter. It is possible to relax the assumption on the network

connectivity, but we do not proceed further in this direction.

2.5 Conclusion and Extensions

This chapter revisited the agreement seeking problem in networks with leaders,
which has received a fair amount of recent attention. We developed various new
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sufficient conditions for guaranteeing consensus to the persistent leader’s opinion.
We pointed out the important role of persistent connectivity between the leader and
the others in the network. In the following, we discuss possible extensions of the
our results.

First, note that model (2.2) does not present any delay explicitly. However,
the framework presented in this chapter can be extended to take into account infor-

mation delays as follows. Consider a generalized version of (2.2), given by

zi(t+1) = a;()T + (1 — ai(t)) > wyg(t)z;(t — 73;(t)), Vi € V. (2.30)

JEY

where the delay functions 7;; are assumed to be uniformly bounded, i.e.,
Ir>1: m7,;(t)e€l0,7—1], V(i,j) €€

The idea is to consider an extended network G, which is composed of the original
graph G and 7 — 1 copies of it with each being the 1-delay in time of one another.
The state of G7 is [x(t)", x_1(t)", ..., x_—1)(¢)T]" where x_(t) = x(t — k). Note
that if G(t) is strongly connected for any ¢, then every node i € V is a root of a
spanning tree in the union graph (G7);;(¢). Thus, Theorem 2.3.11 can be applied
to this union graph to establish consensus reachability of the original network G.
In this connection, we can conclude that consensus to the leader is also robust to
bounded delays.

Second, we can also consider the case where the leader’s state is time varying;:

T(t+1) = T(t) + ult)

zi(t+1) = a;()T(t) + (1 — (¢ Zwu z(t), Vie.
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Define the tracking error £(¢) := x(¢) — T'(¢)1. Then

£t +1) = T(OW(H)ER) — Lu(?) (2.31)

which is a linear time-varying system with input u. Note that the unforced system
E(t+ 1) = T(t)W(t)&(t) is asymptotically stable under suitable conditions as in
Section 2.3. Therefore, we can invoke stability results of linear time-varying systems
to derive consensus conditions. One such result is the following, whose proof follows

the same line of that of Theorem 2.4.2 in Section 2.4 and thus is omitted.

Proposition 2.5.1. Consider system (2.31) and let Assumption 2.3.2 (or 2.3.9)
hold. If 3.2 |u(t)| < oo, then consensus is achieved, i.e., lim;_,o |x(t) =T(t)1] = 0

for any x(0).

Remark 2.5.2. Note that an equivalent characterization of consensus is that the size
of the convex hull of the states of all the agents (including the leader) has to be 0
in the limit. In [8], the author impose the condition of strict convex hull shrinking.
The above result shows that the leader needs not to move into the convex hull of
the states of regular agents at any time step in order for achieving consensus. Also,
the convex hull needs not to shrink monotonically. This result could also give a hint

on reducing the gap between necessary and sufficient conditions for consensus.
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Chapter 3: Optimizing Leader Influence in Networks through Selec-

tion of Direct Followers

Abstract: 'The chapter considers the problem of a leader that aims to influence the
opinions of agents in a directed network through connecting with a limited number
of the agents. The aim is to select this set of agents, referred to as direct followers,
to achieve the greatest possible influence on the opinions of agents throughout the
network. Direct followers are simply agents that the leader decides to connect to, and
the influence then occurs through the network’s natural inter-agent dynamics. The
problem of optimally influencing a network in the presence of another leader with a
competing opinion is also considered. The problems with a single leader and in the
presence of a competing leader are unified into a general combinatoric optimization
problem, for which two heuristic approaches are developed. The first approach
is based on a convex relaxation scheme, possibly in combination with the /;-norm
regularization technique, and the second is based on a greedy selection strategy. The
main technical novelties of this work are in the establishment of supermodularity of
the objective function and convexity of its continuous relaxation. As a result, the
greedy approach is guaranteed to yield a lower bound on the approximation ratio

that is sharper than (1 — %), while the convex approach can benefit from efficient
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(customized) numerical solvers to have practically comparable solutions possibly
with faster computation times, especially for large networks. The two approaches
can be combined to provide effective tools and better analysis for optimal design of
influence spreading in diffusive networks. Numerical examples are given to illustrate
the usefulness of the approaches. In these examples, the approximation ratio can

be made to reach 90% or higher depending on the number of direct followers.

3.1 Introduction

The notion of a leader is introduced in many cases to represent a special agent
who has the ability to affect the states (or opinions) of other regular agents, con-
ventionally called followers, while its state is uninfluenced by others- in this sense,
a leader is also termed elsewhere as a stubborn agent). A great number of recent
efforts have also been devoted to the consensus problem in networks with leaders
(see, e.g., [5,13,18,20,101,102] and references therein). In most cases, a leader is
usually assumed to have a limited number of connections with other agents, due
to restrictions on, e.g., the budget, communication power or channels of the leader.
This gives rise to the problem of the leader choosing whom to influence directly so
that the overall network can best perform (in some sense) under the restriction on
the leader’s connectivity.

This chapter deals with problems related to a leader selecting a limited number
of agents with which to communicate in a directed network. The aim of the leader

is to achieve maximum influence on the opinions of agents throughout the network.
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The network agents that the leader selects to communicate with are referred to as
direct followers. Network agents all update their opinions dynamically based on
their current opinions and on opinions of immediate neighbors. Thus, through its
connections with the direct followers and the inherent network dynamics, the leader
influences the opinions of agents throughout the network. The leader wishes to
select the limited group of direct followers so as to maximize its influence on the
network, in the sense that the opinions of agents throughout the network approach
the opinion of the leader either as rapidly as possible over time or as close as possible

in the limit. In particular, we consider the following two problems:

e Problem (P1): Optimize the influence of a leader on the agents in a directed
network, whose opinion dynamics follow the well known DeGroot model. Here,
the leader’s goal is to select a limited number of direct followers to connect
to, in order to influence all the agents to converge to its constant opinion as

quickly as possible.

e Problem (P2): Optimize the influence of one leader in the presence of another
leader (with a competing opinion) over a directed network of followers under
a similar connectivity constraint as in (P1). Here, the influence of a leader is
measured in terms of the distance between the leader’s opinion and a weighted

average of the steady state opinions of all the network agents.

We unify the two problems above into a more general combinatoric optimization
problem, called (P), and develop two heuristics for approximately solving problem
(P), namely:
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e Conver relaration: which can be treated effectively by available numerical

algorithms and solvers. Here, the convexity result is novel.

o Greedy algorithms: which can be carried out in polynomial time. Here, the
supermodularity result is new and can be used to provide provable accuracy

guarantees for the greedy solutions.

This chapter is related to a large body of literature on problems of leader selec-
tion, stubborn agent placement, and sensor selection (see, e.g., [20,61-67,103, 104]
and references therein) but departs from this literature in many respects. First, we
only ask that the underlying network be directed. Second, we allow selected direct
follower nodes to follow inter-agent dynamics like any other agents, rather than forc-
ing them to adopt the leader’s opinion instantaneously. Third, we allow the agents in
the network to have different initial opinions (which are taken into account explicitly
in the context of problem (P1)), and the agents can be weighted differently by the
leader. Finally, and more importantly, although continuous relaxation and greedy
heuristics have been employed in dealing with influence maximization problems, our
theoretical results on convexity and supermodularity are considerably stronger than
existing results, without assuming any symmetry or resorting to the random walk
theory. This not only provides a deeper understanding of diffusive processes but
also can be used for a broad range of applications. More detailed comparisons will
be given in Section 3.2 after our problem formulations.

Other by-products of our analysis include: (i) a dynamic centrality measure in

the context of problem (P1) (i.e., one in which the measure of effectiveness of the set

o4



of chosen agents can vary with time); (ii) straightforward application to Friedkin’s
model [3] (where each agent is allowed to have stubbornness in retaining its initial
opinion) in the context of problem (P2); (iii) an affirmative answer to a conjecture
recently proposed in [105] on optimization of on-chip thermoelectric cooling systems;
and (iv) a convexity result for the state trajectory of a class of bilinear discrete-time
systems.

The remainder of the chapter proceeds as follows. In Section 3.2, we introduce
our network models and associated optimization problems of interest. Related works
are also reviewed. Our main results are given in Sections 3.3, 3.4 and 3.5. In Section
3.3 we provide exact solutions to the problems (P1) and (P2) for the case of selecting
one agent or two. The general case of multiple agents selection is treated in Sections
3.4 and 3.5. Specifically, in Section 3.4, we establish the convexity of the relaxed and
approximate problems and discuss associated numerical issues in applying convex
solvers to these problems. In Section 3.5, we prove the supermodularity property
of the original objective functions and present two greedy algorithms that admit
provable approximation ratios. Next, a few simulation results are reported in Section
3.6 for two example networks; one of small size and the other much larger. Finally,
further (convexity) results and applications to another opinion dynamic model are

discussed in Section 3.7.
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3.2 Problem Formulation and Related Works

This section proceeds as follows. In Subsection 3.2.1 we augment the DeGroot model
with a single leader, and formulate an associated problem of optimizing the leader’s
influence on the opinion dynamics of the network agents. Finally, in Subsection
3.2.2, we consider a model similar to that of Subsection 3.2.1 except that we further
include another leader with a differing (constant) opinion. Here, the influence of a
leader is defined differently but the optimization problem shares the same structure
with the previous setting.
Consider a leaderless network with N agents denoted by V = {1,2,..., N}.
The underlying communication is characterized by a directed graph G = (V, £). The
dynamics of each agent is described by the DeGroot model (1.4), which is repeated
here for convenience. Let z;(t) € [0, 1] denote the state or opinion of node i at time
t € Np; At the start, each agent has an initial state x¢; € [0,1]. At any other time
t > 0, each agent observes opinions of its neighbors and updates its opinion as
ri(t+1) = Z wi;zi(t), x;(0) =xo;, Vi€V, (3.1)
JEN;
where, recall that, N; denotes the set of node i’s immediate neighbors (including
itself) and W := [w;;] € RV*Y denotes the normalized weight matrix of the network.
We make the following blanket assumption, simply the combination of Assumptions

1.5.2 and 1.5.3 and presented here for convenience.

Assumption 3.2.1. (Network Connectivity and Weight Matrix) The graph G is
fized in time and strongly connected. The weight matriz W is fixed, row-stochastic
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and satisfies wy; > 0 for (i,7) € €,i # j, and w;; = 0 otherwise. Moreover, W has

at least one positive diagonal element.

3.2.1 Formulation of Influence Optimization Problem for the Single
Leader Case

Given a directed network G = (V,€) with dynamics as described above, we now
consider the effect of an external leader, denoted by T' ¢ V), seeking to connect to
the network. The leader is assumed to have a constant opinion 7" € [0,1]. The

relationship of the leader to the network G is as follows:

e For any agent i € V, the weight «; € [0,00] that it would place on the
leader’s opinion T if the leader selects to connect to the agent is known.! The
connection would of course be directed from the leader to the network agent.
(The reverse direction, from regular agents to the leader, would be pointless
as the leader’s opinion is assumed fixed and cannot be influenced.) We refer
to a = [aq, ..., ayn]|T as the vector of potential trust of network agents in the

leader, or simply the trust vector.

e The leader knows a but is only able to directly connect to up to K agents in
the network G. The K agents that the leader elects to connect to are called
direct followers, and are cumulatively denoted in the sequel by the set K.
Unless otherwise stated, such connection is established at time ¢t = 0 and the

set K remains fixed thereafter.

'In this chapter, we allow the weight to be oo.
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Note that «; = 0 indicates lack of trust or that agent ¢ is not accessible to the leader,
and o; = 0o (or a; > 1 > wy;,Vj € N;) indicates the highest possible level of trust
of agent 7 in the leader’s opinion. Without loss of generality, we make the following
assumption, which means that the leader only connects to followers having nonzero
trust level. (Clearly, it would be pointless for the leader to connect to an agent

which would have zero trust in its opinion.)

Assumption 3.2.2. (Positive Trust Selection) The set K is such that K # & and

KCV,:={ieV:q >0}
For each IC, let the corresponding selection vector s be
[SIC]Z' = X}C(i>, W) ev.

(Recall that x 4 is the indicator function of a set .A.) Then the update rule (3.1) for

agent ¢ in the presence of the leader becomes

[SK]Z’OQ'T + Z]E/\fi w”x](t)
[S;C]iOéi + 1 ’

zi(t+1) = (3.2)

Here, it is understood that z;(t + 1) = T"if [sx); = 1 and a; = co. In vector form,

(3.2) can be expressed as

x(t + 1) = (I + diag(a)) ™ (aucT + Wx(1)) (3.3)

where ax := s o a. Here o denotes the element-wise product (also known as the
Hadamard product).

The following result is well known (see, e.g., [5,20,55]).
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Theorem 3.2.3. (Consensus to Leader’s Opinion) Let Assumptions 3.2.1 (Network
Connectivity and Weight Matrix) and 3.2.2 (Positive Trust Selection) hold. Then
for any x(0) € RY, all network agents asymptotically achieve consensus with the
leader’s opinion, i.e., limy_,o. x;(t) = T,Vi € V. Moreover, the rate of convergence

18 exponential.

This theorem asserts that all network agents will adopt the leader’s opinion
asymptotically, regardless of their initial opinions. Note that asymptotic conver-
gence can be ensured under conditions milder than Assumptions 3.2.1 and 3.2.2
(see, e.g., [5,96] and Chapter 2).

Although the initial opinion x(0) and the selection of the set K play no role
in the final consensus value, which is the leader’s state (as long as ax # 0), they
clearly affect the manner in which the agents approach this agreement, i.e., the
transient behavior of system (3.2). Thus, we turn our attention to the problem of
choosing K direct followers so as to minimize the transient error and convergence
time of agents’ opinions in the network.

To capture this dynamic behavior, we consider the error vector &(t) := x(t) —

T1, which follows the dynamics
E(t+1) = (I + diag(ax)) "' WE(1), (3.4)
Thus for all ¢ > 0, &€(t) is given by
&(t) = ((I + diag(ac)) ™' W)',. (3.5)
Consensus regardless of initial condition is clearly equivalent to the global asymp-

totic stability of the origin for (3.4), and since the system is linear and time-invariant,
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consensus is also equivalent to global exponential stability. Let L be the weighted
Laplacian matrix given by

L:=1-W. (3.6)
We have the following facts on the spectrum of the state dynamics matrix in (3.4)

and the spectrum of the weighted Laplacian matrix.

Lemma 3.2.4. (Spectrum) If Assumptions 3.2.1 and 3.2.2 hold, then
(i) p((I + diag(ou)) W) < 1, and
(it) VX € o(L + diag(a)), R(A) > 0.

Proof. 1t is well-known that if A is an irreducible row substochastic matrix with the
row-sum of at least one row less than one, then p(A) < 1 (see, e.g., [97, Thm 1.1, p.
24]). Using this result with A = (I +diag(ax)) 'W yields part (i). Part (ii) follows
immediately from an application of the Gershgorin Circle Theorem [95, p. 344] and
[95, Cor. 6.2.9, p. 356], using the strong connectivity of G and noticing that at
least one diagonal entry of L + diag(ay) is shifted to the right compared to the

corresponding entry of L. O]

Remark 3.2.5. Assertion (i) of the lemma is in fact equivalent to the result in The-
orem 3.2.3 above (the constant linear system is exponentially stable). Part (ii) will

be needed in defining our objective costs in the sequel.

Next, define [|&|];, := >~ [&(t)| (which is well defined because of exponential

convergence of &) and consider the cumulative convergence error defined as

T =3 billéilln,

ey
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where b = [by,...,bx]" € RY is a weight vector chosen by the leader, which we
require to satisfy 17b = 1. The elements of the vector b are measures of the relative
preferences that the leader places on the opinions of all network agents. Note that
we do not include &;(0) in ||&]];, since &;(0) does not depend on the leader’s selection
of direct followers. We say the selection Ky is better than Iy if J2loh < Jpotal,
Roughly speaking, the smaller J/'® the smaller the convergence time, i.e., the
faster consensus is achieved. However, since computing Jf* is nontrivial, we will

work with an upper bound J,(Cl) obtained as follows:

et =Yg = BTy (7 + diag(en) W) 6 (1))

t>1 t>0
<b"Y " ((I + diag(oue)) W) 1€(D)]
t>0
(Lem. 3.2.4

BT — (I + diag(ax)) " W) E(1)]
= b’ (diag(W1 + ax) — W) 'diag(W1 + ax)|€(1)]

< bT(L + diag(ow)) T WE| = J¢. (3.7)

Here the last inequality holds since, first, the inverse (L + diag(a)) ™! exists based
on Lemma 3.2.4, part (ii), and, second |£(1)] < (I + diag(ax))  |[W&,|. It can be
verified that equality holds if either £, > 0 or &, < 0, i.e., if the leader’s opinion 7’
is outside the convex hull of the agents’ initial opinions {z;(0),7 € V}. Therefore,
J,(Cl) is a tight upper bound on J¥*. The more influential the direct followers are,

(

the smaller J,Cl) is and thus the faster consensus can be reached. Formally, in this
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work we consider the following problem:

) T - 1
min Ji'=b (L + diag(au)) ™ [WE|

(P1) (3.8)

st. K| <K,

Remark 3.2.6. The objective function J,(Cl) is defined in such a way that it allows
the leader T" to (i) weight each agent in the network differently through the weight
or preference vector b, (ii) take into account partial incentives or trust encoded in
the vector a;, and (iii) incorporate the role of initial opinions of all the agents in the
network. As a consequence of (iii), it is possible for the leader to view J,(Cl) as the
cost-to-go at the initial time, when the set of direct followers is first chosen, and to

define the cost at any time ¢ as
T (8) = BT (L + diag(euc)) " [WE(1)].

With this time-dependent objective cost, one can imagine a policy that achieves
improved performance through re-solving a similar optimization problem at regular
intervals for new sets of direct followers. (This would entail having limited term
contracts with the direct followers selected at any time.) This is akin to a model
predictive control strategy with an infinite horizon cost-to-go J,(Cl)(t) and control

action being the sequence of sets of direct followers.

Remark 3.2.7. (Dynamic centrality measure for degree of influence of set of direct
followers) Note that the reciprocal of J,(Cl), denoted by Ci := 1/J,(Cl), can be viewed
as a measure of the effectiveness of the set K in spreading the leader’s opinion. This

can also be viewed in terms of the relative influence of the choice of one set of agents
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IC vs. another, or as a centrality measure of a set IC of direct followers. A set I is
more influential than K’ if Cx > Cx,. What is new about our centrality measure
is that Cx can be taken as a dynamic centrality measure through the definition
Ck(t) == 1/ J,(Cl)(t), rather than a fixed quantity as are many existing centrality

measures in the literature.

3.2.2  Formulation of Influence Optimization Problem in the Presence
of a Competing Leader

Now we consider a similar model as above except that there are two leaders with
different opinions 7" and @) trying to influence opinions of agents in network G. Let
IC, L C V denote the sets of nodes that are directly connected to 7" and ). Each
node in the network has some potential trust levels «;, 5; € [0,00],¥i € V and

updates its opinion as follows:?

[scliciT + [sc]iBiQ + 3 jen; wijz;(1)
[siclici + [scliBi + 1

zi(t+1) = (3.9)

where s and s, denote the selection vectors of T" and @) respectively. In matrix

form, (3.9) reads

x(t+1) = (I + diag(auc + B,)) (T + B,Q + Wx(t)).

where a := s oa and B, := s, o 3. In our context, o and 3 are associated with
the agents in the network and are assumed to be fixed over time. For given choices

of K and L, the network G need not (and usually does not) reach consensus even

2We exclude the case where o; = 3; = oo for some i € V.
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under a strong connectivity assumption. In fact, the opinions converge to a fixed
vector x(oo) which depends only on a, 3, and W, but not x(0) (see (3.10) below).
Thus in this section, we will measure the influence of each leader by examining the
limiting opinion x(c0).

As we are interested in designing a competition strategy for one leader (7) in
the presence of another (@), without loss of generality suppose 8 # 0 and s, = 1
(i.e., the set of direct followers of @ is known to T').

If axc = 0, it is clear that z;(c0) = @Q,Vi € V under the strong connectivity
assumption on G, i.e., the whole network will eventually be out of favor with leader

T. Therefore we only consider a # 0. Further, we assume that

card(ax) < K < card(a)

where K represents the maximum number of connections that 7" is allowed to es-
tablish, accounting for limited communication and/or budget. We are interested
in the following problem: Given knowledge of a, 3, W and of the largest allowed
number of connections K, which nodes should leader T directly connect to in order
to achieve the greatest possible influence (in a sense made precise below) on the
eventual opinions of the network agents?

Note that the limiting opinion vector x(co) satisfies

x(00) = (I + diag(ax + 8)) " (BQ + axT + Wx(o0)).

Thus,

x(00) = (Ly + diag(au)) ™ (BQ + axT), (3.10)
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where Lg := L+ diag(8) = I + diag(8) — W, which is nonsingular under the strong
connectivity assumption and the condition that ax # 0 and 8 # 0 (cf. Lemma
3.2.4-ii).

We are interested in the steady state error vector &£(o0) := x(00) — T'1. Since

(Lg + diag(ac)) (B + ax) = 1, it can be verified that

£(00) = (Lp + diag(ax))™'8(Q — T).

To quantify the long term effect of T in the presence of (), we define the following

function operating on the set K:
J& = bTlg(o0)],

where b > 0 is a weight or preference vector, indicating the relative importance to
the leader T of the final opinion of each agent in the network. Since (Lg+ diag(ax))
is a nonsingular M-matrix (cf. Lemma 3.2.4-ii), it follows that (L + diag(ac)) ™" is

a nonnegative matrix (see, e.g., Lemma A.1.3 in Appendix A.1)). Thus
J& =b" (L + diag(a)) ' BIQ - T1.

Without loss of generality, let T'= 0 and ) = 1 represent two competing opinions.
We are interested in the following problem:
Given o, B,b, W and an integer K > 0, select K such that |K| < K and the

effect of T is mazximized, i.e.,

. (2) T . -1
min - Ji© =b" (L + diag(ax)) ™8

(P2) (3.11)

st. K| <K
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This is a link creation problem (namely selection of KC), where partial incentives

are allowed (i.e., a, 3 € [0, 00]V) and each agent can be weighted differently (through

b). In the limiting case when «;, §; are all either 0 or oo, this problem reduces to

the previously studied optimal stubborn placement or leader selection problems in

the literature, which we recall below. First, we give a general problem formulation

that covers the cases without and with a competing leader.

Remark 3.2.8. (A unified problem formulation) Except for some minor differences,

problems (P1) and (P2) described in (3.8) and (3.11) are almost the same. Our aim

is thus to develop methods that can be applied to both. To this end, we embed

these two problems in the following general one:

. A . —1
. min Je =b" (Lg + diag(ax)) ¢

st. K| <K

(3.12)

where b, ¢ and 3 are nonnegative vectors. The optimal value will be denoted by J*.

3.2.3 Comparison to Previous Work

3.2.3.1 Single leader case

The following model is widely used in the literature (see, e.g., [15,62,67,106,107]):

dzT—f— (1 — &z) Zjev U)Z‘jl‘j(t), Z - IC

ZjEV wijxj(t), 1€ V\IC
which is equivalent to the one described in (3.2) with

Q;
CYZ—l—l

o; =
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Based on this model, the works [62,67,106] consider the following associated prob-
lem:

: _1T(T _ -1
Kg{){ll}cr‘ng fIK):=1"(I — DeW) ™1, (3.15)

where Dy = I — diag(éuc), & = 1, and f(K) represents the cumulative errors over
time of all the agents. Note that f(K) in (3.15) clearly corresponds to a special
case of J,(Cl) with b = 1 and &, = 1. Thus, one may wonder why we use model
(3.2) instead of (3.13). The main reason is that using the former model allows us
to obtain a much stronger convexity result than using the latter. This is also one of
the main contribution of our work.

To deal with problem (3.15), [62] uses a continuous relaxation of f and ¢;-
norm regularization technique and proves element-wise convezity of the so-obtained
objective function. This allows the authors to employ the coordinate descent ap-
proach. However, it is important to point out that the relaxed problem formulated
in [62] is not necessarily convex; see Remark 3.4.1 below for an example. In [67],
supermodularity property of f(K) in (3.15) is proved a greedy heuristic [108] is used
to yield approximate solutions with provable accuracy.

In [65], the authors use a continuous-time version of the DeGroot model and
consider the problem of selecting a set of nodes to become leaders (instantaneously)
so as to minimize the convergence error, defined as the [,-norm of the distance
between the followers’ states and the convex hull of the leader states. By replacing
the convergence error with an upper bound that is independent of the initial states

of the network (and is loose in general), [65] proves the supermodularity property
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of so-obtained bound based on a connection with the random walk theory, and then
employs the greedy approach in [108].

Kempe et al. [60] also formulate the problem of finding the influential nodes
in a network as a discrete optimization problem with a submodular cost function
and apply the greedy algorithm to obtain a (1 — %) approximate solution. However,
the diffusion model in [60], called Independent Cascade, is basically different from

the opinion model considered here.

3.2.3.2 Multiple leaders case

In [64], the authors consider a linear stochastic model the mean behavior of which

is equivalent to the following deterministic model:

/

0, if 1€V,

zi(t) = 4 1, if i € V) (3.16)

\Zjev wi;zi(t—1) else

where Vp, V; C V are two disjoint sets of stubborn agents. This model is a limiting
case of (3.9) with oy, 8; € {0,000} (i.e., an agent becomes stubborn if directly con-
nected to a leader). The optimal stubborn agent placement problem studied in [64]
is defined as follows: For a given set V, with known locations in the network, choose
K nodes from V\V; to form the set V; so that the network bias toward V; in the

limit is maximized, i.e.,

{f}?ﬁ{; zi(oco): V1| =K, WV ﬁxed}.
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This problem is in fact similar to a special case of (3.11) with b = 1 and «, §; €
{0, 00}. The authors prove submodularity of the objective function based on connec-
tion with a random walk and then use the greedy algorithm [108] to (approximately)
solve the problem.

The work [66] considers a similar model as in [64] and defines a measure of
node centrality for a given set V, as H(l) = > .., x;(00[Vy = {l}). The authors
introduce a distributed message passing algorithm that enables each node I € V\V,
to compute its own H(l). One of our optimality criteria is also able to subsume this
centrality measure as a special case. More importantly, it is considered in a more
general setting and practical (centralized) algorithms are developed for the benefit
of network designers or market competitors.

In [63] the following model proposed by Friedkin and Johnsen [3] is considered:

zi(t) = (L—03) > wya;(t — 1) + 0324(0).
jev
Here o; € [0, 1] reflects the level of stubbornness of each agent i € V regarding its
initial opinion. The paper deals with the problem of selecting K nodes so that if they
become fully stubborn and their opinions are set to 1, then the limiting opinions of

all the agents, on average, are as positive as possible, i.e.,

) . — (1) — > ;
gfg};{iezvxz(oo).wll K, x;(t) 1,Vt_O,Vz€V1}.

The authors exploit a connection between this model and absorbing random walks
to establish the submodularity of the cost function, and then rely on the greedy

algorithm in [108] to approximate the optimal solution within factor (1 —1).
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3.2.3.3 Our Contributions

Our work greatly generalizes and differs from the aforementioned works both in
problem formulation and solution.

Regarding problem formulation, it should be noted that our direct followers
can have dynamics like any other network node, unlike the forceful /stubborn agents
in those papers. This can be viewed in terms of trust levels of the direct followers
with respect to the leader’s state being arbitrary in our work. Moreover, within the
context of problem (P1), the agents’ initial opinions need not be the same and are
taken into account explicitly in the cost J,(Cl), which is a tight upper bound on the
cumulative error of all the agents over time. This also allows us to consider a time-
varying objective cost J,(Cl)(t) and update the set of direct followers KC repeatedly to
further improve the network performance. Furthermore, the agents can be weighted
differently by the leader in contributing to the cost Jx. We believe that these settings
are more natural and thus likely to be of more value for practical applications.
Finally, the models considered here, i.e., (3.2) and (3.9), allow us to establish the
convexity of a relaxed problem of (P), while neither (3.16) nor (3.13) does so; see
also Remark 3.4.1 below.

Regarding problem solving, although we adopt two well known heuristic ap-
proaches, namely, convex relaxation/approximation technique and the greedy se-
lection strategy, the theoretical results presented here are much more general and
stronger. In particular, our technical contributions include establishment of the su-

permodularity property of the objective function in problem (P) and the convexity
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of its continuous relaxation; both results are based on the M-matrix theory, which
is completely different from tools used in [63-65,67]. First, we prove the convexity
of our relaxed problem (in the usual sense instead of just element-wise) and without
assuming any kind of symmetry, which is of great benefit since it allows us to use
much more effective numerical algorithms (e.g., gradient descent and Interior Point
Methods) compared to the coordinate descent approach employed in [62]. Second,
we derive a general matrix supermodularity inequality that can be used to prove
supermodularity of Ji as well as another type of cost function encountered in the
literature (see Remark 3.5.6 below). Combining the supermodularity result with the
notion of curvature of a submodular function [109], we prove that the well known
greedy algorithm [108] applied to our problem admits a theoretical approximation
guarantee that is sharper than (1 — %) In addition, we develop an improved version
of this algorithm that is able to achieve better accuracy. Finally, in both approaches,
we derive upper and lower bounds on the optimal value, which, when combined to-
gether, provide a better analysis of the obtained approximate solutions. As will be
demonstrated in our numerical examples, the approximation ratio can be ensured

to be ranging from 70% to 100% depending on the value K.

3.3 Special Cases K = 1,2: Optimal Solutions

For any matrix A, let Ay and AU) denote the i-th column and j-th row of A,
respectively. Moreover, we will use both A;;, [A];; and a;; to refer to the (ij)-th

element of A.
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3.3.1 Single Agent Selection

Because W is an irreducible row stochastic matrix, 0 is a simple eigenvalues of
L = I — W associated with right eigenvector 1. Let @ € RY™ denote the left
normalized eigenvector corresponding to this eigenvalue such that w71 = 1. It is
known by Perron theorem (see [95, Thm. 8.4.4]) that = is strictly positive under
the strong connectivity assumption on the underlying communication graph.

Now let IC be a singleton, i.e., K = 1. Then, there are at most N possible
choices that leader T can take. For problem (3.8), we have the following result
(where we recall that for a matrix A, A® and A(ry denote the k-th row and k-th

column, respectively).

Theorem 3.3.1. (Single agent selection for problem (P1) in (3.8)) Suppose b sat-

isfies the normalized condition that 17b = 1. For any k € V, we have

Tiy = PEl&l,  with (3.17)

T
_ ™
pl = (b'Lt — LI®) — (a7t — LI — bTLIk))W—k. (3.18)

Moreover, if b= 1/N, then we have
T -1 t " (k)
Proof. See Appendix A.2.1. n

Our next result characterizes the cost function corresponding to a single agent

selection for problem (3.11).
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Theorem 3.3.2. (Single agent selection for problem (P2) in (3.11)) Let P = Lgl.

For any k € V, we have
JO =1 — B (3.20)
Proof. See Appendix A.2.2. O]

As a result, when K = 1, optimal solutions to both problems (3.8) and (3.11)

are given by
k* = arg 1%51 Jiiy

It should be noted that one only needs to evaluate LT and 7 or L;l once
(which requires O(N?) operations), then uses (3.18) or (3.20) to compute the in-
fluence corresponding to each follower being selected. When N is large, this is
less computationally expensive than inverting matrix (L + diag(ay)) multiple times
(each costs O(N?) operations) for different choices of K.

The cost Jgy is inversely proportional to the trust level aj,. This has a practical
meaning as follows. In a social network, an agent who is strongly influenced by his
neighbors but is quite skeptical about new information (from the leader) may be
less important in spreading the leader’s opinion than one of his friends, who is easier
to persuade.

Furthermore, J Ea also depends linearly in |£,|, the initial error of the whole
network. As noted earlier in Remark 3.2.7, we can view J ﬁ% as the cost-to-go at
initial time, i.e., J{%(O) In this connection, it is easy to see that the cost at any
time ¢ is given by

T () = ply l€®)].
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This suggests that the centrality of each agent should be dynamic. That is, an
agent may be the most important at some time but may not be at the other times,
depending not only on its position in the network structure but also on how it
behaves over time. The significance of this is that if the leader is able to repeatedly
compute J{(llg)}(t), then it can further improve the performance of the network by

repeatedly selecting the informed agent.

Remark 3.3.3. (Connection of J{% with other centrality measures) Consider again
when the graph G is undirected and L is symmetric, b = 1/N, and £, = 1/N. Note

that m = 1/N and that LT = 0 (see Lemma A.1.5). Hence,

T4} = apt + L. (3.21)

Thus C’{(llq)} is proportional to 1/L}, . Tt is interesting to note that in [110] the authors
define the topological centrality of a node to be TCy, = 1/ L;Qk where LT is the pseudo-
inverse of a Laplacian matrix L; see [110] for further details. Additionally, the
notions of information centrality [111] and node certainty [112] can also be shown
to be proportional to 1/LLk. Notice that [110,111] only define these notions for
undirected graphs where L is symmetric. Thus when the graph G is undirected and
L is symmetric, these centrality indices and our Cy are equivalent in ranking the
importance of nodes in the network.

Moreover, for undirected networks, the pseudo-inverse of a Laplacian matrix

also has a nice connection with the notions of resistance distance, that is,

LT _ 1 K
ke 10, N2
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where K; = tr(L") denotes the Kirchhoff index of the network and ICj, the infor-

mation centrality [111] of node k given by
1 1

with r; being the topological distance between k£ and j. Therefore,

Jﬁ%zﬁ—i-i—ﬁ:ﬁ—i-zrk'—ﬁ.
ap IC, N oy - 7N
As a consequence, if oy, = a;,Vk,j € V, then the centrality C’E,IC)} agrees with the
information centrality. In particular, nodes with smaller total distance to all the
others will have higher centrality measures, thus more important.
It is, however, important to note that our measure Cgc)} also depends propor-
tionally on «ayj, which makes more practical sense since oy, represents the proclivity

towards the leader’s opinion of agent k. Moreover, CE,IC)} is not restrictively defined

for undirected graphs and symmetric L.

3.3.2 Two-Agent Selection

In this subsection, we derive an explicit expression to the joint centrality of any
pair of agents. Let I = {i,j} C V,i # j. For problem (3.8), we have the following

result.

