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The geometric triharmonic heat flow of immersed surfaces near spheres

Abstract

We consider closed immersed surfaces in R*3 evolving by the geometric triharmonic heat flow. Using
local energy estimates, we prove interior estimates and a positive absolute lower bound on the lifespan of
solutions depending solely on the local concentration of curvature of the initial immersion in L*2. We
further use an {\epsilon}-regularity type result to prove a gap lemma for stationary solutions. Using a
monotonicity argument, we then prove that a blowup of the flow approaching a singular time is
asymptotic to a non-umbilic embedded stationary surface. This allows us to conclude that any solution
with initial L*2-norm of the tracefree curvature tensor smaller than an absolute positive constant
converges exponentially fast to a round sphere with radius equal to the cube root of 3V_0/4{\pi}, where
V_0 denotes the signed enclosed volume of the initial data.

Disciplines
Engineering | Science and Technology Studies

Publication Details

McCoy, J., Parkins, S. & Wheeler, G. (2017). The geometric triharmonic heat flow of immersed surfaces
near spheres. Nonlinear Analysis, 161 44-86.

This journal article is available at Research Online: https://ro.uow.edu.au/eispapers1/369


https://ro.uow.edu.au/eispapers1/369

arXiv:1501.07651v1l [math.AP] 30 Jan 2015

THE GEOMETRIC TRIHARMONIC HEAT FLOW OF IMMERSED SURFACES NEAR
SPHERES

JAMES MCCOY, SCOTT PARKINS, AND GLEN WHEELER

ABSTRACT. We consider closed immersed surfaces in R? evolving by the geometric triharmonic heat flow.
Using local energy estimates, we prove interior estimates and a positive absolute lower bound on the lifespan
of solutions depending solely on the local concentration of curvature of the initial immersion in L2. We
further use an e-regularity type result to prove a gap lemma for stationary solutions. Using a monotonicity
argument, we then prove that a blowup of the flow approaching a singular time is asymptotic to a non-
umbilic embedded stationary surface. This allows us to conclude that any solution with initial L?-norm of
the tracefree curvature tensor smaller than an absolute positive constant converges exponentially fast to a
round sphere with radius equal to {/3Vj /4w, where Vj denotes the signed enclosed volume of the initial data.

1. INTRODUCTION

Let f: ¥ x [0,T) — R3, T > 0, be a one-parameter family of compact immersed surfaces f (-,t) = f; :
Y = fi (X)) =3%;. Wesay f is evolving under the geometric triharmonic heat flow if it satisfies the following
equation

0
ot
with given smooth initial surface f (-,0) = fo. Above A and H are respectively the Laplace-Beltrami operator
and mean curvature of the surface ¥, and v is the outer unit normal. Further notation and conventions are
set out in Section 2.

The mean curvature vector H satisfies A f= H = —Hv. As H is a section of the normal bundle,
it is natural to apply to this the induced Laplacian in the normal bundle AL. In this case one recovers
(A2H)y = A+*AL+Af. This is natural from a geometric perspective as well as from the perspective of
curvature flow: only normal terms in the speed of the flow affect geometric quantities which are invariant
under the diffeomorphism group, and so any natural geometric operator should have image in the normal
bundle. One may however wish to interpret H as a vector in R? and instead apply the rough Laplacian Ag
to it. In this case one recovers a lengthy expression for AgArAf which has leading order term (A%H )v with
many other terms contributing in tangential and normal directions. We have termed (GTHE) the geometric
triharmonic heat flow in order to distinguish it from the possible second interpretation.

As (GTHE)) is a sixth-order quasilinear degenerate parabolic system of partial differential equations, the
local existence of a solution is standard (see, eg. [14] [15]) for regular enough initial data.

(GTHF) = —(A*H)v.

Theorem 1. Suppose ¥ is a complete, compact 2-manifold without boundary. Let fo : ¥ — R3 be a CO°
isometric immersion. There exists a maximal T > 0 and a corresponding unique one-parameter family of
smooth isometric immersions f : ¥ x (0,T) — R? satisfying (GTHE) and

fet) = fo()  as 10,
locally smoothly in the C%% topology.

In this paper we will always assume that the initial data fy is smooth, and so then the flow generated by
fois f: ¥ x [0,T) — R3, which is a smooth family on the half-open interval [0, T).
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Applications of equations involving a thrice-iterated Laplacian are growing, and include for example the
modelling of ulcers [25], computer graphics [1I, 24], and interactive design [§]. In each of these applications it
is important that the Laplacian considered possesses some inherent geometric invariances, with the natural
candidate being the Laplace-Beltrami operator. We hope in future work to generalise equation (GTHE) to
include lower order terms; such sixth order equations appear as the phase field crystal equation proposed as
a model for microstructure evolution of two-phase systems on atomic length and diffusive time scales (see [4]
and the references contained therein) and in surface modelling [12, 23].

In Section 6 we study properly immersed surfaces which are not necessarily closed. Our main result is the
following tracefree curvature estimate, which holds quite generally. In particular, the immersion does not
need to satisfy A2H = 0.

Theorem 2. Let z € R3, p >0, and f : ¥ — R? be a locally W>? immersion satisfying

(1) / |A°)? dp < e
F=1(B2y ()

for eg > 0 sufficiently small. Then there is a universal constant ¢ > 0 such that

1A% 518, ) < CHAO”g,f*l(ng(m))(||VAH||§,f*1(ng(m)) + 0_6) :

This has as an immediate corollary the following higher-order analogue of e-regularity (see [9, 20, [26]
for the corresponding result for the Willmore operator, minimal surfaces, and the surface diffusion operator
respectively).

Corollary 3. Let f: X — R3 be a locally W52 closed immersion satisfying A2H = 0 weakly. Suppose that
for x € R®, p > 0, the local smallness condition (@) is satisfied for g > 0 sufficiently small. Then there is
an absolute constant ¢ > 0 such that

0116 —
[|A ”oo,f*l(Bp(m)) <ce2ph.

This estimate is a key first step in a larger regularity program for weak solutions, improving the a-priori
regularity assumption dramatically under the natural assumption that the L?-norm of the tracefree curvature
tensor A° is globally bounded.

If the L2-norm of A° is in fact globally small, then we may apply again Theorem [ to obtain the following
much stronger result than Corollary [3 above. It is proven in Section 8.

Theorem 4 (Gap Lemma). Suppose f : ¥ — R3 is a proper locally C® immersion with A2H = 0. Then, if
f is closed and satisfies

(2) / |A°Pdp < g9 < 8

b
for g9 > 0 sufficiently small, there exist x € R® and p > 0 such that

f(2) =S)(x),
where Si(x) denotes a standard round sphere in R with radius p and centre x € R®. If f is not closed, then
under assumption ([2) we instead conclude that
f(2) =P,

where P? denotes a standard flat plane in R3.

Gap Lemmata are known in a variety of contexts: for the Willmore operator [9], the surface diffusion
operator [26], and a family of fourth-order geometric operators [27]. We expect Theorem [2] to enjoy further
applications.

Using Vol (¥;) and || to denote the signed enclosed volume and surface area respectively of ¥; in R?,
we compute that under the flow (GTHE])

d
(3) —Vol (%) = —/ A?Hdp =0
dt .

d

) Gzl == [ Hamdu—— [ anPau <o
> >
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From (@), @), the flow (GTHE) is isoperimetrically natural. The flow may develop singularities while
improving the isoperimetric ratio, manifested as curvature singularities. Our first main parabolic result is
the following characterisation of the singular time.

Theorem 5 (Lifespan Theorem). Suppose f : X x [0,T) — R"™ satisfies (GTHE) with smooth initial data
fo. Then there are constants p > 0,e9 > 0 and C < oo such that if p is chosen with

(5) / |A]? dp =¢(x) < gg for any v € R?,
1By () P
then the maximal time T of smooth existence for the flow satisfies
1
6 T>—p"
(6) = &0
and we have the estimate
1

(7) / |A]? dp < Ceg for 0 <t < =pC.

171(By (@) ¢

By linearising (GTHE]) around a round sphere, one finds that the spectrum is entirely real and non-
positive. Using standard centre-manifold methods, one can conclude that any solution with initial data close
to a sphere S in C%® exists for all time and converges exponentially fast to a sphere Sy in the C* topology.
Note that S; need not equal Sy in any sense: the perturbation could be a small translation, in which case
the centre changes, or it may change the enclosed volume of the initial data from that of Si, in which case
the radius changes. Using completely different methods, we are able to improve this statement, weakening
the initial condition to geometric averaged closeness in L2.

Let us briefly detail the argument. Note that if the initial immersion is locally smooth with finite total
curvature then for any g > 0 it is always possible to find a positive p = p (€9, o) such that assumption (Bl
is satisfied. Theorem [l is a characterisation of singularities in the following sense. It tells us that the only
way the flow can cease to exist and lose regularity in finite time 7" < oo is if we encounter a specific type of
curvature singularity: if p (¢) denotes the largest radius such that (&) holds at time ¢, then p (¢t) < V/C (T —t)
so at least g9 of the curvature concentrates in a ball f~! (B, (x)). That is,

lim |A|* dp > e
=TS 1 (B (@)
where x = x (t) is the centre of a ball where the integral is maximised at time t.

