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1 Introduction

This paper deviates from the mainstream literature on asymptotic methods in finance;
in fact, our main result does not add another formula to the plethora of approximation
formulas for the implied volatility (IV) already available in the literature. Rather, we
prove an exact result: a rigorous derivation of the exact Taylor formula of 1V, as a
Sfunction of both strike and maturity, in a parabolic region close to expiry and at-the-
money (ATM).

This is done under general assumptions that allow including popular models, such
as the CEV and the Heston models, as particular cases; indeed, we consider a mul-
tivariate model driven by a stochastic process that is a local diffusion in a sense that
suitably generalizes the classical notion of diffusion as given by [18, 19, 45].

The literature on IV asymptotics is extensive and exploits a diverse range of math-
ematical techniques. Focusing on short-time asymptotics, well-known results were
obtained by [6, 7, 15]. Deferring precise definitions until the body of this paper, we
denote by o (¢, x; T, k) the IV related to a call option with log-strike k and maturity 7,
where x is the spot log-price of the underlying asset at time ¢. [7] uses PDEs tech-
niques to prove the existence of the limits TlintlJr o(t,x; T, k) in a generic stochastic

—
volatility model and to characterize such limits in terms of Varadhan’s geodesic dis-
tance (see also [22] for related results). More recently, [15] gives conditions under

which it is possible to recover the ATM limits Tlim 8; 8,2"0(@ k; T, k) using a semi-
—>t+

martingale decomposition of implied volatilities; although this approach performs
also in non-Markovian settings, the validity of the conditions for the existence of
the limits is verified only under Markovian assumptions and employing the results
in [7].

While it is common practice to consider the IV as a function of maturity and
strike (7', k), the aforementioned papers examine only the vertical limits (see Fig. 1),
as T — t+, of o(t,x; T, k). The aim of this paper is to give conditions for the
existence and an explicit representation of the limits of 8? ali”a(t,x; T, k), at any
order m, g, as (T — t,x — k) approaches the origin within the parabolic region
Py :={lx —k| <As/T —t}; here X is an arbitrarily large positive parameter. From
a practical perspective, P, is the region of interest where implied volatility data are
typically observed in the market. As a by-product, we also provide a rigorous and ex-
plicit derivation of the exact Taylor formula (see formula (1.3) below) for the implied
volatility o (¢, x; -, -) in Py, around (T, k) = (¢, x).

The starting point is the analysis of the transition density first developed in a scalar
setting in [37] and later extended to asymptotic IV expansions in multiple dimensions
in [33], where the authors derived a fully explicit approximation, hereafter denoted
by oy, for the IV at any given order N € N. Our main result, Theorem 5.1 below,
gives a sharp error bound on 8? d;' (0 — o) and leads to the existence of the limits

(Tkl)iin(zx) 3700 (0 —oN)(t,x; T, k)=0,  2g+m<N. (1.1)

|x—k|<i/T—1

In the one-dimensional case and for derivatives of order less than or equal to two,
similar results were proved in [8] by using Malliavin calculus techniques. Our results
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Fig. 1 Directions along which the limits are computed in [7], in [15] and in this paper, respectively

are proved under mild conditions on the driving stochastic process, which is assumed
to be a Feller process and an inhomogeneous local diffusion. Loosely speaking, we
assume that the infinitesimal generator of the diffusion is only locally elliptic (i.e.,
elliptic on a certain domain D C R?) and its coefficients satisfy suitable regularity
conditions; note that no ellipticity condition is imposed on the complementary set
R? \ D. Results under such general hypotheses appear to be novel compared to the
existing literature. In particular, our analysis includes processes with killing and/or
degenerate processes: our assumptions do not even imply that the law of the un-
derlying process has a density and therefore our results apply to many degenerate
cases of interest, such as the well-known CEV, Heston and SABR models, among
others.

Formula (1.1) implies that the limits of the derivatives 8‘T1 0,'o exist if and only if
the limits of 8? 8,’(" oy do exist, and in that case we have

lim 3190 (t,x; T, k)= lim  3]dan(t, x; T, k). (1.2)
(T,k)—(t,x) (T, k)—(t,x)
|x—k|<i/T—t |x—k|<i/T—t

Note that in general, the limits in (1.2) do not exist; a simple example is given in [43,
Sect. 6], which exhibits a lognormal model with oscillating time-dependent volatility.
In that case, the results by [6, 7, 15] do not apply, while the approximation oy in [32]
turns out to be exact at order N = 0. More generally, we provide simple and explicit
conditions ensuring the existence of the limits of 8; d;'on, and consequently the ex-
istence of those of 8? 0;'o in (1.2). A particular case is when the underlying diffusion
is time-homogeneous; in that case, o is polynomial in time and thus smooth up to
T=t.

