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Abstract

It is well known that many biological soft tissues behave as viscoelastic materials with hysteresis
curves being nearly independent of strain rate when loading frequency is varied over a large range.
In this work, the rate insensitive feature of biological materials is taken into account by a
generalized Maxwell model. To minimize the number of model parameters, it is assumed that the
characteristic frequencies of Maxwell elements form a geometric series. As a result, the model is
characterized by five material constants: (g, 7, m, pand S, where L is the relaxed elastic modulus,
zthe characteristic relaxation time, /77the number of Maxwell elements, o the gap between
characteristic frequencies, and = 14/ with £4 being the elastic modulus of the Maxwell body
that has relaxation time z. The physical basis of the model is motivated by the microstructural
architecture of typical soft tissues. The novel model shows excellent fit of relaxation data on the
canine aorta and captures the salient features of vascular viscoelasticity with significantly fewer
model parameters.
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1. Introduction

Many living biological soft tissues are characterized by viscoelastic mechanical behavior
which is relatively insensitive to strain rate within several decades of time [1-5]. The
classical linear viscoelastic models (i.e., Maxwell, Voigt, or Kelvin, see definitions below)
have a single characteristic frequency, as pointed out in [2, 3, 6, 7], and hence are unable to
account for the rate-insensitive feature of biological tissues. Moreover, stress-strain
relationships of soft tissues are usually highly nonlinear and strongly anisotropic [2-5, 8-12].
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To this end, the quasi-linear viscoelastic theory developed by Fung [2] has been extensively
used to describe biological constitutive behaviors; e.g., [13-17].

In the quasi-linear viscoelastic formulation, the dependence of stress on time (loading
history) and strain (total deformation) is separated, and the stress relaxation response
(dependence on time) is linear [2]. But the stress-strain relationship remains nonlinear.
Recently, Zhang and Kassab [18] proposed a scheme to linearize the stress-strain
relationship of arteries in the full range of elasticity by defining a new strain measure to
absorb the nonlinearity. This implies that stress in quasi-linear viscoelastic materials can be
linearly dependent on both time and strain. In this regard, a linear viscoelastic model that is
insensitive to the loading frequency can sufficiently capture the constitutive behavior of
biological soft tissues. It should be noted that generally the stress relaxation response does
not have to be linear, as shown in latridis et al. [19].

As mentioned above, there are three kinds of classical linear viscoelastic models: the
Maxwell model is composed of a linear spring and a linear viscous dashpot connected in
series; the Voigt model is formed by a linear spring and a linear dashpot in parallel; and the
Kelvin model (standard linear solid) consists of a linear spring in parallel with a Maxwell
body [2, 6, 7]. A common feature of these models is that they have a single relaxation time
(or characteristic frequency) and their hysteresis loops notably depend on loading rate. To
capture the rate-insensitive hysteresis behavior of soft tissues, continuous spectrum
relaxation functions have to be considered [2].

In principle, a large number of the classic linear viscoelastic models with various
characteristic frequencies can be used to approximate the continuous spectrum functions.
The parameter determination, however, can be problematic because of the increased number
of material constants. On the other hand, a continuous spectrum function may need less
parameters yet it is usually hard to obtain closed-form solutions [20]. For that reason,
generalized Maxwell models with multiple spring-dashpots (which cover a range of
characteristic frequency) have been exploited in many applications [3, 17, 20, 21].

In this work, we will consider a generalized Maxwell model with a finite number of
characteristic frequencies that form a geometric series and cover multiple time scales. As a
result, the rate insensitive feature of biological tissues is captured with significantly reduced
number of model parameters.

2. Generalized Maxwell model

Figure 1 is a schematic diagram of the generalized Maxwell model [3, 21], where a linear
spring with the elastic modulus (stiffness constant) /4 is connected with /7 Maxwell
elements in parallel. In the ~th Maxwell body, the spring has an elastic modulus x;and the
dashpot has a viscous coefficient n; (/= 1, ..., m). The stress in the ~th Maxwell body is o;=

Uigi=nike=e)l at.
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2.1. Differential constitutive equation

Since the components are connected in parallel in Fig. 1, all elements have the same strain
(deformation) equal to the overall strain &(4). The total stress of the whole system is the sum
of the stresses in each element, as given by [2, 6]:

m

a(t)=) oi( (#o-f—ZD/M +1/m) ®,

=0
where D = d/dt denotes differentiation with respect to time.

