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Abstract

We define a specific family of finite bi-unary algebras called escalator algebras.
These algebras were introduced in the work of Hyndman and Willard [9] and Little
[10]. We show that they have infinite rank, are dualizable but are not strongly

dualizable.

il



Contents

Abstract

List of Figures
Acknowledgement
1 Introduction

2 Preliminary Material
2.1 Definitions from Universal Algebra . . . . . . ... .. ... ... ..
2.2 Rank . . . . . . . e
2.3 Definitions from Topology . . . . . . . . ... ... ... L.
2.4 Definitions from
Natural Duality Theory . . . . . . .. ... ... ... .. ..
2.5 Work Leading to this Thesis . . . . ... ... ... ... ... ....

3 Escalator Algebras of Length p
3.1 Escalator Algebras . . . ... ... .. ... . ... .. ..

3.2 Basic Properties and Definitions . . . . . . . . ... ... . ...,

iii

ii

iv

vii

14

18
20



3.3 Ladders . . . . . . . . ...
3.4 The w-Algebras. . . . ... ... ...

4 Rank and Duality
4.1 Rank of an Escalator Algebra

4.2 MisDualizable . . . . . . . ..o

4.3 M is Not Strongly Dualizable

4.4 Steps Towards M is Not Fully Dualizable

4.4.1 E; and @ are Balanced
5 Where to go from Here

Bibliography

......................

iv

................

45
45
48
60
65
66

72

74



List of Figures

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

3.1
3.2
3.3
3.4
3.5
3.6
3.7

The algebra M = ({0,1,2,3}; f,¢) of Example 2.1 . . . . . ... ... 6
A commuting diagram . . . . .. ... L Lo 9
The commuting diagram for lifting . . . . ... ... ... ... ... 10
An algebra B < M? for Example 2.3 . . . .. ... ... ....... 11
An algebra B’ < M® obtained by repetition of coordinates . . . . . . 11
A diagram showing C = D < M of Example 2.3 . . . . .. ... .. 11
Table of values of my, m4 and mg for Example 2.3 . . . .. ... ... 12
The commuting diagram forrank . . . . ... ... ... ... .. .. 13
An algebrawithrank 2 . . . . . ... ... .. o o000 14
An escalator algebra of length . . . . . . ... ... L. 24
Asubalgebraof M,* . . . . .. 27
A subalgebra of M® that has a w-element, w(v?v) . . . .. ... .. 30
A subalgebra of M with a (v7,4)-section . . ... ... ....... 37
An algebra A < M3 for Example 3.3 . . . ... ... ... ...... 43
An algebra a3*(A) = A’ < M7 for Example 3.3 . . . . ... .. ... 43
An algebra §(A’) < M7 showing the addition of a (v®,4)-section . . . 44



4.1 The diagram showing Little’'s Py, . . . . . . ... ... . L.
4.2 A commuting diagram for a w-algebra . . . . . ... ...

4.3 A diagram for |p : Hom (D,M) — Hom(I,C) . ... .........

vi



Acknowledgement

First I need to thank my children Claire and Nelson Schultz. Although they do
not know it they are completely responsible for my enrollment in the graduate pro-
gramme. They have completely supported the writing of this thesis in the way only
children can. They have coloured on the computer, on the walls, and on many pieces
of furniture but they have never once coloured on or otherwise mutilated a single
page of the thesis until first determining that it was not from the current version.
Which, considering that thesis pages were the mainstay of their craft supplies for
the last few years, is pretty amazing. Each of them also expressed their joy that I
did not have a real job.

I also need to thank a whole host of people who have each played an important
role in the completion of this thesis. My husband Greg Schultz who fed me during
the entire adventure. Dr. Lee Keener and Dr. Todd Whitcombe who always smiled
at me during committee meetings. My mother Melanie Ray, my other mother Sarah
Ellis, and my father-in-law Robert Schultz who all believed I could do it. Every
member of the Math and Computer Science Programme at UNBC, as well as all the
secretaries who have helped me out: Roberta Bilous, Debbie Price, Carol Zoernack,
Patricia Norris, Brenda Monsen and Lisa Ward. My fellow students Dave Kubert
and Richard Little who started me off with the right attitude; Kris Pruden and Paul
Cooley who helped me get past my last remaining course; Carol Gill, Petros Raptis,
and Wilson Yeung who cheered me on to the bitter end; and Robert Lucas who was
always available for whatever I needed.

My gratitude for the help of Dr. David Casperson and Dr. Shelly Wismath is
immeasurable. Both were cheerful and helpful in all their comments. The detailed
lists of corrections that both gave me were much appreciated.

Finally I need to thank Dr. Jennifer Hyndman. There are no words to express
how much help she has been to me. She truly has the patience of Job. I would never
have rediscovered a love for math without her. She is an exceptional mentor that I
feel blessed to have met.

vii



Chapter 1

Introduction

The birth of natural duality theory occurred in the 1930’s when Birkhoff, Pontryagin
and Stone developed representations for specific algebras using toplogical spaces
[2]. By the 1980’s many other algebras had been represented in a similar manner
(Priestley duality for bounded distributive lattices [14] being the most well known).
These were useful as they allowed algebraic problems to be solved using topological
tools. At this time a general theory of duality emerged: dualities were defined in
terms of quasi-varieties of finite algebras, and furthermore the concepts of full duality
and strong duality were formalized. Subsequent research then focused on questions
regarding which finite algebras are dualizable, which of the dualizable algebras are
fully dualizable and which are strongly dualizable.

In 1998 Ross Willard [15] defined the rank function of an algebra homomorphism
and of a finite algebra. He proved that if an algebra was dualizable and had finite
rank then it was strongly dualizable. In 1999 Jennifer Hyndman and Ross Willard

[9] constructed a three element algebra that was dualizable but not fully dualizable



by any appropriate set of operations, partial operations and relations. This was
the first example of such an algebra. In 2000 Richard Little [10], using Prolog, was
able to compute an approximate rank of a homomorphism. Little’s progam failed
to approximate the rank of the algebra in [9]. This result was not surprising as the
algebra is known to have infinite rank. He speculated that a similar four element
algebra for which his program had failed also had infinite rank.

In this thesis we generalize the three element algebra of [9] into a family of
algebras called escalator algebras and explore both the rank and duality of this
family of algebras. To this end, Chapter 2 covers required definitions from universal
algebra, topology, and natural duality theory. Particular attention is given to the
definition of rank. Chapter 2 also presents some discussion of current research in the
area of natural duality theory. Escalator algebras are carefully defined in Chapter 3
and several useful properties and constructions are presented. This leads to Chapter
4 where we show that escalator algebras have infinite rank, are dualizable but not
strongly dualizable. We conclude in Chapter 5 with a brief discussion of questions

about full duality of the escalator algebras that are not answered in this thesis.



Chapter 2

Preliminary Material

2.1 Definitions from Universal Algebra

To have an understanding of natural duality theory one must first be conversant
in the languages of both universal algebra and topology. We start by defining
the algebraic terminology that we require. These definitions are heavily influenced
by [11] and [5] where they are discussed more fully. Sometimes the scope of the
definition is restricted to the material needed here.

First we define an algebra as an ordered pair A = (A, F'), where A is a non-
empty set, called the universe, and F' is a set of basic operations each taking
a fixed number of elements of A as arguments and returning a single element of A.
For simplicity we denote an algebra with universe A by A when it is clear which
set of functions is intended. The arity of an operation is the number of arguments
the operation takes. Thus an operation that takes n arguments is called an n-ary

operation. For example a bi-unary algebra is an algebra that has exactly two



operations both of which are unary, that is 1-ary. A nullary operation takes no
arguments. Two algebras have the same type if for each n € N the number of n-ary
operations is the same for each algebra. If we have algebras A and B, that use the
same symbol f for an operation then for clarity we sometimes use the notation f4
and fB respectively and say that f# is the interpretation of f in A. If S C A and
f : A — B is a function then there is a function h : S — B given by h(a) = f(a)
for all a € S and it is called the restriction of f to S. It is denoted by f|s.

A subalgebra of an algebra A is an algebra whose universe is a non-empty
subset of A and the operations of the subalgebra are restrictions of the operations
of A to the new universe. We use the notation B < A to say that B is a subalgebra
of A. If X C A is non-empty then the subalgebra generated by X is the smallest
subalgebra of A that contains X. This is denoted by Sgu (X).

An algebra homomorphism is an operation preserving mapping from one al-
gebra to another algebra of the same type. That is if A, B are algebras, h is a
homomorphism from A to B, f is an n-ary operation and a,a9,...,a, are ele-

ments of A then

h(f2 (a1, a9,...,0,)) = fB(h(ar), h(ag), - .., ham)).

The set of all homomorphisms from A into B is denoted by Hom (A, B). Notice that
Hom (A, B) is a subset of the set B“ of all mappings from A to B. A homomorphism
h: A — B is onto, or surjective if for all b € B there exists an a € A such that
h(a) = b, or more simply h(A) = B. And h is one-to-one, or injective, if f(z) =

f(y) implies that z = y. An isomorphism or bijection is a homomorphism that



is both onto and one-to-one.

Given a non-empty set A and a positive integer n, an n-ary relation on A
is a subset of A™, the set of all n-tuples of A. The kernel of a homomorphism
h : A — B is the binary relation ker(h) = {(a,d’) : a,d’ € A and h(a) = h(a")}.
Binary relations which occur as kernels of homomorphisms are called congruences,
and the intersection of any family of congruences is again a congruence (see [1]).
Given a congruence, © of A there is an algebra denoted A /O, and a homomorphism
¢ : A — A/O such that ker(¢) = ©.

Let A" = {(a1,as,...,a,) | a; € A}. If A is an algebra then A" is called the
n-th power of A and is the algebra (A", F') where F is the set of functions on
A" created by applying the operations of A coordinatewise. If ¢ € A™ then a is
really an n-tuple a = (a1, 0as,...,a,). This long notation will only be used where
context does not make the usage of a clear. For convenience the notation of tuples
is sometimes truncated from (a,, as, ..., a,) to a1as . ..a,. For an arbitrary set I let
Al = {<a;:i €I >|a; € A}. If A is an algebra then A! is also an algebra with

the operations of A acting coordinatewise.

Example 2.1. Let M = {0,1,2,3} and f, g be unary operations on M given by
F0) = L, f(1) = 2,f(2) = f(3) = 3 and g(0) = g(1) = 0,9(2) = 1,4(3) = 2.
(See Figure 2.1.) Then M = (M; f,g) is an algebra and so is M2, The pairs
(1,0, (1,3) are in M? so g™((1,0)) = (g™(1),g™(0)) = (0,0) and f*((1,3)) =
(fM(1), M(3)) = (2,3). Let B = Sgp:2{(1,1)}, then B = {(0,0), (1,1),(2,2),(3,3)}
and fB equals fM* restricted to B, ¢B is g™’ restricted to B.

Assume RM is a k-ary relation on a set M. Then RM" is the k-ary relation

on M™ defined by (a!,a?,...,a*) € R™" if and only if (a} a¥) € R for all

1,’ ’L""’

5



)~

N I
e _Te_

Figure 2.1: The algebra M = ({0, 1,2, 3}; f, g) of Example 2.1

i < n. We almost always omit the superscript on RM". In Example 2.1 the standard
integer relations < and < restricted to M are binary relations on M. Therefore we
can consider the corresponding binary relations < and < on M?2. It should be clear
that ((0,2),(1,2)) is in < but ((2,0),(1,2)) is not in <.

Let A be an algebra. For each ¢ < n there is an n-ary projection opera-
tion m; on A given by m;(a,aq,...,a,) = a;. If f is an n-ary operation on A and
91,92 - - -, gn are all k-ary operations on A then h = f(g1, g2, ..., 9n) is & k-ary oper-
ation on A given by h(a) = f(g1(a), g2(a), ..., gn(a)). This is called composition
of operations.

Given a set F' of operation symbols and an index set S let X = {z, | s € S} be

a set of variables. Then an S-ary term of type F is defined recursively by
1. every z € X and every nullary f € F'is an S-ary term, and

2. if ¢1,%9,...t, are S-ary terms and f is an n-ary operation symbol of F' for

some n > 1 then the string f(¢,ts,...%,;) is an S-ary term.