Theorem 3.3.4. (Two-agent selection for problem (P1) in (3.8)) Letb =1/N. We

have

1
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where

T Yid%Vis — ViV v Vii T Vi vy Vi T Vi p10)
p,, = —2 gt B i 2 W), (3.23)
! > Vi > Yig > Yig
and z Yij = Vs + Yig + Yii + Vi with
1 1 Ll
W= LT ) i — 2
’7 e ( 21 + Oél') ,7] e
1 1 Ll
_ T _ tJ
Vi = w_j(ij + —j)a Vi = — m
Proof. See Appendix A.2.3. O]

Note that p;; can also be expressed as

Vi + Vi Yii + Vig (i + 7i3) (Vi + Vi)
&Pt —=—Pj — m,
> Vi > Vi > Vi

where p; is given by (3.19), which is proportionate to Jg})
As a consequence of Theorem 3.3.4, we can determine the optimal pair at any
time ¢ as
(@) =arg_min  pII€), (3.21)
Remark 3.3.5. (A special case) Consider the case where L is symmetric and let
€, =1, = 1oo. Note that € span(1) and Liwr = 0. Thus the cost J{(le) reduces
to

tort tort
@ ottt

o w37 ij g

Whph Ll - L - LT

(3.25)

Notice that the term in the denominator LL—FLL- - ng - L}i =: 1;; is usually referred

to as the resistance distance of the network measured at nodes ¢ and j, which is
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identical to the topological distance between them. The term in the numerator can

be expressed as

Lhrt — oot = LIt (1 — (cos'(4, 1))2),

(] i gt (V]

where
L,

trt
v Liilj

Here, by following [113], we use cos' (4, j) to measure how structurally similar the

cos'(i, ) =

roles of ¢ and j are. The cost now reads

J(l) LT-LT (1 - (COST(L]‘)V).

iy — Lty
{i} T

By (3.21) and o = 100, we have

1) _ A1)~ "ji
C{ij} - C{i}C{j}l — (cost(i, 7))

Obviously, the cost C’Sj} depends on individual centrality CS}), CS%, resistance dis-
tance r;; and cos' (7, j) in a nonlinear fashion. However, we can loosely infer that to

minimize Jy;;, the optimal selection should satisfy the following
o Self-centrality: C’S}) and CS% should be large.

o Relative distance: 1;; should be large, i.e., ¢ and j should be far apart.

e Topological similarity: cos'(i,j) should be large, i.e., i and j should have

similar roles in the network.

Consider, for example, an unweighted undirected cycle graph where «; is identical

for any node. An optimal choice (i*,j*) is any two nodes that are of the farthest
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distance.? Consider a network which consists of two communities as another exam-
ple. A reasonable candidate for the optimal solution would be i* and j* where each

node is the most influential in each community.

Remark 3.3.6. In connection with other centrality measures (e.g., information cen-

trality, topological centrality), the cost J SJ)} can be described by

@ _ it (L= (cos(i, 5))%)
J{ij} - L“L” T
_ ( 1 Kf)( 1 Kf)(l_ (COST(i,j))Q)
- IC; N2 IC; N2 T
N (Rz Kf)(R Kf)(l_ (COST(i:j»Q)
"N N2'N N2 Tji

where R; = ), ri; is the sum of all resistance distances from node ¢ to all the others,

which is reciprocal to the information centrality of node 1.

The derivations of C'* )} in previous remarks are valid only under special as-
sumptions about the trust vector «, the initial condition £(0) and the structure of
the network as well as the Laplacian matrix L. More importantly, it only indicates
the importance of nodes at initial time 0. As the agents’ opinions evolve with time,
so do their influence measures with respect to the whole performance of the network.

This can be captured by our time-varying objective function J,(Cl)(t) or C’,(Cl)(zf)7 which

3This can be seen as follows. Let N denote the number of nodes in the cycle. For any 2 nodes in
the cycle, there are exactly 2 disjoint paths connecting them. Let z,y denote the lengths of the 2

paths, which obviously satisfy x+y = N. Since all the nodes are identical to each other, so the joint

N

centrality only depends on the relative distance r;; where r;; = (x7 14y H = o< % = 5.

Therefore, 7;; is maximized when x =y = % for even N or (z,y) = (NT N—) for N odd. This

proves the claim.
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is defined for any initial condition and any trust and bias vectors. This is one of the
main differences between our work and others.
In a similar fashion, we can compute the cost function associated with any

pair of agents for the case of problem (P2) as follows.

Theorem 3.3.7. (Two-agent selection for problem (P2) in (3.11)) Let P = Lgl and

We have

4@ _ PP (v + vig) + b7 Py (vi + ). (3.26)
bl ViiVjj = VijVji
Proof. The proof is based on the rank-2 update of matrix inversion by the Woodbury

identity (A.1). O

Of course, this objective function depends on the network structure and weight
matrix (encoded in L) as well as the trust vectors e, 3. Although connections with
other notions of centrality may not be inferred easily, there is a close relation between
this cost function and the average voltage of a network of resistors. In particular,
assume the graph G is undirected and consider the network of |£]| resistors corre-
sponding to the graph with w;; representing the conductance between nodes ¢ and
j. Let @ and T denote two voltage sources and let «; (3;) denote the conductance
between node i and T' (Q)) when there is a link, that is, when node i is selected by
T (or ). Then it can be seen that J SJ)} is the weighted average (corresponding to

b) of the node voltages in the resistor network.
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We close this section with the following remark. As we have seen in this sec-
tion, the joint-centrality measure of a set becomes more complicated to express as
K increases. Moreover, for large networks, finding the optimal solution by sweep-
ing through all the possible combinations is a challenging or even impractical task.
Therefore, we content ourselves with approximate solutions whenever they are at-
tainable with certain quality. In this connection, we now develop two practical
approaches for the general problem-(P) where lower and upper bounds on the opti-

mal value can be obtained and used to assess approximate solutions.

3.4 General Case: Convexification Approach

In this section, we study the convexity property of the continuous relation defined
by Jx and discuss numerical methods that can be used to solve the relaxed or
approximate problem. We emphasize that no symmetry conditions on the Laplacian

matrix L (even on its structure).

3.4.1 Convexity of Relaxation

Consider problem (3.12), equivalently put as follows:

Srélﬂé% f(s) :=b"(Ls + diag(soa)) " 'c
(P) st. s, €{0,1} Vi=1,...,N, (3.27)
card(s) < K
where b, c € RY\{0}. Recall that Ly = L + 3. We will also use Lo := L to signify

the case of problem (3.8) i.e., 8 = 0. The optimal value of this problem is denoted
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by fp.

First, this problem is clearly combinatoric in nature (hence nonconvex) and
generally hard to solve especially for large networks. We defer our discussion on the
convexity of the objective function f for now and discuss techniques to handle the

cardinality constraint instead. The first idea is to consider instead of (P) a relaxed

version (P_Rlxd) defined as follows:

min  f(y)

(PRIxd) Y (3.28)
st. yel0,1]Y and 17y < K.

This is a continuous relaxation of (P). The optimal value for (P_Rlxd), denoted by
I5 miza 18 clearly a lower bound for that of (P), i.e., f} g < fp- Of course this
lower bound is useful if an optimal solution yp _gi.q is computable. In that case, if
Y P_Rriza 1S & binary vector, then it is also the optimal one for (P). However, a binary
solution is not to be expected as yp_gizq tends to be dense. In general, we can use
a simple projection onto the feasible set of problem (P) to obtain an approximation
(e.g., rounding up to 1 the K largest elements of yp_gi.q and zeroing out the rest),
resulting in an upper bound on f;, which we denote by fp_giza-

Next, we consider another practical approximation using the well known ¢;-

norm regularization technique. Here, we consider the problem

(P Aprx) Y (3.29)

where p is a positive parameter the role of which is to promote sparsity of the
solution. (Note that if 1 = 0, then clearly y = 1 is the global solution to this ap-
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proximate problem (see also Theorem 3.4.3 below); increasing p is a way to penalize
the number of nonzero elements in the solution.) Let sp 4., be the binary vector
corresponding to the K largest elements of a solution to problem (P_Aprx). Then
fp_aprz = f(Sp_apr,) is clearly an upper bound on the optimal value of the original
problem (P). As a result, the gap (fp_apra — fp mzq) cant also be used to evaluate
the quality of our approximations.

We now discuss convexity of the function f, which would clearly be pertinent
for problem (P_Rlxd) as well as problem (P_Aprx). Note that we do not assume
any symmetry conditions on the Laplacian matrix L (even on its structure), or on
the nonnegative vectors b and c (trivial cases such as b = 0 or ¢ = 0 are excluded).
For somewhat similar cost functions that are convex under symmetry of L, see, e.g.,
[61,104,105]. As noted earlier, the functions f in (3.15) and J,(Cl) defined for problem
(P1) with b =1 and &, = 1 are equivalent through the change of variables (3.14),
one may wonder whether the continuous relaxation of f is convex. The following

remark provides a negative answer for this question.

Remark 3.4.1. (Nonconvezity of continuous relazation of f of (3.15)) We use a
simple example with N = 2 to show that the continuous relaxation of f of (3.15)

using (3.28). By abuse of notation, consider

f(s) =171 — (I — diag(so&@))W) "1, secQ=10,1]".
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0.1 0.9 0.8
Suppose W = and a = . We have

0.5 0.5 0.8

- 6.9101 16.6656
Vi(/2) =
16.6656 22.2587

which is not positive definite as it has a negative eigenvalue, namely A = —3.7632.

Thus, f is nonconvex on §2.

In contrast to f , the continuous relaxation of J,(Cl) is convex on €). In fact, more
is true; we establish below the convexity of f in (3.28), which is the main result of

this subsection. The convexity proof relies on the following technical lemma.*

Lemma 3.4.2. Let A € RY*N be nonnegative and V€ RYN*N be diagonal. Then
for each m >0,

Z AV ATV AF
i+j+k=m

s a nonnegative matrix, where i, j, k are nonnegative integers.

Proof. By change of variables, we have
Y AVAVA = Y AWVATIWAT
it+j+h=m 0<g<r<m
Writing V' = diag(vy, ..., v,), the st-th coefficient of the matrix above is
> (AN AT A ;s (3.30)
0<g<r<m 1<i,j<n

To simplify this expression, let us consider the graph generated by matrix A, where

a;j denotes the weight of the directed edge i — j.> Let P,, denote the set of all

4We thank Prof. Terrence Tao for the idea for the proof of Lemma 3.4.2.

5The edge direction defined within this proof is in reverse order to our usual notation.
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walks of length m from node sg = s to s, = t, i.e., those of the form
S=8) 55 3. B85, =t

where e; = (s;_1s;) denotes the directed edge from node s;_; to s;. Now for a
fixed tuple (girj), consider a collection Pyjy C Py, that satisfies the conditions
sq =t and s, = j (i.e., fixing positions ¢ and r). Then the term under the double
summation in (3.30) represents the total weight of all the walks® in P, multiplied
by v, vs,, 1.€.,

[Aq]si [Ariq]ij [Amir]jtvivj = Z QeyQey - - - Qe Vs Vs,

{ex} 1" €Pgiry)
where we have assumed A = [ag]i1<ki<n. Summing the right side of this relation
over 1 < 4,7 < n yields the total weight of all the walks in P, (each being scaled
by v,,vs, ), namely,
Z UeyUey - - - ey, Vs, Vs, -
{ex} " €Pm

As a result, (3.30) becomes

Z Z ey Uy - - - e, Vs, Vs, = Z Ue,Uey - - - Qe Z Vs, Vs, (3.31)

0<g<r<m {ex} € Prm (s} EPm 0<g<r<m
Note that a., > 0 for any 7 and that
2 Z Vs, Vs, = ( Z vsi)Q + Z vi > (.
0<g<r<m 0<i<m 0<i<m

It then follows that the right side of (3.31) is nonnegative, thereby completing the

proof. ]

6A walk’s weight is defined as the product of the weights of all the edges along the walk.
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We are now ready to establish the convexity as well as other important prop-

erties of our objective functions.

Theorem 3.4.3. (Properties of objective function in (3.27)) For any b,c,a €
RY\{0} and B € RY, let Q be given as in (3.29) and consider f: RY — RU {oo}

defined in (3.27), i.e.,

f(y) == b (Lg + diag(y o @)) . (3.32)

Then f is positive, convex and decreasing on §). It is smooth on Q\{0} with gradient

Vf and Hessian H given by

Viy)=—-Y"Tb)oao (Y 'c) with

(3.33)
Y := Lg + diag(y o )
and
H(y) = H(y)+ H"(y) with
(3.34)
H(y) := diag(a o (Y 7b))Y 'diag(a o (Y 'c)).
Moreover, H(y) is a nonnegative matriz and
0=<H(y) X LsI, with L;:=p(H(0)). (3.35)

Furthermore, Ly < N max;;[H(0)];;.

Proof. Smoothness of f follows from its definition. Positiveness follows from as-
sumptions b,c,8 > 0 and the fact that Y = Lg + diag(y o o) is a nonsingular
M-matrix whenever y €  and 3 are not both equal 0, which ensures that Y ! is a
nonnegative matrix (see Lemma A.1.3 in Appendix A.1). Hence f(y) =b’Y lc >0
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for all y € Q. Next, we find the first differential of f, namely,

df(y) =brdyc
= —b’Y 'diag(a)diag(Y 'c)dy,

T

— | ") oo (v i) dy. (3.36)

where we have used the fact that dY ! = =Y ~1(dY)Y !, dY = d(Ls+diag(yoa)) =

diag(dy o ), and diag(x)y = diag(y)x = x o y. Therefore,
Vily) = —(Y_Tb> oo <Y_1c).

Since Y1 > Oy, we have V f(y) < 0, which implies that f is decreasing in y. In
fact, a stronger statement holds, that is, Y ! = (Lz + diag(y o a)) ! is nonnegative

and decreasing in y. As a result, [|[Vf(y)|2 < [IVf(0)]2,Vy € Q. When 8 # 0,

IV f(0)]]2 < oo, thus f is Lipschitz continuous with parameter ||V f(0)/o on €.

Next, we find the second differential of f as follows:

d?f(y) = 2bTY diag(dy o )Y ~'diag(dy o )Y "¢, (3.37)
= 2dy’diag(a o (Y 'b))Y 'diag(a o (Y 'c))dy,

=dy”(H + H")dy (3.38)

with H defined as in (3.34). Thus, H = (H + H7) is the Hessian of f. Clearly, H
is nonnegative since Y =1, W, b, ¢ are so. This proves that H is also nonnegative.
For convexity, it suffices to show that d?f given by (3.37) is positive semidefi-

nite on Q\{0}. Indeed, since b and c are nonnegative, we will prove that

YWY WY > 0pun,
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where V' = diag(dyoa). Note that Y is a nonsingular M-matrix. Thus, by definition,
Y = s(I — A) for some positive s and some nonnegative matrix A with p(A) < 1.

Then we have Y1 = 71 > A" and hence

YWy lvy =573 Z Z Z AV ATV A

i>0 7>0 k>0

=50y Y AVAVAR (3.39)

m>0i+j+k=m

Now by Lemma 3.4.2, > AWV AV AF > Onyn for each m > 0. Therefore,

itj+h=m
YWY ~VY~! > 0, thereby proving convexity of f.

Next, to prove (3.35), we use the inequality
xTH(y)x < p(H(y))x'x, VxeR" yecQ, (3.40)

which holds since p(H(y)) is the largest eigenvalue of the nonnegative (and sym-
metric) matrix H(y) (see Theorem A.1.1 in Appendix A.1). Note also that H(y) is

decreasing in y € 2. Thus we have

Onxny < H(y) < H(0) < max[H(0)];;117.

ij
Finally, by Theorem A.1.2 in Appendix A.1, we have p(H(y)) < p(H(0)) = Ly <

max;;[H(0)];;0(117) = N max;;[H(0)];;. O

Consider again the example in Remark 3.4.1 and choose W and « satisfying
(3.14), e.g., W = Wand o =4 x 1. With 3 =0, b =c = 1, we have fly) =

17(L + 4diag(y))~'1 and
2.5952 0.7958
V2f(1/2) = H(1/2) = = 0.
0.7958 3.8131
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Remark 3.4.4. (Lipschitz constant for problem (3.8)) When B = 0 we have Lz =
L, which is singular. As a result, the Lipschitz constant L; = p(H(0)) = oc.
Indeed, when a« = 3 = 0, the agents’ opinions converge to a consensus value that

is unaffected by either T or Q.

The following result is an immediate consequence, whose proof is omitted.

Corollary 3.4.5. (Properties of g in (3.29)) The function g is smooth and convex

over constraint set () with gradient

Vy(y) = Vf(y)+pl, (3.41)

which is Lipschitz continuous with Lipschitz constant Ly = Ly. Moreover, if n =

mingeq Amin(H(y)) > 0, then g is strongly convex with parameter 1.

It now becomes obvious that both problems (P_Rlxd) and (P_Aprx) are convex
with a (possibly strongly) convex smooth cost function. Thus, they can be solved
by various algorithms, including Interior Point Methods (IPMs), or the Projected
Gradient Method (PGM) (see e.g., [114-118]), provided that V f(y) can be evaluated
efficiently (see Remark 3.4.11 below).

We now remark on how to deal with the original problem (P) in connection

with tuning the parameter p in (P_Aprx).

Remark 3.4.6. (On selecting regularization parameter ) From the optimal solution
y* of problem (3.29) for a particular p, we can obtain an approximate solution to
the original problem (3.27) by choosing nodes corresponding to the K largest entries

of y*. As pu increases, there (usually) exists i such that card(y*) < K. Once this
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value is found (which can be done fairly easily), pu can be tuned manually within

the interval [0, i] to find the best approximation.

We conclude this subsection with the following remark, showing an application

of our analysis developed above.

Remark 3.4.7. (A proof of a conjecture in [105]) In a less apparently related context,
the authors in [105] study an on-chip active cooling system (based on super-lattice
thin-film thermoelectric coolers) and the problem of minimizing the steady state
temperature profile. The following conjecture was posed and supported by extensive

simulations.

Conjecture 3.4.8. ([105]) Suppose H=' € RN*N s q Stieljes matriz.” Then, for any

1 <k,1<N andz € RY, the following holds: z"diag(H®))Hdiag(H )z > 0.

Assuming this conjecture to be valid, the paper then shows the convexity of
each element hy; of matrix H(z) = (G —xD)™" as a function of z € [0, z,,], where
D is a diagonal matrix with at least one positive entry, G is an irreducible Stieljes
matrix, and z,,, > 0 such that G — zD is positive definite for all = € [0, x,,]. This
convexity result was proved in a later work [119] by using results on the convexity
of parameterized linear equations [120] but the conjecture has not yet been proved.
We will prove the conjecture next.

Although our cost function does not resemble H(zx) in the mentioned papers,
our analysis provided above can be used to give an affirmative answer to the con-

jecture, even under a weaker assumption, namely that H~! is an M-matrix. Indeed

TA Stieljes matrix is a real symmetric positive definite M-matrix.
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the proof below does not require a symmetry assumption.

Proof of Conjecture 3.4.8. Let V = diag(z). We have

sziag(H(’“))Hdiag(H(l))z = H(k>diag(z)Hdiag(z)H(l)

=ef HVHV He,.

Since H~! is an M-matrix, it follows that H=! = s(I — A) for some s > 0 and
some A > Oy y with p(A) < 1. Thus H = s7' Y .. A, and hence using the same
expansion as in (3.39) yields sHVHVH = Y >

iitk=m AV ATV A* | wwhich is

nonnegative by Lemma 3.4.2. Therefore, ef HVHV He; > 0 as desired. O]

The foregoing proof suggests that the convexity results in our work can be

useful in studying various applications, such as those considered in [105,119].

3.4.2 Numerical Methods

We now discuss two numerical algorithms that can be used to solve problem (P_Aprx),
namely the Projected Gradient Method and Interior Point Methods. Problem

(P_Rlxd) can be treated similarly.

Theorem 3.4.9 (PGM). Consider the Projected Gradient Method applied to prob-
lem (3.29):

vy — p, [y“) — (V™) + M1>] (3.42)

where Pq denotes the projection operator onto the constraint set ) of (3.29), and
O step size. If ¥\ is chosen by the Armijo rule, then every limit point of {y®} is
an optimal solution to problem (3.29). If B # 0, we can use any constant step size
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YO = € (0,Ly). If n >0, then for v = Lif, y®) converges linearly to the unique

solution y* with rate (1 — Lif)%

Proof. The theorem follows from Propositions 2.3.1 and 2.3.2 in [115], and Theorem

2.2.8 in [117]. O

Remark 3.4.10. (On implementation of PGM when 3 = 0 ) This corresponds to
Problem (3.8). We have that f is well-defined and smooth on Q\{0} (f(0) = o0).
As a result, given y© #£ 0, the level set Q° = {y € Qlg(y) < g(y @)} is convex
compact set excluding 0, over which g, Vg and V?¢ = H are continuous. In
particular, Vg is Lipschitz continuous on Q° with coefficient L) = maxycqo [|[H(y)].
Thus, we can replace Pq by Pao or choose a step size ensuring that y® € Q°, then

the PGM iteration (3.42) still works in this case (i.e., 8 = 0).

Remark 3.4.11. (On gradient evaluation) Gradient V f(y) involves inversion of Y =
(Lg+diag(yoa)), which usually costs O(N?) operations and O(N?) memory storage,
and thus does not scale well with network size. Moreover, even if the underlying
graph is sparse, this inversion can yield a dense matrix and therefore storing it could
also be too expensive for very large networks. In such a case, one way to reduce
those costs is to exploit the sparsity of the graph and the structure of the cost

function. In particular, from (3.33), we have V f(y) = —uo a o v, where
u:=Y"'b, v:i=Yle (3.43)

That is, u and v are respectively the solutions to the sparse linear equations Y u =

b and Yv = c, for which many solvers/algorithms are available. For example,
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based on the diagonal dominance property of matrix Y, we can employ the power-
iteration. Specifically, consider the decomposition ¥ = D, + E, where D, and
E denote the diagonal and off-diagonal parts of Y. It is clear from the structure
of Y = Lg + diag(y) that only D, depends on y (hence the subscript y). Now
consider u, which satisfies b = Y7u = D,u + ETu. Since D, is invertible, we
then have u = —D,'E"u 4+ D, 'b, which is a fixed point relation, where under
Assumptions 3.2.1 and 3.2.2, the right side defines a contraction mapping with
contraction coefficient p(D, LET) < 1. Therefore, we can use the following iteration
to compute u:

w1 = —D,; (E"a; —b). (3.44)

It should be noted that (3.44) is highly scalable since (i) F is sparse and can be
read off from L (or W), whose storage takes only O(|€]) where |€] is the number of
directed edges in the graph, and (ii) the computation also takes O(|€|) operations
as it only involves a multiplication of w;, with E7 and an element-wise scaling (after
a subtraction by b) by diagonal entries of D,,. Moreover, suppose (3.44) terminates
in k, iterations, which yields a convergence error proportional to pk“(Dy_ LET), then
the running time to compute u is O(k,|€|). Finally, v can be computed in the same

- — -l
manner, i.e., Vg1 = —D, " (Evg —c).

PGM belongs to the class of first order methods which only requires gradient
evaluation (and projection step). Thus, it can be employed to deal with large
networks. However, for networks that are not very large, other more efficient and

sophisticated algorithms are available such as primal-dual IPMs [114]. Here we note
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that each iteration of this method involves computing the Newton direction, which
requires O(N?) operations to evaluate gradient Vf and Hessian matrix H, given
respectively in (3.33) and (3.34). In practice, the method converges in a very few

iterations (say, a few tens), which is often much less than required in PGM.

3.5 Supermodularity and Greedy Algorithms

In this section, we develop an alternative approach to problem (P) based on the
greedy strategy where approximation bounds for the suboptimal solutions can be
established. To this end, we first prove that Ji in (3.12) is monotone and supermod-
ular in the set-variable IC. In fact, more is true, that is, function f given by (3.32)
1s supermodular and monotone on §). For this, we will give two different proofs as
cach has its own merit. As a result, problem (3.12) admits a (1 — %) approximation
algorithm [108]. We then develop an improved version of this algorithm that is able

to achieve better approximate solutions.

3.5.1 Supermodularity Results

We now establish supermodularity of the objective function f, and thus Ji. Our first
approach relies on the results in the previous subsection and the following known

result.

Theorem 3.5.1. (Topkis’ Characterization Theorem [121,122]) Let 2 = [x,X] be
an interval in RY and h : RN — R be twice continuously differentiable on (some

open set containing) 2. Then h is supermodular on Q if and only if for all x € Q
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and all i # j, 0*h)dx;0x; > 0. (There are no restrictions on 9*h/0x7.)
As a consequence, we have the following.

Theorem 3.5.2. (Supermodularity of objective functions) Consider the function
f in problem (P) and the set Q0 defined in (P_Aprz). Then f is supermodular and

monotone on (). Thus, the cost Ji is supermodular and monotone in IC.

Proof. By Theorem 3.4.3, f in (3.32) is decreasing and its Hessian matrix H is
element-wise nonnegative on 2. Supermodularity of f then follows from Theorem

3.5.1. Thus, Ji is also supermodular as it is the restriction of f on the vertexes of

Q. O

It should be pointed out that unlike in problem (P2), the function f in (P1) is
not defined at 0 € {2 and thus is not twice continuously differentiable on any open
set containing ). Therefore, the result above does not apply directly to problem
(P1).

Next, we provide a second approach to proving the supermodularity result
avoiding the technical problem above. This approach is based on the following two
lemmas, the first of which is a matriz supermodularity inequality and the second is a
composition property. These results not only provide us a deeper understanding of
the influence process considered here but also are useful in proving the modularity

of another related cost function used in the literature.

Lemma 3.5.3. (Matrix supermodularity inequality) For any S C V, let I's =

diag(aws). Then we have (Lg + L)™' € RY*N s nonincreasing and supermodular
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in S, i.e., the following matriz inequalities hold for any v,k € V\S

(Lg + FS)_l — (Lﬁ + PSU{U})_I > (L@ + FSU{k})_l - (L@ + Fgu{kﬂ,})_l > 0. (345)
This result also holds true if we replace Lg with L.

Proof. The proof relies on the Woodbury matrix identity and results in M-matrix

theory. See Appendix A.2.4 for details. O

The result seems to suggest that opinion diffusion and influence spreading

processes inherently possess monotonicity and supermodularity properties.

Remark 3.5.4. We do not exclude the case S = @ since it can be seen that (Lg +

F@)_l — +OO lf /B = O

Lemma 3.5.5. (Composition property) Suppose F : 2¥ — RN*N s decreasing
and supermodular, f : RN*N — R is increasing and conver. Then the composition

(f o F) is nonincreasing and supermodular. ®

Proof. This result is a straightforward extension of the standard case [121] in which

F:2¥ - Rand f: R — R. Details are omitted for brevity. O

Now using Lemmas 3.5.3 and 3.5.5 with F(K) = (Lsg+Tx) ™!, f1(X) = bT X|&,|
and fo(X) = bT X3, we again have that JO = (fi o F)(K) for i = 1,2 are nonin-
creasing and supermodular.

Remark 3.5.6. The authors in [104] consider the problem of selecting a number of

agents as leaders (in their context) in order to minimize the overall variance in an

8Here, o denotes the composition operator and should not be confused with the Hadamard

product used in Section 3.4.
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undirected unweighted network subject to stochastic disturbances. It can be verified
that the cost function in that paper is equivalent to tr((L + diag(axc))™"), which
is equal to (f o F)(K) with F(K) = (L + I'x)™! and f(X) = tr(X). Using the
result above, we can immediately conclude the supermodularity property of this

cost function; this was not established in [104].

3.5.2  Greedy Algorithms and Ratio Bounds

Having established supermodularity of the objective functions, we now introduce
our greedy algorithms and show their ratio bounds. For convenience, Js and J(S)
are used interchangeably. Our first algorithm, whose output is denoted by K¢, is

similar to the greedy algorithm in [108], which we described next.

Algorithm 3.1: Greedy Adding K€
Data: W, a, 3, b and K
Init: K¢ < @
fori=1: K do
k¥ < argmin{J(K% U {v}), v & K¢}
L K¢+ K9 U {k;}
Output: K¢

AW N =

9]

Description of Algorithm 3.1: The idea is to start with an empty set K¢ (line
1) then greedily find one more node that most decreases the cost Ji to add to the

set K (lines 2-4). The algorithm is terminated after K sequential selections.

Remark 3.5.7. (Complezity of Algorithm 3.1) The number of function evaluations is
KN — @ In a naive way, without exploiting the structure of the cost function,
each evaluation requires O(N?) operations (due to matrix inversion) and thus the

total cost would be O(KN?). We can use the following tricks to alleviate this
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computational burden.

e Rank-1 updates: At any iteration, let S denote the current set K¢ and let

P:=(Ls +Ts)™'. By the Woodbury identity (A.1), it can be verified that

B P, PW
(Lg +Tsupy) ' = P — ﬁ- (3.46)

Let AJ(v,8) := J(S) — J(S U {v}). Then

bTP(v)P(v)C
a;l+ P,

AJ(v,S) =
As a result, knowing P, it requires O(NN) operations to compute AJ(v,S)
and hence O(N(N — |S])) to find v* = argmax,ey\s AJ(v,S). The matrix
(Lg + Tsugpey) " is then obtained from P by a rank-1 update (3.46), which is
O(N?). Note that the initial case S = & corresponds to P = Lgl, which takes
O(N?) operations to compute. To sum up, using this scheme, the algorithm
requires O(K N? + N3) operations, reduced from the naive way by a factor of

O(N). Tt also demands O(N?) of memory space (mainly to store the matrix

inverse).

e Power-iteration method: For a very large network, it may be too expensive to
reserve O(N?) memory for storing the inversed matrix (Lg + I's)~*. In this
case, one can exploit the sparsity structure of Lg in connection with the power-
iteration method to overcome the memory issue as shown in Remark 3.4.11.
In particular, we can write J(S) = uke, where us = (Ls + I's)"'b can

be computed using iteration (3.44). As before, let k, denote the number of
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iterations (on average) of running (3.44) (to achieve certain accuracy of u).

Then the algorithm takes O(K Nk, |E|) operations and O(|€]) memory.

Note that the same greedy algorithm using rank-1 updates has been applied
in [107] for the case of problem (3.8). Here, we use this algorithm for (3.12) (which
is more general) and provide proofs of the supermodularity of Jx and the ratio
bounding the error incurred, which were not included in [107].

Our result on the approximation guarantee of Algorithm 3.1 involves the notion
of curvature of a submodular function (see, e.g., [109]. Let Z(S) be nondecreasing

submodular in §. Then

oy ZP\{sh) — Z(P)

@) - Z2({z}) (3.47)

is called the total curvature of Z with respect to the set P.

Theorem 3.5.8. ([109, Cor. 5.7]) Let Z(S) be a nondecreasing submodular function
of S such that Z(2) = 0. Let 8¢ and S* denote the greedy solution and the optimal

solution to the problem max{Z(S) : S CP,|S| < K}. Then

Z(8%) 1(1_(1_3

>
- K

Z6 2 ) = Roc (3.48)

where o 1s the curvature of Z with respect to P.

To use this result, we need to consider the case 3 = 0 separately since L is

singular and thus J(@) = oc.

Theorem 3.5.9. (Properties of Alg. 3.1) Let Assumptions 3.2.1 and 3.2.2 hold. Let
K* denote an optimal solution to (3.12) and let K€ be the output of Algorithm 3.1.
LetV, ={i € V,a; # 0}.
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(i) Let v* = arg min,ey, J({v}). If B =0, then

J({v"}) — J(K)

Z RO’,K— (349)
T({o}) = (K 1
where 0 =1 — Mingey,\ {v*} f&’i&\ﬁi} ({ig/ma}))'
(i) If B # 0, then
J(2) — J(KE)
>R, 3.50
J(2) — J(IK) = K 350

JVa\{z})=J(Va)
J(@)=J({z}) -

where 0 = 1 — mingey,
Proof. (i). Define Z(S) := J({v*})—J(S U {v*}) for any SCV,\{v*}. Then it can
be verified that Z is nondecreasing, submodular with curvature ¢ and Z(@) = 0.
Thus, applying Theorem 3.5.8 and rearranging terms yield (3.49).

(ii). Similarly, (3.50) follows from Theorem 3.5.8 with o being the curvature

of Z(S) := J(2) — J(S) for any S C V,. O

Note that Ry > 2(1—¢77) > 1—e ! for any o € (0,1) and K > 1. Thus in

general R, is tighter than the constant bound (1 — e™!) established in [108] (and
also [63,65,67]).
Remark 3.5.10. (Bounds on J(K*) by Alg. 3.1) Clearly, J(K) is an upper bound on
J(K*) and (3.49) or (3.50) provides a lower bound. We shall denote these bounds by
Jou and Jgy, respectively; e.g., Jor = J(D) — % for (3.50) . Since J(K*) > 0
the bound Jgy, is useful only if Jor > 0, ie., Jov > (1 — R, x)J (@) or Jou >
(1 = Roic—1)J({v"}).

In the following, we construct another algorithm (Algorithm 3.2 given and
described below), which contains Algorithm 3.1 as a special case and is able to
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practically improve accuracy. The idea is still to greedily select one “best” node at
a time, but we additionally employ a particular swapping strategy: to repeatedly
replace a selected node in K by another node in V\K (or more precisely V,\K )
if the swapping most decreases the objective function. This strategy is in fact a
special case of the Interchange Heuristic [108], which was also employed in [103] and
[104] for problems related to sensor placement and leader selection. Our algorithm
here differs from the aforementioned ones in that instead of swapping whenever an
improvement of the cost function occurs, we carry out swapping in the direction
of steepest descent coordinate, which helps avoid exponential number of exchanges.
(As a side note, the supermodularity property and approximation bound for the
greedy algorithm were not established in [103,104]. Moreover, the convex analysis
in these works is based on the symmetry of Laplacian matrices associated with

undirected graphs.)

Algorithm 3.2: Greedy Swapping K3, := GSwap (K3, M)
Data: W, a, 3, b, K3, and M

1 for m=1:M or until £, = K5, do
2 | S+, T ={ti,ty,...} + K5,

3 for:=1: K do

4 T« T\{t;}

5 tF « argminygsur J(SU{v}UT)
6 S+ Su{tr}

7 K5« S

8 Output: K3

Description of Algorithm 3.2: The algorithm starts with an arbitrary set Kj C
V, (assuming |K5| € [0, K]) and works in a cyclic manner for a predetermined

number of cycles M or until K. = K. | for some m* (line 1). In the m-th
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cycle (lines 2-7), we revise the estimate K7 | from previous cycle by updating
each entry one after the other; that is, for « = 1,..., N, we select 7 € R; =

V\{t],...,t5 |, tit1, ..., tx} that minimizes the cost J(SU{v} U T) (line 5), i.e.,

tr = argirelg; J({f’{, o ,t;*_lj,v,tiﬂ, . ,t/j}),

S T
then add ¢} to S. We call this a greedy swapping step. Note that if i > |K5],
we allow {t;} = @, in which case greedy swapping reduces to greedy adding (as in

Algorithm 3.1). In essence, this algorithm is based on the cyclic coordinate descent

method (also known as the Gauss-Seidel method).