To reduce the number of model parameters, we denote w; as the characteristic frequency of
Fth Maxwell element and assume that the characteristic frequencies form a geometric series,
namely,

Hi - .
wlzn—l:pl 1/7' (’l:l,...,m), (2)

where p is a nondimensional real constant characterizing the “gap” between successive
frequencies, zrepresents the characteristic relaxation time of the first Maxwell element
(inverse of the characteristic frequency ;).

Substituting Eq. (2) into Eq. (1), we obtain the following differential form of the constitutive
equation:

o(t)= (#0+2D+pz 1/T> (1) @

The constitutive relation in Eqg. (3) still has the main shortcoming of a generalized Maxwell
model; i.e., the number of material constants increases with the number of Maxwell
elements. Our goal is to acquire a series of y;that allows Eq. (3) to capture rate-insensitive
hysteresis behavior. To this end, we need to consider the cyclic loading condition.

2.2. Response to oscillatory loading

For convenience, the response of a linear viscoelastic material to an oscillating load is
typically studied with complex variable functions [2, 6]. If we assume that the applied load
is an oscillatory strain containing a single angular frequency  (the real part corresponds to
the actual load), specifically, the oscillating strain can be written as:

e (t) ==0e™", (@
where g is the amplitude of strain and J= vV —1 denotes the imaginary number. Under the

strain loading of Eqg. (4), the stress response is also an oscillation at the same frequency with
a leading phase angle J[6]:
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o (t) =oge? @+ = (erj‘;) It (5)

where oy is the amplitude of stress.

According to Eq. (4), the differentiation of strain with respect to time can be simply written
as[2, 6]

De (t) =jwe (1), (6)
which reveals that the differentiation Dis equivalent to a multiplication by jw.

Bearing in mind Eqgs. (4)-(6), the differential constitutive equation (Eqg. (3)) can be rewritten
as:

m o
(c0e™®)e?!= <u0+2 ﬁ) e @)

i=1

From Eg. (7), the complex modulus (or dynamic modulus) [2, 6, 7] of the generalized
Maxwell body can be obtained as:

* (t)_ 1J Jw,ul
S R W

The mechanical loss (a measure of the internal friction) is defined as the tangent of the phase
angle 92, 6, 7]:

Im (E* (w
tan (0) :%, ©)
where Re and Im represent the real and imaginary parts of the complex variable,
respectively. The nondimensional tan(d) in Eg. (9) is a function of frequency @ and is
proportional to the ratio of dissipated energy to stored energy in a dynamic loading cycle [7].
Thus rate insensitivity of the generalized Maxwell model can be realized by selecting an
appropriate elastic modulus for each Maxwell element to make tan(d) nearly independent of
. We found that the following series of elastic moduli fits the criterion:

pi=BA+6)" " po (i=1,...,m), (10)

where = 1/l is the ratio of the elastic modulus of the first Maxwell body (which has a
characteristic relaxation time zas shown in Eq. (2)) to that of the first spring (see Fig. 1).
Using Eqg. (10), the differential constitutive model (Eq. (3)) can be written as:
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and the complex modulus (Eq. (8)) becomes:

E* () =po (HﬁZM) SCE)

jwtpt /T

There are five material constants in the model: i, 7, m, p and S, where y4 has the unit of
stress, 7 has the unit of time, and the other three parameters are nondimensional. For given
model parameters, the internal friction [2] or the normalized energy dissipation [3] can be
examined by plotting tan(4) against frequency @ (the normalized energy dissipation differs
from tan(J) by a multiplication factor [7]).

The real part of the applied complex strain load in Eq. (4) is a cosine function containing a
single angular frequency w:

e (t) =epcos (wt) . (13)

The corresponding stress response is the real part of Eq. (5), which is another cosine
function with the same frequency [6, 7]:

o (t) =opcos (wt+6) . (14)

The hysteresis loop can be obtained by plotting o(# versus &(#, which should be nearly
independent of angular frequency @ in a wide range, because the internal friction tan(?) is
insensitive to the loading frequency.

2.3. Relaxation and creep functions

Under a given constant strain load &, the relaxation function can be expressed by [2, 6, 7]:

t - ,
G (t) Z%O):ﬂoJrZMe*%t- (15)

Using Egs. (2) and (10), the reduced relaxation function [2] can be obtained from Eq. (15)
as:

& i—1__pi=lt)r
g PHMAT e

(t) = = m . ?

(16)

from which one can easily show that
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9(0)=1, g (c0) an

_ 1

(A"
Equation (17) indicates that the lower bound of the reduced relaxation function, g(cc),
depends on mand gonly.