Denoting by 8? ;' on (t, x) the limits in (1.2), whose explicit expression is known
at any order, we get for o the exact parabolic Taylor formula

A7 GN (1, x)

(T =0T G— )"

o(t,x; T, k)= Z

2g+m<N
+o((T =07 + |k —x|V) (1.3)

as (T, k) — (t,x) in P;. Here, the meaning of the adjective parabolic is twofold. On
the one hand, it refers to the parabolic domain P, on which the Taylor formula is
proved; on the other hand, it refers to the nature of the remainder, which is expressed
in terms of the homogeneous norm typically used to describe the geometry induced
by a parabolic differential operator. Note that this formula describes the behavior of o
in a joint regime of small log-moneyness and/or small maturity. This result appears to



be novel compared to the existing literature and complementary to [9, 20, 35]. In [20],
the asymptotic behavior of ¢ in a joint regime of extreme strikes and short/long time-
to-maturity is studied; [35] studied, in an exponential Lévy model, the small-time
asymptotic behavior of o along relevant curves lying outside the parabolic region P;,
for any A > 0; eventually, in a very general setting, [9] studied the asymptotics of
o for different regimes of log-strikes and maturities, including the region P, where
their result coincides with ours at order zero.

Apart from the mere interest of having at hand a Taylor formula like (1.3), ad-
ditional advantages of having two-dimensional limits, as opposed to vertical ones,
might come from applications such as the asymptotic study of the IV generated by
VIX options (see [2]). In this case, the underlying value, given by the price of the fu-
ture VIX, is not fixed but varies in time, meaning that the log-moneyness of an ATM
VIX call is not constantly zero, but approaches zero for small times to maturity along
a curve which is not a straight line.

The proof of our result proceeds in several steps. We first introduce a notion of
local diffusion (Assumption 2.1); we study its basic properties and the existence of
a local transition density. We provide a double characterization of the local density
in terms of the forward and backward Kolmogorov equations (Theorem 2.6); the
forward representation follows from Hormander’s theorem and is coherent with the
classical results by [29]. On the other hand, the backward representation appears to
be novel at this level of generality. Indeed, its proof is more delicate and requires the
use of the Feller property combined with classical pointwise estimates by [36] for
weak solutions of parabolic PDEs. Then we derive sharp asymptotic estimates for
the derivatives 8? o 'u(t,x; T, k), with u representing the pricing function of a call
option with maturity 7" and log-strike k. This is done first in a uniformly parabolic
framework and is then extended to a locally parabolic setting to include the majority
of the models used in mathematical finance. The second step is particularly interest-
ing due to the very weak assumptions imposed on the generator A, of the underlying
diffusion. The main idea is to extend A; to an operator A; which is globally parabolic
and then to prove that locally in space, the difference between the fundamental so-
lution of A; and the local density of the underlying process decays exponentially as
the time-to-maturity approaches zero. This last step requires a non-trivial use of some
techniques first introduced by [44]. Finally, the estimates on the derivatives 8? o' u
are combined with some sharp estimates on the inverse of the BS pricing function
and its sensitivities to obtain the main results, Theorem 5.1 and the Taylor formula
(1.3).

The paper is organized as follows. In Sect. 2, we describe the general setting and
show some illustrative examples of popular models satisfying our standing assump-
tions. In Sect. 3, we briefly recall the asymptotic expansion procedure proposed by
[33]. In Sect. 4, we derive error estimates for prices and sensitivities, first under the
strong assumption of uniform parabolicity (Sect. 4.1) and then in the general case
(Sect. 4.2). In Sect. 5, we prove our main result (Theorem 5.1) on the error estimates
of the IV and its derivatives, and the consequent parabolic Taylor formula. Finally,
the Appendix contains the proof of Theorem 4.4 and other auxiliary results, namely
some short-time/small-volatility asymptotic estimates for the Black—Scholes sensi-
tivities (Appendix C), an explicit representation formula for the terms appearing in



the proxy on (Appendix D), and a multivariate version of Faa di Bruno’s formula
(Appendix E).