By considering a sequence of rescalings, we are able to extract a convergent subsequence asymptotic to a
stationary solution of (GTHE]). This relies on the monotonicity of the L?>-norm of the tracefree curvature
tensor. The stationary solution extracted is entire, with small total tracefree curvature in L%, and so by
applying the Gap Lemma we are able to show that this is a contradiction. Subconvergence of the flow to
a specific sphere results, which we then strengthen by a standard linearised stability argument. Our final
result is the following.

Theorem 6 (Long time existence and exponential convergence to round spheres). There exists an absolute
constant g9 > 0 such that a geometric triharmonic heat flow f : ¥ x [0,T) — R3 with smooth initial data
satisfying

(8) / |A°|2du’ <o < 87
» t=0

: - : : : 3 : 2
exists for all time, is a family of embeddings, and for some x € R® the family ¥; converges to SW(:E)

exponentially fast in the C*° topology, where Vi > 0 is the signed enclosed volume of the initial immersion.

The paper is organised as follows. After fixing notation in Section 2 and stating evolution equations
and interpolation inequalities in Section 3, we establish local control on the L?-norm of iterated covariant
derivatives of the curvature in Section 4. These provide us with all the requisite tools to prove the Theorem
Bl which we do in Section 5. Section 6 is devoted to elliptic analysis, and culminates in the proof of Theorem
Section 7 establishes that || A°||3 is a Lyapunov functional for the flow if initially small enough. Section 8
contains the proof of the Gap Lemma. In Section 9 we use a compactness theorem and most of our earlier
work to establish the existence and several key properties of the blowup of a singular time for the flow. This is
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applied in Section 10 to conclude global existence and subconvergence to a sphere, which is then strengthened
by a standard linearised stability argument.

2. PRELIMINARIES

We consider a surface ¥ immersed into R3 via a smooth immersion f : ¥ — R3. The induced metric g on
¥ is given by pulling back the standard Euclidean inner product on R? along f. It is defined pointwise by

(9) 9i; = (0:.f,0;f) -
Here 0 denotes the coordinate derivatives on ¥ and (-, -) the standard Euclidean inner product. This induces
an inner product on all tensors along f of similar type, which are defined via traces over pairs of indices. For
example, the inner product on the (1, 2)-tensors S, T is defined by
(S,T) = g g"" g1 i T

Here we adopt the Einstein convention: repeated indices are summed from 1 to 2. The norm squared of a
tensor 1’ is the inner product of 1" with itself and is denoted |T|2. For tensors S and T' we will also frequently
utilise the notation of Hamilton [6], using S+ T to denote an arbitrary linear combination of new tensors that
is formed by contracting pairs of indices of S and T by g. For example, (S,T) = S*T. A useful property of
*—notation is that

S*xT < c|S||T|
for some constant ¢ that depends only on the number of indices in S and T' combined (recall the dimension
and codimension are fixed). For a tensor T, we define

PiT)= > Ve Tr*ViyT,
T4t =1
a sum of terms, each of which contains j factors of T" with total order of covariant derivatives equal to i.

This notation is particularly useful when only the number of factors of T" and total number of derivatives is
important. As an example

2
Ve I|" =V T+ V)T = Py (T).

The mean curvature is defined to be N _

H = gZJAij = Az
where A;; are the components of the second fundamental form A:

Aij = _<aijf71/>'
The Gauss curvature K is the determinant of the Weingarten map Az = g% A,

K =det A{ .

We also define the tracefree second fundamental form to be the symmetric tracefree part of A, denoted A°,
with components

1
Afj = Aij — §gin.
A short calculation shows that
. . 1 1
(10) (V7A%); = V' AY = g7V, (Az'j - igin) =5 Vil

note that —V* is the geometric divergence operator or formal adjoint of V in L?. Here we have used the
total symmetry of the (0, 3)-tensor VA, known as the Codazzi equations:

ViAjk = VjA;”‘ = VkAij.
It follows that
|VH|> = 4|V*A°]> <4|VA°).
Moreover, for any k € N we have
2 o
(11) Vo H|" <4V A

and hence

‘ 2

1
Vo Al" = [V A" + 5 [V H|” < 3|Va|.
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The Laplace-Beltrami operator acts on the components of an (m, n)-tensor S via

AGiim gpqqusi_l...im

Jiedn Jie-dn
We define the integral of a compactly supported function h: ¥ — R as

[
b
du = +/det (gi;) dL>.

W) = |3 =/E .

We will frequently employ the Divergence Theorem to ‘integrate by parts’ over a non-compact immersion.
To do so we include a cut-off function v : ¥ — R? in the integrand. We keep this function arbitrary but
sufficiently smooth with compact support so that we may eventually conclude global results from results that
hold on the support of . In particular, we take v = 7o f : ¥ — [0,1] for some C? function 7 satisfying

where dy is the induced measure on 3:

We denote the area by

Using the chain rule and the fact that {9; f} provides a basis for the tangent bundle T'Y, there is a universal,
bounded constant ¢, > 0 such that v satisfies

(12) IVl < 3, IVl o < 5 (ey + A1), and [[Vigyv|| o < ey (65 + ey [A] + [V A]) .

3. EVOLUTION EQUATIONS FOR ELEMENTARY GEOMETRIC QUANTITIES

Under (GTHE]), we have the following evolution equations for geometric quantities associated to 3;. The
proof of Lemma [7] is standard and straightforward.

Lemma 7. Let f: %X x [0,T) — R? satisfy (GTHE). Then

0 9 0
59~ "2 (A%H) A, 5 dn=—H (A%H) d, 5= VA®H,
0

5A= A%A+ P{(A), and %H = A°H + (A%H)|A]*.

By combining the evolution equations in Lemma, [ with the interchange of covariant derivatives formula,
we obtain the following evolution equations.

Lemma 8. Let f: ¥ x [0,T) — R? satisfy (GTHE). Then for any k € Ny:

0
5 VA=AV A+ PE(4).

Corollary 9. Let f: ¥ x [0,T) — R? satisfy (GTHE). Then for any k € Ny:
9 2 izigi
5 IV A" =2(V (A, V21V, 500, Vi A) + PYT (A) « Vi) A
Using Corollary @l Lemma [7l the product rule, and integrating by parts thrice we obtain the following.
Corollary 10. Let f: ¥ x [0,T) — R3 satisfy (GLTHE). Then for any k,s € Ny:

d
@/ !V<k>A!275dﬂ+2/ \V<k+3>A\2dﬂ=/ VAl 0 dp
b)) b b

3
3
=22 (3) [4F67) (Fawramn) Vs )i+ [ (P (4) Ty )
j=1

To deal with the extraneous intermediate terms above we will make use of (I2) and an interpolation
inequality of Kuwert and Schétzle [9, Corollary 5.3]. This gives us:
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Lemma 11. Let 2 < p < oo, k,m € N and s > kp. Then for § > 0 there exists a constant ¢ > 0 depending
only on §, s and p such that

1 1 %
P P
(/ \V(k)A\pWSdu) <ébet (/ \V(kﬂ)A‘pWdeM) +oesck (/ | Ay du) :
b} by [v>0]

The proof of Lemma [TT]is essentially the same as in [9]. However, we have retained the derivative bounds
¢y to make more explicit the scale-invariance of each quantity. Using Lemma [I1] the properties (I2)) and
Corollary [0 we obtain the following estimate.

Proposition 12. Let f : ¥ x [0,T) — R3 satisfy (GTHE). For any 6 > 0, k € No, and s > 2 (k + 3) there
exists a constant ¢ > 0 depending only on 0, s and k such that

d 2 S 2 S S 2

E/z [V Al v dp + (2 _6)/2 |[Virea A"y dp < /E (P (A) Vi A) vdp+ e S Al g

In order to control the localised norms ||V All3 .. =[5 [V sy Al*y*dp we will employ standard interpo-
lation and Sobolev inequalities, which we now state.

Theorem 13 (Michael-Simon Sobolev Inequality [19]). Let ¥ be an immersed surface and u € C (3).
Then, for a universal, bounded constant cpss > 0,

2
/ w?dp < cuss (/ |Vuldp +/ |ul |H|d#>
> > s

Theorem 14 ([I0, Theorem 5.6]). Let f : ¥ — R3 be a smooth immersion. Forn < p < o0, 0 < < 0o and

0 < a< 1, where é = (% — %) B+1, there is a constant ¢ depending on p and 3 such that for allu € CL (%),

(13) el < ellually™ (Il + 1Hull, )

Proposition 15 ([10, Corollary 5.5]). Let 0 <iy,..., 4, <k, 22:1 i; =2k and s > 2k. Then for any tensor
T defined over an immersed surface f : ¥ — R3 we have

s r— 2 s
/2VilT* ek VT d,u‘ < C|‘T|‘oo,[2y>o] (/2 |V T|" vodu + cgk |T||§7[V>O]) .

Note that we have included c, explicitly on the right hand side above. This will be important later when
we select a particular cutoff function. The next estimate below is an adaptation of [10, Lemma 4.3] to our
situation. The proof is similar.

Proposition 16. Suppose T is a tensor field, s > 6 and v is as in (IZ). There is an € > 0 such that
||A||§ (y>0] < €0 implies that there exists a universal, bounded constant ¢ > 0 depending only on the order of
T such that

4 5112 4 s
TS ey < TN s (||V<3>T-w||2+ vz 4t

[T 1Al AE | + [ITVA AL AF |5+

‘T-")/S;_G

2
’2,h>o1 '

The lemma below is similar to [I0, Lemma 4.2] and [9, Proposition 2.6]. We have incorporated the
smallness assumption and since the proof involves some new estimates, we present it.