Under a constant stress load oy, the strain of a viscoelastic body varies with time. The creep
function (compliance) of a linear viscoelastic material can be defined by [2, 6, 7]:

e(t)
J(t)=——=. (@18
(t) =" a9
According to the linear viscoelastic theory, the creep function and the relaxation function are
related by the following convolution [6, 7]:

[0 (t=€) B (€) de=t. (19)

Equation (19) can be used to obtain the creep function if the relaxation function is known, or
vice versa. Findley et al. [6] provided a partial fraction expansion method to solve Eq. (19)
using Laplace transform.

In the following section, we will demonstrate numerically that the rate insensitive behavior
can be predicted by choosing appropriate model parameters, especially mand p; i.e., the
number of Maxwell bodies and the gap between characteristic frequencies.

2.4. Numerical examples

The internal friction, tan(6), depends on only four parameters: 7, m, pand S (Egs. (9) and
(12)), so does the reduced relaxation function g(# (Eg. (16)). To compare them with the
results in Holzapfel et al. [3] where 5 Maxwell bodies were used, we chose 7=1.0s, m=5,
p=10.0, = 0.05. Figure 2(a) shows that tan(¢) is nearly constant within four decades of
time (0 < log(wz) < 4), similar to the dissipation energy plot in [3]. Figure 2(b) reveals that
9(9 decreases from 1.0 to 0.78 after four decades (-4 < log(# 7) < 0), consistent with the
result in [3].

Ten material constants are required for the model in Holzapfel et al. [3]. The number of
parameters in our model is five and it does not depend on how many Maxwell bodies are
employed. Thus we can easily increase mto cover a larger rate insensitive range and
decrease p to remove the ripples in Fig. 2(a), without changing the number of material
constants.

In Fig. 3, we chose ten Maxwell elements with m= 10 and p = 3.6. Figure 3(a) demonstrates
that tan(6) can be smoothened with a larger /mand a smaller p (compare the solid curve in
Fig. 3(a) with Fig. 2(a)). Figures 3(a) and (b) illustrate, respectively, that a decrease in j
means smaller mechanical loss and less stress relaxation, if we compare the solid (4= 0.05)
and the dashed (/= 0.02) plots. The dependence of g(§) on mis reflected by the minima of
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the solid curves in Figs. 2(b) and 3(b). By comparing the solid (z= 1.0 s) and the dotted (7=
10.0 s) curves in Fig. 3, one can see that tan(6) and g(#) maintain their shapes but shift with ¢
on the wand zaxes, indicating that zcan be used to locate the rate insensitive range on the
frequency or time axes (also see Egs. (9), (12) and (16)).

To demonstrate how the model parameters can be adjusted to fit the experimental data, we
compare g(#) with some reduced relaxation functions reported by Tanaka and Fung [1]. The
experimental results of canine aortic arch and proximal thoracic artery were plotted in Figs.
4(a) and (b) as three set of symbols, respectively. For brevity, we fixed pas 3.6 in all cases.
Then parameters /m, 7, and S were varied to obtain a good match of the model prediction and
experimental data. It is noted that a rigorous fit was not performed here. The purpose of this
example is to show how model parameters can be generally varied to fit the data. In the case
of aortic arch (Fig. 4(a)), it was found that /7= 6 and 7= 400.0 s can be selected, and /=
0.038, 0.052, and 0.065 can be used to represent the three set of data very well. In the case
of proximal thoracic artery (Fig. 4(b)), the selection of m =5, = 120.0 s, 5= 0.038, 0.052,
and 0.065 is sufficient to capture the experimental results.

It should be cautioned that the above comparison was based on relaxation curves only.
Hence, the selected model parameters can not necessarily capture other hysteresis features
(e.g., the internal friction). If more experimental results (such as the width and magnitude of
the internal friction plot in Fig. 3(a)) are known, the best set of model parameters can be
obtained using a least square method. Then both the stress relaxation and the hysteresis loop
can be appropriately predicted by the model.

Since the amplitude y{w)) in Eq. (15) is a spectrum of the relaxation function on the
frequency axis w;[2], we can plot the y;in Eq. (10) against the w;in Eq. (2) to illustrate how
the elastic modulus changes with the characteristic frequency. Figure 5 shows the plot of
Ui versus wjzfor p= 3.6, /= 0.05,and /=1, ..., 10 (corresponding to the solid curves in
Fig. 3). It is seen that amplitude of the discrete spectrum increases nonlinearly with
frequency, which is important for the model to be rate independent in a multiple time scale,
as shown in Fig. 3(a).