The length of a term is defined recursively with length of z; = 0 and length of
f(91,-..,9.) =1+ max(length g;). The term operations, or term functions,
of A are all the operations constructed by composition of operations using the
basic operations of A, the projection operations on A and all operations that are
constructed in this manner. For an example if f is a unary basic operation of A
then f o 73 is a term operation and so is ffns. If S is a non-empty set and X is a
subset of A% then X is term-closed if for all y € A \ X there exists S-ary term
functions o, 7 : AS — A such that o|x = 7|x but o(y) # 7(y).

A set P is called a partially ordered set if there is a binary relation < on P

such that for any a,b,c € P we have
1. a < a,
2. a <band b < aimplies a = b, and
3. a<band b<cimpliesa < c.

A chain is a partially ordered set in which any two elements are related. That
is, for all a,b € P either a < b or b < a. Other names for a chain are totally
ordered set or linearly ordered set. An intuitive example of a chain is the set
of non-negative integers where the < relation on this set is the every-day definition
of less than or equal to.

We define the operations, meet (A) and join (V), on a partially ordered set P.
For all a,b,c,d € P we say a A b = c if for every p € P such that p <a,and p<b
then p < c. Also aV b= d if for every ¢ € P such that a < ¢, and b < gthend <gq.
Note that A and V may not be defined for all pairs on a partially ordered set P. If

Pisachainanda <bthenaAb=aand aVb=0b.

7



A lattice is an algebra where the universe is a partially ordered set and the
operations are A and V and these are defined on every pair of elements (a chain is
one example of a lattice). A lattice homomorphism is an algebra homomorphism
where the two algebras are lattices.

Let M be some algebra and K be a class of algebras. Then P(M) is the class of
all algebras that are isomorphic to a power of M, S(K) is the class of all algebras
that are isomorphic to a subalgebra of a member of K, and I(K) is the class of all
algebras that are isomorphic to a member of K. The quasi-variety generated
by M is ISP(M), the class of all algebras that are isomorphic to a subalgebra of a
power of M.

2.2 Rank

In this section we provide the definition of the rank of a homomorphism and the
rank of an algebra. These were originally defined in [15]. As this is a fairly complex
concept we start with some simpler definitions and build up to rank.

A diagram is a directed graph in which the nodes represent sets and the edges
represent functions mapping one set to another. A commuting diagram is a
diagram where for every path between a pair of sets the composition of the functions
represented by the paths yields the same result. In a commuting diagram we use

A< B to denote that « is injective.

Example 2.2. The diagram in Figure 2.2 has nodes representing the sets A, B, C
and D. The edge from A to B labelled « indicates that o is a map from A to B.

This diagram commutes if oa =go f = h.



A B
f b p
¢C—5— D

Figure 2.2: A commuting diagram

Let M be a finite algebra and n and & be finite positive integers. Let B be a
subalgebra of M™ and let A : B — M be a homomorphism. We say a map o from
B to M™** uses repetition of coordinates when there is a surjective map 7 :
{L,2,...,n+k} = {1,2,...,n} such that for all a« € B and fori € {1,2,...,n+k}
we have o(a); = a,(j). Let o be such a map and let B be the subalgebra of M™+*
obtained by applying ¢ to B. Denote this embedding by B =, B’ and note that B
is isomorphic to B. Let ' = h o ¢~!, the homomorphism that is the the natural
extension of h from B to B'.

Let C,D be subalgebras of M"t* where B' < C < D < M"™** and let Y C
Hom (D, M). Denote the algebra D/(\{kerg | g € Y} by D/Y. Note that D/Y
is isomorphic to IIY (D) = {(g(a) : g € Y) | a € D}. The notation IIY (D) is used
in [8]. Similarly denote the algebra C/[\{kerg|c | g € Y} by C/Y. The set Y
separates B’ if {ker(g|n) | g €Y} ={(z,z) |z € B'}. Amaph' : B - M
lifts to C/Y if Y separates B’ and there exists a homomorphism « such that the

diagram in Figure 2.3 commutes.

Example 2.3. Let M be the same algebra given in Example 2.1. (See Figure 2.1.)
Let B be the subalgebra of M3 depicted in Figure 2.4 and ¢ : B — M?® be the



hl

Figure 2.3: The commuting diagram for lifting

repetition of coordinates map given by o(zyz) = (zyyyzz). Applying o to B gives
us B’. (See Figure 2.5.) Finally let C = D = Sgy;{000011,000111,011111}, the
subalgebra of M® shown in Figure 2.6, and let Y = {m, 74, 76} € Hom (D, M). We

use the table in Figure 2.7 to convince ourselves that

(kerg| g € Y} = {(z,) | = € D}
U{(000111,011111), (111222, 122222), (222333, 233333),

(011111,000111), (122222,111222), (233333, 222333)}.

The elements 000111, 111222, 222333 ¢ B’ so

(ker(gle) | g € Y} = {(z,2) | = € D}

and the set Y separates B’.

10
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Figure 2.4: An algebra B < M? for Example 2.3

(2

333333 ¢/
- 22223370 2333338,
222222 ® T T
% \ ¥
L 111122 @ 122222 @
111111 ‘Y T T
: y y f
. 000011 ® 0111119 LA
000000 .V_&-.-; ...................... A

Figure 2.5: An algebra B’ < M® obtained by repetition of coordinates

333333 @
© 2222337 222337 233333 @

222222 oV T T
L 111122 @ y .v

. o
111111 oY T

© 000011.® 000111 o 0111118 — >

111222 ©. 122222

\J
o <
000000 8 -

Figure 2.6: A diagram showing C = D < M® of Example 2.3
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x m(z) | ma(z) | me(z)
000000 0 0 0
111111 1 1 1
222222 2 2 2
333333 3 3 3
000011 0 0 1
111122 1 1 2
222233 2 2 3
000111 0 1 1
111222 1 2 2
222333 2 3 3
011111 0 1 1
122222 1 2 2
233333 | 2 3 3

Figure 2.7: Table of values of 7, 4 and mg for Example 2.3

12



Given a homomorphism A : B — M where B < M" define the rank of h

recursively as:
1. rank(h) < 0 if and only if A is a projection.

2. For a countable ordinal , rank(h) < « if and only if there exists an integer
N > 1 such that for all integers k& > 0, for all D < M"** and for all
commuting diagrams as in Figure 2.8 where there exists a homomorphism
h*™ : D — M, there exists Y C Hom (D, M) such that

(a) [Y] <N, and
(b) A’ lifts to C/Y, and

(c) for all g € Y, rank(g|c) < a.

B =5, B < C€C < D < M

Figure 2.8: The commuting diagram for rank

If rank(h) < « and it is not true that rank(h) < « then rank(h) = . If for all
homomorphisms h : B — M where B is a subalgebra of a finite power of M we have
rank(h) < a but at least one of these homomorphisms does not have rank strictly

less than « then rank(M) = a.

13



ce

"
N
O

Figure 2.9: An algebra A that has rank 2

Example 2.4. Let A = ({0, a,b,c}, f) where f(a) = f(b) = f(0) =0 and f(c) = a.
See Figure 2.9. This example, found by Ross Willard, was the first known algebra

to have rank 2.

2.3 Definitions from Topology

Next we need some basic definitions from topology. These are either motivated by,
or come directly from, [12] and [2]. As with the algebra definitions, the scope is
often limited to what is needed for this thesis.

Given a set X, a topology on X is a collection, 7T, of subsets of X having the

following properties:
1. 0, X eT.
2. Given any subcollection of 7 the union of its elements is also in 7.
3. Given a finite subcollection of 7 the intersection of its elements is also in 7.

The pair (X;7T) is a topological space, often referred to simply as the space

X. Operations, or functions, that map one topological space to another can be

14



labelled as injective, surjective and bijective similar to algebra homomorphisms.
We will also consider partial operations, that is, functions A : X — Y where
dom(h) is a proper subset of X. Relations on the underlying set of a topological
space are defined similarly to those on the universe of an algebra. Let G, H, R be
fixed sets of operations, partial operations and relations on the set X, respectively.
Then X = (X;G,H,R,T) is a structured topological space of type (G, H,R).
The structure X is a total structure if it contains no partial operations, that is if
X=(X;G,R,T).

For Y a subset of X we say Y is open if Y € T, wesay Y isclosed if X \Y € T
and Y is clopen if it is both closed and open. The discrete topology on a set X
is the collection of all subsets of X. All sets in this topology are clopen.

A basis for a topology on a set X is a collection B of subsets of X such that
1. For each z € X there is at least one B € B such that z € B.

2. If By, B, € B and 2 € B; N By then there exists B3 € B such that z € B; and
B3 - Bl N B2.

The topology generated by a basis B is the collection of all unions of elements
of B. A subbasis for a topology on a set X is a collection of subsets of X whose
union equals X. The topology generated by a subbasis is the collection of all
unions of finite intersections of elements of the subbasis.

Let X = (X;Tx) be a topological space and Y C X. The subspace topology
induced on'Y by Tx istheset Ty = {YNU |U € Tx}. SoY = (Y; Ty) is a topo-
logical subspace of X. If X = (X;GX, H¥X,R*, Tx) and Y = (Y; GY, HY, RY, Ty)

are structured topological spaces of the same type then Y is a substructure of X

15



if Y is a subset of X and

1. If g is an n-ary operation then for all y;,y2...,y, € Y we have

gX(yl, Ya,.--, yn) - gy(yb Ya, ... 7yn)’

2. If h is an n-ary partial operation then dom(AY) = dom(A*)NY™ and for each

(y1,92, - -, Yn) € dom(h¥) we have

hX(y17y27 cee ayn) = hy(y1>y27 .. 'ayn)a

3. If r is an n-ary relation then ¥ = r* NY™, and
4. Ty is the subspace topology induced on Y by Tx.

Let S be a set and {X,}aes be an indexed family of topological spaces then
[I.cs Xa is a topological space whose topology is the product topology. The
basis for the product topology on [],.¢ X is all sets of the form [] U, where U,
is open in X, for each a and U, = X, except for finitely many values of a. If
Xo = X for all @, 8 € S then we define X5 =[] .o X,.

If X and Y are both topological spaces then f : X — Y is a continuous
function if for all open subsets V € Y the set f~}(V) is an open subset of X. If f
is a bijection and both f and f~! are continuous then f is a homeomorphism. If
X and Y are topological structures of the same type then f : X — Y is a morphism

if f is continuous and

16



1. if g € G is an n-ary operation then for all z1,22...,z, € X we have

Flg* (@, 22, ., 20)) = g7 (F(21), f(22), -, F(@n));

2. if h is an n-ary partial operation then for all (z1,zs,...,7,) € dom(h¥)
we have (£(z1), f(z2), .., f(za)) € dom(hY) and f(hX(z1,2s,...,20)) =
hy(f(xl): f(x2)7 e )f(xn))a and

3. if R is an n-ary relation then for all (zy,z3,...,2,) € ¥ we have

(f(z1), f(@3), ..., flzn)) €Y.

The set of all morphisms from X to Y is denoted Hom (X, Y). A morphism f: X — Y
is an zsomorphism if there exists a morphism ¢ : Y — X such that for all z € X
we have (g o f)(z) = z and similarly for all y € Y we have (fog)(y) = y. If
f : X — Y is a morphism, f(X) is a substructure of Y and f : X — f(X) is an
isomorphism we call f an embedding.

Let M be a topological structure and K be a class of topological structures of the
same type. Then P(M) is the class of all topological structures that are isomorphic
to a power of M, S.(K) is the class of all topological structures that are isomorphic
to a closed substructure of a member of K, and I(K) is the class of all topological
structures that are isomorphic to a member of K. So X = IS,P(M) is the class
of all topological substructures of the same type as M which are isomorphic and

homeomorphic to a closed substructure of a power of M.
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2.4 Definitions from
Natural Duality Theory

The definitions given in this section are specific to natural duality theory and are
given a full treatment in both [2] and [4]. Let M be any non-trivial finite algebra.

An alter ego of M is any structured topological space M = (M; G, H, R, T') where

1. G is a set of total operations on M such that if ¢ € G is nullary then {g} is
a subalgebra of M and if ¢ € G is n-ary for n > 1 then g : M" — M is a

homomorphism.

2. H is a set of partial operations on M of arity at least 1 such that if h € H
is n-ary then the domain, dom(h), of h is a non-empty subalgebra of M" and

h : dom(h) — M is a homomorphism.

3. R is a set of finitary relations on M of arity at least 1 such that if r € R is

n-ary then r is a subalgebra of M".
4. T is the discrete topology.