Remark 3.5.11. (Entry search in Algorithm 3.2) In general, it is not computationally
efficient to determine the optimal order in which the elements of the set K are
selected to be revised in each cycle (in order to reduce the objective cost to the
extent possible). In this work, we use a cyclic selection scheme with the least

possible complexity.

Remark 3.5.12. (Complezity of Alg. 3.2 with cyclic search) Each cycle (other than
the first one) requires (KN — K?) function evaluations. That of the first cycle

depends on |K3]|, but is no more than KN — —K(I;_l)

. Again, the naive approach
takes O(mK N*) operations and O(N?) memory; but we can exploit the structure
of the cost function to reduce these computational and memory costs, especially for
large networks. Using the power-iteration method, we can avoid O(N?) memory
requirement as shown in Remark 3.5.7. For not too large networks where storage is
not an issue, we can employ the Woodbury matrix identity (A.1) for rank-2 updates

(since swapping involves two nodes). Specifically, suppose we want to check for a
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possible swap between ¢t € T US =: P with some v € V\P. Let P := (Lg+'p)~!

and E(,) := [e;, €,]. Then it can be shown that

-1
. Py—oy! By, -
(Ls + Tevinoey) ™ = P — PEw) EgyP. (3.51)
Pvt va + Of;l
Thus, A%J(—t,v,P):=J(P)—J(PU{v}\{t}), the marginal gain of swapping ¢ and

v, can be computed as

-1

Py—a;' Py, Pe
[b" Py, b" Py

Py Putoj'| [PV
which takes O(N) operations provided that P is known. Hence, finding v* =
arg max,ey\p A?J(—t;,v,S) requires O(N(N — K)) operations and if a swap is
performed, the matrix (Lg + Ip\gt,3u(0+3) " i then obtained from P by a rank-2
update (3.51), which takes O(N?). (Note that the foregoing calculation resulting
in the swapping selection above is also more computationally expensive than find-
ing a possible greedy swap; which is also one of the reasons we opt for the greedy
swapping strategy instead of the swapping method used in [103] and [104].) During
each cycle, at most K swaps can be carried out, taking O(K N?) operations. For
the initial cycle, if P is not supplied, then its computation costs at most O(N?).
Thus, in general, for M cycles, Algorithm 3.2 takes O(MKN? + N3) operations.

However, from our simulations, a good value of M is usually small (say 2-3) and

does not scale as O(NV).

Theorem 3.5.13. (Properties of Alg. 3.2) Let {K5}) denote the sequence of
approximate solutions generated by Algorithm 3.2.
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(i) If K5 = @, then K = KY, where K denotes the output of Algorithm 3.1.

(i) For any m >0 and K§ CV,, J(K5_ 1) < J(K3). In fact, let m* denote the

smallest index such that K5 = K3..1, then

J(’Ci) < J(ICEPL+1)7 Vm < m*, and

JKS) = (K50, W¥m > m'.

(iii) Let v*=argmin,cy, JV({v}). For any K5 C V.,

O L)y — JO(CS — J@(xcs
TOG ) =IO 1 1= IO

1 1
JO{v}) — JOK) ~ 2 1—JO(K) ~ 2

Proof. (i) Consider K5 = @ and the first cycle, i.e., m = 1. So, T=@ and S is
initialized as empty. As a result, line 5 becomes: ¢; = argmin,eys J(S U {v}),
which together with line 6 is the greedy algorithm 3.1. Therefore, K7 = K¢ as
desired.

(i) Consider the m-th cycle. It follows from the algorithm that K , =
{t1,ta,...,tx} (line 3). By the greedy choice of ¢; (line 5), it can be seen that
JES _=d({t1,ta, .t DSI{t to, otk DS <T{E5 1, ..t )) = J(KS).
Thus J(K5_,) = J(K2) if and only if all the inequalities in this relation become
equalities, i.e., no further improvement on the objective can be made entry-wise.
Hence, if K. = K., for some m*, then J(K2) = J(K5.),Ym > m*. The
existence of m* clearly follows from the fact that the feasible set of I is finite
(which comes from finiteness of the network size).

(iii) For any submodular and nondecreasing function Z(S), it follows from
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[108, Thm. 5.1] that

2(87) - 2(8") _ K -1
Z(S") — Z(@) ~ 2K — 1

L

2
where S* and ST denote the optimal solution and an interchange solution (i.e., no
more possible local improvement) to the problem max{Z(S) : § C P,|S| < K}.
Applying this result to our case, where Z(S) := JO({v*}) — JW(S U {v*}),¥S C
V,\{v*} for problem (P1) or Z(S) := 1 — J®(S),VS C V, for problem (P2), yields

the desired results. Here, K. is an interchange solution for each Ky C V,,. O

The ratio bound of % in part (iii) is less than the constant R, x in Theo-
rem 3.5.9 but holds for any initial set 5. Note also that first part of this proposition
asserts that Algorithm 3.1 can be obtained from Algorithm 3.2 by letting K5 = @
and M = 1. In this case, the performance of the latter algorithm is ensured to be
no worst than the former. In fact, it is clear from part (ii) that better estimates are

attained almost surely when M > 1.

Corollary 3.5.14. (Approximation accuracy of Alg. 3.2 with K = @) For any

m* > 1, J(K3.) < J(KC). Strict inequality holds if m*>1.

Although we are not yet able to quantify this gain rigorously, our simulation
results illustrate radical improvement compared to Algorithm 3.1, even with small

values of M.
Remark 3.5.15. (On implementation of Alg. 3.2) The following are worth noting.
e Starting point: The algorithm works for an arbitrary choice of K5 and thus

can be useful in practice to improve upon a good starting set K which may
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be available from, e.g., the convex relaxation approach or Algorithm 3.1.

o Local minimizer KJ.: When it is found, there are practical techniques to
possibly escape this local minimizer at the expense of more computation time

and power; e.g., random swapping of multiple nodes in 2. with V\K?5..

e Termination: We observed that even with a small M (say 2-3), the algo-
rithm still finds a good approximation, especially from a good starting point.
This may be attributable to the “diminishing returns” nature of the objective

function resulting in significant improvements only in the first few cycles.

3.6 Numerical Examples

The simulations in this section were carried out in Matlab® R2015b on a PC with

Intel® Core™;7 CPU@3.10 GHz and 12 GB of RAM.

3.6.1 Example 1: Small Network with One Leader

Consider the network depicted in Figure 3.1, where at every time step each agent up-
dates its opinion by taking the average of its own opinion and those of its neighbors,
ie.,

VieN;, i1eV.

1
Wij = ==,
T
This network is also studied in [62,107].

Suppose there is an external leader with constant opinion 7" = 0 who wants to

connect to a small number of agents so as to achieve fast consensus to its opinion;
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Figure 3.1: Network in example 1.

see Problem (P1). We revisit the problem of direct followers selection (with maxi-
mum level of trust) in [62], which corresponds to a=00, 3=0, xo=1 and b=1/N.
Table 3.1 compares the simulation results of different approaches: (1) exhaustive
search, which provides optimal solutions, (2) coordinate descent method [62], (3)
Algorithms 3.1 and 3.2, and (4) the convex relaxation (P_Rlxd) solved by an Inte-
rior Point Method. In the last case, we approximate a=10%1 to solve for yp rizd,

’CP,Rlzd

and then choose corresponding to the K largest elements of yp gizq. We

P_Rlad.
o

further apply the greedy swapping algorithm to see the last column, where

KP-Rlzd — GSwap(KP-%d 1) and KP-Fled = GSwap(KP-Fled 1),

As observed from Table 3.1, algorithm GSwap takes very few cycles to converge
to optimal solutions except for the case K = 5, where it falls into a local minimizer.
Usually, M = 2 is enough to obtain a good approximate solution, which is much

improved from what generated by Algorithm 3.1 (and is exact in many cases).
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Table 3.1: Comparison results for Network in example 1 (* denotes an optimal value).
In the last column, Jy-r_riza denotes Jip_ricd(Jyp-riza).
1(2) 1 2

’ \ Exhaustive search ‘ [62] ‘ Alg.3.1 ‘ Alg3.2 (K§ = 2) ‘ (P_RIxd) in (3.28) ‘

K K* J;C* J;C J,CG J,CQS JICZ* m* J,CP,Rzzd J,Cf@};tlzd

1 13 | 44.16 | 180.32 * * * | 1 180.32 (%)

2 8,19 | 13.36 | 28.96 23.37 * * | 2 28.96 16.54 ()

3| 8,15,25| 6.94| 1047 9.29 * x| 2 10.47 «(%)

4 7,8, 15 5.18 7.03 5.85 * * | 2 7.53 5.45 ()
25

5 13,7,9,15 3.53 3.83 4.09 | 4.06 | 4.06 | 2 6.57 | 3.82 (3.82)
25

6 [3,7,9 13| 222 % 3.13 | 2.54 «| 3 5.61 *(*)
16, 25

713,7,9, 13 1.36 * 2.17 * x| 2 2.17 (%)
16, 19, 25

As for the implementation of the convex approach with regularization, there is
no optimal rule for selecting u, the sparsity penalizing coefficient, other than trial-
and-error (see also Remark 3.4.6). Note that the computational cost per cycle of the
coordinate descent method in [62], which involves the cost function’s gradient and
Hessian matrix evaluations at each coordinate, is roughly twice as much as that of
Algorithm 3.2 (which requires only function evaluations). In addition, Algorithm 3.2
converges after 2-3 cycles with a guaranteed accuracy, while the coordinate descent
method could take many more cycles for each trial of 1 (with no provable bound on
accuracy). Furthermore, although the Interior Point Method applied to (P_Rlxd)
also employs the gradient and Hessian matrix, it converges within a few iterations
(10-20 in this example).

We simulate the network responses for the case K = 4; see Figures 3.2-3.5,
where the fastest convergence is when the leader repeatedly applies Algorithm 3.1

every T, = 5 time steps.
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Optimal Solution Coordinate descent

(1)
X(t)

40 60 80 40 60 80
time step time step

Figure 3.2: £* = {7,8,15,25} Figure 3.3: K ={7,13,16,25}

Algorithm 1 Algorithm 1 repeated with period Tp =5

X(t)
X(t)

40 60 80 40 60 80
time step time step

Figure 3.4: K = {8,13,16,25} Figure 3.5: Alg. 3.1 every 5 time steps

3.6.2 Example 2: Medium-Size Network with Two Leaders

Consider a directed network based on the largest strongly connected component of
the Wikipedia vote network? studied in [123]. Thus, our network has N = 1300
nodes and 39456 edges. We generate the weight of each directed edge randomly in
the interval (0,1). Suppose that leader @) has selected the set Vs containing the first
50 nodes with the highest out-degrees and that §; = 10, Vi € Vs (thus, they are
in full support of Q). Suppose that leader T can connect to up to K nodes in V,
that contains the first 1000 nodes that are not direct followers of @) (here “the first

1000 nodes is understood in terms of the numbering sequence of the nodes). We

9Data available at: http://snap.stanford.edu/data/wiki-Vote.html
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also assume that a; = 10,Vi € V,.
In this example, we consider problem (P2) for different values of K € [1,200]

using various schemes:

(i) Algorithm 3.1: the greedy algorithm with output K¢ providing Jor = J(K%)

and Jgz, as upper and lower bounds on J* (see Remark 3.5.10).

(ii) (P_Rlxd)+IPM: the relaxed problem (P_Rlxd) solved by the Interior Point

Method in OPTT toolbox [124],'° which gives fp_giza and 5 p.q @ upper and

lower bounds.

(iii) (P-Aprx)+IPM: the regularized problem (P_Aprx) solved by the Interior Point

Method (with sparsity threshold set to 0.01). The output, denoted by KF-4rz,

yields a corresponding cost fp_apre =: Jp_apre, an upper bound on J*.

(iv) GSwap(KF-4P= 1): applying one cycle of the greedy swapping algorithm to

JCP-APre obtained from (iii).

The simulation results are shown in Figures 3.6 and 3.7. Here, the upper bounds by
the greedy algorithm, GSwap(K-4"% 1) and (P_Rlxd)+IPM schemes are almost
the same while the convex relaxation approach gives the best lower bounds, which
help evaluate approximation errors. In particular, using these bounds, we are able
to conclude that the the approximation ratio of greedy solutions K¢ (as well as that

of GSwap(KF-47% 1) and (P_Rlxd)+IPM) satisfies

L-J(KS) _ 1-Jav
1—J* B 1_f]*3,Rlxd‘

10Here, we let y(©)=0 and stop the algorithm if M <1076,
il
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Upper and Lower Bounds on J*

0.6 -

o Jov N B -
—G- Jar RN ~ I
0.5 fP,Rlzd = O i
—3F fb_Riza S~
RN A RN
0.4 Jaswap(cr—me 1) O~ ~ |
-=JV)  fFmmmmmmmmmmm - - =TSz
-------- Ratio Bound )

03 Il Il Il Il Il Il
0 20 40 60 80 100 120 140 160 180 200

Figure 3.6: Upper bounds (solid lines) and lower bounds (dashed line) on J*; The global
lower bound .J(V,) holds for any K. The ratio bound —=Z7— (shown by a dotted line)

1_f1*3,Rlxd
is at least 90% as K > 90.

The lower bound, depicted by a dotted line in Figure 3.6, is clearly much higher
than R, x (here o = 0.99) and the well-known theoretical ratio of (1-2) = 63.21%
for the greedy algorithm. For example, the ratio bound is at least 90% as K > 90.

Regarding running time, note that the greedy algorithm scales linearly with
JcP-Avra|

K, while the convex approach does not; see Figure 3.7. As p increases, |

reduces, and thus so does the running time of GSwap(KF-4P% 1).

3.7 Closing Discussion

This section provides further applications and results based on the analysis devel-
oped in the previous sections.
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Algorithm 3.1 (P_RIxd) + IPM

30 40 rx
x X x
20 XX 30 x o
X
XX X o XX
x X X X
10 f x X< 20 f x XX XX x
x X X
X x Xy
0 - - - 10 - - -
0 50 100 150 200 0 50 100 150 200
K K
(P_Aprx) + IPM Algorithm 3.2: GSwap(KF-AP 1)
40 " " 40 rx " .
% X
X X X
>526§§<>§2<>§5<>3< X
20| Thx KTk Xx 20t %
X X
M X % %
0 - - 0 - -
0 0.01 0.02 0.03 0 0.01 0.02 0.03
2 1%

Figure 3.7: CPU run times (s) in 4 schemes. The Interior Point Method takes approxi-
mately 0.21 s per iteration.

3.7.1 Application to Friedkin’s Model

Consider a Friedkin’s model [3] in the presence of two leaders T and Q:

' a o+ Pi+oi+1 ’

where, as before, a; and [; denote the weights that agent ¢ puts on T and (@),
respectively, and o; represents the stubbornness of agent ¢ in keeping his initial

opinion (or internal belief, see also [20,63]). In matrix form,

x(t +1) = (I + diag(a + B + o)) HaT + BQ + o o x(0) + Wx(t)).  (3.52)
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Again, assuming () = 1 and T = 0, the equilibrium of the system is then given by
x(00) = (L + diag(a+ B + o)) (B + o 0 x(0)).

Thus, we can define an associated influence optimization problem of “IT" against ()

and the stubborn” as follows

min{b’x(00) = b’ (L, + diag(ax)) ¢ : |K] < K}

where Lg., := L + diag(8 + o) and ¢ := 3 + diag(o)x(0). Clearly, this problem
fits into the general one (P) described in (3.12) and thus can be treated efficiently

by the methods developed in this chapter.

3.7.2 Further Convexity Results

The following theorem builds on the convexity analysis in Section 3.4.

Theorem 3.7.1. Consider systems (i) x(t + 1) = A,x(t) where A, = A + diag(u)
is a monnegative matriz, and (ii) x(t + 1) = B,x(t) where B, = (A + diag(u))~'B
and B is a nonnegative matriz and A + diag(u) is a nonsingular M-matriz. For

either system, if x(0) > 0, then for ¥t > 0, x;(t) is convex in u.

Proof. [Sketch] For system (i), the conclusion follows from noting that dAL™ =

D it irkt Aldiag(du) A7 diag(du) A} and applying Lemma 3.4.2. For (ii), let b;;(u)
denote the ij-th element of B,. Similar to the convexity proof of f in (3.32), it

can be shown that b;;(u) is positive, convex and decreasing in u. Thus, [B!];;, as a

summation of products of b;;(u), is also positive, convex and decreasing in u. O
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It can be verified that result for system (ii) in the statement of Theorem 3.7.1
can be applied to both models (3.2) and (3.9) as well as (3.52). It is also interesting
to note that the result for system (i) in the statement of Theorem 3.7.1 is closely
related to [125, Lem. 3], which states that for a continuous-time system x(t) =
(M + diag(u))x(t) with x(0) > 0, the function u + z;(t) = el eM+diag)ix(Q) is
convex if M is a Metzler matrix.!! Thus our result for system (i) can be viewed
as the dual applied for discrete-time systems. However, we remark that the proof
technique developed here is totally different. Moreover, in general, not every real
matrix has a real logarithm, let alone uniqueness. The connection between these

results and applications of Theorem 3.7.1 are left for future work.

3.7.3 Towards Relaxing Strong Connectivity Assumption

Consider the case where the network G is fixed but not strongly connected. Without
loss of generality, assume that G is weakly connected (i.e., not disconnected). Then
for each I, we decompose V = Vi U Vg where Vi denotes the set of agents in G
that are reachable from K. Clearly, {T'} U V¢ forms a spanning tree rooted at 7.
Moreover, there are directed links from Vg to Vi but not vice versa. As a result,
the agents in Vg evolve independently with those in Vi and reach an equilibrium.
Thus, the opinion of each agent in Vi also converges to a fixed point, which is a
linear combination of 7" and the final opinions of those in Vg. In this regard, Vg
can be considered as other leaders to Vi besides T, thus the analysis in this chapter

can also be applied in this scenario.

11 e., off-diagonal entries are nonnegative.
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Part II: Consensus Prediction by Observer
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Chapter 4: Consensus Prediction in Minimum Time

Abstract: 'This chapter studies an observer that seeks to predict in minimal time
the asymptotic agreement value of the agents in a network. The network is governed
by the DeGroot opinion dynamics model. The observer can monitor the opinions
of a group of agents, but might not have accurate knowledge of the underlying
communication graph and the associated weight matrix. The work makes use of and
builds on previous work on finite time consensus to address this prediction problem.
In particular, for the case of a single observed agent, a tight lower bound on the
monitoring time is determined below which the observer with limited knowledge
about the network is not able to determine the consensus value regardless of the
method used. This minimal prediction time can be achieved by employing the
minimal polynomial associated with this observed agent. Next, for the general case
of an observer with access to multiple agents, a similar bound is conjectured, and
we develop algorithms toward achieving this bound through local observations and

computations.
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4.1 Introduction

In this chapter, we are concerned with the problem of predicting the consensus
value of a network implementing a consensus protocol, where the agents exchange
information according to the nearest neighbor weighted averaging scheme. This
problem is related to the finite-time consensus problem that has been investigated
in the literature (see, e.g., [71,72]). Building on these contributions, we investigate
the minimal observation time that enables an observer to determine the consensus
value by monitoring a set of agents in the network.

This problem is useful in network monitoring and security. Moreover, the
algorithms developed in this work can also be used to allow the agents to possibly
reach consensus in a time that is shorter than the best known results in the literature.
As an application, in Chapter 5, we will demonstrate the use of consensus prediction
in developing distributed optimization algorithms that have many desired features.

The contributions of this work are as follows. First, we reveal an intrinsic
relation between the consensus value and available observation data, based on which
we (i) derive a fundamental limit on the monitoring time for the case of a single
observed node, and (ii) provide a conjecture and analysis for the case of multiple
observed nodes. Next, we develop algorithms toward achieving the conjectured
bounds through local observations and computations.

The rest of the chapter is organized as follows. In Section 4.2 we describe
the problem formulation and provide some background on the finite-time consensus

protocol developed in [71]. In Section 4.3, we provide the main results on shortest
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time prediction of consensus using the notion of a node’s minimal polynomial as
introduced in [71]. Then in Section 4.4 we develop algorithms for computing min-
imal polynomials in a distributed manner and in (sub)optimal time. We provide
numerical examples and discuss problems for future work in Sections 4.5 and 4.7,

respectively.

4.2 Problem Statement and Previous Results

4.2.1 Problem Description

Consider a network consisting N agents denoted by V = {1,2,... N} with the
underlying communication characterized by a directed graph G = (V, ). Let x;(t)
denote the state or opinion of node i at time ¢t > 0; x;(0) represents the initial
opinion. At any time ¢, each agent observes opinions of its neighbors and updates
its opinion following the DeGroot model (1.4) as described in Chapter 1, namely:
wi(t+1) =Y wyz(t), VE>0, Vie, (4.1)
JEN;
where, recall that, A; denotes the set of agent i’s neighbors (including itself) and
W = [w;;] the weight matrix. In this chapter, the following is a blanket assumption,
which is the combination of Assumptions 1.5.2 and 1.5.3 and presented here for

convenience.

Assumption 4.2.1. (Network Connectivity and Weight Matrix) The graph G is
fixed and strongly connected. The weight matrix W is fized, row-stochastic and
satisfies w;; > 0 for (i,5) € €,i # j, and w;; = 0 otherwise. Moreover, W has at
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least one positive diagonal element.

Under this assumption, the network asymptotically achieves consensus:

lim x(¢) = 177x(0), (4.2)

t—o0

where we recall that @ € R¥ is the normalized left Perron eigenvector of W, i.e.,
7'W = n7 and 177 = 1; see Section 1.5.2 for details. Denote by z* the consensus

value, i.e., z* = wlx(0). Our problems of interest are as follows:

Suppose that there is an observer that might not know W but can monitor the
states of m nodes in the network starting from wnitial time t = 0. First, for any
initial states x(0), how can the observer predict the consensus value x* in minimum
time? Second, which nodes should be observed to minimize the number of time-steps
needed when more information on the network is available?

Let O C V denote the set of m nodes selected by the observer. By the
observation at time t we mean the vector xp(t) € R™ that includes the states of
observed nodes at time ¢. The number of consecutive observations (starting from
t = 0) that allows the observer to determine x* is called the observation time.

We find it convenient to introduce the following information model. Define
O©(t) as the “accumulated information” about the network that the observer pos-
sesses at time ¢t. (Note that O(t) is an equivalence class.) Let ©(—1) denote the
initial knowledge and assume that the information dynamics satisfies O(t + 1) =
O(t) U {xo(t + 1)}, implying that the observer accumulates information. As a re-

sult, at any time ¢ > 0, the observer knows xo(s),Vs € [0, ].
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4.2.2 Previous Results on Consensus in Finite Time

We now recall the method in [71] that enables the agents to exactly calculate the
consensus value after running the iteration (4.1) for only a finitely many steps. The
method is based on the concept of an individual node’s minimal polynomial, which
is given below.

First, recall that for any square matrix A € R™ " its associated minimal

polynomial ¢4 is the monic polynomial of least degree for which ga(A) = 0,,xy.

Definition 4.2.2. (Minimal polynomial of a node [71]) Given weight matrix W,
the minimal polynomial of node i, denoted by ¢;, is the monic polynomial of least

degree for which e ¢;(W) = 01, where e; is the i'" standard unit basis vector.

The existence of ¢; follows from the fact that gy satisfies the condition e} qy (W) =
0% . Moreover, g; is easily seen to be unique by virtue of being a monic polynomial of
least degree satisfying this condition. Note also that the value deg(g;)’s may not be
the same for different i € V. However, it always holds that deg(¢;) < deg(qw),i € V.

Furthermore, important properties of ¢; are given below; see [71] for a proof.

Lemma 4.2.3. (Properties of minimal polynomial of a node) For each i € V, g;
divides qy . Moreover, if i is a simple eigenvalue of W whose associated eigenvector

has all nonzero elements, then u is a simple root of q;.

As a consequence, when Assumption 4.2.1 holds, all the roots of ¢; are strictly
inside the unit circle except only one at 1. Denoting
Dz’ = deg(qz)—l,
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the minimal polynomial ¢; can be expressed as

G(©)=E-1) Y a¢, (4.3)

0<I<D;
where a¥ = [a(()i), agi), - a(g))i]T satisfies
ap) =1, Y a’ #0. (4.4)
0<I<D;

This decomposition of ¢; will be useful in determining the consensus value at each
node in finitely many iterations as we briefly describe next; for a full development
with all steps given in detail, the reader is referred to [71]. Recall from Definition
4.2.2 that el ¢;(W) = 0L. Thus, for ¢ > 0,
0=eclaW)x(t) = 3 (@, - a?)el Wix(t),
0<I<D;+1

where a@l 0

= ay,, = 0 for the convenience of notation. Note that e] W'x(t) =
x;(t +1). Thus, we have

Z cl(i):r;i(t +10)=0, Vt>0,

0<i<D;+1
where cl(i) = al(i)l — al(i). Denote by X;(z) the z-transform of the signal z;. Applying
the unilateral z-transform to the equation above and invoking the time-shifting
property yields
a(2)Xi(z)= D> q) D wmi)a (4.5)
1<I<SD+1 0<j<l—1

By the Final Value Theorem (see, e.g., [126]), we then have

D; (i), I
lim 2;(t) = lim(> — 1)X;(z) “*2 Z“}D“—lf)()
t—00 z—1 Zl:ZO all
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Note that {x;(0),...,x;(D;)} are consecutive state values of agent i. Thus (4.6)
implies that agent ¢ can find lim,_,., x;(t) after D; iterations of (4.1), provided that

a) is known. By (4.2), this limit is the consensus value z* = w7x(0).

Remark 4.2.4. The method presented above can be viewed as each agent being an ob-
server with its own information model: ©;(t + 1) = ©,(t) U {z;(t)} and ©,;,(—1) = @.
We remark, however, that in general, even in a distributed setting, more local
information is available to each agent than just its own state, e.g., ©;(t + 1) =
O;(t) U {xn;(t)} (recalling that N; denotes the set of direct neighbors of agent )

and ©,;(—1) might not be empty.

Remark 4.2.5. Our setting of having just one observer is more general in the sense
that the scenario above can be seen as a special case with appropriate choices of

observed nodes O and information model O(t).

Remark 4.2.6. It is obvious from (4.6) that agent ¢ (or the observer that monitors
agent i) determine the consensus value z* as a linear combination of D; + 1 consec-
utive observations of agent i’s state. This is merely a consequence of the use of the
minimal polynomial ¢;, which by no means assures the optimality of D; + 1 a priori.
Hence, the following the question is also of interest:

Among all possible methods that the observer may use to find x*, which is

associated with the least observation time?
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4.3 Shortest Time Prediction of Consensus and Local Computation

of Minimal Polynomials

This section deals with the question posed in the foregoing remark. It turns out that
if O = {i}, then the number D; + 1 of observations is optimal in determining x* for
any initial value of the network and for all possible methods. This optimal value can
be achieved by using minimal polynomial ¢; as in (4.6). We show this in detail, then
present an optimality conjecture for the case of having multiple observed nodes and
discuss an idea to achieve this minimum observation time through the computation
of minimal polynomials.

We first uncover an intrinsic relation between the consensus value and observa-
tion data: if * can be computed at some time r > 0, then z* is a linear combination

of available observation data with associated coefficients depending on W'.
Theorem 4.3.1. Ifr € Z, and g : R™") — R are such that for any x(0) € RY
" = g(xo(r),xo(r — 1),...,x0(0)), (4.7)
then 3By, Bs, ..., B, € R™ such that * =Y_|_ B x0(i).
To prove this result, we make use of the linearity of the dynamic system (4.1)

in conjunction with the following lemma, whose proof is an application of the Hahn-

Banach theorem.

Lemma 4.3.2. [127, p. 188] Let fo, f1, ..., fn be linear functionals on a vector space
V' and suppose that fo(v) =0 for every v € V' satisfying fi(v) =0 fori=1,2,...,n.
Then there are constants By, Ba, ..., Bn such that fo =31 Bifi.
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Proof of Theorem 4.3.1: Let r and g satisfy (4.7). Define the following

functions fo, fi; : RY — R for any ¢t > 0 and i € O such that for Vv € RY
fii(v) =l W'y, fo(v) = tlim el W'v. (4.8)
—00

That is, if x(0) = v, then f;(v) = x;(t) and fo(v) = lim; o x1(t) = 2* since the
network reaches consensus. Clearly, fo and f;; are linear functions on RY. Next,
define

Q={veRY|fi,(v)=0,0<t<ricO}

It can be verified that € is a subspace on which xp(t) = 0 for 0 < ¢ < r. We now

consider fy on €. It follows from (4.7) that for any v € Q and v € R

fo(v) = 9(0,0,...,0) = fo(yv) = 7fo(v), (4.9)

where the second equality holds since yv € €2, and the last equality by linearity of

fo. As a result, we have fy(v) = 0 for any v € . Therefore, by using Lemma 4.3.2,

we have
fo= Y. Bithi
0<t<ricO
for some constants 3;;. This concludes the proof. O

Next, we will employ Theorem 4.3.1 to assess the optimality of using minimal

polynomials in consensus prediction.

4.3.1 Optimality of (D; + 1)

Our main result for the case of single observed node is as follows:
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Theorem 4.3.3. Suppose O = {i} C V and O(t) = O(t — 1) U {z;(t)},Vt > 0,
where O(—1) may contain any information related to W. Then the observation
time 1s always bounded below by D;+ 1, regardless of the method used. Furthermore,

this bound can be achieved if q; € ©(—1).

Proof: Suppose O = {1}. We prove by contradiction, i.e., suppose there exist

a positive integer r < D; and a mapping g : R” — R such that for any x(0) € RY,
= g(x1(r),z1(r = 1),...,21(0)). (4.10)

Here, g depends on ©(—1). By Theorem 4.3.1, we conclude that there exist Sy, B2, ..., 5,
such that z* = > Biz1(7). Without loss of generality, assume that 8, # 0
(otherwise, we consider (,_; and so on). Define fi(v) := el Wtv and fo(v) :=

lim; o €l Wiv for any v € RY. Then

fo="Y_ Bif:. (4.11)

0<i<r

Note that for V¢ € Z, and Vv € RY, we have

foWv) = fo(v),  fil(Wv) = fria(v),

which in view of (4.11) then implies that

> Bifin= > Bifi

0<i<r 0<i<r

= ey 3 B e Sl o
1<i<r T T

As a result, the polynomial ¢; given by ¢,(§) = & + 22:1 B (Bia = B — B, Bo
satisfies
elgg(W) =0, with deg(g)=r+1<D;+1,
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which, however, contradicts the fact that the minimal polynomial ¢; of node 1 is of
degree D + 1. This concludes that the observation time is always bounded below
by D; + 1.

It remains to show that this bound is achieved if ¢; € ©(—1). This is obvious

in view of (4.6). O

Remark 4.3.4. As we have shown that the shortest time D; + 1 can be achieved if
¢; € O(D;), in which case the coefficients f; in Theorem 4.3.1 can be determined
from ¢; as 8; = ag.i)/ZlD:iO al(i). In the case where ©(—1) = @, then D; and agi)
for j =0,1,...,(D; — 1) become D; + 1 unknowns characterizing ¢;, and therefore,
the observer would need D; + 1 additional observation data in order to be able to

determine these unknowns.

In the following, we consider the case m > 2 and are interested in quantifying
the minimal observation time conditionally on the initial information ©(—1) in terms
of g;. Although we have not yet been able to determine the minimum time, we

conjecture the following:

Conjecture 4.3.5. Suppose the observer can monitor the states of a set O of m
nodes and ©(t) = O(t — 1) U {xo(t)},Vt > 0. Let Tiye denote the least observation

time and let D, = min;ep D;.
(Z) ]f®(_1) = {QHVZ € O}; then ,I‘inf - Dmin + 1.

(1) If ©(—1) = @, then Ting > Dpin + 2 + [%1‘1

For any x € R, [z] denotes the least integer greater than or equal to x.
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Remark 4.3.6. Case (i) can be reasoned as follows. Without loss of generality, let
O ={1,...,m} and Dy = Dpy,. If Tiye < Dy, ie., * can be found by the time

t = D; — 1. By Theorem 4.3.1, z* is a linear combination of
{z;(k),1<i<m,0< k<D —1}.

However, it follows from (4.6) that, at time ¢ = D; — 1, we have m linear equations:

D; (i), k
> ko @y,

with at least m + 1 unknowns including z* and xo(D;). Thus, in general, z* is not

X

computable up to time t = D; — 1.

Remark 4.3.7. Case (ii) of the conjecture is based on our development in the next
section where the idea is to demonstrate that the lower bound on 7i, ¢ can be achieved
if ¢, with k = arg min;c» D; can be computed from observation data up to that time

and if “ideal conditions” (which will be made clear later) are assumed.

Remark 4.3.8. With a different assumption on ©(—1), it is possible that Tiys < Diin-

For example, if O =V and {mw} C ©(—1), then z* = wlxx(0), i.e., Tins = 1.

4.3.2 Local Computation of ¢;

The minimal polynomial ¢; can be computed locally by agent ¢ in many ways.
First, let ¢® = ¢ .. ,c%)i, 1]7 € RPi™2 denote the vector of coefficients

of g;. Then it follows from the definition that

D;+1
0=elg(W)=> celW" = ()70}, (4.12)
k=1

with ngﬁ = [e; Whe; ... (WPthTe]T,
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Observe that ng_ +» has the form of the observability matrix for the pair (W, e]).
Therefore, the observer might be able to compute ¢ by constructing O,(:) and
increasing k& until Og) loses rank. This particular value of k is equal to D; + 2, i.e.,
at time ¢t = D; 4+ 1. Moreover, it should be note that the construction of Ol(f) need
not require the knowledge of the entire network. Specifically, let N, ,f’ denote the set
of agents connected to node ¢ through a path of length at most k. Thus O,(f) can
be determined using a submatrix of W with column and row in N, k(i). This requires
appropriate a dynamic information model: ©(¢t + 1) = O(¢) U {x;(t), el W'}.

A distributed algorithm for computing ¢; was also proposed in [71], where net-
work performs N runs of (4.1) with different initial conditions xM(0),x®(0),...,x®™)(0)
assumed to be linearly independent, each for N 4 1 time steps. During each run,

every node stores its own values. After NV runs, every node is able to matrix

200 V) - 2N+

220) 2P0 - 2P+
Xit =

#2M0) M) - 2N+

()

where x;”(t) is the value of node ¢ at time ¢ in the j-th run. Then D; is the smallest
positive integer for which X; p, is not full column rank and the coefficient vector of
gi, denoted by ¢, can be found from X; p,c) = 0; see [71] for details.