Lemma 17. Let v satisfy (IZ). Then for an immersion f : ¥ — R3 satisfying

(14) / AP du < 2o
[v>0]

for eo > 0 sufficiently small, we have

2 S S 2 S
/ V) Al [A] v*du + / VAP A" yodp < c/ El du(/ (Vi) Al vdu + cg/ Al? du)
b = [v>0] b [v

>0]
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Proof. The second term can be estimated via Theorem [3 with u = [VA||A]> y3:

JZ R
b

2 s 2 s 2 s_1q 3 s 2
< Ve AllAP v rd+ | VAP Ay R+ ey | VAAR ek |V A]14) Yidp)

2 s 2 s s
< el ooy ([ [V AP vdi+ [ [V 147 3%+ [ 19AR 141 v
> 3 >

(15) +/E|VA|476du+CgHA||§,[7>0]>'

Here we have used integration by parts, the Cauchy-Schwarz inequality and Lemma [[Il For the second last
term in (Bl we use integration by parts and Lemma [T

/|VA|475du§3/ V(24 |VA|2|A|75du+sc7/ IVAI* | Al v Ldp
) ) by
1
< 5/ IVA|475du+C(/ !V(2>A\2|Al2vsdu+/ VAP |A|475du) +cc§/ VAP y*~*dp,
b by by b
which implies that
S 2 S 2 S S
/E|VA|47 dp < c(/E ’V(g)A’ ¥idu + /E ‘V(z)A‘ |A|27 dy + /E |VA|2 |A|47 dp + 03 ||AH§,[7>0])'
For the second term above, we use Theorem [3] with u = |V (2) A| |A| y2:
2 2 s 2 2 s 2 2 s—2
(16) /‘V(Q)A‘ |A]” ~ duSC/ | Al d/l,(/ ‘V(g)A‘ ol d/'L—i_c'y/ ‘V(Q)A‘ Y dp
b [y>0] ) by

+/ }V(Q)A}2|A|275du)+c/ ]V(Q)A]274du/ IVA|? 72dp.
> by by

The last term in ([I6) can be dealt with via integration by parts, the Cauchy-Schwarz inequality and the
interpolation inequality from Lemma [ITk

2
/!V@)A! 74du/ VA 2 du
z by
SC</E‘V(3)A||VA|'}/4d,u—|—c,Y/Z|V(2)A| |VA|73du) (/Z‘V(Q)A‘ |A|72d‘u—|—c,y/z|VA| |A|”yd,u)
1 2 4 2 o 9 2 4 ; ,
<3 E!V@)A! v du EIVAI Ydp + c|AlS (5 E]V@)A] Yodp+ S Al s ) -
Hence

2 2
LIV @Al v [ [94P 7 < A1 s ( |V vﬁdu+03|A|§,h>o]>-

Substituting this result into (I8) and combining with (I3 then yields
2
LIV @Al 1A du+ [ VAP 1Al
2 2 ¢ 2 2 6 2 4 6 6 2
< el ooy ([ V@Al 2%+ [ (9P 1P+ [ (97141 i+ €5 1415 1),
so that absorbing and multiplying out yields the statement of the lemma. O

4. A-PRIORI ESTIMATES FOR ||V (z)A[|3 .. ALONG THE FLOW

The structure of this argument is similar to that used for [I0, Proposition 4.6], although the details are
necessarily different. We begin by applying the evolution equations and interpolation inequalities above to
obtain local control on the concentration of curvature [|All3 ..
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Proposition 18. Let f : ¥ x [0,T*] — R? satisfy (GTHE), and let v be a cutoff function satisfying (2.
Then there is an absolute constant €9 > 0 such that if

sup / |A]? du < o
[0,T7*] J/[y>0]

then for any t € [0,T*] we have
¢
/ |A]? du+/ / (\v(g)Af + |V Al 4] + VAP |A|4) dpdr g/ |A]? du’ +eceot.
[y=1] 0 Jh=1] [v>0] =0
Proof. Utilising Proposition [I2 with s = 6,k = 0, yields
d 2
a1 g [Pt @) [ VAl < [ [P A A]ydut e 1A sy

We estimate the P-style terms via integration by parts and the Cauchy-Schwarz inequality, whilst utilising
our inequalities from Lemma [Tt

/E[P?f(A)*A] yﬁdu:/z(v(4)A*A*A*A)76du
+/E (V) Ax VAx A+ V(9)AxVig)Ax A+ V() Ax VA* VA) x A v°du
g/Z(V(g)A*VA*A*A)yﬁdu—F/E(V(g)A*A*A*A*V7)75du
+6/E}V(3)A}276du+c(;/z(}V(Q)A}2|A|2+|VA|2 |A|4+|VA|4) ~Sdp
g(s/zyv@Ay%ﬁdﬁca/z(yv(2>A12|A|2+|VA|2|A|4+|VA|4) ~Sdu
(18) +cc3/E|A|%4du.

The last term in ({I8) can be estimated via Theorem [I3] the Cauchy-Schwarz inequality and Lemma [Tt

2
2 [ stan s e ([ valiaaose, [P [ 1art2a)
> 3 > 3
2
< el ooy ([ VA 20+ [ 197141 o+ & [ 18t 1A ).

Hence for ¢( sufficiently small, Lemma [ tells us that

ci/ |A|674du§c/ |A|2 du / ’V@,)A’QWGdu—i—cg/ |A|2 du | .
b3} [v>0] = [v>0]

Combining this with (I8) and substituting into (I7) then yields
d 3 2 2
_/ |A]* A 8dp + —/ |V (3)A|"70dp < c/ (\v(z)A\ A]? + |VA]? |A|4) ~Sdu + ccg/ |A]? dp.
dt Js 2 Js b [v>0]
Using Lemma [I7 and allowing &g to be sufficiently small we then obtain
d 2 2
a/ |A|? vSdu +/ (\v(g)A\ + [V Al |A? +|VA]? |A|4) ~Sdp < ccg/ |A]? dp.
b b [v>0]
Integrating over [0,¢] and using [y = 1] C [y > 0], 0 < < 1 completes the proof. O
We now control the evolution of ||V(k)AH§WS for £ > 1. Our goal is to eventually apply the interpolation

inequalities to the resultant estimate in order to prove that ||V ) Al|3 - satisfies a differential inequality and
is therefore bounded via Gronwall’s inequality.
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Proposition 19. Let f : ¥ x [0,T) — R? satisfy (QTHE) and let v be a cutoff function satisfying (2.
Then for s > 2k + 6 the following estimate holds:

d 2 2
E/ZW(NH g du+/Z|V<k+3>A| v dp
2 S
< cllAlS, oo / VAl v dp + et / AP dpe (5 + 1412, o) -
by [y>0]

Proof. We use integration by parts, Proposition and the Cauchy-Schwarz inequality to deal with the
P-style terms that appear in Proposition

/E(Pé“r4 (A) x V(i) A) v*dp
:/E[(v(k+4)A*A*A+V(M)A*VA*A)*v(k)A] ySdﬂjL/Eij“*k“ (A) -y dp
§/Z[V(k+3)A*(V(k)A*VA*/H—V(Hl)A*A*A)fﬂdu
+cc7/z|v(,€+3)A| |V(k)A||A|275‘1du+/2P42k+4’k+2 (A) 7 dp
< (5/Z |V(3)A|278d/‘+/2 (P42k+4,k+2 (A) + P2tk (A)) 7sdu_‘_ci/ngk,k (A)~*~2dp
< (5/Z |V(3)A|278du+0||A||io,h>o] (/E IV sy A 75 dp + 262 ||A||§,['v>0])
+C”A||io7h>0] </E ‘V(k+1)A‘275dﬂ+ A ||A||§,h>0])

4 2 - 2
(19) +cc,2y ||A||007[W>O] <‘/E ’V(k)A‘ v 2du+c?yk ||A||21[’>’>0]> .

Integrating by parts, applying the Cauchy-Schwarz inequality and absorbing and multiplying out similarly
as in the proof of Lemma [T1] we obtain the following interpolation inequalities:

2 4 2 s
@0 A1 ooy [ [Vasn Al 3% <6 [ [V al 2

2 S
el AL, s / Ve AL 7 du+ e A1 gy (5 + 14N o)

2 s 2 s
21) A% 50 /Z IV Al v di < 5 A% s /Z!V<k+2>f4! vy

6 2 2 6
+ C||A||oo,['y>0] ~/E ‘v(k)A‘ v dM+ ccik ||A||2,[’y>0] (C’GY + ||A||oo,[’y>0]) ’
and
4 2 6 2 2
(22) A NAl >0 < 5/2 |Vess) A"y du+c||A||m1[7>0]//S\v(k>A\ vidp + c 2FTS) IAI3 (y50) -

Combining (20 , 2I)) and ([22) and substituting into ([I9) estimates of all the P-style terms. Substituting this
result into Proposition [[9 then yields the desired result. g

We are now in a position to prove an analogue of [I0, Proposition 4.6].
Proposition 20. Let f : ¥ x [0,T*] — R3 satisfy (GLTHE) and let v be a cutoff function satisfying ([(2)).
Then there is a €9 > 0 such that if

(23) sup [ AP du < 2o
[0,7+] J[v>0]
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we can conclude that for all k € N there are constants ¢, depending only on T, ¢, €9 and

k+3

(24) ag (k+3):=> [V
7=0
such that
) VoAl oy <

Proof. We introduce a set of cutoff functions v, , for 0 < o < 7 < 1 satisfying v, =1 for vy > 7 and 75 - = 0
for v < 0. Applying Proposition I8 with v = v, 1 yields

/ / IV A" + |V Al |A + VAP [A]* dpdr < cso (1+5T) .
>1
Next, we apply Proposition [[6 with 7" = A and V18- This gives
-
/0 ||A|| [ %] dTSCEg (1+C,6YT*)

Here we have used [y > 2] C [7%1% = 1] , [7%7%] C [y > 3] and @6). Next we look at Proposition [J with
7Ys,z and integrate over [0, 7*]. This gives us for any ¢ € [0, T*]:

2 2
/E’V(k)A’ 7%,§d“§HV(k)AH2,[»y>o] ‘t —|—cc keo (1—|—c ") —|—c/ ||A|| %/’V A’ ’yz %d,udT.
Applying Gromwall’s Inequality whilst taking into account identity (20]) gives
< ce (1+66 T*)
/M] VA dn < e ([Vw AR o | +ecieo (14 T7)) 053

S Ck (040 (k) » Cysy 607T*) .