For the remainder of this thesis A is defined to be ISP(M), the quasi-variety
generated by M. For any A € A define the dual of A to be D(A) = Hom (A, M)
seen as a substructure of MA. Then for any X € X the dual of X is E(X) =
Hom (X, M), seen as a subalgebra of MX.

For each A € A there is a natural embedding es : A — E(D(A)) defined for
all a € A and for all x € D(A) by ea(a)(z) = z(a). There is a similar natural
embedding for all X € X. The map ex : X — D(E(X)) is defined for all z € X
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and for all a € E(X) by ex(z)(a) = a(z). These natural embeddings are called
evaluation maps.

We say that M yields a duality on A if for every A € A the evaluation map
ep 1s an isomorphism. We say that M yields a full duality on A if the additional
condition that for all X € X the evaluation map ex is also an isomorphism is met.
If M yields a (full) duality on A we may alternately say that M (fully) dualizes
M. An algebra M is dualizable if there is some alter ego M that dualizes M. Not
surprisingly an algebra M is fully dualizable if there is some alter ego M that
fully dualizes M.

The Full Duality Theorem (see [2] or [4]) says, in part, that if M yields a full
duality on A then every closed substructure of a non-zero power of M is isomorphic
to a term-closed substructure of a power of M. If in fact every closed substructure
of a non-zero power of M is a term-closed substructure of a power of M we say that
M yields a strong duality on A, or that M strongly dualizes M. An algebra
M is strongly dualizable if there is some alter ego M that strongly dualizes M.

Clearly every strong duality is a full duality.

Example 2.5. Although bounded distributive lattices are not directly relevant to
this thesis they provide the example that, in many ways, started study in the area
of natural duality theory.

Let M = ({0,1}; V, A, 0, 1) be the two element bounded distributed lattice. Then
A = ISP(M) is the class of all bounded distributed lattices. If M = ({0,1}; <, T)
then M yields a duality on A. This duality was first found by Hilary Priestley and
was one of the first non-trivial dualities ever found. In fact it can be shown that M

strongly dualizes M. See [4] and [14].
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We say that the interpolation condition or (IC) holds if for each n € N and
each substructure X of M, every morphism «a : X — M extends to a term function
T : M™ — M of the algebra M.

The next theorem is a portion of the Second Duality Theorem (see [2], Theorem

2.7) and is useful for showing that an algebra is dualizable.

Theorem 2.1. Assume that the alter ego M = (M;G,R,T) is a total structure
with R finite. If (IC) holds then M yields a duality on A.

2.5 Work Leading to this Thesis

Which finite algebras are dualizable? This is called the dualizability problem.
What is the relationship between dualizability, full dualizability and strong dualiz-
ability? These are the main questions of natural duality theory as of the publication
of [2] in 1998. Three years later these are still the main questions although some
advances have been made on both fronts.

Strong dualizability implies full dualizability which requires dualizability. (See
[2]). Also, if an algebra has finite rank and is dualizable, then it is strongly dualizable

[15]. Two questions naturally arise from these statements.
1. Are all dualizable algebras also fully dualizable?
2. Are all fully dualizable algebras also strongly dualizable?

If the answer to these questions is no then not only are we interested in which

algebras can be dualized but also in what type of dualizability the algebra possesses.
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In [9] Hyndman and Willard provide an example of a bi-unary three-element
algebra that is dualizable but not fully dualizable, thus answering no to Question
1. Although rank does not appear explicitly in that paper they were able to use
rank to determine that their algebra was a good candidate for further study. The
fact that it had infinite rank meant that it might not be strongly dualizable. If
their algebra had been shown to be fully dualizable then they would have known it
was a good candidate for getting a no answer to question 2. This is a fine example
of how determining the rank of an algebra before proceeding with research into its
dualizability can be quite useful. This will certainly guide the direction the research
takes and may prove the strong dualizability of the algebra being studied.

Little’s work [10] provides a tool for approximating the rank of a function. When
he ran his program on algebras of known rank one of three things happened: the
program correctly approximated the rank of a function; it failed to make an ap-
proximation due to memory issues; or it failed due to what he called separation
issues. The last case occurred when the algebra being tested was that of [9] which
is known to have infinite rank. When Little ran his program on the corresponding
four-element algebra he got a similar failure due to separation issues, which sug-
gested that this algebra might also have infinite rank. This thesis shows that not
only was his prediction correct, but that a whole class of such algebras have infinite
rank.

The rank function was used again by Hyndman in [6] to show that mono-unary
algebras are strongly dualizable. In [3], Clark, Davey and Pitkethly looked at all
three-element unary algebras and solved the dualizability problem for these algebras.

In the companion paper [13] Pitkethly looks at the nature of strong and full duality
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within the class of three-element unary algebras. She was able to show that for
these algebras the answer to Question 2 is yes. In [8] Hyndman and Pitkethly
further explore the area of finite rank in relation to three-element unary algebras.
Hyndman and Willard [9] describe a bi-unary three-element algebra that is du-
alizable but not fully dualizable. As noted above Pitkethly et al then classified
three-element unary algebras. We generalize Hyndman and Willard in a different
direction, by looking at all bi-unary n-element algebras that are similar to their
algebra. We carefully define this family of bi-unary algebras; determine their rank;

and study their dualizability.
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Chapter 3

Escalator Algebras of Length u

3.1 Escalator Algebras

In extending the work of Hyndman and Willard in [9] we need to generalize their
algebra. To this end we define an escalator algebra of length p as an algebra

M = ({0,1,...,u}; f,g9) where 1 > 2 and f and g are the unary functions

z+1 if z#up x—1 if z#0
flz) = and g(z) =
W if x=u, 0 if z=0.

where the symbols + and — are used to represent normal integer addition and
subtraction. (See Figure 3.1). Thus f(z) = min(z+1, u) and ¢g(z) = max(z—1,0).

The algebra of [9] is an escalator algebra of length 2.
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Figure 3.1: An escalator algebra of length u
3.2 Basic Properties and Definitions

In looking at escalator algebras and the quasi-variety generated by an escalator
algebra there are many things that are useful to note or define ahead of time. For
the rest of this chapter let M be an escalator algebra of length p. If there is a need to
specify the value of p then we write M,. Since the universe M is the set of integers
from 0 to u the normal integer relations < and < behave exactly as expected on M
and M™, that is if z < y then f(z) < f(y) and g(x) < g(y).

Let z be an element of M. Then f! = f, g = g, and for n > 1 the term

operations f® = fo f* ! and g" = go g"! satisfy

T+n it z4+n<p T—n if z—n>0
fMx) = and ¢"(z) =
7 if z4n>ypy, 0 if r—n<0.
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That is, f*(z) = min(z+n, ¢) and ¢g"(z) = max(z—n,0).

Recall that if z € M” then z is really an n-tuple z = (21, 22, ..., z,). The form
of z is the (n—1)-tuple (zg —x1, 23— 2, ...,Tn—Lp—1). For an algebra A denote the
tuple (z,...,z) € A as ca(x) or c(z) if the context is clear. If B < M" the centre
of B is Cp = {cg(m)|m € M}. If x € M! such that z € {0,1}" \ {epmr(0), e (1)}
we call z a {0,1}-element.

For any z € M" define min(z), max(z),s;, t; € Z as follows:
min(zr) = min(z,Ze,...,2,), Maxz = max(T1, T,...,Zs), S = p — min(z), and

ty = max(x).

Lemma 3.1. If t € M! then s, is the smallest integer such that f**(z) = ey (1)

and t, is the smallest integer such that g*=(z) = ey (0).

Proof. Let ki, ko be integers such that f*(z) = ey (1) and g*2(z) = cpi(0). For
all 4 we have z; + k; > p. So k1 > p — min(z) > p — z; as x; > min(z). Hence
Sy is the smallest integer such that f%=(x) = cppr(p). Similarly for all i we have
z; — ky < 0 and z; < max(z). So k; > max(z) > x;. Hence t, is the smallest integer
such thatg® (z) = cpz(0). O
Lemma 3.2. Let A < M! and h: A — M be a homomorphism. For all cj(m)
in the centre of A, h(cpr(m)) = m.

Proof. Let a = h(cpn(0)). Therefore 0 = g#(a) = g*(h(cpn(0))) = h(g(can(0))) =
h(cp=(0)) as h is a homomorphism. So h(cp~(0)) = 0. For all m € M we have
f™(0) = m so h(cyn(m)) = h(f™(can(0))) = f™(h{enn(0))) = f"(0) =m. O
Lemma 3.3. Let A < M! and h : A = M be a homomorphism. For all z € A

such that x is a {0,1}-element we have h(z) =0 or h(z) = 1.
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Proof. If z is a {0,1}-element then g(z) = cu~(0). So by Lemma 3.2 we have
g(h(z)) = h(g(z)) = h(cpn(0)) = 0 which implies that h(z) = 0 or h(z) = 1. ]

If A < M" then a homomorphism A from A into M is called irresponsible if
there exist {0,1}-elements a and b € A such that a < b and h(a) =1 and h(b) = 0.
Conversely h is responsible if for all {0,1}-elements a and b with a < b if h(a) =1
then h(b) = 1.

Example 3.1. Let 4 = 3 and B be the Sgys(001,011). (See Figure 2.4 page 11).
For i € {1,2, 3,4} let »;(001) and h;(011) be given by the following table:

hi hy hg hy

0010 0 1 1
01110 1 0 1

By inspection of the table it is easy to determine that each h; extends to a homo-

morphism h; : B — M and hq, hs, and hy are responsible while hg is irresponsible.

3.3 Ladders
A ladder of M! is a set {z1,73,...,2,} C M! with the following properties:
1. For all t <7, f(z;) = zey1,

2. For allt < r, g(z¢s1) = 24,

3. If 21 # emz (0), f(g(21)) # 71, and

4. Uz # e (), 9(f () # 2o
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The element z, is the ladder foot, and x, is the ladder head. Notice that
for all ladder elements z; except the foot and the head we have f(g(z;)) = g(f(zs)).
The conditions on the foot and the head elements mean precisely that z; must have
at least one coordinate equal to 0 and that x, must have at least one coordinate
equal to p (see Lemma 3.4). Moreover, any ladder element with an occurance of
w must be the head of its ladder, and it is this property that gives uniqueness of a
ladder with foot z. It is sometimes useful to use L, to denote the ladder that has
z as the foot element. If y is the head of L, then there is an integer k£ such that
f(z) = y and ¢*(y) = z. We say the length of the ladder is k. Note that M

itself is a ladder of length p with 0 as its foot.

(2

4444’0/
L 33318

3333 8 i 222478
; Y :
. 223 @ T 1118

2222 @ Fo13 e : 000{®
12 T . 00038«

111 o 0002 ' <"
. 0oL @<

0000_®, < .

7 P
............. =

Figure 3.2: A subalgebra of M,*:

Recall that the form of z is (z2 — 1,23 — %3, ..., &y — Tp—1) Which is an (n — 1)-
tuple. All elements of a ladder have the same form. The behaviour of a homomor-
phism on a ladder is completely determined by the behaviour of the head (or foot)

element. This is illustrated in Lemma 3.6
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Example 3.2. In Figure 3.2 There are 5 ladders. The feet of the ladders are 0000,
0001, 0002, 0003 and 0004 and the heads of the ladders are 4444, 3334, 2224, 1114
and 0004 respectively. The form of 0001 and 3334 is 001.

Lemma 3.4. Let x € M! be an element of a ladder. Then x; = 0 for some i if and
only if x is the foot of the ladder, and x; = p for some j if and only if x is the head
of the ladder.

Proof. If z; = 0 then fg(z;) = fg(0) = f(0) = 1 # z; so fg(z) # x and there-
fore = is the foot of the ladder. Now assume x is the foot of the ladder. If
z = ey (0) we are done so we assume z # cpr(0). By property (3) f(g(z)) # «
so (fg(z1), fg(zs),..., fg(zn)) # (21,9, ..,2,) which implies that for some i we
have fg(x;) # :z:Z As M is a ladder the only element that satisfies this is 0.

If z; = pthen gf(x;) = gf (1) = g(p) = p—1 # z; so gf(z) # x and therefore z
is the head of the ladder. Now assume that z is the head of the ladder. If z = cppr (1)
we are done so assume z # ey (p). Then g(f(2)) = (9f(21), 9f (z2),...,9f(zn)) #
(%1, %2, . ..,Z,) which implies that for some i we have gf(z;) # z;. Again M is a

ladder so z; = pu. |

Lemma 3.5. Let x be the foot of a ladder. Then the ladder L, has length p — t,
and the head of the ladder is f*'=(z).