In [72] the authors presented another algorithm for computing ¢; which also
uses solely agent i’s state values but requires a fewer number of time steps. In
particular, let the network run (4.1) for at most 2N + 1 time steps, starting from

almost arbitrary initial state x(0) (except for a set of Lebesgue measure zero in RY).
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Each node i constructs its Hankel matrix H;j defined through setting z;(k + 1) =

xi(k+1) — x;(k) and

Hip = (4.13)
zilk+1) zi(k+2) - z(2k+1)

and finds the first rank-defective matrix H;j as k increases, namely H; p,. Then
a' is computed from H;p.a® = 0. Although it is hard to characterize the set
of initial states x(0) (of measure zero) for which this computation scheme fails to
provide a?, practical techniques to alleviate the problem are available; see, e.g.,
[128]. More importantly, this approach in general provides a minimum time of
2(D; 4+ 1) for consensus prediction in the scenario that O(t + 1) = O(t) U {z;(t)}
with ©(—1) = @. See [72] for further details.

We remark that the idea of using Hankel matrix H; ; to compute a' in fact
has its roots in the realization theory [73-75]. Here, finding ¢; can be regarded as
a network identification problem. Aimed with this view, in the next section, we
build our algorithms on the previous approach by employing block-Hankel matrices

in order to reduce the observation time needed to compute g;.

4.4 Toward Minimizing Observation Time

In this section, we present partial solutions to the problem described in Section

4.2.1. Clearly, when m = 1, it follows from Section 4.3 (see Theorem 4.3.3) that
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the solution is given by O = argmin;,cy D;. Thus in the following we consider
m > 2. Our main idea is to make use of available information to construct block-
Hankel matrices instead of (4.13). We will consider two cases: (1) when the minimal
polynomials of observed nodes are identical, i.e., ¢; = ¢;,Vi,j € O, and (2) when

they are nonidentical, i.e., 37,5 € O, ¢ # ¢;. In any case, we do not assume that

¢ € ©(—1),Vie O.

4.4.1 Observed Nodes with Identical Minimal Polynomials

Let ¢; =: ¢ where ¢(€) = (£ —1) Y1, ax&® with ap = 1 and a := [ag, ay, . .., ap]” €
RP+1 which is not assumed to be available to the observer at initial time. For any

subset S C V), define
Zg(t) = l’g(t) — ZCg(t — 1), Vi > 1.

For any sequence {0y, Oy, ...,0,}, define the following block-Hankel matrix

2(91(1) Z(’)l<2> T 201(D+1)
MnD({Oi}): ZO2‘(2) 2(92‘<3) TR0, (D+2) (414>
EL (p) z0,(p+1) -+ 20,(D +p)_

Important properties of this matrix is given next.

Theorem 4.4.1. There exist p € Zy and a sequence {O;|i = 1,...,p, O; C O} such
that the following hold:

rank(M, p({O;})) = rank(M, p-1({0;})) = D, (4.15)

M, p({0;})a = 0. (4.16)
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Proof. Tt follows from Section 4.3.2 that for Vi € O,
rank(H; p) =rank(H, p_1) =D, H;pa =0, (4.17)

where H;p € RPTUXMDP+D) s 5 Hankel matrix given by (4.13). Let Hpp =
[H{p Hy ... HY p]". It then follows from (4.17) that rank(Ho,p) = rank(Hoe p-1) =
D and Hpopa = 0. Now choose p = D + 1, O; = O,i = 1,...,p, and construct
M, p({O;}) as in (4.14). It is easy to see that M, p({O;}) has the same rows as

Hp p but in a different order. Thus the claim follows. O

As a result, once a sequence {O;}'_; satisfying (4.15) is found, a can be
determined from (4.16) and (4.4). Then the consensus value z* can be computed as

in (4.6), i.e.,

D
o zamanih) g (4.18)
Do @k

It is important to note that the number of time steps needed to construct M, p({O;})

X

in (4.16), denoted by T, is given by
T.=D+p+1. (4.19)
Clearly, T. > D + 2. Now define
p" :=min{p: (4.15) holds }, T*:=D+ 1+ p".

Thus T™ is the minimum time needed for the observer to compute z*. Note that p*
depends on the choice of {O;}]*. Our next result provides general bounds on this

value.

Theorem 4.4.2. The following hold: D +1 > p* > [%1
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Proof. The first inequality follows from the choices of p = D + 1 and the sequence
{O;} to construct a particular M, p({O;}) in the proof of Theorem 4.4.1. We
now show the lower bound. For any p € Z, and {O;} satisfying (4.15), since

rank(M, p({O;})) = D and O; C O,Vi =1,...,p, it follows that

1<i<p 1<i<p

Thus, p > [%1 Hence the second inequality follows. O

This result implies that D+1+(%1 < T*, which agrees with Conjecture 4.3.5;
here the lower bound is less than that in case (ii) of the conjecture by 1 since to
achieve this we have implicitly assumed the knowledge of D.

We can obtain a sharper bound for any initial state x(0) except for a set of

Lebesgue measure zero as follows.

Proposition 4.4.3. Suppose that the self-weight w; > 0,Vi € O. Then for any

initial state x(0) except for a set of measure zero, the following hold:
(i) If m > D+ 1, then p* = 1.
(i) If m < D, then D+ 1—m > p*.

Proof. [Sketch] First, note that if w; > 0,Vi € O, then it can be seen that
rank(M; p(O)) = rank(M; p_1(O)) = min(D, m) almost surely. Thus, if m > D+1,
then it follows that rank(M; p(O)) = rank(M; p—1(O)) = D, thus p* = 1.

Now if m < D, choose p = D +1—m, O; = O. There must exist 7 € O so

that if Oy = ... = O, = {j} then rank(M, p({0;})) = rank(H, p) = rank(H, p_1) =
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rank(M, p—1({0;})) for almost any x(0) except for a set of measure zero. This

implies that p* <p=D+1—m. O]

Next, we note that the set of sequences {O;}] that satisfy (4.15) and achieve

p* includes a special one, namely {O;| O; = O,Vi =1,...,p}. In fact, by defining
Mp,d = Mp,d({0i| Oz = O,VZ == 1, . ,p})
for any p,d > 1, we have the following:

Theorem 4.4.4. Suppose {O;}'_, is a sequence such that p > p* and {O;}_,

satisfies (4.15). Then for any d > D,
rank (M, 4({O;}))) = rank(M,+ p_1) = D. (4.20)
Proof. The proof follows from (4.15) and the definition of p*. O

Condition (4.20) allows us to construct Algorithm 4.1 below to be implemented
by the observer to find a and z*, assuming the knowledge of D (in addition to the
condition that ¢; = ¢;,Vi,j € O). Starting from p = 1, the observer repeatedly

increases p and checks if rank(M, p) = D, i.e, if p* is found.

Algorithm 4.1: Compute a and z* for the case of identical minimum
polynomials with knowledge of D
Data: The set O, m = card(O) and D
1 init: p<+1
2 while rank(M, p) < D do
3 | pep+1
4 Compute @ and x* using (4.16) and (4.18)

In the case where D is not available in advance, we can find D as the first
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value of d such that
d = rank(M, 4—1) = rank(M, 4) = rank(M,11.4)- (4.21)

Here, we want to find the first column-rank defective matrix M, 4({O}?) as p and
d increase appropriately. Based on this condition, we propose Algorithm 4.2 to

determine a and x* without the knowledge of D.

Algorithm 4.2: Compute a and z* for the case of identical minimum
polynomials without knowing D
Data: The set O, m = card(O)
1init: d<1;p+ 1
2 while (4.21) not met do
3 L increase d and/or p

4 Compute @ and x* using (4.16) and (4.18)

Remark 4.4.5. Algorithm 4.2 requires observation time T* = D+2+p* > D+2+[£]
since it uses My, p. Moreover, when m = 1, the algorithm is the same as that in

[72], which was summarized in Subsection 4.3.2 above.

4.4.2 Observed Nodes with Different Minimal Polynomials

For any S C O, let gs denote the least common multiple of {¢;,7 € S}, which can be
regarded as the joint minimum polynomial of the set S. Define Dg := deg(gs) — 1.
Since 1 is a simple root of each g;, it is also a simple root of gs. Hence, there exists

a € RPs+t! guch that

s©O=-1 Y ads Y ar0 ap-1

0<k<Dg 0<k<Dg

Here a also depends on §. Now using Algorithm 4.1 or 4.2 above, the observer can
determine a and thus z* as if ¢; = ¢; = ¢s, which requires a minimum observation
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time denoted by 7%(S). Therefore, for a given set O, the (sub)optimal observation
time is
T =min{T*(S) : S C O}. (4.22)
This is clearly a combinatoric problem, whose solution may be hard to find exactly
especially when ©(—1) = @. If ¢; € ©(—1), then we can resort to a greedy algorithm.
In any case, T¢ is upper bounded by min;ep{7*({i})} and T%(O), which are easier
to compute.
To conclude this section, we remark that in the algorithms in [71, 72], each
agent ¢ uses only its opinion history to compute x* and thus the best observation
time is 2D; + 2. Our results assert that if each agent ¢ also functions as an observer,

then the consensus value could be predicted in a fewer number of iterations.

4.5 Numerical Examples

4.5.1 Example 1: Network with Identical Minimal Polynomials

Consider a ring network of N = 10 agents with

g 1 0 --- 0 1
d 8 1 --- 0 0

W = eRIOXlO
1 0 0 1 .8
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and with (randomly generated) initial opinions:

x(0) = [0.9797, 0.2848, 0.5949, 0.9621, 0.1857,

0.1930, 0.3416, 0.9329, 0.3906, 0.2732]".

It can be seen that 7w = 1/10 and thus the consensus value is z* = w7 x(0) = 0.5139.
Moreover, ¢; = g;,Vi,7 € V due to the symmetry of the network and the weight
matrix.

First, consider the scenario where each node 7 € V wishes to z* from its local
information and ©;(—1) = @. Using the algorithm in [72], any agent can find D =5
and compute x* after 2D + 2 = 12 time steps, where as, by using Algorithm 4.2,
each agent (having has 2 neighbors, hence m = 3) can find D = 5 and compute z*
after T, = 9 time steps; see also Remark 4.4.5.

Next, consider the case where an observer knows D and can monitor m agents
in the network. Results in Table 4.1 holds for any choice of O. (Note also that
T. > D +2; see (4.19)). Here m = D is the smallest number of observed nodes that

also gives the minimum observation time.

Table 4.1: Observation times using Algorithm 4.1.
mi| 1 [2/3]4|5]6|7]8]9]10

To |11 (9| 8| 8| T |7 |7T|7T|T| 7

4.5.2 Example 2: Network with Different Minimal Polynomials

Consider the graph given in Figure 4.1 (from [71]). In this example,

01(§) = (&) = q3(§) = (£ = 1)(E = A)(€ = A)(€ — A3),
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q(§) = (€ = M)a(§),  a5(&) = qs(§) = (§ — As)qa(§)-

1/

‘— 6
\ /1/6
1 1/6 2

5
1/6
1/6
4

1/6
3

Figure 4.1: Network example 2. Self weights are not shown.

In Table 4.2, we compare the observation times obtained by the algorithm
in [72] with those by Algorithm 4.2, where each node monitors its neighbors and
naively uses Algorithm 4.2. It is interesting to see that the observation time of node
1 is longer than that of node 2 although it has more neighbors. The reason is that
node 1 uses information from nodes 5 and 6, which have the largest observation
time among all (or to be precise, the joint minimum polynomial of nodes 1,5 and 6

is g, which is of highest order).

Table 4.2: Observation time for each node to compute consensus value in Example 2

| Node | T, by [72] | T.. by Alg. 4.2 | Observed nodes |

1 8 8 {12,456}
2 8 6 {1.2,3}
3 8 7 2.3}

4 10 9 {14}

5 12 10 {156}
6 12 10 {156}

Finally, suppose that the observer is able to select any m nodes to monitors.
Let O* = argminpcy card(©)=m 1o, i.e., the set that gives the optimal observation
time. The result given in Table 4.3 is obtained by brute-force computations. Thus,

the best choice would be O* = {1, 2} with 7* = 6 and only 2 nodes being monitored.
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Table 4.3: Optimal time T* when the observer can choose any m nodes

m|T o

1] 8 | {1},{2},{3}
2 | 7 {1,2}
316 {1,2,3]
116 | {1,234}
516 | {1,2,3,4,5}
6| 6 |{1,23,4,5,6}

4.6 Toward Selecting Observed Nodes

Recall that the second question in Section 4.2.1 is about optimal selection of observed
nodes. Based on the previous section, the (sub)optimal solution to this problem can
be given by O* = argminpcy card(0)=m 1. The optimal solution to this problem is

not obvious and left for future work. Here, instead, we give heuristic descriptions

of O*, including:
(A) ¢;’s should be similar;
(B) deg(q;)’s should be small;

(C) p* should be close to 22

Note that the degree of ¢; and the relationships between ¢; and ¢; depend
not only on the structure of the network, but also on the weight matrix. To have

a closer look at the minimal polynomial of a node, let us consider the following.

Let ¢ = [c(()i),cgi), . ,cgz, 1]7 € RP*2 be vector of coefficients of ¢;, i.e., ¢;(£) =
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€D¢+1 + ZI?LO cl(j)gk. From definition,

el
D;+1 A ‘ ezTW
0" =el ;(W) = Z c,(;)eiTWk = (c)T
k=1
el Whitl

Thus, it can be shown that

Proposition 4.6.1. deg(q;) is the observability index of the pair (el , W).

(4.23)

Let us revisit Example 2 in the previous section. We keep the network structure

but consider the following two weight matrices: W; corresponds to equal neighbors

weights, and W, is randomly generated.

1/5 1/5 0 1/5 1/5 1/5 19 24 0 .13

1/3 1/3 1/3 0 0 0 54 .15 31 0

0 1/2 12 0 0 0 0 .27 .73 0
le WQI

12 0 0 1/2 0 0 63 0 0 .37

1/3 0 0 0o 1/3 1/3 22 0 0 0

1/3 0 0 0 1/3 1/3 B2 0 0 0

In the case of W7, we have

g1 = g2 = 43 = g4, deg(Ql) =9, d5 = 46 = qw, deg(%) =

In the case of W5, we have

1 =4q2 = ...46 = qwy, deg(QWg) = 6.
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Clearly, changing agents’ weights can change the agents’ minimal polynomials as
well as the degrees. However, it is also apparent that certain properties of ¢; are
pertinent to the network structure and thus are related to the structural observability
concept. This direction of investigation is left for future work.

In the following, we restrict ourself to the class of undirected graphs and
explore necessary and/or sufficient conditions in terms of graph theory to meet

descriptions (A)-(C) above. We also assume that that the weight matrix is given by
W=1-cL (4.24)
where L := D™ — A is the Laplacian matrix, A is the adjacency matrix, D" =
diag(A1) is the in-degree matrix, and € € (0, min;[D™];;') (which is to ensure that
W is a positive weight matrix).
Next we introduce some graph notions [129].
Definition 4.6.2. (Automorphism) An automorphism of G = (V,€) is a permuta-
tion ¢ of V such that
(W), v() €€ = (i,j) €€ (4.25)
Proposition 4.6.3. ([129]) Let A be the adjacency matriz of the graph G and

a permutation on its node set V. Associate with this permutation the permutation

matriz P. Then v is an automorphism of G if and only if PA = AP.

In the following, a partition of the graph G = (V,€&) is denoted by € =

{Cy,...,Cy} for some appropriate k, where C;’s are called cells.
Definition 4.6.4. (Almost Equitable Partition-AEP) Suppose € = {Cy,...,C} is
a partition of a graph G.
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e € is said to be almost equitable if each node in C; has the same number of

neighbors in C;, Vi, j € {1,...,k},i # j.
e C is said to be almost equitable w.r.t. node v if € is an AEP and {v} € €.

e The minimum AEP w.r.t node v, denoted by €* is an AEP such that {v} € €

and card(C}) is minimal.

Definition 4.6.5. (Distance Regular Graph) An undirected graph G is said to be
reqular if deg(i) = deg(j),Vi,j € V. It is called distance-regular if it is regular and
for any pair of nodes u,v € V with dist(u,v) = i,0 < i < diam(G), there exist
numbers f; and g; such that there are f; neighbors of v that are of distance ¢+ — 1

from u and g; neighbors of v that are of distance ¢ + 1 from u.

4.6.1 When ¢; = ¢;”?

We have the following result.

Proposition 4.6.6. If there exists an automorphism ¢ of G such that ¥(i) = j,

then q; = q;. The converse is not true.

Proof. Suppose there exists an automorphism ¢ of G such that ¢(:) = j. Let
P be the permutation matrix associated with . By Proposition 4.6.3, we have

PTA = APT and thus PTD™ = D™ PT. Then

WPT = (I —e(D™ — A))P" = PT —¢(D"P" — APT)

= PT —e(PTD™ — PTA) = PTW.
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From this, it can be show that W*PT = PTW¥* for any integer k > 1. Note also

that Pe; = e;. Then, multiplying both sides of (4.23) with P yields

el PT el pT el
7 2 J
e'wpT el PTW el'w
ol — (C(i))T ! (C(i))T ! _ (C(i))T J
el whitipt el PTWPitl e;‘.FI/VDiJrl

Therefore, e]Tqi(W) = 0. Since g¢; is the minimal polynomial of node j, it follows that
¢jlq;. Next, we note that since ¢ is an automorphism, 1)~ exists and corresponds
to the permutation matrix PT. That is, v "!(j) = i, or PTe; = e;. Now apply the
same argument as above, we have ¢;|¢;. Therefore, ¢; = g;.

The converse is not true; see Section 4.5.2 for a counterexample, where ¢; = ¢

O

but there’s no permutation between nodes 1 and 2.

This proposition only provides sufficient conditions. Consider again Example
4.5.2. Using this Proposition, we can only conclude that ¢5; = g¢ but not ¢; = ¢ = ¢s.
This result is useful when the graph is highly symmetric. E.g., consider again the
example in Subsection 4.5.1, it is easy to see that ¢; = ¢;,Vi,j € V.

We will show in the next subsection that for distance regular graphs, all the

agents’ minimal polynomials are the same; see Proposition 4.6.9.

4.6.2 Bounds on deg(q;)

Using the fact that deg(g;) is the observability index of the pair (e!, W), we can

obtain some bounds on the degree of ¢; as follows.
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Theorem 4.6.7. [72,130,131] If G is connected and undirected, it holds that

diam(G,7) + 1 < deg(g;) < card(€) (4.26)

where diam(G, 1) = max,ey dist(i,v) is the longest distance from node i to any oth-

ers, and € denotes the minimum almost equitable partition w.r.t. node 1.

In some special cases, for example in distance regular graphs, the upper bound
and lower bound are tight. Examples of distance regular graphs include cycles,

hypercubes and complete graphs.

Theorem 4.6.8. [132] If G is a distance regqular graph, then

diam(G) + 1 = deg(¢;) = card(€}), VieV (4.27)

Based on this result, we have the following.

Proposition 4.6.9. If G is a distance regular graph, then

g =q;, Vi,j €. (4.28)

Proof. Tt is well known that the adjacency matrix A of a distance regular graph has
diam(G)+1 distinct eigenvalues [129]. Thus, so does W since W = [ —e(D" — A) =
(I — eD™) 4 €A and D™ = fyI for some fy. Moreover, the minimal polynomial of
W, qw is of degree diam(G) + 1 with diam(G) + 1 distinct roots. Now by Theorem
4.6.8, deg(q;) = D; + 1 = diam(G) + 1,V¥i € V. Moreover, ¢;|qw,Vi € V. Therefore,

¢; = q,Vi € V and the Proposition follows. n
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4.7 Limitations and Future Work

The main drawbacks of the method presented in this chapter are as follows. First
it can only be applied to networks with fixed topology and linear time invariant dy-
namics. Second, the computational accuracy of the rank of a (block-) Hankel matrix
does not scale well with the size of the matrix. Third, since the prediction value is
in the limit as time tend to infinity, the accuracy is sensitive to computational error
and may not work well in the presence of observation noises and/or communication
delays. Extension and further development to overcome these limitations are thus
important directions for future work.

Among possible directions for future work besides resolving the validity of
Conjecture 4.3.5, we note a possible application of consensus prediction in network

monitoring for misbehavior; see Section 7.2.

143



Part III: Distributed Optimization
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Chapter 5: Local Prediction for Enhanced Convergence of Distributed

Optimization Algorithms

Abstract: 'This chapter studies distributed optimization problems where a network
of agents seeks to minimize the sum of their private cost functions. Algorithms are
proposed that build on past consensus-based distributed optimization algorithms
by incorporating a local predictive step as developed in Chapter 4. The algorithms
involve introduction of local optimization variables at the network nodes alongside
the original local node states. In the first algorithm, the local optimization variables
are updated cyclically through a subgradient step while the opinion variables follow
a traditional consensus protocol periodically interrupted by a predictive consensus
estimate re-set operation. For convex cost functions with bounded subdifferentials,
this algorithm is guaranteed to converge to within some range of the optimal value
if using a constant step size or to the optimal value if a diminishing step size is in
place. For differentiable cost functions whose sum is convex and has a Lipschitz
continuous gradient, convergence to the optimal value can be ensured when using
a constant step size, even if some of the individual cost functions are nonconvex.
In addition, exponential convergence to the optimal solution is achieved when the

private cost functions are further assumed to be strongly convex. In these cases, each
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optimization variable behaves like the centralized subgradient method except at a
slower time scale. The last two algorithms are specialized for the case of quadratic
cost functions and converge in finite time to the optimal solution or a neighborhood

of arbitrarily small size. Simulation examples are given to illustrate the algorithms.

5.1 Introduction

We consider a network of N agents, without a central coordinating unit, aiming to

cooperatively solve the global optimization problem

min  F(x) := Zfz(x) (5.1)

zeX

where f; : R — R represents the private cost function of agent ¢, X is a nonempty
constraint set known to all the agents, and it is assumed that each agent is able to
communicate with its direct neighbors.

Solving this problem in a distributed fashion calls for strategies of coopera-
tion among all the agents in the network. In this regard, many distributed algo-
rithms have been developed; see e.g., [32,42,76-78,80-85,133] and references therein.
Among them, the class of distributed (sub)gradient-based algorithms is well known
for its simplicity in implementation and generally mild assumptions imposed on
the local cost functions and the network topology. In particular, this class requires
each function f; to be (at least) convex and usually with bounded subgradient or
Lipschitz continuous gradient.

Major limitations of algorithms in the category are also well known. First, the
convergence of many algorithms depends on the choice of step size sequences. When
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a constant step size is used, both Distributed Gradient Descent and Distributed Sub-
gradient methods only yield convergence to a neighborhood of the optimal solution
and of the optimal value [78,86]. This occurs even if the f; are strongly convex
and have Lipschitz continuous gradients, and is thus one of the main differences
between these methods and their centralized counterparts. This motivates the use
of particular diminishing or adaptive step sizes to achieve asymptotic convergence.
However, the convergence rate can be very slow (compared to that of the centralized
method), depending on the step size sequence, whose appropriate selection is not
trivial. Second, many incremental subgradient methods require all the agents to
construct a closed cycle in order to pass an estimate of the solution around the net-
work; see e.g., [32,88,89]. Third, even when asymptotic convergence is guaranteed,
it is not obvious how each agent can locally decide when to stop the algorithm with-
out affecting other agents’ estimates. Put differently, there are no simple criteria for
all the agents to stop at the same time while also sharing the same estimate of an
optimal solution. This is also true for most (if not all) other distributed optimization
methods.

When all the local cost functions are quadratic, many other consensus-based
algorithms can outperform those in the subgradient class. For example, the ra-
tio consensus method can be used to solve problem (5.1) without constraints and
converges exponentially [34,90]. Based on this method, [91] proposed a Newton-
Raphson-like algorithm which also converges asymptotically for a class of functions
having continuous, strictly positive and bounded second derivatives, assuming a

sufficiently small discretization step.
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Our main contributions are as follows. We propose and study a new distributed
optimization technique for solving (5.1) on a fixed and directed network; the new
technique involves use of a distributed prediction scheme based on node minimal
polynomials introduced in Chapter 4. Specifically, we first present a distributed
subgradient-type algorithm for the general setting of problem (5.1) but without
constraints (i.e., X = R) which we show has convergence rate similar to that of the
centralized (sub)gradient method. In fact, the convergence rate to the optimal value
is O(In(t)/+/t) under a diminishing step size for the case where the cost functions
fi are convex and have bounded subgradients, while for the case in which the total
cost function F is convex and has Lipschitz continuous gradient, it is O(1/t) under
a constant step size. In the former case, an optimal choice of the step size can yield
a rate O(1/+/t), which is the best achievable for both centralized and distributed
subgradient methods [117,134]. In the latter case, if F is further assumed to be
strongly convex, then we obtain both exponential convergence to the optimal value
as well as exponential convergence to the optimal solution. The performance of
our algorithm also resembles that of the centralized subgradient method in that all
the agents, in finite time, agree on an identical estimate of a solution and continue
to agree thereafter (and possibly approach the global optimal solution), solving
problem (5.1) as if they all knew the global function F'. Moreover, this algorithm
is among very few of gradient type that can deal with the case where some of the
local cost functions are nonconvex, as long as the total cost F' is convex and has a
Lipschitz continuous gradient. Next, with some modifications, we also extend the
algorithm to cope with constraints x € X and non-column stochasticity of the weight
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matrix. Finally, in the case where all the functions f; are quadratic and the problem
is unconstrained, we construct two algorithms, one of which is ratio-consensus-like
and converges in finite time (which is the fastest convergence achieved to-date in
distributed optimization methods), and the other is a gradient-based algorithm that
achieves near finite-time convergence. The convergence times of our algorithms scale
at most linearly with the network size. In fact, they are linear in the maximum
degree of the agents’ minimal polynomial, which ranges between the diameter and
size of the network.

For comparison, we report here known convergence rates/time of other dis-
tributed (sub)gradient methods. First, for convex cost functions with bounded
subgradients, [135] shows that the distributed proximal-gradient method under a
diminishing step size O(1/+/t) achieves a rate of O(In(t)/y/t). A similar convergence
rate was obtained for the dual averaging method in [81] and for the subgradient-
push method in [85]. The recent work [134] presents an algorithm with convergence
time linear in the network size, and states that it is the best convergence time so
far for problem (5.1) with non-differentiable convex functions. Our first algorithm
admits an even better convergence time. Second, for convex cost functions with
Lipschitz continuous gradient, the algorithm in [136] uses a second-order update
at each iteration, which yields a convergence rate of O(1/t) in terms of best run-
ning violation to the first-order optimality condition under a fixed step size. Note
that our first algorithm also attains the same rate but in terms of the objective
error. Third, for convex cost functions with bounded and Lipschitz continuous gra-

dients, [87] proposed two fast distributed gradient methods; one of which converges
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at rate O(In(¢)/t) under a diminishing step size, while the other achieves O(1/t?)
convergence through the use of an inner consensus loop and Nesterov’s acceleration
technique (see, [117, Chap. 2]). Finally, when the global cost function F' is strongly
convex and all f; have Lipschitz continuous gradients, the algorithm in [136] also
converges at a linear rate.

The rest of the chapter is organized as follows. Section 5.2 contains the prob-
lem formulation and some background on subgradient methods and the finite-time
consensus prediction introduced in Chapter 4. The main algorithm and convergence
results for general cost functions (some possibly nonconvex) are given in Section 5.3.
Performance limits of our algorithms are discussed in Section 5.5, which is followed
by some simulation examples in Section 5.6 to illustrate the algorithms. Finally, con-

cluding remarks are given in Section 5.7. Most proofs are given in Appendix A.3.

5.2 Problem Statement and Background

5.2.1 Problem Statement

Consider a network consisting of N agents where the underlying communication is
characterized by a directed graph G = (V,€). The objective of all the agents is to

solve problem (5.1), repeated here for convenience:

N

min  F(z) =Y fi(x), (5.2)

zeX -
=1

where X C R is the constraint set. Note that here we assume variable = to be scalar

for simplicity of notation. The case of a vector variable can be treated following the
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same steps. Let F* and X* denote the optimal value and the optimal solution set,
respectively, i.e., X* = {z* € X, F(2*) = F* := mingex F(z)}. The following is a

blanket assumption:
Assumption 5.2.1. The set X is convex and X* is nonempty.

In our setting, agent ¢ only has access to f; and local information on its neigh-
bors’ opinions, and no central coordinating node is assumed to exist. Thus, the
agents need to collaborate in a distributed manner to solve problem (5.1). This
involves local iterative computation along with information diffusion. We are in-
terested in the scenario where the communication graph G connecting the agents is

directed and fixed. We make the following additional blanket assumption.

Assumption 5.2.2. (Network Connectivity and Weight Matrix) The graph G is
fixed and strongly connected. The weight matrix W is fized, row-stochastic and
satisfies w;; > 0 for (i,5) € €,i # j, and w;; = 0 otherwise. Moreover, W has at

least one positive diagonal element.

5.2.2 Subgradient Methods

Subgradient methods are the simplest numerical algorithms for solving problem (5.1)
for the case in which each function f; is convex. Recall that for the unconstrained
problem (i.e., when X = R), the centralized method is based on the iteration (see

e.g., [115, Chap. 6], [117, Chap. 3])

z(t+1) = 2(t) —y()g(x(t)), (5.3)
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where (1) is the step size at iteration t and g(z(t)) is a subgradient of F" at z(t), i.e.,
g(z(t)) € OF (z(t)). In the special case where F is differentiable, g(z(t)) = VF(x(t))
and (5.3) reduces to the centralized gradient descent method.

In the distributed setting described above, subgradient methods can take many
forms (see, e.g., [76,78]), one of which is as follows. Every agent has its own estimate
of an optimal solution, and updates it at each iteration by combining a consensus

step with a local optimization step:

it +1) = Y wyay(t) — v(t)gi(wi(1)), (5:4)

JEN;

where N; = {j € V : (i,j) € £} is the set of in-neighbors of node i (including i),
v(t) the step size known to all agents, and g;(z;(t)) € 0fi(z;(t)). This algorithm is
usually referred to as the Distributed Subgradient Method, or DSM for short. A
modified version called the Distributed Projected Subgradient method or DPS (see,

e.g., [137]) is used when the problem includes a global constraint z € X. In DPS,

wilt+1) = P (3 wys (1) = 1(B)giwi(1))). (5.5)

JEN;

where Px denotes the projection operator onto the set X (assuming that each agent
is able to perform this operation). The convergence of these distributed methods
depends on the step size sequence and the weight matrix W. Unlike the centralized
version, these algorithms are only guaranteed to converge to an error neighborhood
of the optimal solution when V f;’s are Lipschitz continuous and a constant step size
is used (see, e.g., [78,86]).

In the following, we develop new distributed algorithms based on (5.4) that can
achieve faster convergence and may not require a diminishing step size; convergence
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can even occur in finite time for quadratic cost functions. Moreover, the convergence
is similar to that of the centralized subgradient algorithm in the sense that the
agents are able to stop the algorithm at the same time with identical estimates
of an optimal solution. The main novelty introduced in this chapter is to take
advantage of the finite-time consensus protocol introduced in [71] (described in the
next subsection) to result in a modified version of algorithm (5.4) which enjoys
accelerated convergence in comparison to (5.4). We find that the new algorithm
can even achieve the performance limit of distributed algorithms in many cases (see
discussion in Section 5.5). Another benefit of using the new protocol is that it can
be implemented in a distributed manner for an arbitrary weight matrix (as long as

the associated graph is strongly connected).

5.2.3 Finite-Time Consensus Using Minimal Polynomials

This subsection is a brief summary of 4.2.2. Consider the following update iteration

vt +1) = wyz(t), Viev, (5.6)
JEN;

or in vector form: x(t+ 1) = Wx(t). From Subsection 1.5.2 in Chapter 1, we know

that under Assumption 5.2.2

3 lim W' = 17’ =: &, (5.7)

t—o00

where m € R¥ is the normalized left Perron eigenvector of W, that is, #’W = &7

and 177 = 1. Therefore, the network in (5.6) asymptotically reaches consensus

lim x(t) = x(0). (5.8)

t—o00

153



From Section 4.2.2 in Chapter 4, we also know that each agent ¢ can locally

compute the consensus value using its minimal polynomial ¢;. In particular,

S a @il

fee >0 al( :
where D; = deg(q;) — 1 and a = [a(()i), al, .., a%)i]T satisfies:
D; ' D;
w() =€~ o', ap =1 Y a” #0. (5.10)
1=0 1=0

Note also that a” can be computed locally and in finite time by agent i. We

summarize the analysis above as follows.

Theorem 5.2.3. (Prediction of consensus value by minimal polynomial) Consider
system (5.6) fort =0,....D — 1, where D = max;cy D; with deg(q;) = D; + 1. Let

Assumption 5.2.2 hold. Then

D; (1), . l
2izo il x?( ) =el dx(0), VieV, (5.11)

D; ()
Dz

where a® = [aY, a\?, ...,a%)i]T € RP*L are given in (5.10).

In this regard, the node minimal polynomials ¢; can be viewed as a tool pro-
viding a shortcut to reaching consensus. This idea will be employed in this chapter
to develop new distributed algorithms with desirable features such as behavior sim-
ilar to that of centralized algorithms, distributed stopping criteria, and finite (or

practically finite) time convergence.
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5.3 Distributed Subgradient Optimization Using Finite Time Con-

sensus

In this section, we return to optimization problem (5.1) and show how minimal
polynomials associated with the agents can be used to improve the convergence
speed of the distributed subgradient method (5.4). To this end, we will assume that
each agent ¢ € V knows its minimal polynomial ¢; and a common upper bound s on
deg(q;), i.e.,
k> deg(q), Vi e V. (5.12)
Note that the least possible value of k is always less than or equal to the number of
agents N in the network; see Section 5.5.1 for further discussion on this. Therefore,
k can be chosen to be N or a known upper bound on N.
We now consider problem (5.1) and the following possible assumptions, which

will not be invoked together below.

Assumption 5.3.1. For each i € V, f; is convex and has bounded subgradients on

X, d.e., AL; € (0,00) such that |g;(x)| < L;,Vgi(x) € Of;(x), Vo € X.

Assumption 5.3.2. For each i € V, f; is differentiable on the interior of X.
Moreover, the function F' is conver on X and the gradient VF is Lyp-Lipschitz

continuous for some Lyr € (0,00).

The former assumption implies that F' and the f; are convex and have bounded
subgradients while not necessarily being differentiable; the latter requires convexity
of F' while not requiring convexity of each f;.
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5.3.1 Main Algorithm

Our main idea is to combine the consensus prediction step offered by (5.9) with the
distributed subgradient method (5.4). Specifically, we propose an algorithm, called
Finite-time consensus Aided Distributed Optimization (FADO), that performs the
following 3 sequential steps in a cyclic manner: (i) k iterations of usual consensus
algorithm (5.6) (used to diffuse information in the network), followed by (ii) a pre-
diction step using minimal polynomials, and then (iii) a (sub)gradient optimization
step applied to the predicted consensus value obtained from step (ii). The detailed

algorithm is as follows.