Combining this with Proposition [I6] with ~ 11,

Hv(k)AH 218 S cc? (Ck+3 +/ {Pf(ku),ku (A) + pRUHD k1 (A)} T sduto (Hg)so)
%

1
< c(e3, Ch, Crtas Cht3, €0, T, ¢y)
which proves (25]). Here we have used the inequality
1A =1 S €& 5 (cs + cSeo)
which can be obtained by combining Proposition [[6] and Lemma [Tl O

We now have sufficient tools to prove Theorem [Bl However, we will first sharpen our derivative bounds
from Proposition 20l for later application in combination with Theorem where we construct a blowup.
Theorem [20] will also be used to obtain our preliminary compactness result (Lemma [B8]) for the flow once
global existence has been obtained.

Theorem 21 (Interior Estimates). Suppose f: % x (0,T*] — R? satisfies (GLTHE) and
(26) sup / |A]? dp < o for T* < ¢p°.
0<t<T* J f-1(B,(2))

Then for any m € Ny we have at time t € (0,T*] we have the estimates
- _m+tl
IV m)AH2f (B () < emy/Eot™© and Hv(m)AHoo,ffl(Bg(z)) < cky/EolT T

where the constants c,, depend only upon m, p, T* and ’V(m)A’2 F-1(B, (x0)) .
: , t=0

The idea of the proof is to consider a family of cutoff functions in time and integrate over (0,7*]. An
inductive argument then gives the desired the result. Since this is similar to [9, Theorem 3.5], we have
omitted it.
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5. PROOF OF THE LIFESPAN THEOREM

Now that we have pointwise bounds on HV(;C)AH%,YS when the concentration of curvature is small, we are
able to proceed with our proof of Theorem The proof will rest upon contradicting the maximal time T
of smooth existence. We may assume p = 1 in assumption (&) due to scale invariance of the ||A||3. That is,

under the rescaling f (p,t) = f (%, pt—G> we have

~ 2 -
/ AP dy = / A7 da.
f=Y(By) f~Y(B1)

Under such a rescaling, we aim to show that
1

T>—
- C

and that for 0 <t < % the estimate

[ ardu<cs
f=1(B1)

holds. We make the definition
2
(27) a(t) = sup, Al2, 7By () -

We can cover the ball B; with a number of translated copies of B 1. It follows that there is an absolute
constant C,, such that

28 t) < O, Al .
(28) a(t) < msélﬂléﬂ ||2,f H(By ()

Now because f is smooth by the definition of our family of compact immersions ¥; we have f (X x [0,¢])
compact for t < T, and so o € C ([0,T)). Firstly we define Cy to be the constant on the right hand side of
Proposition I8 From this we make the definition A = ﬁ, and

v

(29) to=sup{0 <t <min{T,A\}: a(r) <3Cheq for 0 <7 < t}.

The reason for this parameter A will become apparent later when we establish a contradiction.
We will go through this proof in 3 steps, labelled B0) — [B2). These are as follows:

(30) Show that to = min {7, A},

(31) Show that if ¢ = A then we have the Lifespan Theorem,
and

(32) Show that if T # oo then tg # T.

Note that [B32) is equivalent to showing that ¢ = T = T = oo. We claim that the three statements
@0 , BI) and ([B2) together prove the Lifespan Theorem. To see this, note that if ([B2]) holds then we must
have either to = T or to = A. If tg = T, then ([B2) implies that T = oo, meaning that the flow exists for
all time, which proves the Lifespan Theorem. If instead ¢y = A, then (BI) will directly give us the Lifespan
Theorem.

To begin, we note that by one of the assumptions of the theorem we have

2
a(0) = fgﬂg ||AH2,f—1(Bl(m)) —o <eo <3Cq e,

and so we must have ty strictly positive. To see this, we note that the continuity of o and the fact that
a(0) < 3C,¢ep forces a(t) < 3C4ep for some strictly positive time period. The definition of ¢y then
guarantees to > 0. Also, by the definition of ¢y and by continuity of «, we must have

(33) « (to) =3 Ca €o0-
Let us assume that tg < min {\, 7} and aim for a contradiction. We choose a cutoff function + such that

XB, (z) <7 < XB, (2 for any z € 3;.

N=
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By the initial smoothness of |A|®, we can always find a p* > 0 in assumption (5) that is small enough to
guarantee the smallness condition (23]) holds for every T* < t,. Note that this is equivalent to assuming the

hypothesis of Proposition [I8 on the interval [0,ty). The results of Proposition [I8 then imply that

VAR o) < AN 50|, + Co kAN 50

from which we conclude

/ AP dp< [ AP dp
f’l(B%(w)) f=1(Bi(z))

for t € [0,%9) and z € R3. Tt follows from the assumption that ¢ty < A and the definition of A that for ¢ € [0, )
and x € R3 that we have

—|—Ooc,6y/ |A|2 d,ugao—FC()C,GYE()to
F=H(B1(=))

t=0

/ |A|2dﬂ§€0+006260t0<260.
F1(By (@)

We deduce from (28] that

a(t) < C, sup AL 18, (a)) < 2Caeo for t € [0,1).
xre 2

By the continuity of « this means that

li t) <2 .
| >‘r1t10 a(t) <2Cye0
This contradicts statement ([33) where we said that a (t9) = 3 C, to. Hence ([B0) holds.
We now note that under assumption [B0) (which was just proven) we must have either to = T or {5 = A.
If to = A then because to = min {\, T’} it follows that

1

T>ty=A=——
= b0 C()C,GY7

and the definition of tq tells us that

/ |A|? dp < 3Cu e
F1(Bi(2)

for z € ¥, and t € [0, A]. Together these two statements give us both statements (6) and (7) of the theorem
with C' = max {CO cg, 3 Ca}. That is, assuming that ¢y = A, we have the Lifespan Theorem. This is (3TI).
Finally, we turn our attention to ([B2]). We will assume

tOZT#OO

and then aim to contradict the maximality of 7. We note that we have not included the case T' = co because
in that case the second part of the Lifespan Theorem (B]) would hold automatically. Additionally, we would
have A < T so that to = A =T and then statement (1) with C = 2 C,, would directly follow from our earlier
estimate:

a(t) <2Cae0,t € [0,t0).

We can also exclude the case T' < A for the sake of our argument, because by ([B0) it would follow that ty = T,
from which we could conclude (using ([BI])) the Lifespan Theorem. Next, Proposition 20l allows us to establish
a uniform bound on all derivatives of A up to and including the final time 7. A standard argument similar
to that of Hamilton [6] allows us to conclude that 3; — X7 in the C* topology and that each f(-,t) induces
an equivalent family of metrics, implying the uniqueness (up to reparametrisation) of our limiting object 1
up to rigid motions. Hence we may define a new family of immersions h : ¥ x [0, ) — R? satisfying (GTHE),
given by h(-,t) = f(-,t+7T), so that h has smooth initial data f(-,T). Theorem [ implies existence of
the flow h for some positive time 6 > 0, extending the smooth existence of our original flow to the interval
[0,T + §] D [0,T7], contradicting the maximality of 7. Hence we have established (32)). This means we have
proven steps (B0) , 1) and (B2)), which as noted earlier completes the proof of Theorem
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6. A POINTWISE ESTIMATE FOR THE TRACEFREE CURVATURE

In this section we present some new uses of geometric quantities involving iterated covariant derivatives of
A, A° and H. These will include local integral estimates and a multiplicative Sobolev-type inequality, aimed
at the establishemnt of a pointwise bound for the tracefree curvature A° that only depends on |VAH ||§ [y>0]

||A°||§7[,Y>O}, and the gradient bound for ~.
This holds for any immersed surface with sufficient weak regularity, and so is of independent interest. For
our purposes in this paper the estimate will also be useful in the proof of Theorem Ml in the next section.
We begin with Simons’ identity-type relations.

Lemma 22. The following identities hold:

(34) AA° =5°(VgH) + %H2A° — |4°? A°
and
1
(35) AVH:VAH+ZVH|H|2+VH*(HA°+AO*A°).