Proof. Recall that ¢, = max(z). There is some j < n such that z; = t;, so
fEte(z)) = fAt=(t;) = pand f*%~1(z;) = f#%=1(t;) = p — 1. This means that
t—t is the smallest integer & such that f¥(z) has y as a coordinate. By Lemma 3.4
and the definition of a ladder f#~%(z) is the head of the ladder L, and the length
of the L, is p — t. O
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Lemma 3.6. Letz € A < M! and h: A — M be a homomorphism. Assume z is

the foot of a ladder L,. For ally in Ly there exists j < p such that y = f7(z) and
if h(z) = m;(x) then h(y) = mi(y).

Proof. Let Ly = {by,...,b,} and assume y € L, and h(z) = z;. Soy € {b1,b2,...,b-}
and by property (1) we may assume f(b;) = ba, f2(b1) = f(ba) = b3, ..., f71(b1) =
f(by—1) =b,. If y = b; let j = i—1. The cardinality of any ladder is at most 41 so
j < wand fi(z) = f/(b;) = y. From this we see that h(y) = h(f?(z)) = f/(h(z)) =

fi(zi) = yi = m(y). O

For 1 < j < n define the {0,1}-element v of M™ by v/ = (v],v],...,v]) where
vi=vl=..= vg: =0 and v§+1 = ... =v} = 1. It is important to note that if
i < j then v/ < vt So v < v ! < ... <v? <v'. Define v’ = f#~1(v7). For future

reference note that

0 if i<j p—1 i i<j

1 if > 7, 7’ if >3

Clearly each v/ is a foot element of a ladder that has u’ as the head element. In the
case that v/ € M" and v/ € M"™ we indicate the difference with the notation v/"
and v7"

If a,b € M" are {0,1}-elements and a < b, define the w-element w(a,b) =
rO if a;=0b=0

(w1, w2, ...,w,) as follows: w; =<1 if g; #b

2 if ai=b1~=1

\
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Or more concisely w; = a; + b;. The w-elements are the foot elements of ladders
that connect the ladders of a and b. This can be seen in Lemma 3.7. We can think

of a and b as being connected by w(a,b). (See Figure 3.3).

MHQ‘N
Tv (u—1)(u—1)5 T. /]0 (u=1)ppe

(p=2)(p—1)p .

¥

334 o\f 4344
333 '8 234 @

; |

: 223 @ N
2220 23

12 8 i
e s

T |

| e ————— ® yl—011 f
0004.Y"=='-::1:::: ............................................ — >
. 9

Figure 3.3: A subalgebra of M? that has a w-element, w(v?, v?)

Lemma 3.7. If a,b are {0,1}-elements such that a < b and a,b, w(a,b) are in A <

M! then Ly, ) has length p— 2 and g(w(a,b)) = a and f*~*(w(a, b)) = f*~1(b).

Proof. Since a, b are {0,1}-elements and a < b there is some 7 such that a; = b; =1
and w; = 2. Because max(a) = max(b) = 1, we have max(w(a,b)) = 2. So length
Luy@p = = tu@p = 4 —2. fw;, = 0or w; =1 then a; = 0 and b; = w;,
so g(w;) = 0 = a; and f* Y w;) = f* ;). If w; = 2 then a; = b; = 1 and
g(w;) = g(2) = 1 = a; and fFHw;) = f*712) = p = f*71(1) = f*7 (B:). So
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g(w(a,5)) = a and f5~L(w(a,b)) = f*1(b). O
Lemmas 3.8, 3.9, and 3.10 illustrate how homomorphisms behave on w-elements.

Lemma 3.8. Let a,b be {0,1}-elements such that a < b and a,b,w(a,b) are in

A<M Ifh: A — M is a homomorphism and h(a) =1 then h(b) = 1.

Proof. Assume h(a) = 1 then g(h(w(a,b))) = h{g(w(a,b))) = h(a) = 1 and
so h(w(a,b)) = 2. Applying f¥~! we get f*~1(h(w(a,b))) = f*71(2) or we get
h(f*Y(w(a,b))) = u. By Lemma 3.7 f*"}(w(a,b)) = f*~1(b) and it follows that
h(f*~1(b)) = p. As the element b is a {0,1}-element, it is the foot of a ladder of
length p — 1 and g*~1(f#~1(b)) = b. Apply h to obtain h(b) = h(gt-1f*~1(b)) =
g H(R(f*71(b))) = ¢"~'(u) = 1. Thus A(b) = 1. 0

Lemma 3.9. Given {0,1}-elements a,b such that a < b and a,b,w(a,b) are in
A <M and my,my € {0,1}, my < my and h : A — M a homomorphism, then

h(a) = my and h(b) = my if and only if h(w(a,b)) = m1 + ma.

Proof. Assume h(a) = m; and h(b) = my. Then by Lemmas 3.3 and 3.8 there are
three cases.

First if h(a) = h(b) = 0 then A(f* Y(w(a,d))) = A(f*1()) = f*1(h(b) =
f#¥71(0) = p — 1. A ladder of length p — 1 has its head mapped to 1 — 1 only when
its foot, in this case w(a, b), is mapped to 0. That is h(w(a, b)) = 0 = m; + mo.

Next if h(a) = h(b) = 1 then by Lemma 3.7 g(h(w(a,d)) = h(g(w(a,d))) =
h(a) = 1. So h(w(a,b)) =2 = m; + ma.

Finally if h(a) = 0 and h(b) = 1 then again by Lemma 3.7, we have

h(F#~H (w(a, b)) = A(S*7H () = f4H((B)) = F*7* (1) = p
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so h(w(a,b)) > 1. Since
g(h(w(a,b))) = h(g(w(a,b))) = h(a) =0

we have h(w(a,b)) < 1. So h(w(a,b)) =1 = my + my. So for all possible cases we
have h(w(a, b)) = my + mo.
Now assume h(w(a,b)) = m;+ms. By Lemmas 3.3 and 3.7 there are three cases.

Since f*~1(b) = f*#~!(w(a,b)) we have

h(b) = h(g"" f*~(w(a,D)))
= g" L (h(w(a, b)) = ¢ f47H(ma + ma)

g1+ H0) if m; =my =0,
=4 g* 1 fE(1) if my=0,mg=1,

kg"‘lf"‘l(2) if mi=my=1,

)
0 if m;y=my=0,

_<1 if m1:O,m2:1,

\1 if my=mg=1,

= My.
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Thus h(b) = my as required. To see that h(a) = m, is simpler:

h(a) = h(g(w(a,b)))

= g(h(w(a, b)))

= g(m1 + my)
9(0) if my=my=0,
=<g(0)  if mi=0my=1,

g(1) if mi=me=1,

|

Corollary 3.1. If a,b be are {0,1}-elements such that a < b and a,b, w(a,b) are in
A <M and if h: A — M is a homomorphism then h(a) = a; and h(b) = b; if and
only if h(w(a, b)) = w;.

Proof. Recall that for w(a,b) the definition of w-element says that w; = a; + b;.
Assuming that h(a) = a; and h(b) = b; then by Lemma 3.9 we have h(w(a,bd)) =
a;+b; = w;. Conversely if h(w(a, b)) = w; = a;+b; then h(a) = a; and h(b) =b;. O
Lemma 3.10. If a,b are {0,1}-elements such that a < b and a,b,w(a,b) are in

A<M and if h: A = M is a homomorphism then there exists i < n such that

h(a) = a;, h(b) = (b;) and h(w(a,bd)) = w;.

Proof. As a < b there exist j,j’,j such that a; = b; = 0, ay = 0, by = 1 and
a; = b; = 1. By Lemmas 3.3 and 3.8 there are only three cases. If h(a) = h(b) =0
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then let ¢ = j. If h(a) = 0, and h(b) = 1 then let ¢ = j'. If h(a) = h(b) =1 then let
i = j. Thus h(a) = a; and h(b) = b; and by Corollary 3.1 h(w(a,b)) = w;. O

Lemmas 3.11 and 3.12 state that certain ladders can be added to a subalgebra
of M! to obtain a new subalgebra. Then Lemma 3.13 says that a homomorphism

is determined completely by its behaviour on the foot elements.
Lemma 3.11. If A < M/ then A’ = (AU L, {f, g}) is a subalgebra of M’.

Proof. Pick a € A'. If a € A then f(a),g(a) € A C A’ as A is a subalgebra. If
a € L, and a # v’ then g(a) € L,; C A’ and if a = v’ then g(a) = ca(0) € A C A
Similarly if a € L,; and a # v/ then f(a) € L, C A’ and if @ = v/ then f(a) =
ca(u) € AC A'. Soforalla € A, f(a),g(a) € A’ and A’ is a subalgebra of M. O

Lemma 3.12. If A < M! and a,b € A are {0,1}-elements with a < b then A' =
(AU Lyop), {f, 9}) is a subalgebra of M.

Proof. Let A" = AU Ly, and pick ¢’ € A. If o’ € A then f(a'),g(a’) € AC A
as A is a subalgebra. If @’ € Ly(ep) and g = 2 then o’ = w(a,b) and so f(a') =
f(b) € A C A" and g(d)) = a € A C A'. Otherwise if p > 2 and a’' € Ly
then there are three cases. First if ' = w(a,b) then g(a’) = a € A C A’ and
f(@') € Ly@gy C A'. Next if o' = f**(w(a,b)) then f(a') = f#~'(b) € AC A
and g(a') € Lyp C A. Finally if ¢’ # w(a,b) and o' # f*%(w(a,b)) then
f(a') € Ly(apy C A" and g(a') € Ly(ap) C A'. So for all o' € A', both f(a'), g(a’) are
in A’ and A’ is thus a subalgebra of M'. O

Lemma 3.13. For A < M! let S C M' such that A = J{Ly|z € S}. If the map

h:S — M extends to a homomorphism h* : A — M then h* is unique.
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Proof. Assume h : S — M and h* : A — M is a homomorphism that agrees
with h on S. Pick y in A. Theny =z or y = f*¥(z) forsome zin S. Ify = z
then h*(z) = h(x). If y = f*(z) then h*(y) = h*(f¥(x)) = f¥(h*(x)) as h* is a
homomorphism and so h*(y) = f*(h(z)). Thus

h(z) if ze€8
h* =
f¥(n(z)) if y=f¥@z) forsomeze S
is the unique extension of i to A. a

Uniqueness follows directly from Theorem 6.2 of [1] but the above explicitly

defines h* for later use.

3.4 The w-Algebras.

Recall the definition of v7 given on page 29. For any n > 3 define T,, as follows:

Tn = CMn U Lvn—l U Lvn—2 Uu...uU L,Ul.

By Lemma 3.11 T,, = (T,,,{f,¢}) is a subalgebra of M". A w-algebra is a
subalgebra of M" that has as its universe the union of the set T}, with some subset,
possibly empty, of ladders, Ly qs), where a,b are {0,1}-elements in T, with a < b.

Lemma 3.12 shows this definition is well-defined.

Lemma 3.14. For any w-algebra W if h : W — M is a responsible homomorphism

then h is a projection.
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Proof. Recall that ¢(0) < v ! < -+ < v! < ¢(1). First we need to show that there
exists an 4 < n such that h(v?) = m;(v?) for all j < n. If h is responsible then there
are three cases.

CASE 1 : Assume h(v?) = 0 for 1 < j < n. Since 7;(v7) = 0 we have h(v?) = m (v?).
CASE 2 : Assume h(v?) =1 for 1 < j < n. Again m,(v7) = 1 so h(v?) = m,(v7).
CASE 3 : There is some 1 < i < n such that h(v') = 0 and h(v*" 1) = 1. If j >4
then h(v’) = 0 and if j < i then h(v?) =1, as h is responsible. By the definition of
v?, if 7 > 4 then m;(v9) = 0 and if j < i then m;(v?) = 1. So h(v?) = m;(v7).