If we consider a simpler series of elastic moduli; e.g., constant amplitude ;= Sy for all the
Maxwell bodies (/= 1, ..., m), then the complex modulus (Eq. (8)) becomes

m

E* (w) =po (HﬂZ.jiw) . (20)

1—1
jwtpt/T

The internal friction tan(d) versus log(wz) plot, computed by Eqgs. (9) and (20), is shown in
Fig. 6, where the same parameters for the solid curve in Fig. 3(a) have been used. It is seen
that constant amplitude for the relaxation function (u; = Sug) does not result in rate
insensitive mechanical loss tan(s), implying that the choice of Eq. (10) is essential in this
model.
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3. Discussion

Since the viscoelastic hysteresis loop in a discrete spectrum system is maximized when the
loading frequency matches the characteristic relaxation frequency [2], generalized Maxwell
models with different relaxation constants should be considered to account for the rate
insensitive viscoelasticity of biomaterials [3].

We have shown that the number of parameters in a generalized Maxwell model can be
significantly decreased by considering a geometric series of the characteristic frequencies of
Maxwell bodies (Eq. (2)). A similar series for elastic moduli of the springs has been
exploited to reduce the number of material constants (Eg. (10)). In this section, we will
consider some of the issues related to the proposed linear viscoelastic model.

3.1. Model parameters

The physical meanings of the five parameters in our model are as follows: g is the relaxed
elastic modulus when time approaches infinity (i.e., all dashpots are fully relaxed and the
viscous stress becomes zero); zis the characteristic relaxation time that positions the rate-
insensitive range; /m denotes the number of spring-dashpot elements; p reflects the gap
between consecutive characteristic frequencies; £is equal to the ratio of elastic modulus of
the Maxwell body with characteristic relaxation time zto that of the pure spring. It should
be noted that the initial elastic modulus at #= 0 (instant elastic modulus) can be derived from

Egs. (15)-(17) as tp(1+H)".

latridis et al. [20] utilized a 5-parameter generalized Maxwell model with only two spring-
dashpot elements and noted that the ratio of viscous coefficients to relaxation times (i.e., the
amplitude of relaxation spectrum) is nearly constant. Their study implied that the number of
parameters can be reduced when more Maxwell elements are used. The relaxation times
chosen by Holzapfel et al. [3] in their model actually form a geometric series with p = 10,
indicating that the characteristic frequencies are related by harmony. The novelty of our
model is that relations between parameters have been explicitly considered (see Egs. (2) and
(10)). In the discrete spectrum approximation of quasi-linear viscoelastic theory developed
by Puso and Weiss [22], a formula similar to Eq. (16) has been used to estimate the
exponential integral relaxation function with a continuous spectrum [15].

3.2. Microstructural basis for the multi-element model and parameter method

It is well known that the microstructure of biological tissues is not random but follows
certain patterns. Also, the mechanical properties of biological tissues are related to
microstructure. For example, the Young's modulus of the intima-media layer of arteries,
which consists of endothelial and smooth muscle cells along with elastic lamina, was found
to be several times larger than that of the adventitia layer at relatively small or physiological
loading conditions [23, 24]. The latter is composed of collagen with a small amount of
fibroblasts and elastin.

From a microstructural point of view, specific orientation relations exist between the
collagen fibers in arteries [3] and between the myocardial fibers in hearts [25]; i.e., a linear
relation of fiber angle versus transmural depth [26]. These intrinsic geometrical and
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mechanical variations are undoubtedly reflected in the macroscopic behavior of the
biological materials.

Soft tissue is essentially a fiber in a matrix composite. In the generalized Maxwell model,

the fibers are analogous to springs, and matrix to dashpots. The collagen fiber coils stretch
and store energy similar to springs and the cellular matrix provides damping similar to the
dashpot.

Based on the relationship between material properties and microstructural constitution along
spatial depth [23, 24, 26], a biological tissue can be regarded as a finite number of pseudo-
layers, each with a finite thickness. In the present model, each of these pseudo-layers is in
effect represented by a spring-dashpot element. The more pseudo-layers, the more elements,
and the smoother the response curve. This is analogous to the case where we mathematically
lump a continuous spectrum into a discrete spectrum; i.e., employ a generalized Maxwell
model to approximate the real continuous media.

Taking into consideration that the material constitution and mechanical properties vary from
layer to layer (although there are relations or patterns partially due to the connections
between adjacent layers), we propose that particular relations exist between the Maxwell
bodies as shown in Egs. (2) and (10). It should be emphasized that the order of the Maxwell
elements in Fig. 1 is not necessarily the same as the order of the layers in the tissue. In other
words, the mechanical properties (i.e., @w;in Eq. (2) and g;in Eq. (10)) in the model can be
mathematically simulated by a simple series.