Consequently, there is a universal constant ¢ such that
1
(36) —(AVH,VH) < — (VAH,VH) - ¢ |VH|* H? + ¢|VH*|4A°) .

Proof. The first identity is identical to one in the Appendix of [I8]. For the second identity, we employ the
Riemann curvature tensor:

VijkH = Vi H = Viig H + Rinjsg®'ViH = Vi H + ALA YV H — ALA,;V H.
This immediately gives
(37) AV H =V ,AH + HALV H — AL A}V, H.

Evaluating the second term on the right, we have
HAYV,H = H ((Af’)ﬁc + %5;;11) V.H = %ka |H|> + HVH  A°.
The last term in (37) is dealt with similarly:
ALALV, H = ((AO);? + %551{) <(A°);; + %5;‘;]) V. H = inH |H|? + VH x (HA? + A° x A°).

Substituting the two preceding results into ([B7) then yields the second statement of the lemma. For the last
statement, we take the results of [37) and apply the Peter-Paul inequality with p = 8,¢ = &:

7.
1
— (AVH,VH) < — (VAH,VH) - 7 |VH[* H* + ¢|VH|* (|A°| \H| + |A°|2)

1
< —(VAH,VH) - ¢ \VH|” H? + ¢|VH|* |A°]>.

We now prove a multiplicative Sobolev inequality.

Lemma 23. If f : ¥ — R? is an immersion satisfying
(39) SR
[v>0]

for g > 0 sufficiently small, then for a universal constant ¢ > 0,

1

4 3
) [1var s [ 1af i< chald oy ([IVARESG) el 14715 Ly

2
2 o 2 3 o
@) [V s [VHE < e ( / |VAH|276du> e 402 s
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and
1
(41) 49| y2dp < ]| A%, VAHP Sdp) +cc 4%
. yap = c¢ 20>0 \ ., voap cey 2,[y>0] *

Proof. For the first inequality we combine integration by parts, identity ([84]) and Theorem[I3 with u = |A"|2 :

/E|VA°|272du§ —/E(AO,AA">72du+2cV/E|VA°||A"|7du
1
A° 2 4 2 1 Ao2 2 Zd
<Al oo | [V H e ) =5 [ A H*y*dp
> >
2
T onss <2 LT A vt e 140 g+ [ 1P IHlvdu)

1 0|2 0112
+§/E|VA P v2du+2¢2 | A%5. 150

1
o 2 2 o 1 o
<A Hz,h>o] (/2 ’V(2)H’ 74dﬂ> + (C|A ||§,[»y>o] - 5)/2|A |2 HQWQdN

o 2 1 o 2 o 2
+ (c|A H21h>0] +§)/E|VA | ﬁdu—i—cc?,HA ||27[,Y>0].

Then for g9 > 0 sufficiently small we can absorb and multiply out, yielding

1
o o o 2 2 o
(42) /E VA y2dp + /Z |A°)? H2y2dp < 2[|A%y, ) ( /E Vi) H]| v“du) + e |43 1y

We will leave this identity for the moment. For the second inequality we combine integration by parts,
identity (39), Lemma 22 and Theorem [[3] with v = |VH||A°|+? to obtain:

2
/Z‘V(2)H‘ 74du§—/E<VH,AVH>74du—|—4C.Y/Z|V(2)H||VH|73d,u
1
LA
§2(/ |VA°|272du-/ |VAH|276du> ——/ \VH|* H?ydp
3 ) 8 b))
1
+c/ |VH|2|A"|274du+§/ yv@)m%‘ldﬁwcg/ IVA° 2 A2dp
b)) 3 b))
1
02 .2 2 6, \° 1 2 2.4
<2 [ VA" dp- | [VAH[ Y dp | — < | [VH["H*Y dp
> b)) 3 b))
+c</E]V(2)H]|A°|72du+/E|VH||VA°|72du+07[E|VH||AO|7du
2
(o] 1 2 o
+/E|VH||A ||H|72du> +§/EW<2>H} 74du+326§/EIVA *v*dp
1
2
§2(/ |VA°|272du-/ |VAH|276du> +cc3/ |VA° P y2dp
3 b)) b))
2 1 2 2 ?
+ (C||Ao||27[7>0]+§>/EIV(2)H’ 74du+0</2|VA0| 72du>

o 1
+ (c||A ||§7[v>0] - §> /z \VH|* H?y*dp.

Absorbing and multiplying out, whilst combining with ([@2) gives for £¢ sufficiently small:
1
2
/ |V o) H|” y*dp +/ IVH|> H*y*dp < c (/ VA y2dp - / IVAHIQWGdu)
5 b b b

2
(43) +cc?y/|VA°|272d,u+c(/ |VAO|272d,u> .
) )
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Combining ([#2]), (@3] and using the Cauchy-Schwarz inequality then yields

o o o 1 o
/2|VA |272du+/E|A |> H?~2dp < <C|A |2, fy>0) T §>/E|VA ” ~2dp
1

4 2 6 3 2 2
el oy [ 98B0 e %y

For ¢ sufficiently small we may then absorb and multiply out to give [B89). Using [39) , (3] and the Cauchy-
Schwarz inequality yields [@0). Finally for the third statement of the lemma we combine (B89) and Theorem
M3 with u = |A°|* v to obtain:

2
/E A% 2 2dp < engss (2 / VA |4%] A+ e 42 1oy + / |A°|2|H|7du>

< CHAOH;['DO] (/Z |VAO|272dN+/Z|AO|2H272dM> +cdd ||AO||;1,[7>0}

%
10
< 1 ([ VAHP ) 4o 1471

This completes the proof. O

The following four lemmata are an adaptation of methods from standard energy estimates for elliptic PDE
to the manifold setting. Difficulties arise due to the geometry. Since we are working in terms of curvature
norms, such problems can be absorbed by good terms in the estimates.

Lemma 24. If f : ¥ — R® is an immersion satisfying B8) for eg > 0 sufficiently small, then there is a
universal constant ¢ > 0 such that

o 2 (o]
(44) /\v@)A ] 74du+/ |VA°> H?*dp
z b

2
< c/E |AA°|274du+c||A°||§)h>0] (/,: |VAH|276du> ’ +ed) [A°113 10 -
Proof. Using interchange of covariant derivatives:
AVEAG, = 99V Afy + 979V i (Rjkis ALy + Rijkms A7)
= g9V AD, + i (V1AL + Vi AY) H?

1 i % o o o o o
(45) = 1 (06 (A%}, 4 gun Vi (A)] ) H? 4+ 9 (HA? 5 A 4 A7 % A° 5 A%).
Here R;j;j; is the Riemann curvature tensor. We also used (I0]) and

HVHxA°=HVA®°x A° =V (HA° x A°).

Performing a similar operation, we have

’ 1
97V AL, = VeAA, + 7 (VeAL, + VAL, + Vi AL H?
1 1’ 7’ o (0] o o (o]
(46) -5 (91073 (A%)} + gum Vi (A°)]) H? 4V (HA? 5 A° 4 45 A° 5 A°).

Combining {A5) and @8] then gives us
1
(A7) AVEAL, = VEAAL, + 7 (ViAf, + 2 (VidR, + VA7) H?
1 i i o o o o o
-3 (gklvi (4°)! + g Vi (A")l) H? 4V (HA % A° + A° % A° % A°).
Next tracing the term VA9~ with V* (Ao)lm gives

m o s mu 1 1 3
vk (Ao)l lekm = gk gltg (vsAtu - igtuvsH) (lekm - Egkmle> = |VA|2 — Z |VH|2 .
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Substituting these results back into ([@7) and taking inner products with VA° yields
1 3
(VA®, AVA?) = (VA?, VAA?) + |VA°|* H? + <|VA|2 -5 |VH|2> H?
1 m
- ka (A" (gu Vi H + gen ViH) H? + VA® % V (HA® % A° + A% % A° x A°)
5 1
= (VA°, VAA®) + B |VA°|> H? — 3 |VH|? H? + VA® « V (HA® x A% + A% x A° % A°).
Taking the negative of the previous inequality, integrating, and applying the Cauchy-Schwarz inquality gives
o 2 o o o o
/ |V (2 A°|" v*dp < —/ (VA°, AVA®) v*dp + 4c7/ [VA| |V (2) A% 7 dp
by b b
) 1
< _/ (VA°, VAA) A dp — _/ IVA°|* H?yYdp + _/ |VH> H?y*du
b 4 Jx 2 s
b [ VA (1927 14°F 4 (947 |0 ) 7
by
1 o 2 o
+ 5/ ‘V(Q)A | 74du+8c,zy/ |VA°|* y2du
b by
< c/ |AA° yAdu + cci/ VA y2dp — / |VA°|> H2v*dp
by b by
1 2 2,4 012 | go|2 o4 1 0|2 .4
+ = | IVH[ B*y'dp+c | VA A yldu+ < | [Vo)A°|" vidp.
2 s b 2 s
We then absorb, multiply by 2, and apply Theorem [3] with u = |V A°||A°|+? to obtain:
/ |V 2 A°|* vdp < c/ |AA°|274du+cc3/ |VA°|272du—2/ |VA°|2H274du+/ \VH|? H?~*dp
b by b b b
v [ Walatns [ [WATPdure, [ [94714°0dn
2
GRS
b
2
1
< c/ |AA° ytdu + cci/ VA v2du + 5/ |VH|* H?y*dy + ¢ (/ |VA°|272du)
by b b by

o o o o 2
+ (A3 g _1)/E|VA [ By du + c )| A I\i,[wO]/E\V(z)A " dp.