Thus there exists 7 with A(v/) = m;(v/). Now we need to show that A is 7;
restricted to W. By Lemma 3.6 we know that if z € L,; then h(z) = m;(z). By
Lemma 3.1 we have that if w(a,b) € W, then h(w(a, b)) = m;(w(a,b)); so, for all
& € Lyayp) it follows that h(z) = m;(z). Finally note that h(z) = m;(z) for all
z € Cw. So for all z € W we have h(z) = m;(z). O

Now we consider algebras that have subsets of a specific structure. Later we
construct homomorphisms on some of these algebras that have infinite rank. If
A < M™ where n > 7 then A has a primary section at v/ of size k (denoted

(v7, k)-section) if 6 < j < n, and there exists an even integer 4 < k < j—2 such that

i, v9=1 .., vi7%"1 € A and the w-elements in A connecting v7,v/~L, ..., v/ %1 are
precisely
w(v?, v, wwd, v %), w(v?, v R and
2 k-1 i—4 k-1 i~k j—k—1
w(v?! 70! ), w(v! 7% v? )y ee e w(v? T 07 ).

The next lemma deals with homomorphisms that are irresponsible on a (v7, k)-

section.
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.',OV w(v?,v8)

.. vf’_“_.YAZ'f ...................

T L L

Figure 3.4: A subalgebra of M with a (v7, 4)-section
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Lemma 3.15. Let A have a (v?, k)-section and h : A — M be a homomorphism
such that h(v?) = 1 and h(vV=*"1) = 0. Then for all elements x of the primary

section, h(z) is uniquely determined, and in particular

R = h(v/ %) = - =A@ ) =1 and
h(v72) = h(vi™4) = .- = h(L) %) = 0.
Additionally
h(w(,v™Y) = h(w(v!,v7=3) = - = h(w(v!, vV ) =2 and
h(w(w? =207 7571) = hw@ ™ o5 )) = -+ = h(w( 7, ) = 0.

Proof. Let i € {j — 1,5 —3,...,5 — k + 1} then, by Lemma 3.7, g(w(v?,v%)) = v’
implying that h(w(v?,v%)) = 2 as h(v?) = 1 is assumed. Lemma 3.7 also says that
A (w(v?,vY)) = f#~1(v"). Hence

FAH(R(Y) = h(F47H(0)

and so h(v') > 1. By Lemma 3.3 it follows that h(v?) = 1.

Letie {j—2,7—4,...,7 — k} then by using the two parts of Lemma 3.7 again
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we get

P (o, 077 1) = A (o, o)
= h(/* 1w )
= f (B A)
= £(0)

:N_l

which implies that h(w(v,v97%71)) = 0. As g(w(v%,v?~%71)) = v* we also get

h(v') = 0. O

For A < M",1 < i< n,and k > 0 define the repetition of coordinates mapping
o* : A — M"™* by adding k copies of the ith coordinate between the ith coordinate

and the (¢ + 1)th coordinate. So for z € A

a?’k(x) = (T1, T2+« s Tiy Tiy o o vy Ty Tik1y - - -y Tn)-

k copies
We now start to construct a commuting diagram as in Figure 2.8. We start with
a w-algebra A in place of B in the diagram and using the map a?’k as o.
Let A < M™ be a w-algebra, k an even integer greater than 3 andlet h: A - M
be a homomorphism. Let A’ = a["*(A) < M™**. As A is a w-algebra the {0,1}-

elements are precisely
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The corresponding {0,1}-elements in A’ are

1,n+k , 2,n+k i—1n+k ,i+kn+k | i+k+1ln+k n+k—1,n+k
v s - s , U g v .

v ) v ey

Assume w(v>®, "1™ is not in A then w(vi+*nTk 4i=1n+k) g not in A’ and we
can define §(A’) to be the w-algebra created by adding all the necessary elements

to form a (v, k)-section to A’. Specifically the universe of 8(A’) is

S' = A"U Lyiss—1 U Lyigs—2 U+ U Ly
U Lw(vi+k,vi+k—1) U Lw(vi+k with=3) U Lw(vi+k’vi+1)

U Lw(vi+k—2,vi—1) U Lw(vi+k—4,vi—1) -+ U Lw(vi’vi—l)

This is possible as none of v*T*~1 v**+%=2 o are in A’ and so there are no

w-elements connected to these {0,1}-elements in A'.

Lemma 3.16. Let A’ < M™%, Given b/ : A’ — M an irresponsible homomorphism

with b (v7*) =1 and K (v*™!) = 0, then h' extends to h* : S(A') — M.

Proof. Define I, = {i+k—1,i+k—-3,...,i+1}and I, = {i+k—2,i+k—4,...,i}

and
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4

W (z)
(1)
¥ (z) = § £2(0)
(2)
£(0)

\

if

if

if

if

if

zc A

z=fit)fortel;, 0<s<p—1,

z=f()fortel,, 0<s<pu-—1,

= fS(wrtF vt))forte;, 0<s<p-2,

= f(wltvi ) fortel, 0<s<pu—2.

To show that A is a homomorphism we need to show that f(h*(z)) = bt (f(z))
and g(h*(z)) = h*(g(z)) for all five cases.

Casgl:ze A.

If z isin A’ then f(z) and g(z) are in A". Thus f(h*(z)) = f(F'(z)) = W (f(z)) =
h*(f(z)) and g(h*(z)) = g(K'(z)) = K'(9(z)) = PT(9(2))-
Case2:z=f(v)forte{i+k—1,i+k—-3,...,i+1}and 0<s<p—1

If s = p— 1 then h*(f(z)) = AT (f(f*7(v")) = h*(c(w) = p = f*(1) =
F(f#71(1)) = f(h*(z)). Otherwise if s < p — 1 then h*(f(z)) = h*(f**!(z)) =

) = () = f(hT (@)

)
g9(h*(x)).

i

CASE3:z=f(v)forte{i+k~2,i+k—4,...

For s > 0 we have ht(g(z)) = AT (f*1(v%)) =
g9(f*(1)) = g(h*(x)). I s = 0 then h*(g(z)) = A*(c(0)) = 0 = g(1)

yiand 0 <s<p—1.

s = p— 1 then h*(f(2)) = K (F(P0Y) = hH(e()) = u = F4(0) =
If, on the other hand, s < g — 1 then h™(f(z)) =

FUEH0) = f(AF (=)

WH(feH () = F70) = F(f(0) = f(h™(x)).
(v

For s > 0 we have h*(g(z)) =

RT(f5~1(vt)) = £571(0) = g(f*(0)) = g(h*(z)). If s = O then h*(g(z)) = h*(c(0)) =
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0= g(0) = g(r"(2)).
CasE 4: z = f*(w(v/,vt)) fort € {i+k—1,1+k—3,...,i+1}and 0 < s < p—2.
If s = p — 2 then by Lemma 3.7 we have f¢*Yw(v?,vt)) = f*1(v?). So
Wt (f(2)) = B (F(fo(w(v, oY) = B (A (w(v?,0%))) = hE(F1 (01) = f471(1) =
p = f*22) = f(f5(2)) = f(h*(z)). Otherwise, if s < p — 2 then ht(f(z))
FH(2) = £(f°(2)) = f(h*(2)). For s = 0 we have h*(g(z)) = h*(v”) =1=g(2) =
g(h*(z)). If s > 0 then h*(g(z)) = A*(f*" (w(v’,v")) = f71(2) = g(f°(2))
g(h*(z)).
CaSE 5 : ¢ = f(w(v,v" ) fort € {i+k~2,i+k—4,...,i}and 0 < s < p—2.
Finally if s = u — 2 then by Lemma 3.7 we have f¢~1(w(vt,v¢71)) = f#=1(v*1).
So ¥ (f(2)) = h*(f(f*(w(v',v" ™)) = A (fH (w(v’,v'7h)) = AF(F71 (")) =
F7H0) = f(f*72(0)) = f(h*(2)). If s < u— 2 then h*(f(z)) = f0) =
F(f2(0)) = f(h*(z)). For s =0 we have h*(g(z)) = ¥ (v*) = 0 = g(0) = g(h*(2))-
If s > 0 then h*(g(2)) = h*(f*~ (w(v",v"1))) = £°71(0) = 9(£°(0)) = g(h" ().

So h* is a homomorphism and by Lemmas 3.13 and 3.15 it is the only such

homomorphism. O

If h: A = M is an irresponsible homomorphism such that h(v') = 1 and
h(vi~1) = 0 then ¥ = ho (a/*f)~! is the natural extension of h from A to A’
and B/ (vi*tPntk) = 1 and A/(v*"1"+*) = 0. Lemma 3.16 shows that h' extends
uniquely to a homomorphism At : §(A’) — M. This construction sets up the
commuting diagram for rank starting with algebra A, as in Figure 2.8, and hence

will be important in the proof of Theorem 4.1 that escalator algebras have infinite

rank.
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Example 3.3. Let n = 3,7 =2, k = 4 and A be as in Figure 3.5. Then ag’4(001) =
0000001 = v%7 and &3*(011) = 0111111 = v>7. The algebra A’ = a3**(A) is shown

in Figure 3.6. To form an algebra with a (v%,4)-section we add L5, Ly, Lys, and

L,2 to A’ and the appropriate w-elements and their ladders. The resulting algebra

8(A') is shown in Figure 3.7.

3336/
i 2237 2337@

222 ‘Y :
112 .v 122 oY
111 o\{
001',0V 0118

‘4: R
0001.. ,.

Figure 3.5: An algebra A < M3 for Example 3.3

@
22222237®, 2333333,

3333333
\J : :
2222222 ® 5 :
: 11112 o 1222222 @
1111111 oY f T
\ \d f
: 96.7=0000001.® oL,7=0111111.8 ——>
Y R 9
................. b

Figure 3.6: An algebra o3*(A) = A’ < M7 for Example 3.3
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e (i) o

Figure 3.7: An algebra $(A’) < M’ showing the addition of a (v°,4)-section
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Chapter 4

Rank and Duality

4.1 Rank of an Escalator Algebra

In this section we consider the rank of an escalator algebra. Hyndman and Willard’s
algebra that is dualizable but not fully dualizable for any set of operations is the
escalator algebra of length 2. Little’s algebra P12 [10] is an escalator algebra of
length 3. See Figure 4.1. His work suggests that the rank of this algebra is infinite.
We show that this is true for all escalator algebras, not just Py2. Recall the definition
of the {0,1}-element v’ from page 29.

We will use the notation ITY' (D) in place of D/Y". See page 9 for these equivalent

concepts.

Lemma 4.1. Let B < C < M" where 0 < k < j <n and vi,v971,... ;077 % € C.
Let Y C Hom (C,M) be a set of projections. If vi, 071, ... vI~% determine distinct
elements in IIY (C)then |Y| > k.

Proof. Assume v7,977, ... v9~F determine distinct elements in Y (C). Then for
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3
2

.

o
Le ;

y g

Figure 4.1: The diagram showing Little’s P19

all by # by € {v7, 097, ..., v77F} there exists a projection m; € Y such that m;(b;) #
m;(by). For j € {j,5 —1,...,5 — k + 1} we have v/,v7™! € C and if i # j then
m;(v7) = m(vI™1) so m; € Y. Hence we need at least k projections in Y to separate

R T O

Lemma 4.2. Let A < M” be a w-algebra, let h : A — M be a homomorphism
such that for some 1 < i < n both h(v') = 1 and h(v'™') = 0, and let k be an
even integer greater than 3. Define A’ = o*(A) and ' = ho ((a*)™1). For
Y C Hom (8(A"),M), if b’ lifts to TIY (8(A")) then fori < j< i+ k — 1 we have
MY (v7) # IV (u7+1),

Proof. Assume h' lifts to [TY' (§(A')) then there exists a homomorphism + such that
for all a € A’ we have h'(a) = y(IIY (a)). As h(v*™) = 1 both A/(vithntk) =1
and y(IIY (v**%7+%)) = 1. Similarly h(v*~*") = 0 implies that A'(v*"2"*) = 0
and thus y(ITY (v*~1"**)) = 0. Let j = i+ k then j —k < j < j — 1 and there
are two cases. If j€ {j —k,j —k+2,...,7 — 2} then by Lemma 3.15, and using
v o TIY it follows that (ITY (v#"+#)) = 0 and y(IIYV (v#1)) = 1. Otherwise if
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je{j—k+1,j—k+3,...,5— 3} then once again by Lemma 3.15 it follows that
(ITY (v3"+%)) = 1 and y(IIY (v7*!)) = 0. In both cases we have I1Y (v7) # IIY (0711)

as required. O

Corollary 4.1. For W a w-algebra if h : W — M is an irresponsible homomor-

phism then rank(h) > 1.