The experimentally measured mechanical properties of dissected layers can help define
model parameters such as pand £ (Egs. (2) and (10)). The fundamental advantage of this
model is that the number of material constants stays the same even if the number of elements
increases dramatically. This is due to the proportional relationship between the model
parameters (the connection between elementary layers). Therefore, in specific applications
(e.g., mechanics of arteries or myocardium), the relations between the parameters for the
layers at various depths in the model can be tuned according to the experimental data.

The above reasoning provides a physical basis for the proposed multi-element model. It also
offers a biological microstructural basis for the parameterization method proposed in this
study. These methods could be applied to a wide range of biological soft tissue types.
Nevertheless, the concept of finite pseudo-layers may not be applicable to all biological
tissues, such as the heel pad.

3.3. Model advantage and limitation

The one-dimensional model (Egs. (11) and (16)) can be used to analyze the viscoelastic
behavior of biomaterials under uniaxial tension or other simple loadings. It is simple to
extend the linear viscoelastic model to three-dimensions using tensor notation [2, 6, 7].
Finite element implementation of the model can be done following well established
approaches [3, 12, 15, 16, 21].

The proposed model is intended for rate insensitive linear viscoelastic materials (note that
nonlinear stress-strain relationships can be linearized with an alternative strain measure),
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especially for biological soft tissues with hysteresis curves nearly independent of loading
frequency. It has been noted that some biological materials are rate sensitive [12, 16, 27, 28],
to which this model may not apply. However, the notion of harmonic (or a series of)
frequencies may still be useful to reduce model parameters. For example, Fig. 6 shows a rate
sensitive linear viscoelastic model.

One limitation of the current model is the high-order differential equation (Eq. (11)), which
is not convenient to use in numerical simulations. Fortunately, the concept of internal
variables can be exploited to incorporate the model in numerical methods [3, 7, 12].
Nevertheless, it will be interesting to determine how to coordinate the evolution equations of
the internal variables since the parameters of Maxwell bodies are related. As our model can
be viewed as a discrete form of the quasi-linear viscoelastic formulation, it can be expected
that some viscoelastic behaviors such as creep may not be captured very well [2].

The main advantage of this model is that it requires only five material constants regardless of
the number of Maxwell bodies used. The rate insensitive frequency range is controlled by
parameters mand p; i.e., the number of the Maxwell elements and the gap between
characteristic frequencies. For /=5, our model represents a special case of the five-element
model in Ref. [3], m = 2 results in a model similar to those in Refs. [17, 20], and m=1
corresponds to the standard linear solid that has been widely used for its simplicity [2, 7,
29-31]. Equivalent forms of models; e.g., a linear spring connected in series with a number
of Voigt bodies [2, 6, 21, 29, 32], can be formulated in a similar manner.

4. Conclusions

We propose a generalized Maxwell model that captures the rate insensitive hysteresis
behavior of linear viscoelastic biomaterials. By considering a geometric series of
characteristic frequencies and the relation between elastic moduli of the springs, the model
is characterized by only five material constants that have some physical meanings. As a
result, the parameter determination process can be simplified; e.g., the relaxation function
can be fitted with experimental data. It is expected that the present model is applicable to
other engineering materials where rate insensitive viscoelastic behaviors are found (e.g., see
review in [2]) as well as typical biological soft tissues.
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Fig. 1.
A generalized Maxwell viscoelastic model.
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(a) The internal friction tan(¢) versus log(w7). (b) The reduced relaxation function g(2)
versus log(#z). =1.0s, m=5, p=10.0, /= 0.05.
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The plots of (a) tan(o) versus log(wzy) and (b) g(4) versus log(# 7p). m= 10, p = 3.6. Note

that 7 = 1.0 sec. has been used to avoid awkward units in abscissas.
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Fig. 4.

Tr?e reduced relaxation function g(9 of the linear model (curves) compared with
experimental data (symbols) in [1]. () /7= 6 and 7= 400.0 s fitted to canine aortic arch. (b)
m=>5and 7= 120.0 s fitted to canine proximal thoracic artery. 5= 0.038, 0.052, 0.065 from
top to bottom. p= 3.6 and 7y = 1.0 sec.
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Fig. 5.
A plot of ujug versus w;i.e., A1+H) 1 vs. p1), the normalized discrete spectrum of the
relaxation function, for p= 3.6, /=0.05,and /=1, 2, ..., 10.
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A plot of tan(5) versus log(wz) when constant amplitude of the relaxation function (= fp)

is con

sidered. == 1.0 s, m= 10, p= 3.6, /= 0.05.
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