Absorbing and multiplying out, using Lemma [23] and the Cauchy-Schwarz inequality then gives

o 2 o
/‘V(Q)A | 74du—|—/ IVA°)? H?y*dp
b b))
2
§c/ |AA0|274du+cc§/ |VA°|272du+c/ |VH|2H2~y4d;L+c(/ |VA"|2~y2du>
b b)) b b))

2 4 2 2 ¢ e 4 2
< c/E |AA°|" v du+c||A"||237h>O] (/E [VAH|" ~ du) +cc, HAO||2,[~y>0]v
which is the statement of the lemma. O

Lemma 25. If f : ¥ — R3 is an immersion satisfying BY) for eg > 0 sufficiently small then there is a
universal constant ¢ > 0 such that

2

2 §
@) [IAAP e [VaP B < a7l ( / |VAH|2”YGdu> e 471 a
Proof. Integration by parts, estimate ([34]), Theorem [[3] and Simons’ identity for A° together yield

1
/IAA°|274du:/ <AAO,V(2)H+§H2A°—|AO|2AO>74du
D) D)
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1
(o] 2 2 1 (o]
< (/ |AA |274du-/ |V H| 74du> ——/ VA H?y*dp
by > 4 >

—|—c/ [VA°|? A% ytdp + e c? (/ |A0|2H2~y2du+/ |A0|4”y2d,u>
b)) b)) >
02 .4 2 4 : 1 0|2 1724
<\ [ 1Ay tdu | [N Y dp) = | (VA H?y dp
b)) 3 3
o [ Va4 P+ [ (947 e, [ [94°014% v
2
w [ varatiman) o ([ 1A e [ o)
3 b)) b))
1 012 _4 1 2 4 012 .2 ?
<5 [ 1AAF A dp IV H| v'dp+c |VA°|* ~2du
by b)) b
(o] 1 (o] 2 (o] 1 (o]
+ (C|A ||§,['y>0] + 5) /E ]V(Q)A } v + (C|A ||§,['y>0] - Z) /E VA |2 H2*dp

—|—cc,2y </ |VAO|2~yzdu—|—/ |AO|2H2Fde,u—|—/ |AO|4~yzdu>.
) ) )

Once again, if g > 0 is sufficiently small, we can absorb and multiply out, utilising the results of Lemmata
23l and 241 as well as the Cauchy-Schwarz inequality to derive:

[yt [ VA
) b
2
Scci (/ |VA°|272d,u—|—/ |A0|2H272du+/ |A°|472d,u> —|—c</ |VA°|272du) —|—c/ |V(2)H|274d,u
5 b b b b

o % 2 6 % 4 0|12
<c HA ||2)[ry>0] - |VAH| Y dﬂ + CC'Y ”A H27[7>0] .
This is the statement of the lemma. O

Lemma 26. If f : ¥ — R3 is an immersion satisfying BY) for eg > 0 sufficiently small then there is a
universal constant ¢ > 0 such that

2
0|2 012 ol 2 3 012
LTt tans [ 19 it < el ([ IVARE ) e 14715 .

Proof. Combining the results of Lemmata [24] and [25] instantly gives us the result. O

Lemma 27. If f : ¥ — R3 is an immersion satisfying BY) for o > 0 sufficiently small then there is a
universal constant ¢ > 0 such that

2
0|2 0|2 o 2 2 3 o112
) [ VAl s [P < a0l ( [ rvan WGdu) e A% s
Proof. Using integration by parts, the Cauchy-Schwarz inequality, (34]) and (1) yields
1
/ IVA°|> H?y4dp < —/ <A°,V(2)H+§H2A°— |A°|2A°>H274du+4/ |VA°]? |A°| |H| v dp
> > 3
e, [ (9471400 ||
b))
1 1
< <32/ \V<2>H\274du+—/ |A°|2H474du) - —/ |A°)* Hy*dp
b)) 3 3 2 b))
1
+/ |A°[* H2~ dp + <§/ |VA°|2H2~y4du+8/ IVA°l? |A°|2”y4d,u>
b)) > b))

1
+ (g/ |A0|2H474du+32c3/ |VA°|272du> :
b)) b
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Absorbing and applying Theorem [[3 twice with u = [V A°||A°|7%, u = |A°)* |[H|+? and the Cauchy-Schwarz
inequality, and using Lemmata 23] and 26] gives

1 1
: / VA H / A2 A dy
) )

<32 (/ \v(z)H\%‘lduﬂi/ |VA°|272du) +8/ IVA°]? |A°|2”y4d,u—|—/ |A°|* H?~*dp
> > b)) 3
<32 (/E ‘V(Q)H‘Qﬂﬁd,u—kci/g|VA°|272du)
+80Mss(/z\v(2)A°||A°|~yzdu+/z|VA°|272du+2c7/E|VA°||A°|7du
2
+ [ vari Al 22dn) + evss (2 [ 19401140 ]
3 3
2
b [ V2, [ 1A Hd [ (A7 )
3 3 3
2 o o (o] 2
<32 (/E\V(z)H\ ”Y4d#+ci/2|vf4 |272du) +c)|A°N3 by </z VA% 7 dp
2
—I—c,2y/ |VA0|272du—|—c,2y/ |A0|2H2”y4d,u) —|—c</ |VA°|272du)
> b)) 3
+ el sy ( [V H o+ [ a0 a0
o % 2_6 % 4 0|2
<clA ||2,[7>o] Z|VAH| Ydp |+ cc, 1A Hz,[»y>0]
el sy (VAT A s [ 4P a ).

Absorbing and multiplying out then gives the statement of the lemma. O

Now we are in a position to prove the pointwise estimate.

Theorem 28. Let f : ¥ — R3 be an immersion satisfying BY) for o > 0 sufficiently small. Then there is
a universal constant ¢ > 0 such that

(50) 141 g < el oy ([ IVAHE S ).
Proof. Using the Sobolev inequality from Theorem [T4] we have
6 2 4 4
1w1g, < clel (Ive);+ ;)
for any function ¥ defined on ¥. Letting ¥ = |4°|~% it follows that
(51) 14°01 % fy=1) < ¢ NA°13 (g (/Z |VA°*~Sdu + /)S |A°|* H*Sdp + c‘;/Z |A°|4”y2d,u) .

Since the last term was taken care of in Lemma 23] we just need to look at the first two terms. For the first
we apply Theorem [[3 with u = [VA°|*4? and the results of Lemma 23] and Lemma

2
/IVA°|476du§C(/ Vi2)A°| |VA°|73du+cw/ IVAOIQWQdqu/ [vA°P? IHlvgdu>
3 > > b
(o] o 2 (o] (o]
Sc/ [VA°|* 2dp - (/ V) A°| 74du+/ VA |2H2”y4du+03/ VA |272du)
b b > >

<402 n / VAHP A d+ e [ 4°12 o
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We approach the second term in (5I)) similarly, this time utilising Theorem [[3 with u = |A°|> H243:
[l st < of [ 1V a7l 3 dpr [ 1A (V| [ 120
b)) 3 3 3
02 3.3 2
+ [ 14 [ )
b))
012 012 012 o112
<o [Pty ([ VaPrans [ E G A0 )
> > b))
v [ vHP e [ (a0
3 )
0112 2 o112
<c|A ||2,[»y>0] /E IVAH|"y%du + ch 1A Hz,[»y>0] ‘

Substituting these into (BI) and again utilising Lemma and the Cauchy-Schwarz inequality gives the
desired result. O

Choosing a particular cutoff function gives Theorem 2] from Theorem

7. PRESERVED CLOSENESS TO THE SPHERE

In this section we show that any immersion with small initial energy (in the sense of (§))) evolving under
(GTHE)) drives the energy monotonically toward zero. As the energy is in a sense the average deviation of
the initial immersion from an embedded round sphere, the result will essentially show that an immersion
with initially small energy will become more spherical under the flow.

We will first state a result of Li and Yau [11]. This result will later allow us, under a similar small energy
condition, to establish that f (2,t),¢ € [0,T) is a one-parameter family of embeddings.

Theorem 29 ([I1, Theorem 6]). If an immersion f : 3 — R3 has the property that

1

(52) —/ H?dp < 8,
4 /s

then f is an embedding.

Theorem 30 (Preserved Closeness to Spheres). Let f: X x [0,T) — R? satisfy (GTHE). Then there exists
an €9 > 0 such that if

(53) / 4°Pdy| < eo <8
» t=0

then for t <T we have the estimate

d 2 1 2
_ o <__ .

In particular, Xy = f (X,t),t € [0,T) is a one-parameter family of embeddings.

Proof. By continuity, given a flow satisfying the condition (G3)), there exists a time interval I 5, = [0,01),d1 >
0 such that for 7 € Iy s,,

(54) [1acka]_ <z2a0

» t=r1
Let us now look at the evolution equation associated to this integral. We first choose a normalised frame as
in the proof of Lemma 22l In this frame, we compute

1 1 1
A = 5 (k1 — ro)* = ) (KT + K5 + 2r1kg — dR1kg) = §H2 —2K.