Proof. The proof is by contradiction. Assume rank(h) < 1. We have W < M"
where n > 3. Since h is irresponsible there exists 1 < 7 < n such that h(v") = 1,
and h(v:"1") = 0. We can construct the commuting diagram for rank (Figure 2.8)
as follows. Let k be any even integer greater than 4. Let B = W, 0 = af’k, B =
o(B)=W',C =D = §(W') and &' = ho(a"*)~1. Then h* exists and is the natural
extension of A’ from W' to (W) as discussed on page 42. By the definition of rank
there exists an Ny and a Y C Hom (§(W'), M) such that |Y| < Np, the map b/
lifts to IIY(§(W')), and for all g € Y we have rank(g) < 1. So we know that Y
is a set of projections and by Lemma 4.2 that IIY (v*) # IIY (v**!) which implies
that 7., € Y. Fori < ¢t < i+ k we have m,1(v") = 0 # 1 = m1(v') and so
ITY (v¥) # 1Y (v!) and thus A’ separates vi** v**th—1 .. o', With j = i+ k by
Lemma 4.1 we get |Y| > k. The only restriction on our choice of k was that it be
an even integer greater than 4 so let k = 2Ny + 2. Then |[Y| > k = 2Ny + 2 > N,.

This is a contradiction as |Y'| < Ny. Therefore rank(h) > 1. O
Theorem 4.1. The rank of the escalator algebra of length p is infinity.

Proof. Assume for contradiction that there is an ordinal 8; such that rank(M) = ;.
Let S be the least ordinal such that there exists a w-algebra, W < M", and an

irresponsible homomorphism h : W — M with rank(h) = 8 < ;. Let N witness
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this. By Corollary 4.1, 8 > 2. As h is irresponsible there exists ¢ < n with h(v*) =1
and h(v"!) = 0. Let k = 2(N +2) and o = a}"*. As shown at the end of the last

chapter we can construct the commuting diagram in Figure 4.2.

W Zar W < §(W) < §(W') < Mtk

-~

Figure 4.2: A commuting diagram for a w-algebra

In the definition of rank we found an integer N > 1, a set Y C Hom (§(W’), M)
with |Y| < N, where A’ lifts to IIY'(C) such that for all g € Y we have rank(g|sw)) <
B. Ask = 2(N +2) then Y| < N = 54 < k so by Lemma 4.1 there exists at
least one homomorphism, g;, in Y that is not a projection. By Lemma 3.14, the ho-
momorphism g; is irresponsible. Since §(W') is a w-algebra our initial assumption

says that rank(g;) > 8 and we have our contradiction. So rank(M) is infinite. O

4.2 M is Dualizable

The next goal is to show that every escalator algebra is dualizable. In [9], Hyndman
and Willard showed that Ms is dualizable. The general proof follows the structure
of their proof quite closely but requires additional algebraic relations in the alter
ego.

Given M we need to find M such that M is a finitary alter ego for M. First we

define two families of relations. In the case where y = 2 these relations are precisely
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the relations E and R of Hyndman and Willard’s proof in [9]. Let
¥ = {7 | 7 is a unary term operation of M}.
Recall that an element y € M* is a k-tuple (y1,¥2,...,%x). For 2 <k < p+1 let
Sk:{yEMk3y1 < Yo+ < Yk}

Recall for a unary term operation 7 that 7(xy,T,...,2n) = ™ (T1, T2, ..., Tn) =
(™(z,), ™(z3), ..., ™(z,)). We are omitting the superscripts for convenience.

For all y € S define

Py = {p € M2k—2 . 37 € Ev T(p) = (ylay%y% o '7yk—-17yk—1’yk)}

Qu={geM*?:q<g< - <qgua}\Py

For each 2 < k < p+ 1 we define

Qe ={ @y |y € Sk}

Then @), C M%*~2 and for all y € Sy, we have Qx NP, =0 as @, N P, = (). Note that
01...11is in M?%~2 and 01...1 is not in P,. Otherwise if 01...1 € P, then there
exists 7 € ¥ with 7(01...1) = (y1,Y2,Y2, - - -, Yk—1, Yk—1, Yx) Which would result in
Yo = Y3 = ++- = yg. Thus for all y € S; we have 01...1 € @, and so @Qx # 0. For
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1 < j < p define
E; = {(z,2), (2, /'(@)), ..., (&, f(2)) | = € M} € M®.

Lemma 4.3. Both E; = (E}; f,g9) and Qx = (Qk; f, g) are algebras.

Proof. To show this we need only show that the E; and @ are closed with respect
to f and g.

Let p € E;. Then for some 0 < 5 < j we have p = (z, f{(z)). Thus f(p) =
f(z, f(x)) = (f(2), f(f(2))) = (f(x), f(f(z))) which is an element of Ej as f(z) €
M. Similarly g(p) = g(z, f*(z)) = (9(z), 9(f*(2))). Let

t=g(f'(z)) — g()

0 if £=0,i=0

=<4i-1 if £=0

\fi(:r)—x if >0

<z+i—zx=1.

So0<t<i<j<p Asg(z) € Mand f(g(x)) = g(z) +t = g(z) + (9(f*(z)) -
g(z)) = g(fi(x)) we have g(p) = (g(), f*(g(x))) is in E; as desired.

Assume @ is not closed with respect to f and g. Then there exists some 7 € ¥
and some ¢ € Qy such that 7(¢) ¢ Q. As ¢ is ordered we know that 7(g) is also
ordered and hence 7(q) € P, for some y. This implies that ¢ € P, but this is a

contradiction as ¢ € Q5. Both E; and Qy are algebras. O

30



The alter ego that dualizes M is

M = <M7/\7V)E1aE2a"-;EM—I’Q33"'aQu+1a7(-1>

where Ty is the discrete topology.

Hyndman and Willard define two algebraic relations as follows:

E={(z,y) : v <yand (z,y) # (0,2)}

R={(z,y,z,w):c<y<z<wandz=yorz=uw}

They then show that the topological structure M = (M,A,V, E, R, T3) dualizes
M,. As p = 2 the only possible value for k£ is 3. Then our alter ego for Mj is
M = (M,A,V,E, Ey,y..., By 1,Qs,- -+, Qui, Ta) = (M, AV, E1,Qs, Tg). Thus to
show that our construction matches Hyndman and Willard’s we need only show that

E1:EandQ3=R.

Ss={yeM?:y; <y <wys}={(0,1,2)} and,
Poo={p€ M*:3re X, r(p) =(0,1,1,2)}

={(0,1,1,2)}.

51



From this we determine that

Quz={geM*:q1 <@ <3< qu}\ Pora
={(O, 0,0, 0), (0, 0,0, 1), (0, 0,1, 1), (0, 0,1, 2), (0, 0,2, 2),
(0, 1,1, 1), (0, 1,2, 2), (O, 2,2, 2), (1, 1,1, 1), (1, 1,1, 2),

(1,1,2,2),(1,2,2,2), (2,2,2,2)}.

As there is only one element in S; we have Q)3 = Qo12 = R. We also have

E, = {(:L’,:L‘), (I’fl(x)) | S M}

= {(07 0)7 (17 1)7 (27 2), (07 1)’ (1’ 2)}
=F

So we have E = E; and Q3 = R as desired.
Now we present three lemmas. The first two (Lemma 4.4 and Lemma 4.5) are
required for the third and have very similar proofs. Then we have Lemma 4.6 which

is required for the proof that M is dualizable.
Lemma 4.4. If T € X, p,g € M and 7(p) < 7(q) then p < g.

Proof. First assume that length of 7 is 1. Thus 7 = f or 7 = g. If 7 = f then
f(p) < f(g) < p which implies that p < pp and f(p) =p+1. If g =p thenp < q. If
g < wthen f(¢) =¢+1and p+1 < g+ 1 which also implies that p < ¢. Similarly,
if 7 = g then 0 < g(p) < g(q) which implies that ¢ > 0 and g(q) =¢—1. If p=10
then p < g. If p > 0 then p — 1 < ¢ — 1, which again gives p < g.
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Now assume that if the length of 7y = s then 7o(p) < 70(q) implies that p < g,
also assume length of 7 is s + 1. Then 7 = f o1y or 7 = g o 7y for some 75 with
length 5. If 7 = f o7 then 7(p) < 7(¢) < p implies that (fo7y)(p) < (foto)(q) <
and so 7o(p) < p and f(7o(p)) = 7o(p) + 1. If 76(¢) = p then 7o(p) < 70(g) and
by assumption p < ¢q. If 75(q) < w then 79(p) +1 < 79(¢g) + 1 which implies that
70(p) < 7o(q) and again by assumption p < ¢. Alternately if 7 = g o 7y then
0 < 7(p) < 7(g) gives 0 < (g o 7)(p) < (go70)(g) which implies that 79(g) > 0 and
g(10(q)) = 10(q) — 1. If 19(p) = O then 79(p) < 70(g) and by assumption p < ¢q. If
70(p) > 0 then 19(p) — 1 < 79(g) — 1 and so 79(p) < 7o(¢) and again by assumption

p < g. So by induction p < ¢ for all terms 7 € X. O

Lemma 4.5. If p;,p2,p3,p4 € M and 7 € ¥ such that py < p2 < p3 < ps and

7(p2) = 7(p3), then either 7(p1) = 7(p2) or 7(p3) = 7(pa).

Proof. First note that for any z < y € M if f(z) = f(y) then either z = y or
z = p—1and y = u. Similarly, if g(z) = g(y) then eitherz = yorz =0and y = 1.

The proof is by induction on the length of terms. Assume that length of 7 is 1.
Thus 7 = f or 7 = g. If 7 = f then f(p;) = f(ps) which implies that p, = p— 1
and p3 = 4 = pg. If 7 = g then g(ps) = g(ps) which implies that p, = 0 = p; and
p3 = 1. Thus either 7(p1) = 7(ps) or 7(p3) = 7(p4).

Now assume that if the length of 7y = s then 79(ps) = 7o(ps) implies that either
70(p1) = T0(p2) or To(p3s) = To(ps). Assume the length of 7is s+ 1, then 7= fom
or T = g o 1y for some 7y of length s.

If 7 = f o7 then 7(py) = 7(p3) implies that (f o 79)(p2) = (f o 70)(ps) and thus

we have two cases. If 79(ps) = 79(p3) then by assumption 79(p1) = 7o(p2) or To(ps) =
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70(p4). Otherwise 79(pz) = p—1 and 79(ps) = p = 79(ps). So for(ps) = fo7o(pa),
that is, 7(p3) = 7(p4).
If 7 = gorg then 7(p2) = 7(p3) implies that (g o 79)(p2) = (g o 70)(p3) and

again we have 2 cases. If 7y(p2) = 7o(p3) then by assumption 79(p;) = 7o(p2) or

70(p3) = To(p4). Otherwise 1o(p3) = 1 and 74(pe) = 0 = 7o(p1) and 7(pe) = 7(p1). O

Lemma 4.6. If p € M?~2 with k > 2 such that there erists a 7 € ¥ and
7(D) = (Y1, Y2, Y25 - - - » Yb—1, -1, Yk) With y1 < ya < -+- < Yy, then
p = (b1, b2, by, ...bg_1,bk_1,bk) for some elements by, ba, ..., b in M with

by < by < -0 < by,

Proof. Let

p=(p1,P2, D3, - ., Pax—2) € M7

and 7 € ¥ such that

T(P) = (yl,ymyz, cee ,Zlk—l,yk—l,yk)-

Looking at each coordinate we see that

Yit1 if 4 is odd,
7(pi) = ’
Yipn if iiseven.

For all j < k — 1 we know that y; < y;;1 so for all © < 2k — 2 we have
7(p;) < 7(piy1) First we need to show that if ¢ is odd then p; < p;41 and that
if ¢ is even then p; = p;41.

Assume 7 is odd then 7(p;41) = Yirliy = Yigs > Y = 7(p;)-

Assume i is even then 7(p;11) = Yitler = Yiz2 = Yi g = T(ps).
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So 7(p1) < T(p2) = 7(ps) < +++ < T(Paw—-4) = T(P2k—3) < T(p2x—2) and by

Lemma 4.5 and Lemma 4.4 we have p; < py =p3 < -+ < Pog—a = P2k—3 < D2k—2-

1 if 1= ].,
Let b, =

P2i—2 if 7>1.
Then

D= <p17p27p37 e 7p2k—2>
= <p1,p2)p27p4a e )ka—4’p2k—4>p2k-—2>
= (b1, ba, b2, ..., bk—1, bp—1, bi).

Theorem 4.2. M dualizes M.