2 Local diffusions and local transition densities

In this section, we describe the general setting and state the standing assumptions un-
der which the main results of the paper are carried out. We also show some examples
and prove some conditions under which such assumptions are satisfied. Generally we
adopt definitions and notations from [18, 19].

We fix a time horizon Ty > 0 and consider a continuous R¢-valued Markov
process Z = (Z;):e[0,1,) With transition probability function p = p(¢,z; T, d¢), de-
fined on the space (€2, .F, (Fg‘)OStSTSTo’ (Pr,7)0<t<Ty). For any bounded Borel-
measurable function ¢, we denote by

E; Jo(Z1)]:= (T 19)(2)

1=/ P, T,d0)e(¢), 0<t<T<TyzeR?, 2.1)
R4

the P;  -expectation and the semigroup associated with the transition probability
function p, respectively (cf. [18, Chap. 2.1]).

We assume that Z = (S, Y), where S is a nonnegative martingale' and Y takes
values in RY~!; here S represents the risk-neutral price of a financial asset and Y
models a number of stochastic factors in the market. For simplicity, we assume zero
interest rates and no dividends.”

Throughout the paper, we assume the existence of a domain® D C R, x R4~!
on which the following three standing assumptions hold. We emphasize that in the
following assumptions, we impose only local conditions, satisfied by all the most
popular financial models.

Assumption 2.1 The process Z is a local diffusion on D, meaning that for any
t€[0,Ty),8 >0,1<i,j<dand H, compact subset of D, there exist the limits

p(t,z:t+h,d ) p(t —h,z;t,d
lim f Pzt +hdD) / pU—hzt.dD) o o)
h—0+ h h—0+ h
{lz—¢|>8NH {lz—¢|>8NH

uniformly with respect to z € Ry x R?~!, and the limits

p(t,z;t+h,d ) p(t —h,z;t,d
lim Pzt +hdl) f p=hzt,d) o 53
h—0+ h h—0+ h
{lz—2]>8) (lz—2]8)

I'We assume that S is a martingale in order to ensure that the financial model is well posed; however, this
assumption will not be used in the proof of our main results.

2The case of deterministic interest rates and/or dividends can be easily included by performing the analysis
on the forward prices.

3Connected and open set.



lim
h—0+
{lz—¢ <6}

/ (o POE th+ h,d¢)

= lim / (& _Zi)p(t—h,z;t,dé‘) =:a;(t,2), (2.4)

h—0+ h
{lz—¢]<é}

lim f & — 2 —2))

h—0+
{lz—¢]<é}

pt,z;t+h,d¢)
h

) p(t—h,z;t,d¢) _
= lim f (& —z)(&) = 2)) ; =:aij(t, 2), (2.5)

{lz=¢]<8}

uniformly with respectto z € H.

The following lemma, whose proof is deferred to Sect. 2.3, collects some useful
consequences of Assumption 2.1.

Lemma 2.2 Under Assumption 2.1, for any ¢ € Co([0, Ty] x D) and for any
f € CA([0, Ty] x D), we have

—1i§0+ IT:, 79(T,-) — o(t, N Lo @y xra-1) = 0, (2.6)
T T,)— f(t,- -
lim ARAUD I ICDN B +A)f(t,-) =0, (2.7)
T—t—0+ T —t Lo (R xRd~-1)
where
B 1 d d
‘At = 5 Z c_ll](t’ Z)aZlZJ +Zc_ll(t’ Z)azl” tE[O, TO)aZGD (28)
i,j=l1 i=1
Moreover, forany 0 <t <T < Tyand z € Ry X R4~ we have
d _
— (Te.7 f(T,9) (2) =Tr.7 (07 + Ar) f(T, ) (2). (2.9)

dT

Many financial models are defined in terms of (stopped) solutions of stochastic
differential equations. We refer to Sect. 2.2 in [ 18] for the definition and basic results
about (F")-stopping times with respect to a given Markov process. The following
result shows that stopped solutions of SDEs satisfy Assumption 2.1.

Lemma 2.3 Let (Z1)1ef0,19] be a continuous Markov process defined as Z; = Z AT»
where

(1) Z is a solution of the SDE

dZ; =u(t, Z,)dt + o (t, Z,)dW,,



where W is a multidimensional Brownian motion and the coefficients of the SDE
are continuous and bounded on [0, Ty x D, with D a domain of Rd;
(ii) T is the first exit time of Z from a domain D' C Ry x R4~ containing D.