Applying the Gauss-Bonnet formula gives

d ) 1d )
55 — A°"dy = = — H4du.
(55) dt/2||u 2dt/z "
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The evolution equation for mean curvature from Lemma [7] now implies
d
— / |A°|Pdp = / HA®Hdp + / HA?H |A°)dy.
dt Js ) )

Performing integration by parts yields

d
G [1aeran < [ 1vanPas a7,

/ HAQHdu‘
3

—— [ vanPa A [ amPd

Combining this with Lemma 23] and Theorem 2] with v = 1 then gives

1
G [1aran < (clal3-1) [ 1vamPaus - [ [vanfa
> > >

for o sufficiently small. So, we know that if (B3)) holds for g sufficiently small, then it will decrease
monotonically on the interval Iy 5,. We may repeat this process repeatedly right up to the maximal time of

existence of the flow, allowing us deduce that the integral fz |A°|2du decreases monotonically on the interval
[0,T). Finally, a quick check shows that under our initial smallness condition (52)) is satisfied, so Theorem
applies on [0,T'), completing the proof. O

Remark 1. TheoremB0lin particular implies, in view of (B3], that the Willmore energy is non-incresing under
any flow (GTHE]) satisfying (53)).
8. THE GAP LEMMA

In this section we do not assume that the immersion f : ¥ — R? is closed and compact; instead, we only
assume that it is proper. Our goal is to prove Theorem [l We begin with some remarks on the theorem.

Remark 2. If we do not know a-priori whether or not f is compact, but we do know that (2]) is satisfied, then
we may still conclude that f is either a plane or a sphere, i.e. an embedded umbilic.

Remark 3. Clearly the regularity assumption that f is locally C® is much more than what is required; indeed,
Corollary Bl indicates that weak solutions in Wi’)f satisfying (2]) are classical and smooth.

Proof of the Gap Lemma. We shall consider the compact and noncompact cases separately. In each case we
will prove that |A"|2 = 0. The compact case is relatively straightforward: under the assumption A2H = 0
integration by parts gives us

[1oantan =~ [ s a2 o
forcing VAH = 0. Our pointwise biund from TheorerIEl with v = 1 then yields
A1, < cllacll [ VAP =0,
and so -
(56) |A°] = 0.

For the noncompact case we will have to work a little harder. Performing integration by parts followed by
using the Cauchy-Schwarz inequality yields

1
/ [VAH|? 7%dp < 5/ IVAH|* ~%dp + 18 ci/ |AH|” ~*dp,
b b b
so that absorbing and multiplying out yields
(57) / IVAH|? 78dp < 36c3/ |AH|? y4dp.
b b

Combining this with Lemma 26 and using the Cauchy-Schwarz inequality,

2
2 o2 2 3 o2
/Z|VAH| 7odu < e el |1A%13 s (/E|VAH| WGdﬂ) +c A ||2,[7>o]]
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1 o
<5 [ IVAHP St e 1415 .
implying that
2 o112
(58) VAR < e A0 .

Now choose v such that

1

v = (S1r01),
where ® € C* (R) and

XB (0) < ® < xB,(0)-
With this choice for  we have ¢, = £ for some universal constant ¢ > 0. Taking p — oo in E])) yields

2 N 2
/ |VAH| d,ugchmmf—G/ |A°)" dp = 0.
b pmroe PRI 1(B,(0)

Here we have used the smallness assumption (2]) in the last step. This tells us that VAH = 0, from which
we can utilise our pointwise bound from Theorem [2 with p — co to obtain

1
14°)S. < climinf—/ |A°1% dp = 0,
F7H(B,(0)

p—oo  pb
which again implies
(59) |A°] = 0.
By observing (B8) and (B9) we conclude that, compact or not, we must have A° = 0 on X. In terms of
principal curvatures at any particular point, this means that

1
|A°)* = = (k1 — k2)? =0 on .

2
Let us note that since f is of class CP _, non-smooth unions of planes and spheres are not possible. A classical

result from Codazzi then tells us that f(X) must be a standard flat plane or standard round sphere. We
conclude that if f(X) is a round sphere if compact, and a flat plane if noncompact. O

9. CONSTRUCTION OF THE BLOWUP

Let f: X x [0,T) — R3 satisfy (GTHE]). We make the definition
(60) apr)=swp [ AP d|
w€R? J {1 (B, () =T

and pick an arbitary decreasing sequence of radii {r;} \, 0. We assume that the curvature concentrates in
then sense that for each j

ti=inf{t>0:a(rjt)>e1} <T.
Here g1 := %0, where g¢, C' are the same constants as in the Lifespan Theorem. Note that by construction,
{t;} is a monotonically increasing sequence. By the definition of ¢;, this means that

(61) /f o) im

However, for each j it is possible to find a point z; € R® such that

(62) / AP ze
F=1(Br, (z;)) t=t;

T

< g for any = € R3.
t=t;

To see this, we can take a sequence {v;} * co,v; > 1 and consider the times 7; = t; + ’U;l and radii
A\;j = r; +v~2. By construction we have

T \vtj and A; 1 as j — oo.
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Then by continuity, the definition of ¢;, and the fact that 7; > t;, for each v we can choose a point x;,,-1 € R3

such that
/ AP dp
fﬁl(BAj( ))

Tjpo—1

> €1,

t=r;

so that taking v — oo yields (62]).
Now consider the sequence of rescaled immersions

fi:Ex [—rj_ﬁtj,r_G (T - tj)) — R3, where filp,t) = rl (f (p,tj + rjﬁ»t) — :vj) :

J
J

Let us define ¢ to be the value of ¢, computed as in (60]), with the immersion f; in place of f. That is

t=1

aj(p,7) = Sup/ Ay dp;
zeR3 J £ (B, (7))

Quantities decorated with the subscript j correspond to the immersion f;. One may check that

1 B _ = (B, (2)

)
t=t;

t

/ A7 dyy
171 (B1(0))

J

so that by (62)) we conclude

> 1.

t=0

Similarly, one may check that for 7 < 0:

(63) a; (1,7) < sup / |A|2 du‘ < e1.
J z€ER3 f’l(Brj (z)) t=t;+rir<t;

Recall that the Lifespan Theorem tells us that the original flow f will exist up until such time as the curvature

concentrates, with T satisfying T > % For the rescaled immersions, this implies

1
-6 .
o (T —t5) > ol for each j.

Additionally, statement (7)) of the Lifespan Theorem tells us that for 0 < 7 < % we have
1
a; (1,7) < Cey =¢ggfor 0 < 7 < rok
We then apply the interior estimates from Theorem 2] on the cylinder By (x) x (¢ — 1,t] to conclude that

(64) HV(k)AjHoqu <c(k) for — T';th +1<t< % .

Note that the covariant derivative above is that associated with f;. Consider the sets
S (R)={peX:|fj(p)l < R} =N f" (Br) .

Let us now show that p; (X (R)) < ¢(R) for any R > 0. Recall the following monotonicity formula due to
Simon.

Lemma 31 (21, Equation (1.3)]). Let f : & — R3 be an immersed surface. Then for 0 < o < p < 0o we

have ) o
Yo X,
el

g

H? du> .

By Theorem B0, the Willmore energy is monotonically decreasing along the flow, and so Lemma [31] with
o =R, p= Rv2c gives

X

uj(%z(R)) < CMjéZj{(QR)) +C/Ep H2dy.

Absorbing yields

1 (35(R))
R2

We now state the following compactness theorem.

(65) < c(eo +4mx (D).
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Theorem 32 ([9, Theorem 4.2]). Let f; : £; — R3 be a sequence of proper immersions, where each X; is a
surface without boundary. For R > 0 define

S (R) :={pe%;:|fi(p)l <R} =3%;Nf; " (Br).
Assume the bounds

(66) wi (25 (R)) <c(R) for any R >0, and HV(k)AHOO <c(k) for any k € Ny

hold. Then there is a proper immersion f 'Y 5 R3 (where Y is also a 2—manifold without boundary) such
that after passing to a subsequence one has

(67) fiodj=F+u; on () :=2nF (B,
satisfying the following properties:

¢; X (j) = U; C X is a diffeomorphism,
i (R)cUjifj=j(R),
u; € C° (i () ,R?’) is normal along f (i) , and

H@(k)ujHoo . — 0 as j — oo for any k € Ng.

The theorem says that on any ball Br, R > 0, for sufficiently large j our sequence of immersions can be
written as a normal graph f + u; over our limit immersion f with small norm (after reparametrising with
the diffeomorphisms ¢;).

Our work above, in particular (64]) and (G3]) imply that we may apply the compactness theorem above to the
sequence {f;} in order to extract a convergent subsequence asymptotic to a proper immersion fo 03— R3.
We let ¢; : ¥ (4) = U; C X be a sequence of diffeomorphisms as in (67). Then the reparametrisation

(68) £ (@) - 2() x [0,C7] > R?
satisfies (GTHE)). Also, by (67), the reparametrised flows {f; (¢;,-)} have initial data
(69) £i (65,0) = fo+u; - £(j) — B,

converging locally in C*° to the immersion fo : ¥ — R3. By converting our covariant derivatives of curvature
into partial derivatives of our immersion functions f;, we conclude from (64) that

fj (¢j") - f

locally in C*° where f : & x [0,1] — R? satisfies (GTHE) with initial data fo. Hence the convergence is
locally smooth. We now prove four key properties of the blowup.

Theorem 33. Let f : ¥ x [0,T) — R® satisfy (GTHE) and @). Then the blowup f constructed above is

stationary.