Proof. Since M is a total structure whose set of relations is finite, by Theorem 2.1
we need only show that the interpolation condition holds to show that M dualizes
M.

Let X < M" and h : X — M. To show that the interpolation condition holds we
need to show that h is the restriction to X of an n-ary term operation of M. The
proof is broken into three cases. Case 2 uses E; while case 3 uses Q
CaAse 1 : | range(h) | = 1.

In this case h is constant, say h(z) = p — ¢ for some fixed ¢ with 0 < ¢ < p. So
h is the restriction to X of g* f#(m (z)).

CASE 2 : | range(h) | = 2.
Assume range(h) = {y1,y2} where 1,92 € M with y; < y2. As h can also

be viewed as a homomorphism from the finite distributive lattice (X, A, V) onto a
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two-element lattice there exists 7, s € X such that

Pl y)={zeX:z<r}

h ' (y) ={z € X:2 > s}

Let # =rVsand a =y, —y;. Since h(7) = yp and h(r) = y; we now need to choose
a coordinate ¢ so that r; + a < s;. This is accomplished by looking at two cases
based on the value of a.

If a = 1 may choose any ¢ such that r; < #;. This givesusr;+a=r;+1 <7 =
r; V 8; = 8; as desired.

If @ > 1 then (h(r),h(F)) = {(y1,¥2) = (y1,51 +a) € E; for all j < a. This
implies that for all j < a we have (r,7) ¢ E; as h respects all E; € M. Then there
must exist ¢ < n such that (r;,#;) € E,_1. As B} C E; C ... C E,_; we also get
(riy7;) ¢ Ej for all j < a. Let b = 7; — r;. Then (r;,#) = (ri,ri+b) € Eysob>a
and r; +a < 7; =1r; Vs; = s; as desired.

For this fixed ¢ define X; = {z; : € X} and h; : X; — range(h) by hi(z;) = h(z)
for all z € X. This is possible since if z,2" € X and z; = z it is impossible to
have z < rand 2’ > sor 2’ < r and ¢ > s, so h(z) = h(z'). Thus we have
R Hy) = {z: € Xy : 2 <1} and hi(ye) = {zi € Xi 1 3 > si}.

Let 7 be the term operation gt~ % f#~%g"™ and recall that 7, +a < s;. If z; < r;
then 7(z;) = gh™o V1 froghi(g;) = gh— oV fE4(0) = g+ %V (p—a) =y If 2, > 5
then 7(z;) = g** ¥ fA=0g" (2;) = ghmo N R (m — 1) = gV (B) = a Y1 =
Thus 7|x, = h; and h = 7 o ;| x.

CASE 3 : | range(h) |=k for 2 < k < p.
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Then range(h) = {y1,%2,-.-Yx}. As each y; is a distinct element of M we
may assume that y; < yo < -+ < yx S0 ¥y = {(Y1,Y2,..-Yk) € Sk. Thus h is
a lattice homomorphism from (X,A,V) onto a k element chain and there exists

rir2 ...,k 82 ., sF € X such that:

Riy) ={zeX|z<r'}
Rl y) ={zeX|s*<z<r’}

P ly) ={zeX|s<z<rd}

R l(yp) ={z € X | s <2 <rF 1}

WY y) = {z e X |s* <z}

Note: It is possible to define s' = A X and r* = \/ X so that s' < z < r¥ is

always satisfied. This allows us to rewrite the above set of equations as
Wig)={zeX|s<z<r} foralll<i<k

For 1 < j < k define # = rJ v s/*1. As h preserves V we get h(7) = h(r/) v
h(s9T1) = y; V yj+1 = y;41 and we have i1 < 79 < pitt,

Now define @ = (r!,#!,r?, 72, ..., 7¥=1, #%=1) Then

h(@) = (h(r"), h(7'), h(r?), h(F?), ..., h(r*71), R(F*"1))

= <y1, Y2, Y2y - -« Yk—1, Yk—1, yk> .
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and using 7(z) = z we obtain h(a) € P, as well as h(a) ¢ Q,. As h respects @,

there exists 4 < n such that there is an element p of M?~2, where
/el oAl 2 a2 k=1 k-1
p={(rl,f, i, f0, .Y ¢ Q.

Because a is ordered we know that p is also ordered and thus p € P,. This means that
there exists a term 7 with 7(p) = (Y1,Y2, Y2 - - -, Yk—1, Yk—1, Yx) and, by Lemma 4.6,

J+1

J+1 _ g+1
) i

r! <7 and thus ! =7 =71} Vs]™ =35 as these elements are in the chain M.

Let o be the term operation gt % fE %+ g¥irr, and let x € X. If h(z) = »

then z € h™'(y;). It follows that z < r! and z; < r} = p;. Thus

o(a) = g ¥ I g (o)
= gh v fu—yk+ylgylr(xi)
= gl Y fEUtUL(0)  as 7(x;) < T(p1) = W1

= g" % (u— Yy + 1) = y1 = h(z).

If h(z) = y, then x € h™'(yx) and we have z > s*, x; > sF = pa_», and

7(zi) > 7(P) = Yk, SO
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0(:1:) — gu—yk f“_y’“+y1gy1T7Ti(:IJ)
— gu—yk fu—yk+ylgy17.(l.i)
— glt—yk fﬂ—yk-i-yl (T(.’E,) _ yl)

= g""" (1) = vr = h(x).

Finally if A

—~

z) =y for2<j<k-—1thenz € h(y;) and s/ < z < 1/ and

="l = g] < g; <r! =p,; or, more succinctly, z; = p;. This gives us
J ( { J v ) i

IA

o(x) = gh v frvE gy (2)
= ghTUk U UL () = gF YR fETITYLGE (y) s (@) = T(ps) = Y
= gH Yk fHUE (g — )
=g (y; + 1 — ue)
= y;

= h(z).

O

So for all z we have o|x(x) = h(z) as required. For each case h is the restriction

to X of a term operation and so M is dualizable by Theorem 2.1.
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4.3 M is Not Strongly Dualizable

In this section we show that M is not strongly dualizable using two lemmas from [13].
The first of these states the existence of a given structure for any n € N. Hyndman
and Willard give a more general version of the lemma that does not restrict itself

to w but uses any cardinal number [Lemma 4.1 [9]].

Lemma 4.7. (Lemma 4.1 [13]) There is a chain T’ = (['; <) and a partially ordered
set TV = (['; Q) such that < is strictly contained in < and the following condition
holds:

foralle,d € T withc < d and ¢ 4 d, there exists {c, | n € NJU{d, | n € N} CT

such that ¢ < ¢, and d, < d and ¢, < dy, < ¢cpy1, for everyn € N.

Lemma 4.8. (Lemma 4.2 [13]) Let M be a finite algebra. Given T' and T as in
Lemma 4.7 let B < A in A = ISPM) with ' C B. Assume there is a chain
C = (C; <), with C C M, such that the maps |r : Hom (A, M) — Hom (T, C) and
|r : Hom (B, M) — Hom (I, C) are bijections. Then the algebra M is not strongly

dualizable.

We now show how we can apply Lemma 4.8 to escalator algebras. Fix I' as in
Lemma 4.7. Define the set TT =T U {T, L} where L <y < T forally € I". Also
let I' = (I'; <) where < is some relation contained in < and let C = ({0,1}; <) be
the chain with {0,1} C M.

Define the mapping ¢ : It — MT" by ¢(T) = cyr+ (1) and (L) = cypr+ (0) and
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for all v in T we have ¢(y) = a, € M"" where

0 if v <.

Clearly a., is a {0,1}-element as L < v < T. If v; < «; then % < v; and a,; <
a,,. For v; # v, w(ay,,a,,;) is defined and is in M I* | For brevity we will denote
w(ay,, ;) by wy. Let D be the subalgebra of M generated by S = {a, | v €
I'YU{w; | % < ;). Define the maps ( : T' = {ay | v € T} by {(7) = a,
and |r : Hom (D, M) — Hom (I, C) by |r(h) = h o (. Denote |p(h) by hlr. (See
Figure 4.3.)

F—£—>{%|7€F} C D
\\
AN
h|1:\ h
\
AN

N\
Y

M

Figure 4.3: A diagram for | : Hom (D, M) — Hom (T, C)

We now show that for A in Hom (D, M), we have h|r € Hom (T, C). Start by
picking 4 in Hom (D,M). Then A : D — M is a homomorphism and each a, is a
{0,1}-element and so by Lemma 3.3 we have h|r : I" — {0,1}. Pick v;,~y; € T such
that 7; < ; and ; # ;. Then a4, a,;, w(%,7;) € D and by Lemma 3.10 there
exists an ¢ such that h(a,) = a,,(i) and h(a,,) = a,;(i). The fact that v < v;

implies that a,, < a,,, 50 a,(¢) < a,, (i) and thus h(a,,) < h(a,;). Finally we have
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that hlp : I' — C and that k|r € Hom (T, C).
Now pick h € Hom ([',C). Then h : T' — {0,1} and respects the relation <.
Extend h to the mapping ' : S — {0,1,2} by

h(%) if a=a, forsomeyel

h(7;) + h(7;) if a=w,; forsome v;,v; € withy, <,

This mapping respects the functions f and g restricted to S. To see this pick z € S
such that g(z) € S. Then z = w(a,b) and g(z) = a for some a,b € {a, | v € I'}
and a < b so h(a) < h(b). If h(a) = h(b) = 0 then h'(z) = 0 and h'(g(z)) =
K(a) = 0 = g(0) = g(W'(z)). If h(a) = 0 and h(b) = 1 then A'(z) = 1 and
h'(g(z)) = W(a) = 0 = g(1) = g(h'(x)). If h(a) = h(b) = 1 then h'(z) = 2 and
K(g(z)) = W(a) =1 = g(2) = g(W(z)). Note that there is no way of picking z € S
such that f(z) € S.
The map b’ extends to the map h* : D — M as follows:

h'(g}) if z€8
h*(z) =
f¥(h'(a)) if z=f*a)withaeS.

The next lemma shows that ~A* is a homomorphism and by Lemma 3.13 it is the

unique extension of A’ to D.

Lemma 4.9. If h is an element of Hom (f‘, C) then the unique extension of h' to

D, h*: D — M is a homomorphism.

Proof. We need to show that h*(f(z)) = f(h*(z)) and h*(g(z)) = g(h*(z)). Pick
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v €D={Lg, |y €T}U{Ly, | v <} The construction of D gives us 4 cases.
Ifr € L, thenz=a,o0rz= f’“(a7) for some 1 < k < p— 1. Otherwise if £ € Ly,
then z = w;; or x = f¥(w;;) for some 1 <k < p—2.
CASE 1 : Assume 7 = a,,.

It follows that h*(f(a,)) = f(h'(a,)) = f(h*(ay)). By Lemma 3.3, h*(z) =
h*(ay) € {0,1} and so g(h*(z)) = 0 = h*(cp(0)) = h*(9(ay)) = h*(9(2)).
CASE 2 : Assume z = f*(a,) with 1 <k < p—1.

We have

W(f (@) = h*(f(f*(ay))) = K" (f*(ay))
= M (ay)) = F(FH (R (ay)) = £(B(f*(ar)))
= f(h"(2)).

As z € L,, and z # a, we have gf*(a,) = f*"!(a,) and thus

h*(g(z)) = h*(9(f*(a,))) = b*(F*"H(ay))
= [ (W ()
= g(f*(H(a,))) = 9(h*(F*(ay))) = g(h*(2)).

CASE 3 : Assume z = w;;.

Then h*(f(x)) = h*(f(wi;)) = f(W (wy)) = f(h*(wij)) = f(h*(2)).
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As h'|5 respects g and w;; is in S we have g(h'(z)) = h'(g(z)) and

h*(g(x)) = h*(g(wi;)) = k" (ay,)
= h,(g(wz’j))
= g(h(wi)) = g(h*(wy5)) = g(h*(z)).

CASE 4 : Assume z = f*¥(w;;) with 1 <k < p—1.

It follows that

R (f (@) = B (f(FF(wi) = B* (£ (wyg))
= [ (wig)) = FOFH (R (wig)) = (B (F*(wyg))
= f(1"(2)),

and

R (9(2)) = " (9(fF(wyy))) = b* (£ (wyy))
= fF7H (R (wyy))
= g(FH (' (i) = g(* (fF(wyy))) = 9(h*(2)).