Algorithm 5.1. (Finite-time consensus Aided Distributed Optimization - FADO).
Each agent i € V initializes a pair of local variables (s;(0), z;(0)) in X and updates

them fort > 1 according to

S P al i (t— k1)

. if t =kk 5.13a

silt) = Yy ar” o
si(t —1) else (5.13b)

si(t) —ygi(si(t)) if t=kk (5.14a)

zilt) = Z wizi(t—1) else (5.14b)

JEN;

where i s the step size at t = kk.

Remark 5.3.3. (On implementation of (5.13a)) The foregoing form (5.13a) of the
algorithm is quite useful for analysis, but in practice, instead of storing D;+ 1 values
of x;’s to compute s;, each agent can just maintain a single memory register to store

a running sum from kx to (k + 1)k, denoted by y;, and update it as a new estimate
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x;(t) becomes available as follows. Agent i sets y;(t) = d(()i):vi(t) at time ¢t = kk
and then updates this variable as y;(kk + 7 + 1) = (ks + 7) + a\a; (ks + 7) for
7=0,...D;, where &%) = a! )/Zl Oall) Then s;((k + 1)k) = y;(kk + D; + 1). Of

course, each agent still needs to store D; + 1 normalized coefficients d@.

Clearly, information exchanged among the agents at each time involves only
x;(t), but not s;(t). Moreover, each agent i only needs to update s;(t) once every
k time steps. Note that whenever ¢ = kr, (5.13a) must be carried out prior to
(5.14a). The next result asserts that by utilizing minimal polynomials as done
in the main algorithm (5.13a)) above, we succeed in forcing the states s;(t) to
be identical over the whole network after an initial time period of length &, i.e.,
si(t) = s;(t),Vt > K, Vi, j € V. In fact, it can be seen that the s;(¢)’s will be similar

to each other for all time ¢t > 0 if identically initialized.

Theorem 5.3.4. (Agreement of s;, i € V after « steps) Consider (5.13)-(5.14) and

let Assumption 5.2.2 hold. If g; is bounded for any i € V, then
si(t) = s;(t), Vi,j € V,Vt> k. (5.15)

Proof. First, since g; is bounded Vi € V, we have that x;(¢) in (5.14) is well-defined.
Also, (5.13) is well-defined as 2% al(i) # 0; cf. (5.10).

Next, for any k£ > 0, by (5.14b) we have
x(t)=Wx(t—1), Yt=kx+1,.... ks +r—1 (5.16)
Then at time t = (k + 1)k, we have

si((k + 1)r) O£ X 0; ik:H) = T ox(kk), (5.17)
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where the last equality follows from Theorem 5.2.3 and (5.12). Here ® is the con-

sensus matrix defined in (5.7). Therefore,
si((k+1)k) = el 1nlx(kr) = 7l x(kk), (5.18)
which is independent of i. It remains to use (5.13b). O

In the rest of this subsection, we establish the convergence of the algorithm
when problem (5.1) is unconstrained (i.e., X = R) and the weight matrix is doubly
stochastic. In the next subsection, we will show how to modify our algorithm to
allow relaxing of these assumptions (i.e., the problem may have constraints and W
may be only row stochastic.)

Our first convergence result deals with convex cost functions with bounded

subgradients.

Theorem 5.3.5. (Local cost functions with bounded subgradients) Consider prob-
lem (5.1) with X = R. Let Assumptions 5.2.1, 5.2.2 and 5.5.1 hold. Assume
further that W is doubly stochastic. Let all the agents perform (5.13)-(5.14). Let

5(t) := s,(t), Vi € V¥t > & and g(5(kr)) == S~ | gi(5(kr)) € OF (5(kr)). Then

5((k + 1)k) = 5(kx) — %g(E(/m)), (5.19)

Also, let

4 i L1 15(TR), (5.20)

k
Z’r:l ’YT

We then have the following:
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(i) If i, =~ > 0, then for each i € V

. R * 2
klggo F(s) — F* < ﬁLzF, Ly := ;Lj (5.21)
j

(i1) For a given number of iterations T, let K = |T/k|. Let R be any number such

that R > dist(5(k), X*). Then with constant step size y, = —>L— we have

LpVK’
F(sg)—F* < ]\%/LEF (5.22)
(iii) If vk > 0,1imy o0 v = 0, and Y po | i = 00, then
lim F(5) = F*, VieV. (5.23)
In fact, if v, = \/LE’ the convergence rate is O(%)
Proof. See Appendix A.3.1. m

Remark 5.3.6. (On convergence and limit points) The auxiliary sequence {s;(t)}:°,
is generated to yield convergence of F($;) to F™* (case (iii)) or an optimal value
neighborhood (cases (i) and (ii)), rather than z;(¢) directly. In general, z;(¢) does
not converge but rather reaches a limit cycle of period x whenever s;(t) converges
(possibly also to a limit cycle). Note that by definition (5.20) and the fact that
5(t) = si(t),Vi € V,Vt > K, § is a global variable that is available to all the
agents. Moreover, each agent i can compute §; using its local variable s;(t) and an

augmented running sum [’y € R in a recursive manner as follows:

Pip1 =Tk + % (5.24)

§k+1 = (Fkgk + ’)/kJrlSi((k + 1)%))/Fk+1, (525)
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where I'y = 0,89 = 0 (here the subscript k& denotes the iteration index in the slow
time scale k = [t/k]). When a constant step size 7 is used, the following simplified

update is sufficient: §,1 = (k8), + s;((k + 1)r))/(k + 1).

Remark 5.3.7. (Stopping criteria) By Theorem 5.3.4, all the agents are able to stop
at the same time with the same estimate s; = 5 (or §;) of the optimal solution if they
use a common stopping criterion, e.g., running the algorithm for a predetermined
number of iterations 7" as in Theorem 5.3.5(ii), or until one of the following holds

(see Appendix A.3.9 for other criteria):

lsi((k+ 1)k) — si(kr)| <€ (5.26)

|F(3041) — F(8)| < e. (5.27)

This is not the case for many other distributed algorithms, where any consensus
can only be achieved in the sense of an asymptotic limit. Note that F(§;) involves
evaluation of the global cost function F at §; and algorithm (5.13)-(5.14) does not
provide it to each agent. However, we show in Appendix A.3.9 that it is possible
for each agent, by using augmented iterations, to locally compute F(3;) at time

t = (k+ 1)k for any k > 1.

Remark 5.3.8. (Connection with convergence of centralized method) In light of (5.15)
and (5.19), our algorithm performs analogously to the centralized subgradient method
(5.3) except on a slower time scale, where F' is convex with subgradient g bounded
in magnitude by Ly = Zjvzl L;. As aresult, it adopts performance guarantee of the
centralized subgradient method, as shown in (5.21)-(5.23). For detailed analysis of
this centralized method, see, e.g., [117, Chap. 3] and [138]. It should be noted that
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the convergence our algorithm depends on not only that of the virtual centralized
subgradient iteration (5.19) but also the process of information diffusing over the

network carried out by (5.14b) (hence the importance of strong connectivity).

Remark 5.3.9. (Step size design and objective bound in case (ii)) For a given T,

the constant step size 7 = LN \l}% depends on the constant R and the ratio Lgp/N.
F

First, it is clear that the smallest value of R, which is dist(5(x), X™*), minimizes the
error bound in (5.22) but is rather of theoretical interest only since it requires the
knowledge of the solution set X* (note that s(k) = s;(k). However, in practice,
an upper (possibly loose) bound R may be inferred, especially when there is some
restriction on the range of global variable in (5.1); see also Subsection 5.3.2 and
examples in Section 5.6. Second, the ratio Lr/N is indeed the average of Lipschitz
constants of the agents’ local cost functions and thus can be computed locally in

finite time. For example, using the same algorithm above with z;(0) = L;, then

by (5.18) and double stochasticity of W, we have s;(k) = 7'x(0) = >, L;/N.

R

TR instead, where L., := max;cy L;

Alternatively, the agents can choose v =

which can be computed in a distributed manner and in finite time using a max-

consensus protocol [139]. In this case, the corresponding bound in (5.22) becomes

. (A-<22) R /N Lyax L% RN Lyax

F(x) — F* < \/F( : +2NLmaX)§ Nk

where the last inequality follows from Lp < N L ..

Remark 5.3.10. (On best convergence rate and scalability) It should be pointed out
that the result in case (ii) of Theorem 5.3.5 demonstrates an improvement on best
analyses of distributed subgradient algorithms so far. To wit, recall that for any
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given number of iterations 7', we have Kx < T < (K + 1)k and thus the following:

1 (5-22) RLp K—+1
S(F(s) - F) < <RLmaX,/ + Vo (5.28)

That is, the convergence rate of the (averaged) objective error is of order O(RLmaX\/?

this also holds for v = — R NG (as shown earlier). In other words, the time it takes

for the bound in (5.28) to drop below € > 0 is O(x/€e?). As N increases, this turns
out to be the fastest rate achieved to-date among distributed subgradient-based
methods for convex cost functions with bounded subgradients. In this setting, the
best known rate so far was demonstrated in [134], where the authors considered the
problem of minimizing % Zfil fi(z) (which is why we need a factor of % on the
left side of (5.28) for comparison). In this reference, the authors proposed a linear
time average consensus protocol and used it to design a new algorithm for solving
problem (5.1). The consensus protocol there is a combination of a weighted aver-
aging scheme based on the Metropolis rule [90] and an extrapolation step (which is
similar to the idea of adding momentum to speed up iterative methods). Under a

fixed step size § = TNT [134] showed that the aggregated objective error decays

m
as O(RQLmaX\/g), ie., it takes O(N/€?) time steps to reach an € error. Thus this
algorithm scales linearly in the network size; hence the title “linear time.” To im-
plement this algorithm (specifically the Metropolis rule), however, the graph needs
to be undirected.

Our algorithm, on the other hand, applies to directed graphs and requires

O(k/€*) steps to reach an e error. In general, without knowledge of the network

topology, we can just take k to be N or a known upper bound on N, then our
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algorithm still possesses the fastest rate (which is similar to the algorithm in [134],
where a common upper bound on N is also required). However, for certain graphs
such as distance regular graphs, x can be as small as the graph diameter, which can
be small compared to the network size (see Section 5.5.1 for further discussion on
this). In this connection, our algorithm convergence time scales at most linearly in
the network size.

Note also that the centralized subgradient method converges to an € error of
the optimal value in O(1/€?) time steps. Hence, our algorithm performance lies
between that of the centralized method and the best known rate for distributed
ones. This intuitively makes sense since our algorithm is not only distributed but
also behaving like the centralized one except the time-scale is slowed down by a

factor of k.

Remark 5.3.11. (On number of subgradient evaluations) Another important aspect
that should be noted is the number of subgradient evaluations since the computation
of subgradients usually dominates the time it takes to perform the optimization step.
Within 7" time steps, our algorithm requires each agent to evaluate its subgradient
T /N times, whereas most, if not all, other distributed subgradient algorithms require

T evaluations.

Of course, the advantages of our algorithm are based on the assumption that
all the agents are equipped with their own minimal polynomial. Although this seems
restrictive at first, we remark that the agents’ minimal polynomials can be computed

(prior to the main algorithm’s implementation) in a centralized or decentralized
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manner, or could be done on-the-fly and in finite time as well; see [71,72,140] for
such algorithms and also Section 5.6 for numerical examples.

Remark 5.3.8 also suggests that known results on the centralized gradient
descent method can be used in a straightforward manner to show the convergence
of the algorithm when assuming smoothness condition on F' (rather than on every
fi). In particular, when F' is differentiable, convergence to the optimal value can be

ensured with sufficiently small constant step size as shown next.

Theorem 5.3.12. (Convex global cost with Lipschitz gradient) Consider problem
(5.1) with X = R. Let Assumptions 5.2.1, 5.2.2 and 5.8.2 hold. Assume further
W is doubly stochastic. Let all the agents synchronously perform (5.13)-(5.14) with

v =7 € (0, %) Then for each i € V

F(si(t) — F*=0(k/t), as t— co. (5.29)
Proof. See Appendix A.3.2. m

Remark 5.3.13. (Convergence comparison) Similar to the centralized Gradient De-
scent method, when F' is convex and VF' Lipschitz continuous, the proposed algo-
rithm converges to the optimal value without the need for a diminishing step size.
This is a key difference between our algorithm and the distributed gradient descent
method (5.4) and many others, which do not converge to the optimal value under
the constant step size rule. Moreover, a running bound on the objective error is
available in (A.27), bearing a resemblance to that of the centralized method except

for being scaled by a factor of k.
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Faster convergence rates can be obtained when we assume further strong con-
vexity of the global cost function F' (but not every individual cost f;). In particular,
the algorithm achieves linear convergence rates to both the optimal value and the
optimal solution. (Note that under Assumption 5.2.1 and strong convexity of F,

there exists a unique z* € X*).

Theorem 5.3.14. (Strongly convex global cost with Lipschitz continuous gradient)
Consider problem (5.1) with X = R. Let Assumptions 5.2.1, 5.2.2 and 5.5.2 hold.

Assume further W is doubly stochastic and F is strongly convex with parameter

> 0. If all the agents perform (5.13)-(5.14) with v, =~ € (0, Mfivw], then

[si(kr) — 2" < B [si(w) — 2, (5.30)

F(si(kr)) — F* < —Lypf*|si(k) — 2*|? (5.31)

N | —

where § =1 — W;ﬁ% € (0,1). Thus, F(s;(t)) — F* and s;(t) — x* linearly at

rates B% and Bi, respectively.

Proof. See Appendix A.3.3. m

5.3.2 Extensions of the Algorithm 5.1

We now consider possible extensions of the algorithm to deal with two cases: (i)
problem (5.1) is subject to a constraint x € X for some convex set X, and (ii) the
weight matrix W is only row stochastic.

Case (i):  We assume X is closed and convex. To satisfy this constraint, we
resort to a projection operator onto X, denoted Px. In the special case X C R, X
is just an interval, thus the projection is simply a cut-off function.
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Assuming that all the agents know the set X, we modify our algorithm de-
scribed above as follows. For any ¢ € V), initialize s;(0) = z;(0) € X, and update for

any t > 1

(
PX(—Zl e R

sit) = Zido (5.32)
si(t—1) else

\
i

si(t) — vigi(si(t)) ift =kk
zi(t) = (5.33)

Zje/\/- wijxj(t — 1) else
\ K3

The key idea of this extension is that the same Px is used by all the agents, forcing
the modified algorithm to work in the same manner as the original one, as shown
next.

Define g4(t) = [g1(s1(¢)), ..., gn(sn(t))]T and 5(t) := 1T7s(t)/N, and recall
that ® = 117 /N. We have

(5.32)

silkk + k) = (

Zz oaz xz(kli+l)> (Thm.5.2.3)
Zz oaz

3 pX(1;< (k) — i () )

Px (e] Ox(kk))

= PX( Zg] s;(kk)) > (5.34)

Thus, s;(kk) = §(kk),Vi € V,k > 1. Hence, (5.15) holds and

5((k +1)k) = Py (E(lm) - %g( (/m))) (5.35)
where ¢(3(kr)) = > g:(3(kr)) € OF(5(kk)). Now (5.35) is the usual (centralized)
projected (sub)gradient method, whose convergence results are not much different
from those of the (sub)gradient method (see, e.g., [117,138], [115, Chap. 2]). There-
fore, the conclusions of Theorems 5.3.5, 5.3.12 and 5.3.14 still hold.
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Case (ii): It should be noted that in distributed settings, a row stochastic
weight matrix is much easier to implement than a column (or doubly) stochastic one
as each agent can individually decide the weight on the information received from
its neighbors. When this is the case, most (if not all) subgradient-based methods do
not converge to the optimal value; our proposed algorithm above is no exception.
However, it can be modified to overcome this by using the re-weighting technique
as in [93,100] which requires that the value 7; is available to agent i for all ¢ € V.

The modified algorithm is as follows:

(~Di ()
Saalnt—nsl
si(t) = 2120 (5.36)
si(t —1) else
\
si(t) — ka if t = kk
wi(t) = N (5.37)
\ZjeM wi;xi(t—1) else

The only difference between this extension and the original algorithm (5.13)-(5.14)
is the scaling factor (Nm;)~! of the subgradient in (5.37) where 7; > 0,Vi € V (see
(95, Thm. 8.4.4]). Note that the factor N~! is not crucial to the convergence of the
algorithm as its appearance is merely to retain the conclusions in Theorems 5.3.5,
5.3.12 and 5.3.14; see Appendix A.3.4 for a detailed proof.

Here we assume that the value ; is available to agent ¢ for all 7 € V. In fact,
each agent can compute its corresponding entry in the vector 7 in finite time (pos-
sibly during the process of determining its own minimal polynomial). In particular,

consider iteration (5.6) with initial condition x(0) = e; for some ¢ € V and suppose
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that Assumption 5.2.2 holds. Then,

lim x(t) = lim W'x(0) = 17w'e; = m1. (5.38)

t—o00 t—o00

That is, the network of agents running (5.6) achieves consensus = = m;. Therefore, by
applying one of finite-time consensus algorithms in, e.g., [71,72] (see also Subsection
5.2.3), agent i can compute 7; in finite time. This is also the main idea employed

in [141] for each agent to compute 7.

Remark 5.3.15. When problem (5.1) is subject to both a global constraint z € X
and a row stochastic weight matrix W, we can combine (5.32) and (5.37) together
to form a new algorithm. The proof for convergence of the so-obtained algorithm is

merely based on the proofs of both cases above, and thus is skipped for brevity.

5.4 Finite-Time Optimization for Quadratic Cost Functions

Now we consider problem (5.1) without any constraint, i.e., X = R, and with

quadratic cost functions
filz) =bi(z —¢;)?, Vi€V (5.39)

for some b;,c; € R with b; > 0. Clearly, the optimal solution is given by z* =
(N, bicy) / (3N, b;). Of course, our algorithm in the previous section is still ap-
plicable. Here we aim to achieve (near) finite-time convergence algorithms by capi-

talizing on the special form of the cost functions.
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5.4.1 Ratio-Consensus based Algorithm

Our first algorithm is based on the observation that £* can be expressed as the ratio
of two average quantities, namely, x* = (% Zf\il bic;) / (% Zfil b;). Thus, inspired

by the idea of the ratio-consensus algorithm (see, e.g., [34,90]), we construct the

following finite time algorithm:
Algorithm 5.2. (Finite-time Ratio-consensus) Let r satisfy (5.12). Fach agent

i € V initializes a pair of local variables (y;, z;) at timet = 0 as y;(0) = b;c;, 2;(0) = b;

and updates them according to

= wyy(t—-1), t=1,....N (5.40)
JEN;
=Y wyz(t—1), t=1,...,N (5.41)
JEN;
(1
ot = Zie Oal y<), Vie v, (5.42)

>iZoa = (1)

Note that (5.42) is evaluated only once at final time ¢t = k+1. The next result

is immediate.

Theorem 5.4.1. (Finite-time optimization for quadratic costs) Consider problem
(5.1) with X =R and f; given as in (5.39). Let Assumption 5.2.2 hold, and further

let W be doubly stochastic. If the agents perform (5.40)-(5.42), then

v =x2%, Vie. (5.43)

1

Proof. We have ® = 117 /N by (5.7) and double stochasticity of W. Application
of Theorem 5.2.3 yields Y1 Oal yl(l) = +17y(0) S al(i) and S22 al(i)zl-(l) =
L172(0) S22 a!”. The theorem then follows. O
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Although the idea of this algorithm is simple, it, to our knowledge, has not been
presented elsewhere in the literature. It also shows an interesting connection with
the finite-time behavior of the centralized gradient descent method. In particular,
for a quadratic cost function, the centralized method converges in just one iteration
by using the Newton step. In a distributed setting, we observe the same finite time
converging behavior of our algorithm above, except in x steps.

Here, at each time ¢ = 1,..., N, each agent exchanges its pair of variables
(yi, z;) with its neighbors. Consequently, all the agents reach the optimal solution
indirectly through diffusing the coefficients of their quadratic cost functions. In
the case that the agents do not want to reveal information about their private
cost functions, it is still possible for each agent to use its minimal polynomial in
connection with exchanging estimates of the solution with its neighbors to achieve

very fast convergence. In the following, we derive such an algorithm.

5.4.2 Gradient-based Algorithm

Our idea is as follows. Consider distributed gradient method (5.4) applied to the
problem with the quadratic costs (5.39):

JEN;
where 7 is a constant and z;(0) can be chosen arbitrarily. This iteration does not

converge to the optimal solution ! but rather an O(y)-neighborhood of z*, even

Lwhich can be easily verified by contradiction, i.e., if it does z* = ZjeM wi;x* — b (¥ — ¢),

then z* = ¢;,Vi € V.
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when W is assumed to be doubly stochastic (see, e.g., [78,86]):

lim x(t) = O(v)e + z"1. (5.45)

t—o00

for some € € RY. Therefore, if each agent can predict its final value in finite time
(possibly in the same manner as above), then by using a sufficiently small v all the
agents may employ a very few prediction steps in conjunction with a finite number
of iterations (5.44) in order to obtain a close estimate to the optimal solution. This
idea will be pursued in the following.

To this end, we first show how each agent can compute its final value in (5.44)
in finite time and in a distributed manner. This is different from what is reported
in subsection 5.2.3 since (5.44) is not a consensus iteration. Eq. (5.44) represents
a linear time-invariant system with constant inputs, which can also be expressed in

vector form as

x(t+1) = (W —yB)x(t) + vBec, (5.46)

where B := diag([by,...,bx]) and ¢ := [c1,...,cn]|T. In this connection, it is clear
that the convergence of iteration (5.44) depends on the system matrix (W — ~vB).

We then have the following:

Theorem 5.4.2. (Stability condition) Let Assumption 5.2.2 hold. Suppose that W

has positive diagonal elements. There exists 79 > 0 such that

p(W —~B) < 1, (5.47)

2minjey wi;
max;ecy b;

for any v € (0,7). Moreover, if , we can take vy =
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Proof. Note that 22Riev¥ii ~ () By the Gershgorin circle theorem (see, e.g., [95,

max;ey b;

p. 344]), all the eigenvalues of (W — vB) are located in the union of N discs

N
Lz €C iz = wis +9b] <1—wy}. (5.48)
=1

2minjey wii )
’ max;ecy b;

As a result, p(W —~vB) < 1 for any v € (0 . The existence of 7y then

follows. L

Condition (5.47) guarantees that the system (5.46) is BIBO stable, thus the
states converge to some fixed values, which are not necessarily equal. In fact, it

follows from (5.46) that

lim x(t) = ®yc, @, := (I — (W —~B)) B, (5.49)

t—o00

where I — (W — «vB) is invertible because of (5.47).

Let z(t)T = [x(t)7, c’]. The system (5.46) can be described equivalently as

N N W —~B —B
z(t+1) = Waz(t), W2 : (5.50)
Onxn I
For any i =1,..., N, define ¢; to be the monic polynomial of minimum degree

such that el'g;(W) = 07, where e; € R?Y is the i-th standard unit vector. We will

call ¢; the minimal polynomial of node i in system (5.50).

Lemma 5.4.3. (Minimal polynomials in system (5.50)) Let v satisfy (5.47). For

each i € V, there exists &%) € RO+ guch that

D;
@& =E-nd ald, ay =1, (5.51)
j=0

where deg(q;) = D; +1 <1+ n. Moreover, all the zeros of §; are strictly inside the

unit circle except for one at 1.
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Proof. See Appendix A.3.6. m

Clearly, ; is of the same form as ¢; in (5.10) and also has 1 as the only zero of
maximum modulus. Thus, ¢; can also be computed locally and in finite time using
the schemes presented in Section 4.3.2.

Now we assume that all the agents know a common upper bound « on deg(g;).
Note that deg(g;) < N + 1,Vi € V. Thus k can be chosen to be N + 1 or an upper
bound on N + 1. After k consecutive iterations of (5.44), each agent is able to
determine its own final value to which it will converge if all the agents follow (5.44)

forever. Using the same arguments as (5.10)-(5.9) in Subsection 5.2.3 we have

: (4 — ~ (1), . ~(7) :

lim ;(t) = O @) x(k) /O @), Viev. (5.52)
k=0 k=0

Therefore, in the same spirit of Theorem 5.2.3, we can view the right side of (5.52)

and k iterations of (5.44) as a realization of the operator ®., given in (5.49). This

realization is carried out in finite time, enabling us to construct the following algo-

rithm:

Algorithm 5.3. (Near Finite-time Gradient-based Optimization) Fach agenti € V

initializes a pair of local variables (s;,x;) at time t = 0 as s;,(0) = x;(0) = ¢; and
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updates them fort > 1 according to

( ZDi d(i)m(t — K+ k)
A=0 R °1 , ift =kk
o ZDi d(l)
si(t) = S k=0 @k (5.53)
si(t —1), else
\
(
si(t), if t = ke
zi(t) = (5.54)
Zwijxj(t — 1) — i (z;(t = 1) + s;(t — 1)), else
\ JEN;

where 7 satisfies (5.47).

In the following, we show that by choosing v appropriately, this algorithm
achieves exponential convergence to the optimal solution. More importantly, the

convergence rate is adjustable using ~.

Theorem 5.4.4. (Convergence of consensus matrix ®.,) Let Assumption 5.2.2 hold
and v satisfy (5.47). Then ®. given by (5.49) is a row stochastic and irreducible

matriz, and has B as a left Perron eigenvector. Moreover,

lim ¢ = 17" B/(x" B1), (5.55)

k—o0

and the convergence is exponential with rate determined by the second largest eigen-

value Ao (D).
Proof. See Appendix A.3.7. O
Theorem 5.4.4 allows us to prove the convergence of (5.53)-(5.54).

Theorem 5.4.5. (Convergence for quadratic costs) Consider Algorithm (5.53)-
(5.54) and let Assumption 5.2.2 hold. Assume further that W is doubly stochastic
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and has positive diagonal elements. Let v satisfy (5.47). Then

lim x(t) = lim s(t) = z*1. (5.56)

t—o00 t—o00

1
K

Moreover, the convergence is linear with rate |\o(®.,)]
Proof. See Appendix A.3.8. O]

Although in this theorem the weight matrix W is assumed to be doubly
stochastic, we note that the algorithm can be modified using the re-weighting trick
so that W can be taken to be only row stochastic (see Remark 5.4.8 for details).

Theorem 5.4.5 shows the effect of v on the convergence of Algorithm (5.53)-
(5.54) and the rate at which the agents’ estimates converge linearly to the optimal
solution. Specifically, v needs to be chosen so as to first ensure the stability of
the algorithm (namely, condition (5.47) in Theorem 5.4.2), and then accelerate the
convergence speed by reducing the rate \)\2(@7)]%. The next remarks successively

address these issues.

Remark 5.4.6. (Distributed agreement on step size to ensure stability condition)
In order to guarantee the convergence of the algorithm, it is necessary that all
the agents select the same value of step size v that satisfies (5.47). Such a value
can be determined by all the agents in finite time and in a distributed manner as
follows. Prior to running Algorithm (5.53)-(5.54), all the agents can implement a
max-consensus algorithm (see, e.g., [139]) in order to compute both by := max;ey b;
and ap := —max;ep(—wy;). Then set v = €2ap; /by, where € € (0,1) is a constant
2min;ey wi;

known to all the agents. Clearly, 0 < v < 23 — ZBNevWi - . hy Theorem

b max;ey b;
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5.4.2. Moreover, the max-consensus algorithm converges after a finite number of
iterations equal to the diameter of the graph. In case this number is unknown to
all the agents, any upper bound (e.g., N, the network size) can also be used to

terminate this algorithm.

Remark 5.4.7. (Fast convergence by choosing small step size vv) Recall from Theorem
5.4.5 that x(t) converges linearly to z*1 with rate |)\2(<I>W)|%, where it can be seen
from (5.55) that

1m'B 1b”
Ao (@) = (@, — m) =p(®, - m) (5.57)

Here, m = 1/N since W is doubly stochastic. Moreover,

(5.45)&(5.49)

d.c O(7)e + 21 = O(y)e + 1b'c/(b"1),

where we have used the fact that z* = bTc¢c/b’1. Rearranging terms yields (<I>7 -

%)c = O(7)e, which, in view of (5.57), then implies that

lim |[As(®,)] = 0. (5.58)

y—=0+
Although @, is not defined at y = 0, choosing v small brings about a fast convergence
rate. Moreover, when ~ is sufficiently small so that |)\2(<I>7)\% is close to 0, system
(5.53)-(5.54) exhibits a near dead-beat response. When this is the case, all the
agents may agree to perform the algorithm for kx steps with a small integer & (e.g.,
1,2, 3) so that each agent obtains a close approximation to the optimal solution. In
conjunction with Remark 5.4.6, all the agents may choose v = min(0, £2ay;/byr),
where 0 < #,e < 1 are supposedly known to every agent. A word of warning, how-
ever, is that too small a value of 7 (say 1071%) could possibly affect the convergence
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of the algorithm due to computational round-off errors. This deserves more analysis

in future work.

Remark 5.4.8. (Extension of Algorithm (5.53)-(5.54) for row stochastic weight ma-
triz) Assume that 7; is available to agent i. (Indeed, all the agents can cooperate to

compute their corresponding ; in finite time [141].) We modify (5.54) as follows:

Si(t), ift=kr
zi(t) =

wa(t - ~b; ($Z(t — 1)+ si(t — 1))

else
N’]Ti 7

LJEN;
and redefine @, = (7*13*13(1 - W)+ ]) 71, where S := diag(N7) and ~ is such
that p(W —S™'B) < 1 in place of stability condition in (5.47). Note also that ~yo
in Theorem 5.4.2 can be chosen to be vy = W Under this condition, it can

be verified that @, is still a valid consensus matrix with b = B1 being a left Perron

eigenvector. Therefore,

lim s(kk) = klim q)ﬁc =1b%c/(b"1) = 12,
—00

k—o0

i.e., the optimal solution is achieved by every agent.

5.5 On Minimal Value of £ and Performance Limits of Distributed

Subgradient Methods

5.5.1 Minimal Value of &

It is evident that the convergence speed of each algorithm presented in Sections
5.3 and 5.4 depends on the value x, which is an upper bound on the degrees of
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all the minimal polynomials (g;,7 € V). Indeed, a smaller x corresponds to faster
convergence. Thus, in the best scenario, K = Ky, = max;ep deg(q;). We note the
following regarding this value.

First, for general directed networks, x,;, satisfies

diam(G) + 1 < ki < deg(qw) < N, (5.59)

where diam(G) denotes the graph diameter. The lower bound can be shown, e.g., by
application of [72, Thm. 3]; an alternative argument is given in the next subsection.
The upper bounds follow from definitions of minimal polynomials and the Cayley-
Hamilton theorem.

It is interesting to seek classes of graphs for which the lower bound is achieved.
Clearly, this is the case for line graphs since then diam(G) + 1 = N. Next, we show
that the lower bound can be achieved with another class of graphs, namely distance
regular graphs (see Definition 4.6.5), of which examples include cycles, hypercubes
and complete graphs. References [129,142] and a recent survey [143] provide further
information on distance regular graphs. The next result asserts that in the setting
of distance regular graphs, we can ensure that Ky, = diam(G) + 1. See Appendix

A.3.5 for a proof.

Theorem 5.5.1. If G is distance reqular and W = I — eL(G), where L(G) is
the Laplacian matriz and € > 0 satisfying e([N;| — 1) < 1, then diam(G) + 1 =

deg(q;),Vi € V.

Thus, for distance regular graphs (with W = I —eL(G)), the convergence times
of our algorithms are linear in the network diameter rather than the network size.
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Next, we discuss the tightness of the upper bounds in (5.59). Note that min-
imal polynomials ¢;, thus k., depend explicitly on the weight matrix W. In fact,
zeros of g; are the eigenvalues of W corresponding to the modes of system (5.6)
that are observable from the output x; (see [141, Sec. V]). This has two direct im-
plications as follows: (i) if the network (5.6) is observable from at least one node,
then Kmin = N (a line graph falls into this case), (ii) an algorithm for computing g;
locally can be used as a means of verifying system observability or computing graph
spectrum in a distributed manner. This also suggests that the observability theory
might be useful in the problem of weight design so as to minimize Kpy;,.

Finally, when all agents know the degree of their own minimal polynomial,
they can compute ki, in a distributed fashion by using a max-consensus algorithm

[139] for a finite number of time steps that is upper bounded by diam(G).

5.5.2 Performance Limit of Distributed Subgradient Methods

We now discuss how fast the convergence of a distributed subgradient method could
be in comparison with the corresponding centralized counterpart and with our al-
gorithm and in connection with the network topology.

First, it is clear that for a general problem in the form of (5.1) and a given
network topology, diam(G) is equal to the smallest running time among all possible
distributed algorithms since this is the minimum time for information to travel from
any node to all others in the network. (This also explains the lower bound in (5.59).)

An intuitively simple algorithm that theoretically achieves this fastest convergence
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would be based on communication flooding; in particular, assuming sufficient com-
munication power and memory capacity of each agent as well as availability of closed
form characterization of each local cost function f; and closed form solution to the
global optimization problem, at each time step, every agent broadcasts its function
fi (assumed to have a unique identifier) and all those data received from neighbors
at previous time step. As a result, at time diam(G) + 1, all the agents are able
to determine the global cost function F' and, hence, can determine the optimum
independently. Of course, even when assuming uniqueness of the optimal solution
(so as for all the agents also reach consensus), this algorithm is far from being of
any practical use. However, a similar behavior exhibits when applying our algo-
rithms (5.40)-(5.42) and (5.53)-(5.54) for quadratic objective functions, where the
closed form solution to the global problem is simple (and the centralized Newton
method solves it in one iteration). Specifically, (5.40)-(5.42) terminates in s steps
with exact solution while (5.53)-(5.54) can do so with arbitrary small error by using
a sufficiently small v. As noted earlier, kK = diam(G) + 1 in certain graphs.

Second, suppose that the global objective function can be optimized by some
centralized subgradient-based method with some convergence time. In the dis-
tributed setting, one should expect that the corresponding distributed algorithm,
when converging, is slowed down by at least a factor of diam(G), again, due to
the limit of information travel in discrete-time. As noted earlier in Remark 5.3.10,
the best analysis on distributed subgradient methods for convex cost functions with
bounded subgradients demonstrates O(N/e?) convergence time, which is linear in
the network size (see [134]), while that of the centralized counterpart is O(1/€?).
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Our result of O(kmpin/€?) convergence time is the first to bridge the gap between
O(N/€*) and O(diam(G)/€*), which we reckon it to be the limit of distributed sub-
gradient methods. Of course, the tightness of these bounds depends on the network
topology. For example, in a line graph, they are equivalent. Complete graphs are
on the other extreme with kp;, = diam(G)+ 1 = 2 for any network size. This makes

sense since agents in a complete network should be able to act unanimously.