Then Z is a local diffusion on D in the sense of Assumption 2.1, with
c_l,'IpL,', Zl,’j:(O’O’*),‘j, 1§i,j§d. (2.10)

The proof of Lemma 2.3 is deferred to Sect. 2.3.

We refer to the operator A; in (2.8) as the infinitesimal generator of Z on D. In the
second standing assumption, we require that A, be a nondegenerate operator. Notice
that A, is defined only locally, on the domain D. In the following assumption and
throughout the paper, N > 2 is a fixed integer.*

Assumption 2.4 The operator A, satisfies the following conditions:

(i) the coefficients a;;, a; are in C g’l([O, To) x D), where C g’“ denotes the usual
parabolic Holder space (see for instance [19, Chap. 10.1]);
(i1) A; is elliptic on D, i.e., there exist M > 0 and ¢ € (0, 1) such that

d
eMI? < Y a1, 6¢ < Mg, 1€[0,Tp),ze D, ¢ R
i, j=1

Finally, we state the third standing assumption.

Assumption 2.5 Z is a Feller process on D, i.e., forany T € (0, Tp) and ¢ € Co(R?),
the function (t, z) — (T; 7¢)(z) 1s continuous on [0, T') x D.

The following result summarizes some properties of the law of Z. In particular, it
states the existence of a local transition density for Z on D, which is a nonnegative
measurable function T’ = f‘(t, 7;T,¢),definedforO0 <t <T <Tpand z, ¢ € D, such
that for any H € B(D) (Borel subset of D),

pt,z;T, H) =/ T(t,z;T,¢)de.
H

Moreover, it provides a double characterization of such a local density, first as a so-
lution to a forward Kolmogorov equation (with respect to the end point (T, ¢)) and
then as a solution to a backward Kolmogorov equation (with respect to the initial
point (t, z)). The existence and the forward representation follow from Hormander’s
theorem [25], after proving that the law is a local solution, in the distributional sense,
of the adjoint of the infinitesimal generator of Z. This result is rather classical and is
coherent with the well-known results in [29] (see also the more recent paper [11]).
In order to prove the backward formulation, we still employ Hormander’s theorem,

4To simplify the presentation, we assume N > 2. However, the proofs of neither the results in dimension
one (i.e., d = 1), nor the results for the derivatives of order one or two in a generic dimension, do require
this condition.



but in this case the proof is more delicate and technically involved. In fact, to prove
that the law is a distributional solution of the generator of Z, it will be crucial to use
the Feller property combined with the classical pointwise estimates [36] for weak
solutions of parabolic PDEs. At this level of generality, the resulting backward rep-
resentation for the transition local density appears to be novel and of independent
interest.

Theorem 2.6 Let Assumptions 2.1 and 2.4 be in force. Then Z has a local tran-
smon density T' on D such that for any (t,z) € [0,To) x D, T'(t,z;-,-) is in
((t, Ty) x D) and solves the forward Kolmogorov equation

(Or —AX)f =0 on(t, Ty) x D. (2.11)
Here fl’; denotes the formal adjoint of Ar, acting as
1 d d
=5 D 0z (@ (T, ) f) Z (@ (1. f).
i, j=1 i=1
If in addition also Assumption 2.5 is satisfied, then
T, T,¢) isin CyT1([0,T) x D)
forany (T, ¢) € (0, Ty) x D, and solves the backward Kolmogorov equation
0 +A)f=0  on[0,T)x D. (2.12)

We give a detailed proof of Theorem 2.6 in Sect. 2.3. Before, in Sects. 2.1 and 2.2,
we provide illustrative examples of popular models that satisfy Assumptions 2.1, 2.4
and 2.5, and to which our analysis applies. Only in order to deal with the derivatives
of a call option price with respect to the strike, in Sect. 4.2, we introduce additional
assumptions to ensure existence and local boundedness of such derivatives.