Proof. By Theorem B0l and the fact that each of the maps ¢; is a diffeomorphism, we have for t € [O, l}:

C
d
(70) [owam P an| <5 [ 14 ).
Uj t=1 dt » t=1

By scale invariance we have

AP dy; :/AQd] ,d/A‘Qd‘ =/A2d
Lo | = [1aPae]  cona [ a2 an| = [ 4P

Thus integrating identity (Z0) over the interval [0, &] then yields

/%/ |VAH<|2dM»dT</ A dy —/ A dy
0 2(5) ! ! s t=t; ) t:tj+r]6cfl’

so that taking j — oo yields

t=t;+riC—1

%
hm/ / |VAH;|? dyj dr = 0.
JzeeJo o JR()
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Hence as f; (¢;,-) — f locally smoothly, we find that VAH = 0 with respect to the immersion f This tells
us immediately that f satisfies

A’H=0.
O
Lemma 34. The blowup f constructed above is not a union of planes.
Proof. By identity (62) and construction of f, we have
/ A dp > e, > 0,
F=H(B1(0))
This tells us that f has a nonplanar component. O

Lemma 35. Let f .Y — R3 be the blowup constructed above. Ifi contains a compact component C, then
3 =C and X is diffeomorphic to C.

Proof. Let C be the aforementioned compact component of 3. Then for sufficiently large 7, ¢; (C) is both
closed and open (clopen) in X. Since ¥ is connected and C # ), we conclude that ¥ = ¢; (C). Hence X is
diffeomorphic to C. Taking j ' oo then allows us to conclude that

C=lim ¢;' (%)= lim $(j) = 3.
J—00 j—o0

O

Theorem 36. Let f : ¥ — R satisfy (GTHE) and (53). Let f be the blowup constructed above. Then none
of the components of f(X) are compact, and the blowup has a component which is nonumbilic and satisfies

A2H =0.

Proof. We claim that the surface area p(X;) is uniformly bounded away from zero. To see this, note that
by Theorem [B0] each f; is an embedding for ¢ € [0,T), and (3) implies that the enclosed volume of the flow
is constant. Combining this with the isoperimetric inequality we conclude that for ¢ in this time interval,

w(2y) > ¥/36mVol (3g) > 0.

Next assume (for the sake of contradiction) that f (i) has a compact component, say D. The properness of
f implies that f~! (D) C X is also compact. We infer from Lemma B4] that D = f(X), so that f(3) must
consist of a single compact component. Hence

(71) FE) = Jim p; (%) < oo

We next use the definition of the sequence of immersions { f;} to compute the measure of the blowup. Firstly,
a quick computation gives

2
=r7q;
g’t:tj 93],

where g; denotes the metric induced by the immersion f;. The measure of the blowup can then be calculated

from the formula

D ‘ = [ 4 ‘ =2 / duj| =2 =]
H () t=t; /2 Mt:tj K 5 il Tt (%) t=0
Thus by our choice of 7, we know that

— 1 2 N =
(72) p(S)| = lim s |_ =0

This of course contradicts our statement above regarding the enclosed area being strictly positive. Thus
we conclude that f (i) has no compact components. Recall that the locally smooth convergence rules out
non-smooth combinations of pieces of spheres and planes. Now Lemma [34] tells us that there must be a
component of f (i)) with nonzero curvature, ruling out flat planes; the only umbilics with unbounded area.
This tells us that the component above is noncompact and nonumbillic, which is what we wished to show. [J
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10. GLOBAL ANALYSIS OF THE FLOW
We begin by proving that a flow (GTHE]) with initial data satisfying (53)) exists for all time.
Proposition 37. Suppose f: % x [0,T) — R3 satisfies (GTHE) and (3). Then T = oco.

Proof. Suppose that T' < co. Then Theorem Bl implies that curvature must at time T'. Next, by Theorem 30
we know that A° remains small in L? on the time interval [0, 7). We construct a blowup f as in Section 9.
We proved that the blowup f satisfies the hypothesis of Theorem [l and so we conclude that f (i) is either
a plane or a sphere. But Theorem [0l tells us that f (i) is noncompact with a nonumbilic component, and so
we have reached a contradiction. We conclude that T' = oo. ]

Let us now identify a subsequence of times along which the flow is asymptotic to a round sphere.

Lemma 38. Let f: X x [0,T) — R? satisfy (GTHE) and B3). Then for any sequence t; /' oo we may
choose x; € R3¢, € Diﬁ(E,R3) such that after passing to o subsequence, the immersions f($;,t) — x;
converge in C'°° to an embedded round sphere.

Proof. Proposition 7 implies that T' = co. Let p € ¥ and set z; = f(p,t;). By Theorem 21l we conclude
that for every t; we have

IVwAll.|_, <c@®.
I
By (@), we know that if p (Xo) it remains so, that is:
(73) P <) < oo

In particular, if we consider the sequence of immersions f; : E~—>~R3 given by f; (p,t) = f (p,t;) — x; then

Theorem guarantees the existence of a proper immersion f : ¥ — R3 (where, of course, ¥ is a surface
without boundary) and a sequence ¢; € Diff (E, R3) such that
(74) Fi (95,0) = F(95,1)) —aj = fas j /oo,

Here the convergence is in the smooth topology. We define a new sequence of flows h; : 3 (j) x [~t;,00) — R3
defined by

hj (p,t) = f (95 (p),t; +1) — ;.
Then each h; also satisfies the interior estimates and bounded area hypothesis of Theorem 2] and from (74)
we conclude that

hj (p,0) = f(¢; (p),t;) —x; = fasj /oo
That is to say, at initial time our sequence h; converges locally in C* to f. Following the same line of
argument as in the proof of Theorem B3] we conclude that

tjta
/ /|VAH|2dudT§/ |A|2du‘ —/ |A|2du‘ N0 as j oo,
t; by by t=t; by t=tjt1

which tells us that f satisfies A2H = 0. Noting that f here is compact, Theorem [ then implies that f must
be a sphere. O

We now use a standard argument to obtain exponentially fast convergence of the family of immersions f
in the C'*° topology.

Proposition 39. Suppose f: ¥ x [0,T) — R? satisfies (GTHE) and G3). Then for all t sufficiently large
IV Al < cke™" and A% < coe™,
where k € N,
Proof. Because the flow (GTHL) preserves volume, the radius of the limiting sphere is
_ 3/3Vol (%)
< 4

By continuity, there is a time after which f (-, t) remains a radial graph; we linearise the radial graph evolution
corresponding to (GTHE]) over the limiting stationary immersion and apply the principle of linearised stability,
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along with a result of Lunardi [I3] to obtain exponential convergence to the sphere. Specifically, for ¢
sufficiently large, we write our surface as a radial graph over the unit 2—sphere:

f(Z,t) = p(z,t)z,

for z € §?, adding a tangential diffeomorphism to (GTHE]) such that the parametrisation is preserved. The
components of the induced metric g are

9ij = P*oij + VipVp.

Here o is the metric on S2. We have used the identities z L V,;z and |z|> = 1. We compute (see [16] for
details)

1 — — .. _ i 1 — —
Aij == (p)"% (pVijp — 2VipVjp — 045p%) and g7 = p~2 (0 T—®(p)'V pV”p) :
where
= |2
© (p) = p* + [Vl

and A denotes the Laplace-Beltrami operator on S?. Hence

_ 1 _ i =) = 1 _3 1= |2
(75) H(p)=—p'®(p) > Dp+p ' ®(p) 2V pV pVijp+2®(p) 2+ (p) 2 |Vp|,
Now consider a variation of p centred around the stationary spherical solution. That is,
Taking repeated covariant derivatives of our expression for the mean curvature H in (73] yields

(77) A*H (pe) = —p;* (p§1‘1> (p) 2 A pe + ® (po) 2 AD (pe)) + Q(pe,n,€),

where @ satisfies %Q‘ = 0. Hence
e=0

[N

d s d —13 -
TAH (pe)| = ——-pe (pe D (pe) 2 Ape + P (pe)

_ 13 _ _
==p 0 (p) A% _ =207 (pe)

Ko (pe))

An

e=0

e=0

i

e= e=0
= —p 8 (Zgn + QZQn) .
Hence the linearisation of (GTHE]) about the stationary sphere solution with radius ps is
on _
ot
It is well-known (see [2] for example) that the set of eigenvalues of the Laplacian A on S? is
o(A)={N:leNo}={-1(l+1):1€Ny}C (—00,0],

with the algebraic multiplicity of each eigenvalue \; being equal to the dimension of the space of homogenous,
harmonic polynomials of degree [ on the sphere. In particular, the multiplicities of A\g and A\; are 1 and 3
respectively. It is also well-known that the eigenvalue of the p-times iterated Laplacian A" (p € N), is given
by

(78) P8 (Zgn + 2ZQn) =: L.

o (&) = {N:neo (@)},
Hence it follows that the set of eigenvalues of the operator £ in (8] is
o (L) = {—p;06(1+2)(z+1)212(z_ 1):1 eNO}.

The zero eigenvalue (corresponding to [ = 0,1) of £ has algebraic multiplicity 4. One may follow a set of
steps completely analogous to [3, pp. 1428-1430], quotienting out the zero eigenvalues and proving that [22]
can be applied to conclude exponentially fast convergence to p in the C* topology. Converting the norms
on the derivatives of our immersion function into covariant derivatives of curvature allows us to establish the
desired exponential convergence result of the theorem. O
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