5.6  Simulations

Next we give some simulation results to illustrate the algorithms proposed above. In
these examples, each agent does not know its minimal polynomial in advance, but
rather computes it using Algorithm 4 in Chapter 4 in connection with M consensus

iterations (5.6), provided that M is sufficiently large, e.g., M > 2deg(q;)+1,Vi € V.

5.6.1 Example 1: Network of 5 agents with differentiable cost func-
tions having Lipschitz continuous gradient

Consider the network and associated weight matrix shown in Figure 5.1.

1 «—» 2 —>» 3 «—>» 4

l

5

Figure 5.1: Network topology in example 1.

181



Let X = [—2,2] and local cost functions be

fi(z) = (x =34+ 2z, folz) = (2* — 2% + 227)/3,
fa(x) = (x = 0.1)"/6,  fa(x) =€,

fs(x) = —22® +2x, (nonconvex).

Note that F(z) = Y27, fi(x) is convex, but f5 is not. In fact, F is strongly convex
with Lipschitz continuous gradient. Here, z* = 0.7427 € X and F* = 9.4812.

Here, we combine both extensions of the main algorithm as proposed in Section
5.3.2 to deal with global constraint X and row stochasticity of the weight matrix; in
particular, (5.32) and (5.37) will be employed (see Remark 9). In order to apply these
iterations, the agents need to find their corresponding element 7; in the normalized
left Perron eigenvector 7 of the weight matrix. This can be done using the idea
discussed at the end of Section 5.3.2, which we describe next.

Prior to implementation of the optimization algorithm, let all the agents run
the following 2N + 1 iterations (we assume that the network size N is available to
the agents)

p(t+1) =) wypY(t), VieV,t=0,...,2N, (5.60)
JEN;
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where p)(0) = e; € RV (i.e., the i-th unit vector). At time t = 2N + 1, each
agent i has enough data, namely the sequence {[p®];(#)}2Y,, to compute a¥ (or ¢;

equivalently) as well as 7; as shown in Section 5.2.3. In particular,

m = [0.20619, 0.30928, 0.20619, 0.12371, 0.15464]"

a” =1[0.0192, —0.261, 1.1, —1.8, 1]*, Vie V.

In this case, kpin = N. We will take k = N + 1.

Next, to ensure convergence of the algorithm, the constant step size v is chosen
to satisfy conditions of Theorem 5.3.12, which requires a Lipschitz constant L of
the global gradient VF. We now show that all the agents can determine such
a constant in finite time and in a distributed manner, and then locally select a

suitable step size. To this end, suppose that the agents know a Lipschitz constant

Sl

; of their local gradient Vf;. If f; is continuously twice differentiable, such an

;= maxgey |V2f;(z)| can be found easily especially when X is compact (which

o~

holds in this example). Clearly, VF is also Lipschitz continuous on X with constants

Land L given by

On the one hand, by using a max-consensus protocol [139], all the agents can de-
termine max;cy [; as well as L (since it is assumed that N is known to every agent).
However, L could be a very loose bound, leading to a very small step size, thus
reducing convergence speed. On the other hand, L is usually a tighter bound, which
can also be computed locally by using minimal polynomials obtained earlier as fol-
lows. After (5.60), let all the agents also perform the following update (where ¢
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denotes the iteration index, not physical time)

ll(t—l—l):ZwUlj(t), ViEV, tzO,...,N,
JEN;

where [;(0) = 7; 'l;. Upon termination, each agent 7 can find

D; D;

(Z a(Ti)li(T))/(Z a(Tz‘)) (Thm.5.2.3) Z il (0) = Zl_z _I

=0 =0 eV iev

Now the agents can locally compute the step size v = €2N/L, where a common
e € (0,1) is known to the agents beforehand. Since L is usually not the least
Lipschitz constant, € can be set to 1. (A small ¢ leads to a small step size, which can
reduce the convergence speed.) In this example, {I;} = {2, 20, 8.9, 7.4, 4} and we
take v = 2N/L = 2%. Moreover, we let every agent i compute F,Ei) = < F(si(kr))
and use a relative tolerance ¢ = 107% (see Appendix A.3.9 and criterion (A.42)) to
locally terminate the main algorithm.

The simulation results of the our algorithm are given in Fig. 5.2, with (ran-

domly generated) initial conditions:
x(0) = [0.6238, 1.4262, —0.9162, 1.5838, —1.1648]".

As expected, s;’s (depicted by solid lines) become identical after the first s steps,
and then converge to the optimal solution x* (shown by dash-line) while x;’s reach
limit cycles of period k. Every agent locally decides to stop at t = 186 (i.e., k = 31)
since each finds that |F3(é) — Fz(é)\ = 7.5253 10_7|F§é)| (noting that F:,Eé) is computed
at time ¢ = 31N). Upon termination, s;(186) = 0.7402 and F(s;(186)) = 9.4813.
We also carry out the centralized subgradient method (5.3) in the form of
(5.19) using the same step size y; = v and with the starting point 5(x) = 77x(0).
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The simulation result of s(kx) is marked with o in the top-left sub-figure, which
agrees with s;(kx). We further compare the objective error of our algorithm with
that obtained from the DPS method (5.5) with diminishing and non-summable step
sizes of the form () = & where a = [0.01 : 0.05 : 0.5] and b = [0.5 : 0.1 : 1].
For this method, we denote 5(t) = ~ > z;(t). Results for a few samples of (a,b)
are given in the right subplot of Fig. 5.2. Here we also scale gradients in DPS by
a factor of (Nm;)~! just like the re-weighting technique in [93,100] and also (5.37).
Note that generally the DPS method is not guaranteed to converge when some f;
are nonconvex. Moreover, the DSM (5.4) fails to converge if v(¢) is not selected
carefully, e.g., a > 0.5 and b = 0.5. Clearly, our algorithm outperforms DPS in
terms of the convergence rate and number of gradient evaluations.

With the same network and weight matrix as before, we now consider quadratic
cost functions f;(z) = b;(z—¢;)?, wherec = [0, 4, 3, 1, 1]T and b = [3, 1, 3, 3, 4].
Fig. 5.3 shows the performance of Algorithm (5.53)-(5.54) with different values of

step size . Clearly, sufficiently small 7’s yield near dead-beat responses.

5.6.2 Example 2: Network of 200 agents with ¢; cost functions

Now we consider a set of N = 200 agents communicating over a ring graph, where
N; ={i,i+1,i+10}, for Vi € V (if i + 10 > 200, by i + 10 we mean i + 10 — 200).

Here, the graph is distance regular with diameter diam(G) = 10, and each agent

has 5 neighbors (including itself). Assume that W = [w;;] is such that w;; = W]

if j € N; and w;; = 0 otherwise. In this case, by Theorem 5.5.1 (with € = 0.2), we
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si(t) F(s(t)) — F~

—e— Alg. (5.32)&(5.37)

0 50 100 15l

0 50 100 0 500 1000

Figure 5.2: Network responses for example 1 with convex cost functions having Lipschitz
continuous gradient using Algorithm (5.32) and (5.37). Left: For any i € V, s;(t) (solid
lines) converges to optimal solution (dash-line) and x;(t) reaches a limit cycle of period
k. In the top-left figure, o represents §(kk) of the centralized subgradient method imple-

a

mented as (5.19). Right: Objective error comparisons with DPS using step size v(t) = 5,
where (blue) solid lines correspond to a = 0.01, (green) dashed lines a = 0.05, (black)
dotted lines @ = 0.1, and (cyan) dash-dotted ones a = 0.2. For each a, we plot the results
for b = 0.5 and 1. The results from our algorithm are shown in red circles o. The algo-
rithm terminates locally for all the agents at ¢ = 186 with relative error of the global cost
function guaranteed to be less than e = 1075,

have deg(q;) = diam(G) +1 = 11,Vi € V.

The local cost functions are f;(x) = |z —¢;| with z € X = [0,100] and ¢; = 7 if
i <100 and ¢; = 0.2(i — 100) otherwise. So, the goal of all the agents is to find the
median value of {¢;})¥. Thus, in this case, * = 16.9. The choice of ¢; is motivated
by the desire to have x* far from the mean g, of the elements in {¢;} (which is
e = 30.3 and can be found by any averaging protocol).

Here, each local cost function is convex but non-differentiable and has subgra-
dients bounded by Lo = 1. Therefore, we will use Algorithm (5.32)-(5.33), where

each agent initializes z;(0) = ¢;. We also want to compare the performance of our
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Figure 5.3: Network responses for example 1 with quadratic cost functions when using
Algorithm 5.3 with k = 7, x(0) = ¢, and with 4 values of ~.

algorithm with the one in [134]. Thus, we choose the step size by Theorem 5.3.5-

(i), i.e., v = L% £. In this example, we take the number of iterations T'= 4N (as

bl

suggested by [134]), R = 100 (which is the size of X), 2 and L; = Ly = 1. Since
deg(gq;) = 11,¥i € V, k needs to satisfy the condition k > 11. We suppose that each
agent sets k = 50. Hence, v = 25.

In this example, we let each agent i reevaluate a® (equivalently its minimal
polynomial) after every « steps (note that x > 2deg(g;) in this case). (The reason is
that we observe from simulations that computation of minimal polynomials in large
graphs is prone to error.) The results are given in Fig. 5.4. Algorithm (5.32)-(5.33)

and the one in [134] do not converge asymptotically to the optimal solution but

2A better choice for R can be found as follows: at time &, 5(k) = s;(k) = Zfil 2;(0)/N = pe.
Thus each agent can take R = max,cx |$;(k) —u| = 100 — s;(x) = 69.7, which then improves the

objective error bound in (5.22) by 30.3%.
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rather approach a solution neighborhood since both use constant step sizes. Ours
does so faster and the size of the neighborhood is much smaller (thanks to the rate
O(RLimax\/%) as compared to O(RZLmaX\/g) in [134]; see Remark 5.3.10). There
are some small numerical errors in the simulation of s(¢), but that does not cause
instability to our algorithm. The DSM (5.4) with ~(¢) = \/Li admits asymptotic
convergence but with very slow rate. Furthermore, it is not trivial to choose a
“good” step size sequence or a stopping criterion with some performance guarantee
(such as consensus and objective error bound); it is especially difficult doing so in
a distributed fashion. In contrast, our algorithm allows efficient stopping criteria
such as (5.26)-(5.27) (and (A.42) in Appendix A.3.9), or with a predetermined num-

ber of iterations. Moreover, consensus (of the optimization variables s;) is always

guaranteed upon termination.

5.7 Concluding Remarks

We have presented three fast algorithms for the distributed optimization problem
(5.1) on a fixed and directed graph with convergence time being linear in the maxi-
mum degree of the agents’ minimal polynomials rather than the network size. From
a broader view, our algorithms can be seen as a way of distributing the central-
ized subgradient method without sacrificing its convergence behavior, at the cost of
the algorithm being slowed down due to a larger time-scale needed for diffusion of
information through the network.

Among possible directions for future work, we mention the problem of design-
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Figure 5.4: Responses of the network in example 2. Dashed line: optimal solution. (a)-
(b): Algorithm (5.32)-(5.33), where sub-figure within (a) is a zoom-in of period [400, 800];

(c): Algorithm by Olshevsky (2016) with a constant step size f = Lo\}ﬁ; and (d):
Distributed Subgradient Method (5.4) with v(¢) = \/iz

ing the weight matrix W for a given network topology so as to achieve the smallest
possible kyin. For the case of large networks, k., could be large, and hence de-

termining the exact minimal polynomial could be a challenging task for each agent
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in terms of memory storage and computational capability. In this scenario, the use
of approximations of minimal polynomials or other finite-time consensus protocol
may be a problem deserving investigation. Another appealing direction is to adapt
the algorithms to time-varying networks, as well as networks influenced by noises

and/or delays.

190



Chapter 6: Distributed Optimization over Directed Graphs with Row

Stochasticity and Constraint Regularity

Abstract: 'This chapter deals with an optimization problem over a network of
agents, where the cost function is the sum of the individual (possibly nonsmooth)
objectives of the agents and the global constraint set is the intersection of local
constraints; this problem is more general than that in the previous chapter. The
main goals of this chapter are: (i) to remove the need for column stochasticity;
(ii) to relax the compactness assumption, and (iii) to provide a unified convergence
analysis. Specifically, assuming the communication graph to be fixed and directed
and the weight matrix to (only) be row stochastic, a distributed projected subgra-
dient algorithm and a variation of the algorithm are presented to solve the problem
for cost functions that are convex and Lipschitz continuous. The key component
of the algorithms is to adjust the subgradient of each agent by an estimate of its
corresponding entry of the normalized left Perron eigenvector of the weight matrix.
These estimates are obtained locally from an augmented consensus iteration using
the same row stochastic weight matrix and requiring very limited global informa-
tion about the network. Moreover, based on a regularity assumption on the local

constraint sets, a unified analysis is given that can be applied to both unconstrained
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problems and constrained ones without assuming compactness of the constraint sets.
Finally, the convergence rate of the algorithms is studied in terms of the distance
from each agent’s available estimate to the global constraint set and an objective

error defined on this set.

6.1 Introduction

As in Chapter 5, we consider a network of agents without a central coordination
unit that is tasked with solving a global optimization problem in which the objective
function is the sum of local costs of the agents, that is, F(x) = SV, fi(x) where
fi : R™ — R represents the private objective of agent 7 and N is the number of agents
in the network. In addition, each agent may be associated with a private constraint
set. Many distributed optimization methods have been developed to address this
problem; see e.g., [32,39,42,43,76-81,83,94, 134, 144, 145] and references therein.
Although much research has been carried out on this problem area, most of
the existing literature invokes the assumption that communication among agents is
bidirectional. That is, for any pair of neighboring agents, each agent receives infor-
mation from the other. This assumption further allows many distributed algorithms
to employ doubly stochastic weight matrices, allowing straightforward mechanisms
for the agents to reach an optimal consensus. However, the double stochasticity
assumption is not always practical in real world applications. This is the case, for
example, where agents have different communication ranges due to environmental

effects or individual broadcast power limits.
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In this work, we consider a more general case in which the communication
among agents is not necessarily bidirectional, and thus is naturally represented by
a directed graph. This scenario has recently been considered in [82,93,145]. A
common idea in these chapters is the combination of a (sub)gradient distributed
optimization algorithm and the Push-Sum protocol [146]. One essential requirement
of this protocol is that each agent knows its out-degree exactly and/or controls its
outgoing weights so that they sum up to one, leading to a column stochastic weight
matrix. The same requirement is also imposed in [147], where the authors develop a
distributed subgradient algorithm by employing a weight balancing technique. Such
requirement, however, could be impractical in many other situations, especially
when agents use a broadcast-based communication scheme and thus they neither
know their out-neighbors nor are able to adjust their outgoing weights (i.e., the
weights that others put on its information). In wireless sensor networks, for instance,
directed communications can arise as a consequence of geometric network layout
or nonuniform power limits, each node can only send information to those lying
within its coverage area without receiving acknowledgment signals from them. A
similar scenario may also happen during operation of a network initially designed
to implement a column stochastic weight matrix; for example, a node encounters
an unreliable or broken in-coming channel and has no “cheap” and local means
to inform the sender of it not receiving packages (i.e., logically not being an out-
neighbor of the sender). As a result, the performance of the network as a whole is
not guaranteed due to this malfunctioning communication link, even if the network

is still strongly connected. Thus, networks relying on a column stochastic weight
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matrix may not be robust to link failure.

In comparison with a column stochastic weight matrix, one that is row stochas-
tic is much easier to achieve in a distributed setting. Here, each agent can individ-
ually (and to some extent arbitrarily) decide the weights placed on information it
receives from its neighbors. Thus, if the weight matrix is required to be only for a
row stochastic, there is no need for nodes to send acknowledgment signals. As an
immediate but important consequence, a network requiring only a row stochastic
weight matrix is more robust to link losses/jamming, and even changes in the net-
work structure. This makes row stochastic matrices suitable for reaching consensus
in broadcast-based communication environments, for example ad hoc wireless net-
works. However, when a row stochastic matrix is used for distributed optimization,
most (if not all) (sub)gradient based algorithms fail to achieve an optimal solution
due to the nonuniform stationary distribution of the weight matrix (also known as
the normalized left Perron eigenvector). In [93], the authors suggest a re-weighting
technique that makes it possible to use a row stochastic matrix in distributed opti-
mization. The same technique is also employed in [94]. However, the implementation
of the algorithms in [93,94] assume knowledge of the graph, that is the stationary
distribution of the weight matrix and the number of agents in the network. Indeed,
a fully distributed algorithm employing only row stochastic weight matrices has not
been available in the field of distributed optimization thus far.

In this work, we achieve such algorithms under mild requirements on available
global network information and under the assumption that the network is strongly

connected. More precisely, we present a distributed algorithm and a variation on the
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algorithm that use a row stochastic weight matrix and assume that each agent knows
only an upper bound on the number of agents in the network. Our idea is as follows.
We let all the agents perform an augmented consensus protocol in order to estimate
the stationary distribution of the weight matrix while updating their states using an
iteration akin to that in the Distributed Projected Subgradient (DPS) method (see,
e.g., [137,148,149]), except that subgradient values are now scaled appropriately
and locally by the agents. Here, the estimation step is implemented concurrently
with the optimization step, and thus no network communication overhead is added.
Moreover, although the algorithm is based on the projected subgradient method, we
believe that its principle (i.e., the use of a particular augmented consensus) can be
generalized to a class of distributed algorithms that use consensus and subgradient
steps.

Another important contribution is our unified convergence analysis (as well
as the convergence rate) that applies to both unconstrained and constrained prob-
lems with identical or nonidentical private constraint sets. Most existing works
on subgradient based methods usually assume the problem to be either uncon-
strained [78,134, 145], or constrained with identical (often compact) constraint sets
[81,93,137,148,150]. Nonidentical constraints are considered in [94,137,151], where
the local constraint sets are assumed to be compact and their intersection has a
nonempty interior. In our work, we assume regularity of the constraint sets, which
is weaker than requiring boundedness and allows the global constraint set to have an
empty interior. We establish convergence of our algorithms to the optimal solution,
and demonstrate how the rate of convergence depends on the step size sequence,
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exhibiting similarity to that of the centralized subgradient approach. To the best of
our knowledge, convergence rates of distributed subgradient methods have not been
studied before for the case of nonidentical unbounded constraint sets (possibly with
an empty-interior intersection).

Preliminary work along the line of this chapter appeared in [150], where only
one algorithm was presented and several proofs were omitted. In addition, it is
assumed in [150] that all the local constraint sets are identical and compact, while
in this chapter we consider nonidentical constraint sets and relax the compactness
requirement, allowing for a broader class of applications. The current chapter fur-
ther introduces a variation on the algorithm presented in [150], and presents a new
convergence analysis that holds for both algorithms under these relaxations. Here
the proof technique relies on the regularity assumption on the local constraint set,
thus significantly different from that in [150]. Finally, the rate of convergence, which
was not shown in [150], is studied here for both algorithms.

The rest of the chapter proceeds as follows. The problem formulation and
proposed algorithms are given in Section 6.2. The convergence and the convergence
rate of the algorithms are studied in Sections 6.3 and 6.4, respectively. Section 6.5
includes a numerical example to illustrate our findings. Concluding remarks are
given in Section 6.6.

Additional Notation and Terminology:

The projection of a vector x on a nonempty closed convex set X C R™ is
denoted by Px(x), i.e., Px(x) = argminyex ||x — y||, where as usual, || - || denotes
the 2-norm. We also denote by dist(x, X) the (Euclidean) distance from x to X, i.e.,
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dist(x, X) = ||x — Px(x)||. The following inequality is called the nonezpansiveness

property:
[1Px(x) = Px(Y)ll < [lx —yll, ¥x,yeR™ (6.1)

We will employ the notion of regularity of the constraint sets, which plays an
important role in the study of projection algorithms. This notion involves upper
estimating the distance of a point to the intersection of a collection of closed convex
sets in terms of the distance to each set (see [152,153]). Recalled next is the definition

needed here, stated for a finite dimensional setting.

Definition 6.1.1. A collection of closed convex sets {X;,7 € V} (with a nonempty
intersection) is reqular with respect to a nonempty set B C R™ if there exists a

constant rg > 1 such that

dist(x, NieyX;) < rpmaxdist(x, X;), Vx € B. (6.2)

i€V
It is said to be regular if B = R™.

For example, if the sets X; are identical, then they are regular. The following
two sets X1 = {(z1,%2) : o > 22} and Xy = {(z1,72) : 7o < 0} with X; N X, = {0}

are not, regular with respect to any ball centered at the origin.

6.2 Problem Formulation and Proposed Algorithms

Consider a network consisting of N agents where the underlying communication is

characterized by a fixed directed graph G = (V,£). All agents share the objective
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of solving

min  F(x) := Zfz(x),

xeR™ .
'€ (6.3)
st. x€ ﬂXi =X
i€V
where each f; : R™ — R is a convex function representing the private objective of
agent 7, and each X, is a convex constraint set only available to agent 7. Obviously,

F is also convex. Let F* and X* denote the optimal value and the optimal solution

set of the problem (i.e., X* = {x € X, F(x) = F*}). Let

U = conv(| | X3), (6.4)
%

i.e., the convex hull of | J,,, X;. The following assumptions are adopted in the sequel.

Assumption 6.2.1. (Basic Problem Assumptions) Problem (6.3) satisfies the fol-

lowing:

(a) (Constraint sets) The sets X; € R™ are closed and convez, and X # @.

Moreover, {X;,i € V} is reqular with respect to U.

(b) (Bounded subdifferential) For any i € V, f; : R™ — R is conver with subdif-

ferential bounded on U, 1i.e.,
dLs € (0,00), ||gill < Ly, Vg € 0fi(x), Vx e U (6.5)

(c) The solution set X* is nonempty.

Here, the regularity assumption on the collection of constraint sets is weaker
than requiring boundedness, which allows us to consider a broader class of optimiza-
tion problems. This assumption holds trivially with r;; = 1 when the constraint sets
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are identical. An unconstrained problem is a special case with X; = R™, Vi € V.
The regularity assumption is also satisfied if the sets X; are compact and X has a
nonempty interior; such assumptions are used in [94,137]. In fact, by [152, Cor. 2],
one can deduce that ry = 32~ (Dy/6)" is a regularity constant, where Dy denotes
the diameter of U and 0 is the radius of a ball lying in U. Other important cases
include when the sets X; are hyperplanes or half-spaces (see [153]).

Note also that since each f; is convex on R™, Assumption 6.2.1(b) implies that
each individual cost function f; is also L-Lipschitz continuous on U. This will be
the case if all X; are compact, since then U is also compact. Assumption 6.2.1(c)
can be satisfied when, e.g., the sets X, are closed and at least one them is compact,
since then X is compact. In general, however, we do not require compactness of the
constraint sets.

In our setting, agent ¢ only has access to f; and local information on its neigh-
bors’ opinions, and no central coordinating node is assumed to exist. Thus, the
agents need to collaborate in a distributed manner to solve problem (6.3). This
involves local iterative computation along with information diffusion. We are in-
terested in the scenario where the communication graph G connecting the agents is

directed and fixed. We make the following additional blanket assumptions.
Assumption 6.2.2. (Connectivity) The network G = (V, ) is strongly connected.

Assumption 6.2.3. (Unique ID) The agents are labeled 1,2,..., N and their mes-
sages carry a unique identifier of the sender. Moreover, all the agents know the

value N (or an upper bound N' > N ).
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Assumption 6.2.3 is only technical, implying that each agent can distinguish
messages from its neighbors. This will be the case if media access control (MAC)
addresses are used.

Here, at any time slot, each agent exchanges its current state with its neighbors
(in accordance with the directed network structure). Upon receiving the information
from its neighbors (including itself), agent ¢ incorporates knowledge of these states
using a weighted average scheme. Thus, each edge (i,7) € £ is associated with a
weight w;; > 0 (locally chosen by agent 7). Let the weight matrix W = [w;;] satisty

the following condition.

Assumption 6.2.4. (Weight Rule) The matriz W satisfies w; > 0 for i € V,

w;j > 0 for (i,j) € € and w;; = 0 otherwise. Moreover, W is row stochastic.

This assumption means that the zero-nonzero structure of the weight matrix
W reflects the network structure. Note also that W has positive diagonal elements
reflecting that each agent has access to its own state. Further, W is irreducible
under Assumption 6.2.2.

Again we stress that unlike the case with existing algorithms in the literature,
the weight matrix W is assumed to be only row stochastic, and not either doubly
stochastic or column stochastic. As a result, each agent ¢ controls the i-th row of
W, independently with others. This also gives each agent the freedom in deciding
the weights that it places on its neighbors’ information. This explains why row
stochastic matrices are more suitable for ad hoc wireless networks.

We now propose the following distributed algorithm to solve problem (6.3)
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under all the assumptions above.

Algorithm 6.1. At time t = 0, agent i initializes an estimate x;(0) € X; and a
variable z;(0) = e; € RN (or € RN if only a bound N' > N is available). For each

time t > 0, all agents update their states as follows:

it +1) = P (D wey (1) — 10 ) (6.6)

jev zi(t)

zi(t+1) =Y wiz;(t). (6.7)

jev
Here, N; is the set of node i’s in-neighbors (including itself), v(t) is a nonnegative
step size (which will be specified later), gi(t) € 0fi(3 ;o) wijx;(t)) is a subgradient

of fi, and z;(t) = |21, 2i2, - - ., zin) T for each i € V.

Note that because of wy; > 0,Vi € V (cf. Assumption 6.2.4), (6.7), and z;;(0) =
1, it can be shown (later in Lemma 6.3.3) that z;(¢) > 0,¥t > 0,Vi € V. Thus (6.6)
is well defined.

In essence, the update (6.6) can be viewed as a modified version of the dis-
tributed projected subgradient (DPS) method [137] where each private cost func-
tion’s subgradient is scaled by z;;(t) obtained from (6.7). Here, the update (6.7) is,
in fact, a consensus iteration aiming to provide each agent ¢ € V with an estimate of
7w = [m1,...,7n]T- the left normalized Perron eigenvector of W, i.e., the left eigen-
vector 7 satisfying 17w = 1. This iteration resembles those used in [154,155]. Of
course, if each agent i € V knows the m; in advance, then iteration (6.7) is redun-
dant as all the agents can simply use z;(t) = m;, vVt > 0. (In fact, if initialized with

z;(0) = 7, then it follows from (6.7) that z;(t) = = for all ¢ > 0.) In this case, our
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rescaling subgradient technique reduces to the reweighting scheme used in [93,94].

We also remark that the DPS method in [137] can be applied to time-varying
networks but requires the weight matrix to be doubly stochastic at each time ¢.
Further, for nonidentical constraint sets, [137] only considers complete graphs and
assumes that the intersection set X has nonempty interior. Later, [94] extended
the method to directed time-varying graphs possibly with (fixed and uniform) com-
munication delays but still requires doubly stochastic weight matrices and compact
constraint sets with nonempty interior. Thus, the results in these works are not
readily applicable to cases where the X; are unbounded (e.g., X = R™) and/or
X has an empty interior (e.g., an X; includes linear equality constraints) and the
weight matrix is only row stochastic. Another extension in [145] dealing with the
unconstrained case employs column stochastic matrices. Algorithm 6.1 can be seen
as an extension of DPS under the fixed network setting where only row stochastic
weight matrices are used. Note also that here we assume the network is fixed during
one run of the algorithm. Between any two consecutive runs, the network structure
is allowed to change, and our algorithm need not be adjusted except each agent i
may need to reselect new weights w;; for its new neighbor set (which is a trivial
task). Moreover, our development technique does not employ the compactness of
the constraint sets as well as nonempty interior of their intersection.

The following variation on Algorithm 6.1 will also be considered, where each

agent takes the subgradient step first, followed by the consensus step:

Algorithm 6.2. With the same initializations as in Algorithm 6.1, all agents update
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their states according to

1) = P (S ()= 20 (63

= 2j;(1)

jev
where g;(t) € 0f;j(x,(t)), i.e., a subgradient of f; at x;(t) (which differs from the

subgradient used in (6.6) of Algorithm 6.1).

It has been shown in [76] that the order of the optimization step and the
consensus step in the original DPS method can be interchanged, which, if a constant
step size is used, often gives a better convergence speed to a solution neighborhood
[156]. Comparison between Algorithms 6.1 and 6.2, however, is out of the scope of
this chapter.

In this work, the following type of diminishing step size sequence will be used
to ensure convergence of our algorithms to the optimal solution. For the convergence

rate analysis, a less restrictive assumption will be employed.

Assumption 6.2.5. (Step Size Rule) The step size sequence {~(t)} is positive non-

increasing and satisfies Y .o y(t) = 00 and Y~ ¥ (t) < .

There are many ways to choose the step size sequence (t) satisfying this

assumption, e.g., y(t) = i3, Vt > 1, for some constants ¢ > 0 and ¢ € (0.5, 1].

6.3 Basic Relations and Convergence Result

In this section, we simultaneously prove the convergence of both algorithms (6.6)-
(6.7) and (6.8)-(6.9). We begin with a few basic results that will be used later.
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First, besides the nonexpansiveness property (6.1), other properties of a pro-

jection operator are given in the following lemma.

Lemma 6.3.1. ([137]) Let Y C R™ be a nonempty closed convex set. Then for any

xR andy €Y,
(a) (Py(x) —x)"(x—y) < —[|Pr(x) — x|
(0) [|1Py(x) = ylI” < Ix = y[* = [ Pr(x) — x|]*.
Second, the following lemma is a consequence of the convexity of the function
-7
Lemma 6.3.2. For anyay,...,an > 0 such that Zf\il a; = 1, we have || Zf\il ax;||? <

Zé\il ail|x;||? for vx; e R™i=1,...,N.

Next, we characterize the convergence of the power iteration of the weight
matrix in the following lemma, which is a consequence of the Perron-Frobenius

theorem (see, e.g., [95]).

Lemma 6.3.3. (Convergence of power of weight matrix) Let Assumptions 6.2.2
(Connectivity) and 6.2.4 (Weight Rule) hold. Then lim; oo Wt = 1wl where 7w >
0 s the normalized left Perron eigenvector of W. Moreover, the convergence is
geometric with rate X € (|A2(W)|, 1), where Ao(W) is the second largest eigenvalue

of W.

Proof. Under Assumptions 6.2.2 and 6.2.4, W is an irreducible row stochastic matrix

with positive diagonal entries, and thus primitive (i.e., W is irreducible and has only
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one eigenvalue of maximum modulus; see, e.g., [95, Thm. 8.5.2 and Lem. 8.5.5]).

The result now follows from [95, Thm. 8.5.1]. O

The next proposition, describing the convergence of the estimation step in

(6.7), follows directly from the foregoing lemma and will be used in the sequel.

Proposition 6.3.4. (Convergence of z;;) Consider iteration (6.7). Let Assumptions
(Connectivity) and 6.2.4 (Weight Rule) hold. Then for each X € (|]\2(W)], 1), there

exists C=C(\,W) > 0 such that the following hold for ¥Vi,j € V and ¥t > 0:
(Wi — mi| < CON, o Jzu(t) — m| < O (6.10)
Moreover, there exists n > 0 such that
< zu(t) <1, Vt>0,VieV. (6.11)

Proof. Let Z(t) = [z1(t), z2(t), -+ ,zn(t)]". Tt follows from Algorithm 6.1 that for
any t > 0,

Zt+1)=WZzZ(t), Z(0)=1I.
Thus, Z(t) = W'Vt > 0. Hence, (6.10) follows by Lemma 6.3.3 for some C' > 0
and A € (J\(W)], 1).

Next, for each i € V, by (6.7), we have z;(t + 1) = > .y, wi;z;i(t), where
2i(0) = 1,25;(0) = 0,Vj # i. Clearly, 1 > z;;(t) > 0,Vi,j € V,Vt > 0. Since
limy o 2;4(t) = m; > 0, there exists tq > 0 such that z;(t) > m;/2,Vi € V,Vt > t,.
Moreover, we have that z;(to) > wyzi(to — 1) > ... > wi?24(0) > 0 since w;; > 0

(cf. Assumption 6.2.4). Therefore, z;(t) > 0 for any t € [0,to]. By taking

n~t =min{zy(t), m/2,Vi € V,Vt € [0,0]},
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then (6.11) follows as desired. O

Remark 6.3.5. In the rest of the chapter, the parameters C'; A and 7 refer to the

constants in Proposition 6.3.4.

We now turn to iterations (6.6) and (6.8). Our next result describes a general
relation on the overall evolution of the states of the agents in terms of their distances

from any point v € X as well as the weighted averaged state vector x(t), defined as

X(t) =Y _mx;(t), Vt>0. (6.12)

jev
This relation also involves the step size sequence ¥(t) and an error term (F(x(t)) —
F(v)), which in general is not the global objective error since x(¢) may not be in

X; it is so if the constraint sets {X;,i € V} are identical.