2.1 The CEYV model

Consider the SDE

dS, =oS8Paw,, (2.13)
where 0 > 0 and 0 < 8 < 1. A solution to (2.13) can be represented, through the
transformation X; = %, in terms of the squared Bessel process

dX; =48dt 4+ 2/ X dW;,

with § = % The process S has different properties according to the parameter

regimes B < 2 and B > 5. To describe these, we first introduce the functions

1 s2(1-B) L g2(1—B)
=28, /Se 20-p2o2(T-1) (sS)=A
20-p) \ (1 —

(1= p)o(T —1) m%%T—ﬂ> (2.14)

Ti(t,s;T,S)=



where [, (x) is the modified Bessel function of the first kind defined by

X\ 00 X2k
Lo=(3) ’
v =13 ; KT (v +k+ 1)

and I'g represents the Euler gamma function. Both I', and T'_ are fundamental so-
lutions of 8; + A, where A is the infinitesimal generator of S,ie.,

228
2

A=

Oss - (2.15)
Precisely, we have
O + AT+, T.8)=0  on[0,T) x Ry,

and

(t,5)—(T,5)
t<T

lim / Ti(t,s;T,S)p(S)dS = ¢(5), seRy,,
Ryt

for any continuous and bounded function ¢.

The point O is an attainable state for S.In partlcular if B> 5, then0is absorbmg
if we denote by T, ;= inf{r : S = 0} the first tlme S hits 0 startlng from So =s5>0,
then we have S, =0 for ¢t > t,. The law of S has a Dirac delta component at the
origin, and the function 'y in (2.14) is the transition semi-density of S on Ryt
more precisely, denoting by p the transition probability function of S, we have

pt,s; T, H) =/ Ty (t,s;T,S)dS
H

for any Borel subset H of R and
+oo
/ Cy(t,s;T,S)dS < 1.
0

On the other hand, if 8 < 5, then S reaches 0 but it is reflected; in this case T'_,

which integrates to one on ]R_H_, is the transition density of S. Moreover, S is a strict
local martingale (cf. [13] or [24]) that “cannot” represent the risk-neutral price of an
asset; the intuitive idea is that arbitrage opportunities would arise investing in an asset
whose price is zero at the stopping time 7y, but later becomes positive.

For this reason, in the CEV model introduced by [10], the asset price is defined
as the process obtained by stopping the solution S, starting from So =s, of the SDE
(2.13) at 7y, that is,

S[ = ’§[/\Ts’ = 0.

For any 0 < 8 < 1, the transition semi-density of S is I'; in (2.14). For this model, the
authors of [13] show that for any 0 < 8 < 1, the process is a nonnegative martingale.



Tablel ATM IV

time-derivative B Numerical approx. Taylor expansion Durrleman

0.1 0.0337524 0.03375 —1.0125
0.2 0.0266639 0.0266667 —0.8

0.3 0.0204115 0.0204167 —0.6125
0.4 0.0149955 0.015 —0.45

0.5 0.0104115 0.0104167 —-0.3125
0.6 0.00666029 0.00666667 -0.2

0.7 0.00374753 0.00375 —0.1125
0.8 0.00136839 0.00166667 —0.05

0.9 0.000415421 0.000416667 —0.0125

Now let D be any domain compactly contained in R, . By Lemma 2.3, the
stopped process S is a local diffusion on D and satisfies Assumption 2.1. The in-
finitesimal generator A is the operator in (2.15), has smooth coefficients, and is uni-
formly elliptic on D; thus Assumption 2.4 is satisfied for any N € N. Moreover, the
Feller property on D (Assumption 2.5) follows from the explicit expression of the
transition semi-density or from the general results in [16, Chap. 8] (see Problem 3
and Theorem 2.1).

The CEV model (and also its stochastic volatility counterpart, the popular SABR
model used in interest rate modeling) is an interesting example of a degenerate model
because the infinitesimal generator is not globally uniformly elliptic and the law of
the price process is not absolutely continuous with respect to Lebesgue measure.

Remark 2.7 Durrleman [15, Sect. 5], provided formulas for the implied volatility
in a local volatility (LV) model with LV function o = o (s). His expression for the
time-derivative of the ATM implied volatility, denoted by X, is equal to

(1, 8)|i—0 = 1—12s o(s)’o”(s) — —s 26 (s)o’(s)> + %so(s)zo/(s)

The latter is slightly different from the expression we get from our Taylor expansion
that, in this particular case, can be computed as in Sect. 3.2 and reads as

0 2(t,8) =0 = 11—2s O’(S)2 "(s) — —s a(s)a (s) + %sa(s) ‘(). (2.16)

Actually, simple numerical tests performed in the CEV model confirm that for-
mula (2.16) is correct. As a matter of example, in Table 1 we show the values of
0 2(t, 1)|;=o in the CEV model with 0 = Sy =1 (cf. (2.13)) and 8 =0.1,...,0.9.