So for all cases we have h*(f(z)) = f(h*(z)) and h*(¢9(z)) = g(h*(z)) and so h
is a homomorphism. By Lemma 3.13 this homomorphism is the unique extension

of K. O

Lemma 4.10. If D = Sgyr+ ({a, | v € T} U {w(ay, a,;) | v Q v;}) then the map
Ir : Hom (D, M) — Hom (I', C) is a bijection.
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Proof. First pick h in Hom (f‘,C). Then A* : D — M as constructed above is a
homomorphism and A*|r : I' — {0,1}. For any vy in I we have 2*|p(7y) = (h*o()(y) =
h*(¢(7)) = h*(ay) = W'(ay) = k(7). So h*|r = h and thus |r is onto.

Now pick & and § in Hom (D, M) such that a|r = S|r. Let z be an element of
D. If z = a, for some v € T then a(z) = a(ay) = (a0 {)(y) = a|r(y) = Blr(y) =
(BoC)(7) = Blay) = B(z). Alternately if z = w;; for some ; < +; then by Lemma 3.9
we have a(2) = a(wy) = alay,) + ala,) = Blay) + Blas,) = Bwy) = Bx). So
a(z) = B(z) for all z in S and by Lemma 3.13 we have a(z) = f(z) for all z in D.

Thus |r is one-to-one and hence a bijection. O
Theorem 4.3. M is not strongly dualizable.

Proof. Let I' = (I'; <), I' = (I'; <) as in Lemma 4.7, and let

B = SQMF"'({G’Y | Y€ F} U {w(a%aa’n) | vi < 'Yj})a
A=Sng+({a7 |7€F}U{w(a’wa’7j) '%’ S7j})’ and

C= <{0’ 1}; S) .

By Lemma 4.10, the maps |r : Hom (A, M) — Hom (T, C) and |r : Hom (B, M) —

Hom (IV, C) are bijections. Hence by Lemma 4.8 M is not strongly dualizable. [

4.4 Steps Towards M is Not Fully Dualizable

To show that the escalator algebra of length 2 is not fully dualizable Hyndman and

Willard showed that the relations of My were balanced. They then constructed two
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bi-graphs and relations on each of the bi-graphs. Full dualizability of M, would
require that one of the relations was the reflexive transitive closure of the other. As
this is not the case M; is not fully dualizable.

In the attempt to parallel this work we show that the relations of M, are bal-
anced. We tried to build a graph structure and relations on those graphs that would
match the construction of [9]. Instead of getting bi-graphs the structures obtained

were multigraphs. It was at this point that work was halted.

4.4.1 E; and @} are Balanced

Recall the definitions of E; and @ from page 49. Before we show that the rela-
tions E; and @ are balanced we define balanced and present several lemmas about
homomorphisms from Qy to M. We also need to show that E; and Qy are both
algebras.

For A a finite algebra let S < A™ and S be the corresponding n-ary relation
on A. The relation S is balanced if |Hom (S,A)| = n and for ¢ # j we have

il s # mjls.
Lemma 4.11. For1 < j <2k—1,1 < n < p we have v’ and f*(v7) in Qy < M%*-2,

Proof. As v? and all its ladder elements are ordered, to show they are in Qi we only
need to show they are not in P, for any y € Si. First assume v/ € P, for some y € S.
Then there is a term operation, 7, such that 7(v?) = (y1,Y2, Y2, - -, Yk—1, Yk~1, Yk)-
Since Qy is only defined for k£ > 2 then 2k — 2 > 4 and we can look at the first four
coordinates of 7(v7). If j = 1 or j = 2 then 7(v]) = 7(1) = yp and 7(v]) = 7(1) = ys

thus y, = y3 which is false. If j > 2 then 7(v?) = 7(0) = y; and 7(v]) = 7(0) = .
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thus y; = y, which also is false. We have v/ ¢ P, and consequently v/ ¢ P,. All

elements of L,; being in Qy follows directly from the fact that Qy is an algebra. O
Recall the definition of v/ from page 29.
Lemma 4.12. If h: Qx — M is a homomorphism then h is responsible.

Proof. Pick v*,v7 € Qy such that j < ¢ and h(v*) = 1. To show that h is responsible
we need to show that h(v?) = 1. By Lemma 3.7 we know that g(w(v?,v’)) = v* and
M w(, o)) = A7) = . So g(h(w(v',v7))) = h(g(w(v',v7))) = h(v') =1

which implies that h(w(v?, v7)) = 2. Furthermore we can deduce that

A Hw(', 7)) = 47 (h(w (v, v7))) = F71(2) = p.
So we get
h(v') = h(g" (W) = g (h(u)) = g" M (A(f* Hw(v',v")))) = g* M (w) = 1.

So h is responsible. O
Lemma 4.13. If h: Qx — M is a homomorphism then h is a projection.

Proof. Pick x € Q. By Lemma 4.12, h is responsible and thus there are three

cases.
CAsg 1 : For all 5 < 2k — 2, h(v') = 0.

Then there exists v/ € Qy such that f*=~!(z) = u/. So

£ (@) = B @) = () = () = 2B = PO = k1
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This implies that h(z) + s, — 1 = p — 1 and because z is ordered we get h(z) =
p— 8z = min(z) = z1. So h(z) = m1(z).
CASE 2 : For all 1 < 2k — 2, h(v*) = 1.

Then there exists v/ € Qy such that gt=~1(z) = v7. So

This implies that h(z) —t, +1 =1 and we get h(z) = t, = max(z) = Tox—2 since x
is ordered and we have h(z) = mor_2(z).

CASE 3 : There exists i < 2k —2 such that for 1 < j < 2k—2if j > 7 then A(v?) =0
and if j <7 then h(v?) = 1. We claim that b = m;.

Then there exists 1 < j < j < 2k — 2 such that g**~(z) = v’ and f*=~1(z) = v’
As h(v7) equals 0 or 1 and h(u?) equals p or u — 1 we have three subcases:
SUBCASE i : h(vf) = 1.

If h(v7) = 1 then j < 4 and v! = 1. We now have g'*~(z;) = v/ = 1 which
implies that z; —t, + 1 = 1 and we get z; = t,. This gives us g*'(h(z)) =
h(g'=~'(z)) = h(v’) = 1 which implies that h(z) —t, +1 =1 and h(z) = t; = =
and thus h(z) = m;(z).

SUBCASE ii : h(u/) = p— 1.

As f=7Y(h(z)) = h(f="Yz)) = h(v’) = p—1 we get h(z) + s, -1 =p—1
which implies that A(z) = p — s,. To show that j > ¢ we only need to note that
h(v)) = h(g" 1 (w)) = g* 1 (h(v)) = ¢**(p — 1) = 0. From this we get that
f*=Y(z;) = v! = p — 1 which implies that z; + s, — 1 = p — 1 which gives that
z; = g — 8 = h(z) and finally h(z) = m;(z).
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SUBCASE iii : h(v7) =0 and h(uw?) = p.

To get j < i < j we only need to note that h(v7) = 0 and that h(v?) =
h(gh=1(w)) = "M (h(w)) = ¢"~'(u) = 1. From this we get f*7'(z:) = v} = p
which implies z; + s, — 1 > p and z; + g — min(z) — 1 > p, ; — 1 > min(z), or
z; > min(z) = x;. Similarly ¢%~!(z;) = 0 implies z; —t, +1 < 0, z; + 1 < ¢,
T; < iy

Now assume for contradiction that h(z) = z, < z;. Let ' = ¢%~!(z). This
gives us =, = ¢ !(z;) = 1 and 2} = ¢* (z1) =0, as z; > z1. So 5y = p and
fee=H(a') = f¥=(2'). Thus f*"}(z) = f#71(0) = p—Tand fA=(zf) = f41(1) = p
so f#~1(z') = u? for some j' < i which implies that h(v?") = 1 and h(v/') = p. Then
h(z') = h(g%~}(z)) = g%~} (h(z)) = g% *(z,) = 0 and A(f*~(z")) = f*~*(h(z")) =
f*~1(0) = p — 1. But h(f* (")) = k(") = p which is a contradiction and thus
z; < hiz) < t,.

Now assume for contradiction that h(z) = z, > z; and without loss of generality
assume that z,_; <z —r. Let 2" = f#~% (). So 2! = f# % (z,) = p and z_, =
Ao (@p=1) < p, 88 Tp_g < T — 7. S0 te = p and gt=" (") = g (z"). Thus
9" (ay_y) = 0 and g#~(27) = ¢*"(u) = 1 50 ¢""}(2") = v"", and h(v'™') =0
as i < r — 1. Then h(z") = h(f**(z)) = f**(h(z)) = f**(z,) = p and
h(gh~}(a")) = "' (h(a")) = g7 (u) = 1. But h(¢"~*(z")) = h(v""") = 0 which is

a contradiction. So h(z) = m;(z). So for all z € Qx, h(z) = m;i(x). O
Lemma 4.14. If h : E; & M is a homomorphism then h is a projection.

Proof. Assume h : E; — M is a homomorphism. Given that E; = Cy2 U Loy then
for 1 < j < p we have E; = E;_1 U Lo;. We will use induction on j to show that h

is a projection.
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The base case is j = 1. Then we have E; = E) which consists of the centre
and one ladder only. By Lemma 3.2 we know where the centre elements are sent so
we only need to determine where the ladder elements are sent. This is completely
determined by where the foot element, (0,1), is sent. We see that g(h(01)) =
h(g(01)) = h(00) = 0 and thus A(01) = 0 = m;(01) or A(01) = 1 = m,(01). So for
all z € E) we have h(z) = m;(z) for some 7 < 2.

Assume that for some j all homomorphisms from E; to M are projections. Then,
by an argument similar to the one in the previous paragraph, to determine what all
the homomorphisms from E;.; to M are we need only look at where (0,5 + 1) is
sent as E;11 = E; U Log41). If A(05) = m1(05) = 0 then h(u — j, u) = h(f*77(05)) =
FHI(h(0)) = f#77(0) = p—j and g(h(0,5+1)) = h(g(0,7+1)) = h(07) = 0 which
implies that h(0,j+1) = 0 or 1. Assume for contradiction that A(0,j+1) = 1. Then
h(p—j,p) = h(f#79(0,5+1)) = frI(h(0,5+1)) = f7(1) =p~j+1# p—jSo
h{(0,7+1) =0=m(0,7+1). If h(0f) # 0 then by assumption h{05) = mo(05) = j.
Then g(h(0,7 + 1)) = h(g(0,7 + 1)) = h(0j) = j and thus h(0,j+1) = j+1 =
72(0,7+1). And so by induction we know that h : E; — M is a projection for all j.

a

Lemma 4.15. E; and @ are balanced with respect to M.

Proof. By Lemma 4.14 we know that all homomorphisms in Hom (E;, M) are pro-
jections. The element (0,1) € E; for all j < p and m((0,1)) = 0 # 1 = m,((0, 1))
so m; and 7 are distinct and therefore E; is balanced.

By Lemma 4.13 we know that all homomorphisms in Hom (Qy, M) are projec-

tions. Without loss of generality assume j < ¢ < 2k — 2. Then by Lemma 4.11
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vi € Qp and m;(v?) = 0 # 1 = m;(v7). So there are 2k — 2 distinct projections and

therefore () is balanced. a
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Chapter 5

Where to go from Here

In this paper we have shown that escalator algebras have infinite rank, and are
dualizable but not strongly dualizable. Following the work of Hyndman and Willard
in [9] we showed that the relations of M are balanced which suggest that escalator
algebras of length greater than 2 may not be fully dualizable. This work still needs
to be completed.
Hyndman and Willard have proven [7] the following:
Suppose that M is some dualizable algebra. Assume ¢(z,y) is a primitive
positive formula that defines an acyclic binary relation. If there exists a

set {0,1} contained in M such that ¢(0,0), ¢(0,1), and ¢(1, 1) hold then
M is not strongly dualizable.

This result can also be used to show that escalator algebras are not strongly dual-
izable and thus verifies the results in this thesis.
Open questions that follow directly from this thesis are: whether or not all esca-

lator algebras are not fully dualizable? Do other families of algebras have analogues
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to w-algebras? If so can they be used to prove infinite rank of those families?

It is possible that answers to the above may provide clues to the following more
general questions about unary algebras and their dualizability. For unary algebras
with more than three elements, can we find nice conditions for dualizability? Can we
find nice conditions for full/not full dualizability, or strong/not strong dualizability?
Finally, another question of significant interest is whether there exists an algebra

which is not strongly dualizable but is fully dualizable.
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