Theorem 6.3.6. (Bound on evolution of x;) Let Assumptions 6.2.1 (Basic Problem
Assumptions), 6.2.2 (Connectivity), 6.2.3 (Unique ID) and 6.2.4 (Weight Rule) be
satisfied. Then for both Algorithms 6.1 and 6.2, the following holds for any v € X

andt > 0:

Yomlbalt+1) = V[ < 1+ D) Y milxi(t) = v

— 29(t)(F(x(t)) — F(v)) — Zm!l@(t)HQ
+ Doy(t) Z mil|xi(t) — % (1)l + Dyv*(1), (6.13)

where Dy = NCLyn, Dy = 2L¢n, D3 = Lfcnz + NL;Cn, and

6:t) = P (Y wixs() — 10 B — (S — 10 BY)  (6.14)
JjEY

o 2ii(1) 2ii (1)
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for Algorithm 6.1 whereas for Algorithm 6.2, ¢;(t) is defined as

) :Pxi(zwij(xj(t)— Zﬂi)) wa@ t)zg;((g) (6.15)

jev

Proof. We provide here a proof for the case of Algorithm 6.1. The proof for Algo-
rithm 6.2 is given in Appendix A.4.1. Let y;(t) := >_ o), wi;X;(t). By using (6.6)

and the definition of ¢;(t) (cf. (6.14)), we have for any v € X C X;

gi(t 2
It + 1) = v = ) v =20 £ + .0
gz( ) H 2 gi(l
- i t) — - 7 2 % 7 t) — - t
yilt) =v = 5O Z |+ 1001 + 260007 (vi00) = v =20 25
< [y —v =@ B2~ sy, (6.16)
- z“(t)
where the last inequality follows from the fact that (cf. Lemma 6.3.1(a))
gi(t)
507 (30 10 ED - v) < - ool
The first term on the right side of (6.16) equals
27(1) T 7 (t) 2
i) = VI + 2 (v = 3:(0) + T ) (6.17)
We now derive an upper bound for each term in this sum. Rewriting y;(t) — v =
> jey Wij(x;(t) — v) then using Lemma 6.3.2 yields
lys(t) = vI* < D wyllx; () — vl (6.18)

JjeEV

Next, ignoring the positive factor % the second term in (6.17) can be bounded

as follows:

gi(t) (v —yi(t)) < fi(v) = filyi(t)) < fi(v) = f;(x()) + | fi(y: () — fi(x(2))]
< Filv) = fi® () + Ly ) wig [1x;(8) = ()]l (6.19)

JjeEV
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where the first inequality holds since g;(t) € 9f;(y:(t)), the second follows from
the triangle inequality, and the last one from L-Lipschitz continuity of f; over
conv (U,cy X;) (cf. Assumption 6.2.1(b)) and the triangle inequality. By continuing
(6.16) and using (6.17), (6.18), (6.19) and the conditions that ||g;(¢)|| < L; and

2 (t) < n,Vi € V,Vt >0, we have

it + 1) = vI* < 3wyl (6) = ) + 7@?
jEV “

wa I3, (8) — X(0)l| + 7> (6) L3P (6.20)

(fiv) = fix(®))) = l6:(D)]*

Multiplying both sides by 7; then summing over ¢ € V yields

Zmei(zﬁ +1)—v|* < Zﬂ'i ZwinXj(t) —vl?
=% % JjEV
#2302 () -
ey U
#2130 T S g 0) - %O + 2O (621
icy T

JjEV

= > millo0)l?

i€y

Now consider each term on the right side of (6.21). First,

S il 0) = vIP = 3 mli() - vI? (622)

i€y jev i€y

where we have used the fact that w?W = . Second,

> (0 = F0)) = 30 Aiv) = ) + X (g =D () = Si(x(0)

Z

% 2% %
< F(v) )+ 0=l m () — £(v)
=%
< F(v) = F(x(t)) + NCL |x(t) — ]| (6.23)
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where C' > 0 and A € (0, 1) satisfy (6.10), and 7 satisfies (6.11). Third, we also have

Z .?T(it) Zwij [x;(t) =x(@®)[ <n Z mawg; || x;(t) — X(1)|
JjeV

z
iey % i,jEV

= 7727%‘ 1% (t) = x()] (6.24)

1%
Now, combining (6.21)-(6.24) yields
domillxilt+ 1) = v|F < Y millxi(t) = VI = 29(t) (F(x(t)) — F7)
iey iey

=Y mlldiI + 2y (ONCLmA |x(t) — ]|

eV

+2y(0) L Y m Ixi(t) = x(t)]| + 72O L7. (6.25)
iV

Finally, by writing X(t) —v = ) .., m(x;(t) —v) and then using the Cauchy-Schwarz
inequality and Lemma 6.3.2, we have
29N [%(8) = v < A2(0) + A D milxilt) = V)|
iev

<P+ N mlxi(t) — v
%

Using this bound for (6.25) and then rearranging terms yields (6.13) as desired. [

Before proceeding further, it is worth highlighting the differences between this
result, in particular (6.13), with that obtained from the usual DPS method [137] in
the context of Algorithm 6.1. First, since the (normalized) left Perron eigenvector
7t is nonuniform, we opt for employing the weighted average vectors x(t) (as well as
> iy il|xi(t) — v||?) instead of the exact average one. Of course, when 7 = 1/N,
i.e., W is doubly stochastic, the former vector reduces to the latter. Second, the term
DNy, ml|xi(t) — v[|? (or more precisely the term 2v(6) NCLnA!||x(t) — v|| in
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(6.25)) arises as a consequence of each agent ¢ using an estimate z;;(t) of m; generated
from the estimation step (6.7). Finally, since we do not require the constraint sets to
be bounded or identical (or have a nonempty interior), the projection error ¢; is not
guaranteed to be bounded a priori and the term (F(x(t)) — F(v)) does not reflect
the global objective error (as X(¢) need not be in X). Therefore, quantifying the
behaviors of these terms and errors will be the main challenging task in analyzing
the convergence as well as the convergence rates of our algorithms; this calls for new
results that are more accessible than (6.13) as we develop in the sequel.

We now provide some bounds on the terms ||x;(¢)—x(¢)|| and ||¢;(¢)|| appearing
in (6.13) in terms of the step size sequence (¢) and the total projection error 5(t),

defined as

Bt) = le®)ll, vt>o. (6.26)

iev
Theorem 6.3.7. Let Assumptions 6.2.1 (Basic Problem Assumptions), 6.2.2 (Con-
nectivity), 6.2.3 (Unique ID), and 6.2.4 (Weight Rule) hold. The following hold for

both Algorithms 6.1 and 6.2:
(a) Let Dy:=C3 ey, [%;(0)[|. Foranyi€V,

() (B < DX+ Dy S A+ S ANTB(s). (627)

0<s<t—1 0<s<t—-1

0(t):==~(t) > N7B(s), 6(0)=0. (6.28)

0<s<t—1

If {~(t)} is nonincreasing, then

O(t+1) < A(L) + My (1)B(L). (6.29)
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Proof. (a) First, we express (6.6) and (6.8) in the form

Xi(t+1) =) wix;(t) + &(t), (6.30)

VA%
where €;(t) € R™ is an error term. Then, we have
x;(t) = Z[Wt i7%;(0 Z Z Wt *ij€i(s
JjEV 0<s<t—1 jeVy
Since x(t) = >, m;%;(t) and 7" W = 7", it follows that
X(t) =Y mx(0)+ > Y mie(s)
jEV 0<s<t—1 jeV

Thus, the term ||x;(t) — x(t)|| can be expressed as

H > (Wi — ;) x;(0) + tzi > (W) —m) Gj(S)H

2% s=0 jeV
t—1
<Y W s = 5| 1 O+ D 0D Wy — 75 Hles (s)])-
JEY s=0 jeV

Hence, by using the bound in (6.10), we then have

() = () < DA +C Y N leg(s)]]- (6.31)

0<s<t—1 jev

Now consider Algorithm 6.1, where it follows from (6.6) and (6.14) that €;(t) =
di(t) — ()50 (()) By using the triangle inequality and the facts that ||g;(¢)|| < Ly

(cf. Assumption 6.2.1(b)) and that z;' <7 (see (6.11)), we obtain

el < [lo: @) + @) Lyn, VieV. (6.32)

Next, we show that this bound also holds for Algorithm 6.2. From (6.8) and (6.15)

we have €;(t) = ¢i(t) —v(t) X ey wi &l - Ag g result, for Vi € V

i 255 (0)

lell < Il +1(0) S w B <y i) 4 (1) 240,

= 1z T
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By combining (6.32) and (6.31) and rearranging terms, we have

i) = ()] < DA +C Y NTH(Ny(s)Lyn + B(s)).

0<s<t—1

(b) By using the definition of §(¢) and the monotonicity of {v(¢)}, we have

Ot +1) < (1) Y ANFB(s) = A(t) + M()B(1),

0<s<t
which concludes the proof. O]

We note the following. First, it is clear from (6.27) that the effect of initial
conditions on the differences between agents’ states vanishes exponentially. Second,
one can view the last two terms on the right side of (6.27) as the convolutions of ()
and 3(t) with A'. Thus, for the convergence of the algorithms, we expect these terms
to decay to zero under a suitable choice of v(t). For example, when lim; ., v(¢) = 0,

t—

we show next that lim; oo > ._y A" *y(s) = 0. However, whether this also implies

limy 00 24 A756(s) = 0 is inconclusive since 3(¢) depends on the agents’ states
and the sets X;. Finally, we introduced 6(t) in order to study the behavior of the
term y(t) >,y mil|xi(t) — x(¢)]| in (6.13).

Corollary 6.3.8. In Theorem 6.3.7, if limy_,o, S(t) = 0, then lim;_,, 0(t) = 0.

Additionally, if limy_,oo y(t) = 0, then limy o0 > ;0 mi||xi(2) — X(¢)]] = 0.

Proof. Clearly, it suffices to prove that for any A € (0,1) and any nonnegative
sequence {B(t)};>0 satisfying lim; o B(t) = 0, limy 00 o o A*8(s) = 0. This

claim is stated in [137, Lem. 7]. O

Our next result is basically a consequence of Theorems 6.3.6 and 6.3.7 un-
der the regularity assumption on the constraint sets. Specifically, we will apply
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the bounds obtained in (6.27) and (6.29) to (6.13), and then select suitable associ-
ated coefficients to generate a more accessible relation, which is key to proving the

convergence as well as convergence rate of the algorithms.

Theorem 6.3.9. Let Assumptions 0.2.1 (Basic Problem Assumptions), 6.2.2 (Con-
nectivity), 6.2.8 (Unique ID), and 6.2.4 (Weight Rule) be satisfied. The following

holds for both Algorithms 6.1 and 6.2 and for any nonincreasing step size sequence

{r(®)}:

> millxi(t+ 1) — v + abb(t + 1)
S%

< (1+Dia*) ZWiHXz‘(t) —v|[* + abb(t)

ey
= 29(1)(F(s(t)) = F(v)) = D Y _ [l6i(t)]1”
iy
+ Dary(A + Dary(t) Y N7y(s) + Di*(8), (6.33)

0<s<t—1

Tmin

where s(t) = Px (X(t)), Tmin = mingeyp m;, b= /™ a = %J}é =D, + 2LE R

is a regularity constant of {X;,i € V}, Dg = ™=, Dyy = DyDy, Doy = Dy Dy and

! 2D3+)\CL2
D3 =5 -

Proof. By adding and subtracting F'(s(¢)) and using the Lipschitz continuity of F’

we have
F(v) = F(x(t)) < F(v) — F(s(t)) + Lyls(t) — x(?)]]-

Now we find an upper bound on the term ||s(¢)—x(¢)||. By the regularity assumption

of {X;,i € V}, there exists R such that dist(x, X) < Rmax;ey dist(x, X;), Vx €
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conv(U;ep X;). As a result, we have
|Is(t) — x(t)]| = dist(x(t), X) < Rmaxdist(x(t), X;)

eV

dlst )< R Z

T
min icy T'min

—[|x; = x(t)]]; (6.34)

<RY T

i€V
where the last inequality holds since dist(x(t), X;) < ||x; —x(¢)]| (cf. Lem. 6.3.1(b)).

Hence,

LR

F(v) = F(x(t)) < F(v) = F(s(t)) +

— Z mil|xi(t) = x(0)]]-

Using this bound for (6.13), we then have

S mlxilt+1) = v[* < 1+ DN mlxi(t) — v

=y eV
_ 27(15)(F(s(t)) — F(v)) — Zquﬁi(t)IIQ
=
+( 2LR 2:7@“)(Z ()]l + D3y*(2).

%

Next, by adding abf(t+ 1) to both sides of this relation and using the bounds (6.27)

and (6.29), we further have

> mlxi(t + 1) — v + abd(t + 1)
=%

< (14 D) S mllxi(t) — I + abé(t)

+ab(\ — 1)0(t) + abAy(t)B(t)

= 29(t)(F(s(t) = F(v)) = >_millés()I* + Dar*(t)

i€y

+ Day(HA + Dyy(t) D N 7(s) + DrCO(t). (6.35)

0<s<t—1
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the terms ab(A — 1)8(t) and D,C6(t) cancel out.

Now with the choice of a = (1 )\)b’

Further, by the Cauchy-Schwarz inequality, we have

a’y*(t) + 0 8%(t) _ a®y*(t) | b°n 2
abry(t)B(t) < <— 2+ D lal

2 -
%

7T
= T ILVIE

=%

The last equality holds since b = Tam . As a result, we have

bW (18(E) — S w1 < 27(e) - T Y g o)

% %

It remains to apply the relations above to (6.35) and then rearrange terms to

obtain (6.33). O

It should be noted that (6.33) holds uniformly on X since the constants D;
are independent of the choice of v € X. When restricted to X*, we immediately
have a relation between the (weighted average) distance (squared) from the optimal
solution, i.e., Y, m||x;(t) — v*||?, and the global objective error F(s(t)) — F* (as
s(t) € X)), both of which are desired to converge under a suitable choice of step size
sequence.

We are now ready to give a convergence result that applies to both Algo-
rithms (6.6)-(6.7) and (6.8)-(6.9), whose proof is based on the Theorem 6.3.9 and

the following lemma.

Lemma 6.3.10. ([157]) Let {v:}2,, {ui}2y, {b:}2y and {c:}2, be nonnegative

sequences such that Y 2 b, < 00, > 2y ¢ < 0o and for ¥t > 0

Vi1 S (]. + bt)vt — U + . (636)
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Then {v;} converges and »_,° u; < oo.

Theorem 6.3.11. (Convergence to optimal solution) Let Assumptions 6.2.1-6.2.5
be satisfied. Then both Algorithms 6.1 and 6.2 yield convergence to the optimal

solution, 1i.e.,

Ix* e X lim x(t) =x*, Vie. (6.37)

t—o0
Proof. The proof proceeds in two steps: (i) apply Lemma 6.3.10 to (6.33), and then
(ii) prove convergence to the optimal solution.

Step (i): Let x' be arbitrary in X* and define the nonnegative sequences

{ve}, {w}, {b:} and {¢;} as follows:

vo= Y mlixilt) = xF P+ abb(t), b= DAY,

%
uy = 2y(t)(F(s(t)) — F*) + Dg Y _ lla(1)]|*,
%
¢ = Day(A + Dony(t) D A 7y(s) + Dy (8),

By adding the nonnegative term Di\*abf(t) to the right hand side of (6.33), we
obtain

Vt+1 < (1 + bt)vt — U + ¢y, vt > 0.

We now show that other conditions of Lemma 6.3.10 also hold, namely » 2 b, <
oo and Y ;2 ¢ < oo. The former condition is obvious since A € (0,1) implies
that Y 2 b = (1 — A?)~'. To prove the latter, consider each term in ¢;. First,

> >0 2(t) < oo by Assumption 6.2.5. Second, by the Cauchy-Schwarz inequality,
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we have v(£)A" < (v2(¢) + A?") /2. Thus

1 1
¢ 2 2t
D A < 527 (t)+§Z)\ < 0. (6.38)
>0 >0 >0
Third, by monotonicity of sequence {7(¢)} (cf. Assumption 6.2.5) the second term in
¢, can be bounded as follows: (1) 32720 A 5y(s) < STU A2 (s) < S0 A2 (s).
Thus, for any N > 1 we have
N t—1 N 0
DAY NTs) < DT AT () Y As) ) AT
t=1 s=0 0<s<t<N s=0 t=s

< Q.

72(3) 252072(3)
= 2. N

0<s<N

This concludes that {¢;} is summable as desired. Therefore, in view of Lemma

6.3.10, the following hold:
n . 2 .
Elth Eev mi||xi(t) — x'||* + abl(t) =: 6 >0 (6.39)

> ) - F7) +—Z||¢z )|* < oc. (6.40)

t>0 %

Step (ii): First, by (6.40), we have lim; o0 > ., [|0:(¢)[|* = 0. Thus, limy_,o 5(t) =

0, which by Corollary 6.3.8 yields lim; , 6(t) = 0. It then follows from (6.39) that

Jim Zm”xl —xf|]2 =4 (6.41)

%

As a result, for each i € V, {x;(t) }+>0 is a bounded sequence. Thus so are {X(¢)};+>¢
and {s(t) }+>o.
Next, since » ,.,7(t) = oo, it then follows from (6.40) that lim inf, ., F'(s(t)) =

F*. Thus, there exists a subsequence {s(tx)} C {s(t)} such that

lim F(s(t,)) = F*. (6.42)

k—o0
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Now since {s(t)} is also a bounded sequence, there exists a convergent subsequence
{s(t;)} C {s(tx)}. Denote lim; ,,, s(t;) = x* for some x* € X (since X is closed).

We next show that x* € X*. By the continuity of F' on R™

lim F(s(t;)) = F(x). (6.43)

l—o00

which in view of (6.42) implies that F'(x*) = F*. By convexity of F', we conclude
that x* € X*. Since x' € X* was chosen arbitrarily, we can let x' = x*.
Now it remains to show that § = 0, which by (6.41) will then complete the

proof. By the triangle and Cauchy-Schwarz inequalities

IBei(t) = x*[* < (Ixi(t) — =(@)]] + [|%(t) — s()]] + [Is(t) — x"[|)?
B(Ilxi(t) — ()1 + [[x(t) — s(B)1* + [Is(t) — x"|*).

Next, since [|%(t) — s(t)[| < 723 millxi — %X(®)|| (cf. (6.34)), we have ||s(t) —

x(1)|]2 < 2 > iy il xi — %(t)[]* by Lemma 6.3.2. As a result,

SlIxi(t) =x[* < flxi(t) = x(O)]° + —Zmllxz (O + lIs(t) — "1™
mln ZEV
Multiplying both sides by 7; and summing over ¢ € V yields
i * . *
> 5 i) = x| < Ry millxi(t) = =0 + [Is(t) = x|,
iev i€V

where R' = 1+ 2 . Taking lim inf as t — oo both sides of this inequality and using

rn in

(6.41) yield:

(5 / 2 * |2
5 < limint (RS mlbo(t) = <0)+ () =)

— T |2
= h{l_l)glfﬂs(t) x*||<. (6.44)
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Here we have used the superadditivity property of the limit inferior and the fact

that limg o0 Y.y, m||%i () — X(¢)]|* = 0 since limy_,o, 8(t) = 0 (see Corollary 6.3.8).

iev
Since the subsequence {s(t;)} converges to x*, we have liminf, ,, ||s(t) — x*|| = 0,
which in view of (6.44) implies that § = 0. O

6.4 Rate of Convergence

We now discuss the convergence rate of our algorithms, which evidently depends on
the choice of y(t). Since the estimation step (6.7) converges exponentially, one should
expect that the convergence rate of the objective error is equivalent to that of usual
distributed subgradient methods in the case when the constraint sets are identical
and/or compact. We emphasize, however, that such assumptions are relaxed in our
work, i.e., the sets X; can be nonidentical and unbounded. Moreover, the global
constraint set X is also allowed to have an empty interior. Thus, for all 7 € V), the
agents’ estimates x;(t) as well as their weighted average x(¢) need not be in the set
X at any time t. As a result, local analysis around the optimal solution does not
readily apply.

In this work, to quantify the distance from the optimum, we propose to use a
combined error term which involves (i) the distance from a local estimate Xx;(t) of
each agent to some point §(t) € X and (ii) the global objective error evaluated at

S(t), i.e., F'(8(t)) — F*. Specifically, we define

_ 22:0 7(k>xz(k)

_ Sl st
Sio()

Yo (k)

x;(t) :

S(t) :

(6.45)

Here, for each t > 1, x,(t) is a convex combination of x;(0),x;(1),...,x;(t), which
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can be computed locally by agent i but might not be in X. In contrast, §(¢) always
belongs to X but is not directly available to each agent. The following theorem

asserts that both errors ||x;(t) — §(¢)|| and F'(S(t)) — F* decay as O(%)
k=0

Theorem 6.4.1. (Convergence rate) Let Assumptions 6.2.1 (Basic Problem As-
sumptions), 6.2.2 (Connectivity), 6.2.3 (Unique ID) and 6.2.4 (Weight Rule) hold.
Let {~(t)} be a nonnegative and nonincreasing sequence. Then for both Algorithms

6.1 and 6.2, the following holds for Vt > 0:

Collx;(t) —s(t)|| + F(s(t)) — F* < @ +§z%%(z;2(k>, (6.46)

D
21\177(3\(11_1;27,\; some Cy > 0 and Cy = O e eﬁ) as N — oo and

where Cy = 1=z

A — 1 (recalling that Dy = NCLyn and Dg = Tyin/2). Moreover, if {X;,i € V} are

N402
e

compact, the constant Cy is O(
The proof of Theorem 6.4.1 is structured in the following steps:

(i) Use the bound (6.33) in Theorem 6.3.9 to upper estimate the sum

S " 29(k)(F(s(k) — F*) + D Y _ l|oi(k)])*

eV

in terms of Y, (k) and S0 V().

(ii) Relate the left side of (6.46) to this sum by using the convexity of F' and the

bounds given in Theorem 6.3.7.
(iii) Analyze the constants C;.

The following technical lemma will be used in Step (i) for the general case
where {X;,Vi € V} are not necessarily bounded.
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Lemma 6.4.2. For any D >0 and X € (0,1), it holds that

D . D
1+mgn(1+m)gem. (6.47)

t>0

Proof of Lemma 6.4.2. Note that for any 7' > 1 we have

1+D Y A< ] 1+ DX < ePEmoX
0<t<T 0<t<T

where the second inequality follows from the basic relation that 1 + x < e* for any

x > 0. Taking the limit as 7" — oo yields the desired result. O]

Proof of Theorem 6.4.1. We proceed through the 3 steps described above.
Step (i): Let the nonnegative sequences {v;}, {us}, {b;} and {¢;} be defined

as in Step (i) of the proof of Theorem 6.3.11, i.e.,

v =y milxilt) = X7P + abf(t), by = DN,

i€V
ug = 29(t)(F(s(t)) — F*) + Dg®y, Oy := Z Gl
i€V
¢t := Dogy(1)N' + Dayy(t) Z N5y(s) + Dy (t).

0<s<t—1
By using Theorem 6.3.9 and adding the nonnegative term b,abd(t) to the right hand

side of (6.33), we have
V1 S (1 + bt>vt — U + Ct, Vit Z 0,
which then implies that

v < ] @+0vo+ D (ae—w) [ (1+0). (6.48)

0<k<t 0<k<t k+1<s<t

221



By Lemma 6.4.2, the following holds for any ¢,k > 0
D1
1< H (14bs) < et =: D,.
k<s<t
As a result, (6.48) implies that
vip1 < Devg + Z D.cj, — Z ug, (6.49)
0<k<t 0<k<t
from which by rearranging terms and using the fact that v;,; > 0, we have (recalling
the definition of u;)
o, Ds
> A(k)(F(s(k)) — F*) + 5 k< Rit By > (6.50)
0<k<t 0<k<t
where Ry = D.vy/2 and Ry = D./2. Next, we will derive an upper bound on the

term 22:0 ¢ based on the following estimates:

7(0)

PORIGINES ST S (6.51)
0<k<t 0<k<t -
and
DoAtk) DN < DT Y AN =D A s) Y A
0<k<t 0<s<k 0<k<t 0<s<k 0<s<t s<k<t
t 2
Hence,
Doyyy(0 D
ooz 2200 (P Dy 3 2
0<k<t 0<k<t
Therefore,
* DG 2
> AR(F(s(k) = F7) + 20 S M+ My Y (k). (6.53)
0<k<t 0<k<t
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where

RyD547(0)
1—A

D
, My = RQ(ﬁ + D).

M1 - Rl +
Step (ii): Now we derive lower bounds on the left hand side of (6.53). Recall

that §(t) = >, v(k)s(k)/ > ._, (k). By convexity of F', we then have

(0)(F(s(k) = F*)

S o (h) (6:54)

Fs(e) - < 20

Next, we will relate the term ||%;(t) —§(t)| with 3_;_, ®4. By the triangle inequality,

it can be shown that

> ko Y(R) (k) — s(k)| '
ZZ:O v(k)

1%i(t) —s(®)]| < (6.55)

We now quantify the numerator of the right hand side of (6.55). First, note that

(ct. (6.27))
Ixi(t) = X(E)| S DA+ Dy Y N y(s)+C > N TB(s).
0<s<t—1 0<s<t—1

Second, let R be a regularity constant of {Xj;,7 € V}. Then

Is(t) — x(t)]] = dist(x(t), X) < Rr?e%xdist(i(t), X;)

<RY dist(x(t), X;) <R Y |Ix; —x(t)]].

ey 1Y

Thus, by the triangle inequality and the two previous relations,

i (k) = s(R)I| _ Da
(N+1)C —C

At+% DN+ Y ATB(s)

0<s<t—1 0<s<t—1
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which implies that (see the definition of §(¢) in Theorem 6.3.7(b))

0<k<t (N + 1)0
< Da k4 2 k MRS 0(k
_?Zv() +FZV()Z v(s)+ > (k).
0<k<t 0<k<t 0<s<k—1 0<k<t
(6.51)—(6.52) D4fy(0) Dy )
< . .
< (1_)\)C+(1_>\)02’y(8)+29(l€) (6.56)

0<s<t 0<k<t

The last term can be bounded as follows. By (6.29) and noting that #(0) = 0, we

have

> ok) < % @ + B%(k). (6.57)

Moreover, by the Cauchy-Schwarz inequality, we have

STk =Y S llet) < S NY ak)IP <N Y @ (6.58)

0<k<t 0<k<t i€V 0<k<t i€V 0<k<t

Using this bound and (6.57) for (6.56), we obtain

Co 32 ) pak) xR < My + My 3 () + 22 3 @,

0<k<t 0<k<t 0<k<t
. Dﬁ(l - )\) D6D4’}/(O> D6 D1 1
with Go= o vinoy = ame 0 M=ot

Combining the inequality above with (6.53) yields

Co D v(k)lxi(k) = x(R)l| + Y Y(k)(F(s(k)) — F7)

0<k<t 0<k<t

< (M + M3) + (M3 + My) Z (k).

0<k<t
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Let Cy := My + Ms,Cy := My + M,. Dividing both sides by ZZ:O ~(k) and then
using (6.54) and (6.55) yields (6.46) as desired, i.e.,

< Cy + Oy Zzzo 72(k>_
h > ko (k)

Step (iii): We now discuss the constant associated with the convergence rate

Col|%:(t) —s(t)|| + F(s(t)) — F*

in terms of the network size and the spectral gap 1 — A. To this end, we assume, for

simplicity that 71 = O(N) (in fact Ty, <

min

) and that n = O(N). Then it can be

L
N

verified that the dominant term is M, in C5y, which is

oY) - of ).

A better estimate can be obtained if we assume further that {X;,i € V} are
compact. In this case, there exists Dx > 0 such that ||x;(t) — x*||*> < Dx,Vi €

V,Vt > 0. Thus, by using Theorem 6.3.9, we have for any ¢t > 0
V41 S V¢ + bt Z 7TZ||XZ(t) — XTH2 — U¢ + Ct
eV

< v+ Dxby —up + ¢

SUO—F Z Dka—uk—i—ck
0<k<t

Dx D,
< v + 1_)\2+ Z Ck — Uk-
0<k<t

Here we have used the facts that », ., m; = 1 and

t t D

_ 2k 1
D be=DiY X<
k=0 k=1

As a result,

DD
Zukgvo—l—ll_;;—Fch, vt > 0. (6.59)

0<k<t 0<k<t
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Thus, we have that (6.50) still holds but with R; = vo+ 225 and R, = 1 (compared

to Ry = D, /2 as before). Hence, the constant Cy reduces to O( (lejf;). O

We remark that the explicit formulas for C; and C5 obtained in the proof are
rather involved. Thus to simplify the estimate orders of C5, we have assumed that
Tonin = O(N) (in fact Ty, < &) and that 7 = O(N). Note also that the spectral
gap, defined as 1 — | A2(W)], also affects the constant bounds since |Ao(W)| < A < 1,
signifying the importance of the strong connectivity assumption.

This result demonstrates how the convergence property of the step size se-
quence implies that of our algorithms; as a side note Assumption 6.2.5 is not needed
for (6.46) to hold. In particular, convergence rate analysis now boils down to study-
ing the behavior of the right side of (6.46); exactly the same task has been carried
out thoroughly in the literature for centralized (projected) subgradient methods
(see, e.g., [115,117,138]). Thus, we proceed no further than providing a few notable

results and proving another convergence bound on the objective error in the case of

identical constraint sets.

Corollary 6.4.3. Let the assumptions of Theorem 0.4.1 be satisfied. Let E(t) =

C1+Co ZZ:O v2(k) .
ST The following hold.

(a) If ¥(t) = v, then E(t) = Cyy + % If limy o y(t) = 0 and -, 7(t) = oo,

then lim;_,., E(t) = 0.

(b) If {X;,i € V} are identical, then there exist C1>0,Cy>0 such that

< CN’l + 02 ZZ:O 72(@'

Fxi(t)) - F* < ST (k)

(6.60)
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Further, if y(t) = O(\/%) then F(x;(t)) — F* = O(h‘TE)

Proof. We only prove (6.60) in part (b). Note that x;(t) € X for V¢ > 0 and Vi € V.
By Lipschitz continuity of F', we have F(x;(t))— F* = F(x;(t)) — F(8(t))+ F(5(t)) —
F* < NL¢||%:(t) — 8(t)|| + F'(8(t)) — F™*. It remains to use (6.46). O

Note that for unconstrained problems, the convergence rate of O(thZ) is also

achieved by recent distributed subgradient based methods such as Dual Averaging

[81] or Subgradient-Push [145].

6.5 Numerical Example

Consider a machine learning problem via the [;-norm regularized logistic loss func-

tions

min F(x) = Z log (1 +exp (— li(pfu+v))> + pllullx

xeX 52
with variable x=[u”,v]”, u € R™ v € R. Here, > 0 is a regularization parameter.
The training set consists of r pairs (p;,{;) where p; € R™ is a feature vector and
l; € {—1,1} is the corresponding label. Suppose that x satisfies a linear equality
constraint: X = {x € R™*! A x = b,,}, where A, € R?*(™+D and b,, € R In
general, when the problem data is distributed or too large to store and /or process on
a single machine, employing a network of machines provides a solution. This arises
in many applications such as online social network data, wireless sensor networks,
and cloud computing.

In our example, this problem is to be solved by a network of N = 9 nodes

with the communication graph described in Fig. 6.1. We assume r = 500, m = 50
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Figure 6.1: Directed communication graph of the network example.

and ¢ = 36, and select (p;,[;), Aeq and b, based on normally distributed random
numbers. We choose ;1 = 50. Suppose the problem data are distributed among the
N nodes as follows: each node i stores a partition P; of roughly + training data
and a set of & equality constraints, referred to by (Ag}, bg])). Thus, for each agent
1 € V, the local cost function and constraint set are given by

filx) = jezpfog (1+exp (= (Pl u+0)) + £ lull

X; = {xeR™!; Ag;x = b1,

eq

We assume that the weight matrix W = [wy;] is such that w;; = INLII if j eN;
and w;; = 0 otherwise. We carry out simulations with Algorithms 6.1 and 6.2 us-
ing step size y(t) =

—NZ(}H—I) and the usual DPS method (denoted by DPS-(a)), and

its variation DPS-(b) (i.e., the order of the subgradient and consensus steps is re-
versed) using step size 7/(t) = m Here 7(t) and +/(t) are different by a factor

N for the sake of comparison since subgradients in our algorithms are scaled by ;'

(which equals N if W is doubly stochastic). The initial state vectors x;(0) = 0 for
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Vi € V. The simulation results in terms of relative errors in the objective function
and the optimal solution are shown in Fig. 6.2, where F* and x* are obtained by
solving the global problem using a centralized method. Clearly, both Algorithms 6.1
and 6.2 converge to the optimal solution and have similar performances, which are
comparable to the DSP methods combined with the reweighting technique [93,94],
where the knowledge of 7 is assumed in advance, (or equivalently (6.6) and (6.8)
with z;(t) = m;, Vi € V,¥t > 0). The usual DPS methods fail to converge to the
optimal solution. We also consider the case where link 1 — 2 is lost. The reweight-
ing technique requires the whole network to be reprogrammed with a new Perron
eigenvector, which may not be available immediately. In contrast, our algorithms
are unchanged except for node 2 adjusting its incoming link weights. Clearly con-
vergence is still achieved (since the network is still strongly connected) but slower

since the spectral gap decreases.

6.6 Conclusions and Extensions

In this chapter, we have proposed two modified versions of the DPS method that
use require only a row stochastic weight matrix and studied their convergence and
convergence rates. Moreover, our analysis does not invoke the compactness re-
quirement usually imposed on the local constraint sets and is able to deal with
various scenarios, including constrained /unconstrained problems, the sets X; being
bounded/unbounded or identical /nonidentical. It is important to note the following:

First, it is possible to employ other eigenvector estimation schemes in place of
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= = = (6.6)+Reweighting = = = (6.6)+Reweighting
107 1073
10° 102 104 108 10° 102 10% 108
t (steps) t (steps)
. (F(s(t)) — F*)/F* ) max; [|x;(t) — x| /[|x"||
10' T T 10 T T
N
A Y
\
10—2 4 100 e ]
1073 10t F
1074 1 Alg.6.2 S 1072 f Alg.6.2 1
DPS-(b) \ DPS-(b)
----- Alg.6.2 w/o link (21 ==m=== Alg.6.2 w/o link (21
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Figure 6.2: Performances of Algorithms 6.1, 6.2, and DSP methods with and without
reweighting technique. Reweighting means for each i € V, m; is known to agent i in
advance and z;(t) = m;,Vt > 0. Here, s(t) = Px (x(t)).

(6.7) as long as z;(t) — m; sufficiently fast (e.g., satisfying (6.10)). These include
any finite-time computation algorithm, e.g., [141]. Moreover, as we have seen from
Section 6.4 and also the numerical example, the convergence rate of our algorithms is

much slower than the estimation step offered by (6.7). Therefore, it is also possible
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to have (6.7) run asynchronously with (6.6), for example, at a slower time scale
to save communication bandwidth for exchanging x; variables and/or to reliably
communicate z; with no errors as it is important for the scaling step used in (6.6).

Second, the convergence analysis developed in this chapter can be adapted
to either relax the compactness requirement in others projected subgradient based
methods (e.g., [94,137]) or impose regular constraints to other subgradient based
algorithms (e.g., [134, 145]); this holds even when the network is time-varying and
possibly with fixed communication delays.

Third, the idea of using the augmented iteration (6.7) to adjust (sub)gradient
magnitudes as in (6.6) is not only applicable to the distributed projected subgra-
dient methods, but also can be employed to alleviate the condition of the weight
matrix being doubly stochastic for some other existing distributed algorithms (us-
ing consensus and (sub)gradient steps). For example, we have observed through
simulations that the gradient-based method proposed in [136,144] can be modified
in the same spirit and still retains fast convergence speed under a suitable constant
step size.

Based on this idea, we have recently proposed a new algorithm [158] that
converges linearly under the strong convexity assumption on the cost functions. We

now briefly introduce this algorithm.

Algorithm 6.3. For any t > 0, each agent i maintains 3 vectors x;(t),y:(t) €
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R™, z;(t) € RY and update them as follows:

i+ 1) =) wix;(t) — yyi(t) (6.61)
JEN;
=) wiz(t) (6.62)
JEN;
yilt+1) =3 wyy,(t gll+l) _ sillt) (6.63)

JeN; Zn(t—F 1) Z“(t)
where initial estimate x;(0) € X;, y;(0) = Vfi(x;(0)), z;(0) = e; € RY, v is a

positive constant step size, and g;(t) = V fi(x:(t)).