2.2 Multifactor local-stochastic volatility models

We consider a pricing model defined as the solution of a system of SDEs of the form

dS, =ni(t, S, Y)S dwV,

(2.17)
S() =S5 c R++,

10



a¥) =it S Y+ (e, S Y)W i=2d
YO:y ERd_l’ |

where W is a d-dimensional correlated Brownian motion with
dWO Wy =pii(t. S, Ypdt, i j=1,....d

In the most classical setting, one assumes that the coefficients of the SDEs are
measurable functions, locally Lipschitz-continuous in the spatial variables (s, y) uni-
formly with respect to ¢ € [0, Ty], and have sublinear growth in (s, y); for more de-
tails, we refer, for instance, to condition (A”) of Chap. 5.3 in [18]. In this case, a
unique global-in-time solution (S, Y) exists, which is a Feller process® and a diffu-
sion (see [18, Theorems 5.3.4 and 5.4.2]).

Usually, however, the above conditions are considered too restrictive and of lim-
ited practical use. Actually, we shall see that Assumptions 2.1, 2.4 and 2.5 are sat-
1sfied under much weaker conditions. To see this, we first note that the infinitesimal
generator A of (S,Y) is the operator of the form (2.8) with coefficients given by

- — 22 —_ — — _
ar=0, a=wp;, an=puns, a=a1=pLEnims, Gaj=4aj =pijNin;

forany i, j =2,...,d. Now, Assumption 2.4 is straightforward to verify and applies
to the great majority of the models used in finance, and thus, by Lemma 2.3, Assump-
tion 2.1 is also satisfied provided that a solution to the system (2.17), (2.18) exists.
The Feller property in Assumption 2.5 has to be verified case by case. Results ensur-
ing the Feller property for the solution of an SDE under weak regularity conditions
on the coefficients (Holder- or local Lipschitz-continuity) have been recently proved
in [48] (see Proposition 2.1) and by [47]. Moreover, the results of [ 16, Chap. 8] cover
several SDE:s related to financial models.

As a matter of example, we analyze the classical model proposed by [23]. Set
d =2 and

dS; = S;/Ydw V. Soe R4y,
dY, =k (O — Y)dt + 8JTdW,  YoeRy,,

where § is a positive constant (the so-called vol-of-vol parameter), «, 6 > 0 are the
drift-mean and the mean-reverting term of the variance process, respectively, and W
is a 2-dimensional Brownian motion with correlation p € (—1, 1). It is well known
that the joint transition probability function p in (2.1) admits an explicit character-
ization in terms of its Fourier—Laplace transform. Precisely, setting X; = log S; and
assuming for simplicity § = 1, we have

P, x, y; T, &, n) = E; y[e55T 7T = A ATEM BT ¢ £ 1), (2.19)

SThe definition of Feller process given in [18, Chap. 2.2] is slightly different from ours. However, the
Feller property for solutions of SDEs is proved in [18] as a consequence of Lemma 5.3.3; this lemma also
implies the Feller property as given in Assumption 2.5.

11



where

b(E)g(E, me PO —a(g)
g(&, me=PEwW= ]

gEm—1 )2"9
g(&, me=DEu _ |

A(u,f,ﬂ)::

9

B(u, £, 1) = e *0a®u (

g(é,n)=a—n, aE)=ifp—k + DE),  bE) =ifp—k — D(£),

D(E) =/ (160 — ) +& (£ + 1).

Using the explicit knowledge of the characteristic function of S, [1, Proposition 2.5]
proves that S is a martingale and can reach neither oo nor O in finite time (see also
[30] for related results in a more general setting). The variance process Y can reach
the boundary with positive probability if the Feller condition 2«6 > 82 is violated,
and in this case, the origin is a reflecting boundary. In any case, the distribution of Y;
has no mass at O for any positive ¢.

By Lemma 2.3, Assumption 2.1 is verified on any domain D compactly contained
in R4 x R, and the generator A of (S, Y) reads as

_ yS2 82y
.A=7355+78yy+p8ys8sy+/c(9—y)8y, (s,y) e Ryt x Ry

It is also clear that Assumption 2.4 is satisfied on D for any N € N. Finally, the Feller
property follows by the explicit expression of the characteristic function in (2.19),
and thus Assumption 2.5 is also satisfied.