Assumption 6.6.1. (Lipschitz continuous gradients and strong convexity) The
functions f; are differentiable and strongly convex. Moreover, the gradients V f;

are Lipschitz continuous.

Theorem 6.6.2. ([158]) Suppose X; = R™ Vi € V and let the agents implement
Algorithm 6.3. Under Assumptions 6.2.2,6.2.3, 6.2.4, 6.6.1, there exist ¥ > 0 and

w € (0,1) such that if v € (0,7) then ||x;(t) — x*|| = O(u).

Estimations of 4 and p are rather involved and conservative; see [158] for
details. Note also that although selection of appropriate step size v requires global
information about the network and cost functions (thus centralized initialization),
the implementation of the algorithm is distributed and exponential convergence is

achieved.
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Chapter 7:  Conclusions

7.1 Summary of Results

This dissertation developed theory and algorithms that advance the state-of-the-
art in analysis and applications of distributed consensus in multi-agent networks
where communications are broadcast-based and directed; hence the notion of net-

work asymmetry.

Networks with Leaders: In the first part of the thesis, we considered a DeGroot

model with the presence of an external media node, representing a leader, or truth,
or a source of news having a constant opinion value.

First, when consensus is the main goal of the leader, we introduced the no-
tion of a persistent leader and developed new sufficient conditions for guaranteeing
convergence for both fixed and switching topologies and in the presence of other
competing but nonpersistent leaders. We also demonstrated that the results can be
readily extended to the case where the persistent leader’s opinion is time-varying
opinion and the case of communications with time-varying but bounded delays.

Second, we studied the problem of a leader that aims to maximize its influence

the opinions of agents in a directed network subject to the constraint that the
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number of direct followers selected is not more than K. When there is only one
leader and consensus is guaranteed a priori, we characterized the influence of that
leader through the transient error of the network while when there is a stubborn
agent or a second leader with a competing opinion and consensus is not possible,
we measured the leader influence in terms of the steady state error of the network.
We described the optimal solution for special cases, namely K = 1,2, in which we
introduce a few notions of centrality that can be useful for practical applications.
Then for a general K, we studied a general combinatorial problem encompassing
many other existing problems in the literature. We proved the supermodularity
property of the objective function and the convexity of its continuous relaxation for
general directed networks, and then developed practical approaches for suboptimal
solutions. We demonstrate through numerical examples that the two approaches
can be combined to provide effective tools and better analysis for optimal design of
influence spreading in diffusive networks.

Our analysis has been shown to be useful for various applications other than
those considered here. In particular, the convexity analysis offers (i) an affirmative
answer to a conjecture recently proposed in [105] on optimization of on-chip ther-
moelectric cooling systems and (ii) a convexity result for the state trajectory of a
class of bilinear discrete-time systems. The supermodularity analysis can also be

used for sensor selection problems.

Consensus Prediction: In this part, we introduced and studied the problem of

consensus prediction in a network whose dynamics is described by a DeGroot model.
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By an application of the Hahn-Banach theorem, we established a fundamental rela-
tion between the consensus value and network data, that is, if the consensus value
can be computed at a particular time for any initial opinions, then it can be ex-
pressed as a linear combination of available observation data. This allowed us to
prove a tight lower bound on the monitoring time for the case of a single observed
node regardless of the method used by the observer. We also demonstrated that this
bound can be achieved if the minimal polynomial associated with the observed node
is available to the observer. For the case of multiple observed nodes, we proposed
a conjecture on lower bounds of the monitoring time and developed algorithms to-
ward achieving the those bounds through local observations and computations. Our
results in this direction can also be regarded as a data-driven method for network

identification.

Distributed Optimization: First we demonstrated that consensus prediction

can be employed for enhancing convergence of the distributed gradient method for
solving a distributed convex optimization problem on a strongly connected directed
network. The convergence rates of our algorithms are similar to those of the cen-
tralized gradient method, including finite time convergence for the case of quadratic
objective functions, except being slower by a constant factor depending on the net-
work structure and the weight matrix. The convergence times of these algorithms
scale linearly with the network diameter for certain structures (e.g., distance regular
graphs) and at most linearly with the network size in general.

Second, we proposed a rescaling technique that enables distributed subgradi-
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ent algorithms to work with directed networks and row stochastic matrices instead
of column or doubly stochastic ones. Based on a regularity assumption, we then
developed unified analyses for convergence and convergence rate of a distributed
projected subgradient method that can be applied to both unconstrained problems
or constrained ones with nonidentical (and possibly unbounded) local constraint
sets. We also introduced another algorithm that also uses the rescaling technique
above but converges linearly under a stronger assumption on the local objective cost

functions.

7.2 Directions for Future Work

In this dissertation, we only considered discrete-time models for consensus, predic-
tion and distributed optimization. However, there are a wide range of applications
where continuous-time models are appropriate. Thus, development of similar results

for the continuous-time case will be useful.

Networks with Leaders: Use of stability conditions developed for system (2.31)

to study consensus conditions in the case of a leaderless network is worth exploring
to reduce the gap between necessary and sufficient conditions for consensus. Note
that in the latter, we may regard any agent, e.g., agent N, as a “leader” with
u(t) = X ene s (8) (25(1) — 2 (1)),

It would also be interesting to investigate and design consensus protocols for
the case where there are multiple persistent leaders with time-varying states and/or

malicious agents. The intuition is that if the convex hull of all the leaders’ states

236



shrinks overtime to a point and the effects of malicious agents are non-persistent,
then it is still possible to reach consensus asymptotically.

Extension of the consensus results developed in Chapter 2 to coordination and
synchronization of multi-agent systems is also of interest.

The convexity and supermodularity results established in Chapter 3 find ap-
plications in various important problems: including sensor/actuator placement for
observability /controllability in consensus networks. Moreover, in the case of 2 com-
peting leaders, it is also important to study the game played by the 2 leaders on the

network, assuming that each has a limited budget (e.g., number of direct followers).

Consensus Prediction: Besides resolving the validity of the main conjecture for

the case of multiple observed nodes, which requires further rigorous analysis other
than the argument presented in Remark 4.3.6, there are numerous problems worth
exploring in this topic, including the following:

Coping with Noise and Delays: First, if the communication delays are fixed,
then our results can be applied in a fairly straightforward manner as the network
is still a linear time-invariant system. The case of time-varying delays remains
difficult. Second, in the presence of observation or communication noises, exact
consensus prediction in finite time is impossible. Since communication noise can
derail consensus, observation noise is more relevant to the current topic, in which
case we need to estimate the joint minimal polynomial and predict trend of the
network states and/or range of the consensus value. In this connection, the (partial)

realization theory [73-75,159] and system identification techniques [160] might be
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brought into bear [161,162].

Network Monitoring for Misbehavior:  As we have seen, for a network of
agents whose dynamics follow the time-invariant DeGroot model, it is possible to
predict the future behavior of the observed nodes as well as consensus value by
using the minimal polynomials of these nodes, which in turn can be computed from
observation data. This allows the observer to detect certain changes in the dynamics
of a set of nodes, dubbed misbehavior, which may be caused by faults or attacks.
In the case where only approximations of these minimal polynomials are available,
possibly due to corrupted or noisy observations, one can still expect to capture the
trend of the network response using these approximate polynomials. Consequently,
certain types of faults in the network agents’ dynamics may still be detected by the
observer. Thus, characterizing misbehavior detectable from local observation is an
interesting and important direction to pursue. This has a close connection to the

topic of distributed fault detection and identification in the literature [163-166].

Distributed Optimization: First, since our distributed algorithm FADO devel-

oped in Chapter 5 behaves in a similar manner as the centralized gradient method,
we can apply acceleration techniques by Nesterov [117] and others to FADO in order
to achieve better convergence rates. The problem of designing the weight matrix
W for a given network topology so as to achieve the smallest possible K, is also
of interest as another way of speeding up algorithms we presented in this chapter.
Second, extending our algorithms in Chapter 6 to the case of switching communica-

tion graphs is also worth exploring. Finally, in all these algorithms, communication
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noise and delays were not considered. Therefore, these issues deserve more research

as well as attention for applications in practice.
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Appendix A: Omitted Proofs

A.1 Known Matrix Results

Theorem A.1.1. ([95, Thm. 8.3.1]) If A € RY*N | then p(A) is an eigenvalue of

A and there exists x € RY\{0} such that Ax = p(A)x.

Theorem A.1.2. ([95, Thm. 8.1.18]) Let A, B € RN*N_ [f|A| < B, then p(A) <

p([A]) < p(B).

Lemma A.1.3. ([167]) Let P € RN*Y be the inverse of a nonsingular M-matriz.
Then P > 0 and

Py, > Py P;' Py, Vi, j,k=1,...,N.

Theorem A.1.4. (Woodbury Matrix Identity [168, p. 258|) Let A € R™" B €
R™" C e R™", D € R™"™. Then the following holds whenever any involved inverse

exists:

(A-BC'D)y'=A"1'4+A'B(C-DA'B)"'DA™! (A1)

Lemma A.1.5. ([169]) Let L € RY*N be a Laplacian matriz. Suppose that 0 be

a simple eigenvalue of L. Let z denote the left eigenvector associated with this
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eigenvalue and let LT be the pseudo-inverse of L. Then

1"L'=0, L'z=0, L'L=1- %11% LLi =Ty,

Lemma A.1.6. ([169,170]) Let d,e € RY. The Moore-Penrose pseudoinverse of

the rank-1 update of a matriz F € RN*YN s given by
(F+ed) = Ft 4+ G

where

1 1+d7Ft
G = ——2va — —2th + %mwT
[w| [m]| [m[2w]

and v =Fle,h = (F')Td,w = (I — FF')e and m = (I — F'F)d.

A.2  Omitted Proofs in Chapter 3

A.2.1 Proof of Theorem 3.3.1

Suppose K = {k} C V, then we have

0 = BT (L + arerel) €|

Now applying Lemma A.1.6 (cf. Appendix A.1) with F' = L, e = e; and d = aey

yields

(L+arepel) ' =LT+ @
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where

G = T mw
w2 [m2 [[m|[?[wi]>
1 Tk
w=(—-LL)e,=——nnle=——m
[l [l
(073 (6
=(I-L'L)d=—11"¢, = 21
m = ( ) N e ~
v = Lle,
h= (LT) e
Thus,
1 Tk (673 1+ e LTek (692 Tk
G=— Lt T _ — “*ael It k Xk T
S P ERRE S s A
(|72 N N =2
1 1 L
= ——Lleyn” —1e] LT + M]_?TT (A.2)
Tk 7y
Note also that b’1 = 1. Then we have
- 7" |&,]
Ty = OFLT = LO)g] + (ot + L, = bTL) =22

Moreover, if b = 1/N, then by Lemma A.1.5 (cf. Appendix A.1) we have b” LT = 0.

Hence, (3.19) follows immediately. O

A.2.2 Proof of Theorem 3.3.2

By using Woodbury identity (A.1) (cf. Appendix A.1-Theorem A.1.4) and recalling

that P = Lgl, we have

Peyel P )

JE =1 (Ly+ agerel) 1B = b7 (P —
(k) (Lg + cerey ) B o+ ol Pey

242



Now since L1 = 0, we have
Ll = L1 + diag(3)1 = 3.

Left-multiplying both sides with P yields PB = 1. It remains to use this relation

to simplify A.3. O

A.2.3 Proof of Theorem 3.3.4

Denote P = (L + aye;el )L, By Woodbury matrix identity (A.1) we have

1T T\—1
j) =

Pejel' P
(o)
a;' +el'Pe;

eel'P
T s

1T
T
(L + aieiei + ajeje N

T _
Pz‘j—ﬁ

where we have used p! = %ITP; see Theorem 3.3.1. Next, by (A.2),

1 1 e/ L'e;
P=(L+ aieie?)_l =L - —LTeﬂrT — 1e;TFLJf + Mlﬂj
T QT

Then

. oo Lho .
e] p=Li0) _ 2t T i) +

—_—T

;T
As a result, we have

1 1
—FejPej=—+ Ll = Ll + (i + va)uy = (35 + g + i + %)
J J
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Substituting this relation into (A.4) yields

Ta el Ta.
p; eje; P T Pi€ 1

T T
Py =P; ———= =p;, — e
/ a; 14 el Pe; > Vi ©
—pl — (Vi + 7i5)7;
WY

T Vi + Vg T T T T
=P; — Vi —P; T VAT Py
Z%j ( 27 7 J )

P

(L' 4 4w + p])

S T N e TN (vis +75) (g +75) _x
> Vi > Vi > Vi
(i +90) (s + %) por Vg % picoy VitV gy

> Vi > Vij > Vi

where the third to last and the last equalities follow from the relation p! = ~;wT —

LY@ (cf. Theorem 3.3.1). This completes the proof. ]

A.2.4 Proof of Lemma 3.5.3

First, we show that (Ls+T's)™! is nonincreasing in S. Let Ds = diag(W1+ 8+ as)
and note that p(DEIW) < 1 (cf. Lemma 3.2.4). By the absolutely convergent

Neumann series (I — Dg'W)~! =Y (Dg'W):. Thus we have

(Lﬁ + FS)il = (DS - W)il = Zizo(D;W)iDgl (A-5)

which is clearly nonnegative. Moreover, for any 7 C V such that 7 2 §, we
have Oyxny < D}l < Dgl, which together with (A.5) implies that (Lg 4+ I'r)™! <
(Lsg+Ts)™

Alternatively, we can also use the fact that f(y) = b’ (L + diag(y o)) *c is
a non-increasing function on 2 for any b,c € Rﬂ\rf (cf. Theorem 3.4.3) to conclude

the monotonicity of (Lg + I's)~'. This proves the second inequality in (3.45).
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We now prove the first inequality in (3.45), that is, for any v,k € V\S
(Lﬁ + Fs)_l — (Lﬁ + FSU{U})_I > (Lﬁ + Pgu{k})_l — (Lﬁ + Fgu{kﬂ,})_l (AG)

Let P := (Lsg+Ts)™! and Q := (Lg + I'supry) ™' By Woodbury identity (A.1), it

can be shown that

(Lg + Lsugey) " = P — Py P (0" + Py) ™,

(Ls + Tsupray) ™ = Q — Q@ (" + Quo) ™
Thus, (A.6) is equivalent to the following matrix inequality
P(U)P(U)(O‘;1 + va)_l > Q(U)Q(v)(a;1 + vi)_l-

It suffices to show that this inequality holds element-wise, i.e.,

P'L"Upvj > in@vj
a; '+ Py — a4+ Q)

Vi, g € V. (A.7)
Note again by Woodbury identity that
Q= (L +Tsupy) ™' = P = Py P (" + Pu) ™

ie., Qij = Pj— Pz-kij/(oz,;l + Pyi), Vi, j € V. Therefore, we have (A.7) is equivalent

to

F)ikpkv

a; !+ Quo
Oélzl + Py

ay! 4+ Py,

PPy
] Oé];l_{_Pkk

Pivpvj 2 (Pw - )(pv )

or, by rearranging terms,

kaPk:v-PiUPUj -PikPkUPUkij <
(ot + Poy) (O‘;l“’Pkk:) B

Pikkaij + F)ivka:ij' (A8>
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We now show that (A.8) holds. To this end, first note that P is the inverse of a

nonsingular M-matrix. Thus, by Lemma A.1.3 and the fact that o' > 0, we have
Py > PiyPy/ Py > PP/ (" + Pyy).
Next, multiplying both sides of the above inequality with Py, Py; > 0 yields
Py ProPiuPyj/ (0t + Py,) < PPy Pyj. (A.9)
Similarly we have
P Py Py Py /(" + Pi) < Py Py Py (A.10)

Finally, adding (A.10) and (A.9) together results in (A.8), which then completes the

proof. O

A.2.5 Proof of Lemma 3.5.5
Let ¢ = f o F. We need to show that for any S C T C V

O(S)+o(T) <d(SUT)+o(SNT). (A.11)
First, since F' is decreasing, we have

FSUT) < F(S),F(T) < F(SNT). (A.12)

As aresult, p(SUT) = f(F(SUT)) < f(F(SNT)) = ¢(SNT) since f is increasing.
This proves that ¢ is nonincreasing.

Next, we have that there exist aj,as € [0, 1] such that

F(S)=amFSUT)+(1—a)F(SNT) (A.13)

F(T)=aF(SUT)+ (1 —a)F(SNT). (A.14)
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Adding side-by-side of the above equations gives
FS)+F(T)=(a1+a)F(SUT)+(2—a; —ax)F(SNT),

whose left side is less than F(SUT) + F(S NT) by supermodularity property of

F'. Then we have
(a1 +a)FSUT)+ (2—a1 —ax) FSNT) < F(SUT) + F(SNT)
or, by rearranging terms,
(1—a1—a)(F(SNT)—F(SUT)) <O0yxn,

from which, together with (A.12), we conclude that a;+as > 1. Now using convexity

of f and (A.13) we have
B(S) = f(F(S)) = f(mFSUT)+(1—a)F(SNT))
<af(FSUT))+1—a)f(F(SNT))
= SUT) + (1 —a)p(SNT).
Similarly, convexity of f and (A.14) imply
O(T) < azp(SUT) + (1 —ax)p(SNT).
Adding two equations above side by side yields
O(S) +o(T) < (a1 +a2)p(SUT) + (2 — a1 — az)op(SNT)
=p(SUT)+o(SNT)+ (a1 +a—1)(¢(SUT) = (SN T))
SOSUT)+o(SNT),
where in the last inequality we have used the facts that a; + as > 1 and that ¢ is
nonincreasing. Thus, (A.11) is proved. O

247



A.3 Omitted Proofs in Chapter 5

A.3.1 Proof of Theorem 5.3.5

For t > 0, let

s(t) := [s1(t), ..., sn (D)7, 5(t) == 7s(t), ga(t) == [g2(s1(1)), -, g (sn ()]
It follows from Theorem 5.3.4 that
5(t) = si(t), Vi € V,Vt > k. (A.15)

Thus, for any k£ > 0, we have

(5.18) (5.14a)

5((k+1)k) = si((k+ 1)k) 7l x(kk) 'l (s(/m) — ’ykgs(kri)),

= 5(kk) — el g (kr). (A.16)
Since W is doubly stochastic, we have w = 1/N (see, e.g., [95]). Thus we have for
any k> 1
(A15) o
N7lgy(kr) =" gi(s(kr)) = g(5(kr)), (A.17)
i=1
where g(5(kk)) € OF (5(kk)). Thus, (A.16) becomes
5((k +1)k) = 5(kr) — N ""g(5(kr)), (A.18)

which is the same as (5.19).

Next, it is obvious that (A.18) is the usual centralized subgradient iteration
(5.3) applied to problem (5.1), where F' is convex with bounded subgradient |g| <
Z;.Vzl L; = Ly, by Assumption 5.3.1. Therefore, existing convergence results of the
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centralized subgradient method apply; see, e.g., [117, Chap. 3]. Here, we provide

analysis that suits our context to prove the main results. In particular, let
Sei= 50+ 1), G = g(5(kR)), T 1= /N
Then for any x* € X*, we have
|5k — 2 = |8 — 2" — ugnl?

= |8, — 2** — 29 gr(5k — =*) + V101

< |5 — &*[* — 29 (Fy — F*) + 703 (A.19)
k B k

<|s —a* P =2 W(F - F)+>_4ar
=1 =1

where F}, := F(5(kk)), and we have used the definition of subgradient in the first in-
equality, and the last one follows from applying (A.19) recursively. Now, rearranging

terms and using 0 < |5;,; — 2*|? and |g| < Lr we have
k

(150 = 2P + L3 D7),
=1

By the convexity of F', the left side is bounded below by

(3o0) (B )= () (P - )
=11 =1

N

k
> AR - F) <
=1

Combining this and (A.22), we then have

_ . koo
|50 —a* P+ LE Y A7
— .
2Zl:17l

Now we consider different choices of step size 7.

F(5) - F* < (A.20)

(i) For a constant step size vy, = 7, i.e., % = v/N,Vk > 1, it follows from
(A.20) that

N5, — a*|? N Liy
2k~ 2N

F(8) — F* < (A.21)
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Letting k& — oo yields (5.21).
(ii) Since (A.21) holds true for any z* € X*,v > 0 and k € Z, for any given

K € Z~y we have

NR? L2
F(s) = F* < 5 2L]\7 (A.22)

Now we minimize the right hand side of (A.22) with respect toy > 0. By application

NR? + F7 > RLrp

of Cauchy-Schwarz inequality 3 oK NI where equality holds when v =

Livf/%. Thus, with this optimal step size, we have F(sg) — F* < R—\/LEF_

(iii) For a non-summable but diminishing step size, it can be shown that the

right hand side of (A.20) decays to 0 as k — oo; see [138] for such an argument.

Finally, consider v, = \/LE It can be verified that Zle 72 < %nz(k) and
S > 2N,Vk > 1. Using these bounds for (A.20), we obtain
< Nk ;

which implies that F(3;) — F* = O(®) as k — oc. O

A.3.2 Proof of Theorem 5.3.12

Following the same line of proof as in Theorem 5.3.5 (see Appendix A.3.1), it can

be shown that
5((k+1)k) = 5(kk) —yN~ 1VF( (kk)), (A.24)

where §(t) = + Z;VZI s;(t). Clearly, (A.24) is the standard centralized gradient

descent method. Thus, by [117, Thm. 2.1.14] we have for any v € (0, 22-)

> Lyr

F(3(kr)) — F* < — 2

_— A.25
~ as + kas ( )
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where a; = (F(5(k)) — F*)(5(k) — 2%)?, ay = (5(k) — )%, and a3 = (F(5(k)) —

F*)(1— 2222 h with h = L. As a result,
F(si(kk)) — F*=0(1/k), as k— cc. (A.26)

Finally, for each ¢ > &, there exist positive integers £ > 1 and [ € [0,k — 1] such

that ¢t = kx + [. Then by (5.13b),

F(si(t)) — F* = F(s;(kr)) — F*

(A.27)

< .
as + kag T a9k +tas
The last inequality holds for for sufficiently large ¢ since a3 > 0, I € [0, k]. Thus,

F(si(t)) — F* = 0O(%) as t — oo. O

A.3.3 Proof of Theorem 5.3.14
First, note that (A.24) still holds in this case, i.e, 5((k+1)k) = 5(kr) — HVF(5(kk)),
where 5(t) = %Z;\le s;(t). Applying [117, Thm. 2.1.15] to this iteration (i.e.,
(A.24)) yields

|5(kr) — 2" < B*7[5(k) — 2",

AF(3(kn)) — F*) < Lgpf*|s(x) — 2°[
Then (5.30) and (5.31) follows immediately since s;(t) = §(t),Vt > k),Vi € V (cf.
Theorem 5.3.4).

Next, for each ¢ > k, there exist positive integers £ > 1 and [ € [0, k — 1] such

that t = kk + [. Then, we have
(5.30) _
1si(t) — %] OE |si(kw) — 2¥| < CBF,  with O = |5(k) — 2]

=C(p7)" " < 0p7 (5=, (A.28)
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where the last inequality holds since [ < k. Thus, s;(t) — z* linearly at rate /3 2.
Similarly, by using (5.31), it can be shown that F(s;(t)) — F* linearly at rate

B, 0

A.3.4 Proof of Extension to Row Stochastic Weight Matrix

First notice that the proof of Theorem 5.3.4 does not make use of (5.14a). Thus,
(5.15) still holds for (5.36)-(5.37). Following the proof of Theorem 5.3.5 (see Ap-
pendix A.3.1), we let 5(t) := s;(t),t > k and g,(t) = [g1(s1(1)), ..., gn(sn(t))]".

Recall that ® = 177. We then have

5((k + 1)w) = si((k + Dr) "2 2Tx(kr)
I T (s(kn) — e Neiag(m)) g k) )

= 5(kk) — v N Z gi(si(kr)). (A.29)
Since s;(kk) = §(kr),Vi € V (cf. Theorem 5.3.4), (A.29) becomes
5((k +1rk) = 5(kr) — N "'g(5(kk)), (A.30)

where ¢(5(kk)) = > gi(S(kr)) € OF(5(kk)). Now (A.30) is the same as (5.19).
Therefore, the same conclusions in Theorems 5.3.5-5.3.14 hold for the convergence

of the modified algorithm. O

A.3.5 Proof of Theorem 5.5.1

First, note that the condition €(|JA;| — 1) < 1 is to ensure that W is a nonnegative
matrix, hence a valid weight matrix.
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Now we prove that diam(G) + 1 = deg(g;), Vi € V. Define
QOO = Tle; L(G)Te; ... (LGN 1Te)T.

By [72, Prop. 1] we have deg(q;) = D; + 1 = rank(Q®). Next, by application of
[132, Prop. 5], if the graph G is distance regular, then diam(G) + 1 = rank(X®)

where () is the controllability matrix of the pair (L(G), e;), computed as
YO = le; L(G)e; ... LGN e = [el el L(G) ...eT (LGN H]T = (T

Here, the second equality follows from the symmetry of L(G) (recalling that G is

undirected). Thus, diam(G) + 1 = rank((Q®)7) = rank(Q®) = deg(g). O

A.3.6 Proof of Lemma 5.4.3

For a given matrix A € RY*V_ let g4 denote its minimal polynomial (i.e., the
monic polynomial of minimum degree such that g4(A) = 0). It follows from the
Cayley-Hamilton theorem that deg(qa) < N.

Let J denote the Jordan canonical form of W — vB, i.e., there exists a non-
singular matrix S € RY*Y such that W — yB = SJS~!. Since similar matrices
have the same minimal polynomial ([95, Corollary 3.3.3]), we have quw_,5) = ¢J.

Moreover, it can be verified that

_|sJs7t 4Bl |S @] |J o |57 —571a,
W= - (A.31)

OnunN I 0 I 0 I 0 1
LK

where @ is defined in (5.49). Thus, K is the Jordan canonical form of . Under
condition (5.47), i.e., p(J) < 1, the order of the largest Jordan block of K corre-
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sponding to eigenvalue 1 is equal to 1. It then follows immediately that (see e.g.,

(95, Thm. 3.3.6]) gk (&) = (£ — 1)gs(§). Consequently, we have
aw (&) = qx(§) = (€ = Das (&) = (€ = Daw-5)(£)- (A.32)
Since §;|qy; (see Lemma 4.2.3), we obtain the following,
- (A.32)
deg(qi) < deg(qyy) =" 1+ deg(qw—p) <1+ N.
We next show that §¢;(1) = 0, which then clearly implies
&) =6¢-1> %, al) =1

for some a@” € RPi+1. To this end, recall that for any ¢ = 1,..., N and the unit

vector e; € RV, we have

0y = [e]  OX]a:(W)

2

S o, |@a(J) 0 Sl —S571o
e on| '
0 I 0 gUI||o I
=[el SG(J)S™" G(l)el®, —el Sq(J)S'@,). (A.33)
As a result,
Gi(1)el @, = 0} (A.34)

Since ., is invertible (see (5.49)), none of its rows is identical to 0%. Consequently,

(A.34) implies that (1) = 0.
Finally, (A.32) implies that if p(W — ~vB) < 1, then 1 is the only zero of
maximum modulus of ¢;. The proof is completed by noting that ¢; divides gy .
[
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A.3.7 Proof of Theorem 5.4.4

Consider again system (5.46) and assume that (5.47) holds.
First we show that @, satisfies ®,1 = 1 and #/ B®, = w’ B. Note that for

any A € RV*Y such that (I — A) is invertible, we have
(I—A)'—T=(IT-A)"1TA=AI- A" (A.35)
Now let £ = vB and note that W1 = 1 and w”W = «?. Then

®,1=[I-(W-E)'FE1
=[I—(W=E)"'W1~[I—(W-E)]"\(W-E)1
- p - (=B - =1,
n'B®, = B[ - (W - E)|'E
='Wl - (W= E)'E—n"(W - E)[I - (W - E)'E
(A.35)

7T — (W — E)'E - WT([I — (W —E) - I>E

=xlE.

Therefore, B and 1 are left and right eigenvectors of ®. corresponding to the
eigenvalue 1, respectively.

Next, by Assumption 5.2.2 and condition (5.47), (I — (W — vB)) is an irre-
ducible nonsingular M-matrix. Thus, (I — (W —~B))~! is a strictly positive matrix
(see, e.g., [171]). Therefore, ®., = [I — (W —~vB)]~'vB is also strictly positive. Thus

®, is also irreducible (i.e., the graph associated with @, is strongly connected; in fact
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it is complete), and 1 is a simple eigenvalue, corresponding to the spectral radius of
®.. In fact, by Perron’s theorem for positive matrices (see, e.g., [95, Thm 8.2.11}),

1 is the unique eigenvalue of maximum modulus of ®., and

lim @ = 17" B/(x" B1).

k—o0

Hence, ®., is a valid weight matrix for consensus. Moreover, the convergence is ex-

ponential with rate |Ay(®,)|, where A, is an eigenvalue of second largest in modulus.

]

A.3.8 Proof of Theorem 5.4.5

By (5.52) and (5.49), we have the following, which is in the same spirit as Theorem

5.2.3

i
where @@ = [a\,...,a?]T € RP+! satisfies (5.51). Thus,

px

s((k+1)k) = ®,s(kr) = ®EHe. (A.36)

By Theorem 5.4.4, ®, is a valid consensus matrix. Since W is doubly stochastic, we
have m = 1/N, and thus, b = B1 = [by,...,by|" is a left Perron eigenvector of ®.,.

Thus, by (5.55)
lim s(kk) = klim @,’ic =1b’c/(b"1) = 12*. (A.37)
—00

k—o0

This and (5.53)-(5.54) imply (5.56).
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Moreover, since @ﬁ converges exponentially as k — oo, so does s(kk), i.e.,

there exist C' > 0 and A\ € (0,1) such that
|s(kk) — 12*|| < CAE, Vk > 0.

Now for each t > k, there exist positive integers k > 1 and [ € [0, x — 1] such that

t = kk + 1. We then have

5.53)

Is(t) — 17| "2 Is(kw) — 127 < CNE < CAS1A;. (A.38)

where the last inequality follows from the condition that [ € [0,k — 1]. Therefore,

1
s(t) also converges exponentially with rate Ay . This concludes the proof. ]

A.3.9 Distributed Evaluation of Global Cost Function and Algorithm
Local Termination

Here we provide an augmentation to our main algorithm that allows each agent ¢
to compute F'(8;) or F(s;(t)). Besides (5.13)-(5.14), let all the agents also perform

(5.24)-(5.25) (in order to compute §;) as well as the following for all ¢t > x + 1:

fi(5k) if t = kk (A.39a)
yilt) = ST wyyt—1) it £ ke (A.39b)
JeN;

and

Syt — k4 7)
D; (i)
Zzzo ar

Claim: Let the assumptions of Theorem 5.3.5 hold. Then, F($;) = NF, ,gi) for

B =

, ift=kk (A.40)

any k> 1 and Vi € V.
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Proof of Claim: First recall from Theorem 5.3.4 that s;(t) = s,(t) =: 5(t) for
all ¢t > k and i,5 € V. Thus, each agent can locally find §; using (5.24)-(5.25).

Next, by (A.39b), we have
yit)=Wy(t—-1), Yt=kk+1,...(k+1)x—1.

At time ¢t = (k + 1)k, we have

ZDZ'O a(f)yz-(k/f +7) (Thm.5.2.3)

T S 0 =" el dy(kr) = N "1Ty(kk)
=
=N fild) = NT'F(35). (A.41)
=1

where the second equality follows from (5.7) with @ = 1/N and the third one from
(A.39a). Therefore the claim holds. O

As a result, each agent can compute F(5;)/N in a distributed manner (and
hence F'(8;) if N is known). Similarly, if (A.39a) is replaced by y(t) = fi(s:(kr))
for t = kr, the same argument holds for F'(s;(kk)), that is, F(s;(kk)) = NFk(i) for
any k> 1 and Vi € V.

Therefore, all the agents can stop at the same time if they agree to use a
common stopping criterion such as (5.27), which is based on absolute convergence
error. Note that other criteria of the same type can also be employed, for example,

local relative convergence tolerance
B = B0 < e B, (A.42)

is obviously equivalent to global relative convergence tolerance |F(8;) — F(8,_1)| <

€|F(sk)| or |F(si(kr)) — F(si(kk — k)| < €|F(s;(kr))| if s; is used instead.
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A.4 Omitted Proofs in Chapter 6

A.4.1 Proof of Theorem 6.3.6 for Algorithm 6.2.

Recall that for Algorithm 6.2,the projection error ¢;(t) is given by (6.15). Thus, for

any v € X, we have

Itt1) = I = || 3w (0 — 1) B2

oy’ %5 (t)

Expanding the right side and using the fact that

g;(t) 2
O (X vl =20 255) = v) < o)

JEY

for any v € X C X; (cf. Lemma 6.3.1(a)), we obtain

||xz-<t+1>—v||2sszij(xju)—v(t)g )—vH ~ ot
JEN;

zj(t

< wfx ) —v 0B o, (ass)
N, 2j(t)

where (A.43) follows from ) ;),w;; = 1 and Lemma 6.3.2. Hence,

Somlilt+ 1) = vIP < 3wy w0 >—v—v(t)zgiﬂ\f—Zmn@(tw

iey i€V jeN; 13 (t>
i(1)
S sy
2%

t
where (A.44) holds since 7?7 W = 7. Expanding the first term on the right side of

millei @7, (A.44)

x;(t) —v —

(A.44) yields

Somlxt) = vIP =290 Y T ailt) = V) + 0 Y e

2% i€y i) % “(t)

(A.45)
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We now derive upper bounds for the last two terms in (A.45). First, by (6.5), (6.11)

and the fact that ), ., m; = 1, we have

P Y S la Ol < P OLr (A.46)
ey ¥

Second, using the facts that g;(t) € 9f;(x;(t)) and f; is Lipschitz continuous on

conv(UY, X;)(cf. Assumption 6.2.1(b)), it can be shown that

gi(t)" (v = xi(1)) < fiv) = fi(x(8)) + Ly [ xi(t) — x(t)]] - (A.47)

As a result, the second term in (A.45) can be bounded as follows (ignoring the factor

D> s = v) <D T ()~ A + Ly ) - x (1))
1Y

< >0 (50 = AG0) + L Y mlte) (0]

"2 ) - P&() + NCLaN () — v

+ LfUZWi 1xi(t) = x(@)] - (A.48)

Finally, returning to the argument in (A.44) and using (A.45) together with the

bounds in (A.46) and (A.48), we obtain
S mlixi(t+1) = vIE < Y xa(t) = VI = 29(0) (F() - F7)
eV Y

+2y(O)NCLmA' [x(t) — v]|

+29(t) Ly Y Ixilt) — ()| ++° (0 L

iev
which is the same as (6.25). Therefore, (6.13) readily follows by the same constants

D; as in the case of Algorithm 6.1. O
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