Remark 2.8 By Theorem 2.6, the couple (S, Y) in the Heston model has a smooth
local transition density on any domain D compactly contained in R4 x R . There-
fore, since p(r, z; T, R*\ (Ry4 x Ryy)) = 0, the process (S, Y) has a transition den-
sity on R?, which is smooth on Ry, x R . In particular, the marginal distribution
of S; has a smooth density on R, which is consistent with [12].

2.3 Proofs of Lemmas 2.2, 2.3 and Theorem 2.6

Proof of Lemma 2.2 We first remark that in the statement of the lemma, the short
notation (see (2.6))

lim |T; 7¢(T, ) — ¢, )|lcoc=0
T—t—0+

must be interpreted as

m Ty 4ot +h, ) —@(t, oo = Im [Ti—p(t,-) =@ —h,)llec =0,
h—0+ h—0+

12



and analogously for (2.7). Hereafter, for greater convenience, we use this abbrevi-
ation systematically. Now let us prove (2.6). For a given ¢ € Co([0, Tp] x D), we
denote by H, the support of ¢ and consider a compact subset H of D such that
H, C [0, Tyl x H and § := dist(H,, [0, Ty] x (R? \ H)) > 0. Then we have

Tire(T,2) —@t,2) =1;11() + 11, 7,2(2) + I, 7.3(2),

where
1;,T,1(Z)=/Hl5(t,z; T,dt)(o(T,¢) — (T, 2)),
I72(2) = ((T.2) — 9(1.2)) fH Ptz T.do),

I73(2) = —¢(t,2) p(t,z;T,dg).
(R xRI-D\H

Since ¢ is uniformly continuous, for any ¢ > 0 there exists 6. > 0 such that

5t 2 T, de) +2||<o||oof 5t 2 T do)
HN{|z—¢|>6¢}

[1:7,1(2)] 58/

{lz—¢1=<8¢}
and therefore, by (2.2),

limsup |I; 7.1(2)| <e
T—t—0+

uniformly with respect to z € Ry x R?~!. Moreover, we have

1,72 < le(T,2) — @, 2)| — 0

as T —t — 0+, uniformly with respect to z. On the other hand, by (2.3), we have

14 < ||<p||oof (2T, dg) — 0
{lz—¢|>6}

as T —t — 0+, uniformly with respect to z € Hy, and I, 73(z) =0 if z ¢ H,,.
This concludes the proof of (2.6). Notice that for any z € D and r > 0 such that
B(z,r):={¢:|z—¢| <r} < D, we have

lim pt,z;T,dt)=1; (2.20)

T—t—0+ B(z,r)

indeed, for any ¢ € Co(B(z,r)) such that |¢| <1 and ¢(z) =1, by (2.6) we have
12/ p(t,z;T,d8) =T 179(z) — ¢(2) =1
B(z,r)

as T —t — O0+.

13



The proof of (2.7) is similar: for any f € Cg([O, To] x D), we have

Tirf(T,z2)— f(1,2)

= Ithﬁl(Z) + It,T,Z(Z)’

T—1
where
T,C)— ,
It,T,l(z)=/ Btz T, dg) L ? ASLY 2.21)
H —1
L 72(2)= /.2 p(t,z; T,d?),

T —1t (Ry xRI-1)\H

with H defined analogously to how it was defined in the proof of (2.6). Again, by
(2.3) the term I; 72(z) is negligible in the limit. As for I; 7.1(z), it suffices to plug
the Taylor formula

d
f(T,¢) - f(f,Z)=(T—f)3zf(f,z)+2(§i —2i)0; f(2,2)

i=1

d
1
+ EijZZI(gi _Zi)(gj _Zj)8Z1ij(t,Z)

+o(IT —t]) +o(z—¢|?)

into (2.21) and pass to the limit using (2.20), (2.4) and (2.5). This proves (2.7).
Finally, we have

H Tir4nf(T +h,)=T:7f(T,")
h

T (TT,T+hf(T +h,)— f(T,")
1.7
H Trr4nf(T +h,)— f(T,)

h
h

—T.,7((r + A7) f(T, "))

Lo (R, xRI-1)

— (Or + A7) f(T, ‘))

LRy xRI-1)

—>0

— (07 + A7) f(T, )

<

L®(Ry xRd-1)

as h — 0+, where the last limit follows from (2.7). This proves the existence of the
right derivative. For the left derivative, it suffices to use the identity

Tl‘,T—hf(T - h’ ) - Tl‘,Tf(T’ )

— —T.7 (O +Ar) f(T, )

T,_ — 7 _
=T, rn (% — (37 +AT)) F(T, )
+ (Tr7—n — Tt,T)((aT +-/_lT)f(T, ')),

where [ is the identity operator. This concludes the proof. 0
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Proof of Lemma 2.3 Step 1. We prove (2.2). Fix 6 > 0 and H, a compact subset
of D. Consider a family of functions (¢;),cge such that ¢,(z) =0, ¢,(¢) =1 for
¢ € HN{|¢ —z| > 8} and ¢, € C;°(D) with all derivatives bounded by a constant
C1 which depends on D, H and §, but not on z. By the It6 formula, we have

T R T R .
0 (Z7) = @ (Z;) + / Asp,(Zs)ds + / Vo, (Zs)o (s, Zs)d Wy (2.22)
1 t

with fls as defined in (2.8) and 4;, a;; as in (2.10). Notice that
Asp:(Zo)| + IV (Z)o (s, Z)| < Ca. - s €[0,Tgl.z €RY,

with Cy dependent only on C; and the L°°([0, To] x D)-norm of the coefficients of
the SDE. Let p(¢, z; T, d¢) denote the transition probability of the stopped process
Zr = 2T ~z- Then, by recalling the definition of 7 and since D € D’ and ¢, has
compact support in D, we have

/ p(t, 2 T,dS) < Er 92 (Z7 o)) < Er 203 (Z7)],
{lz—¢|>8}NH

and (2.2) follows from (2.22), the Holder inequality and Doob’s maximal inequality
(in the form of [18, Corollary 6.4] with m = 2). The proof of (2.3) is analogous and
omitted.

Step 2. We prove (2.4). Fix 1 <i <d and H, a compact subset of D. We first
remark that it is sufficient to prove the claim for § < § := dist(H, d D). Indeed, we
have

1 ) 1 _
—/ &i—zpt,z;T,dE) = —— (Gi—z)pt,z; T, do)+1; 1,
T —1tJ{z—¢|<s) T —1t J{z—¢)<5)

where by (2.3),

p— (G — 2)p(t, 23 T, dE) —> 0
T =1 J5<lz—¢I<s)
as T —t — 0+, uniformly with respectto z € H.
Next, we consider a family of functions (¢;),cy such that ¢,(¢) = ¢ — z; for
|¢ —z| <8 and ¢, € C;° (D) with all the derivatives bounded by a constant C which
depends on D, H and &, but not on z. Note that

|V¢Z(ZS)0(S’ ZS)| S C2a NS [Oa TO]’ Z S Ha (2'23)

with C dependent only on C; and the L*°([0, Tp] x D)-norm of the coefficients
of the SDE. Now, we set W,(t,-) = A;¢, and note that ¥,(t,¢) = a;(t,¢) for
|¢ — z| < §. Denoting again by p(t, z; T, d¢) the transition probability of the stopped
process (2“,), we have

1
T —t

/ & —zi)pt,z;T,d¢) —ai(t,2) =71+ s T,2,
{lz—¢] <8}
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where by (2.3),

1 _
Lt =—75— p(t,z;T,de)p,(¢) — 0
T —t Jjz—¢)>5)

as T —t — 0+, uniformly in H, and

-(Pz (2T/\r)

b1, =E; T —; — W, (1, Z)]

| T R
= Et,z As(/)z (Zsnr)ds — \Ijz(ta Z):|
T—1 ),

- el
=E; . / W (1 4+ p(T — 1), Z p(r—nyar)dp — Y- (¢, z)]
0

1
:/0 ((Tt,t+p(T—t)‘~I"z(l +o(T —1), .))(z) - \yz(;,z))dp_

Here, the second equality holds since by assumption D € D’ and ¢, has compact
support in D, and we use (2.22) and the fact that by (2.23), the stochastic integral is
a true martingale, while the fourth equality uses Fubini’s theorem. Thus, by (2.6) and
the fact that W, (¢, -) € Co([0, Tp] x D) by definition, we infer that /5 ; 7, converges
to zero as T — t — 0+, uniformly with respect to z € H. We remark here explicitly
that (2.6) in Lemma 2.2 is proved using (2.2) and (2.3) only, which in turn have
already been proved for the stopped process in the previous step; therefore, no circular
argument has been used. The proof of (2.5) is based on analogous arguments; thus
we leave the details to the reader. O]

Proof of Theorem 2.6 We fix (t,z) € [0, Tp) x D and f € C(% ([0, Ty) x D) and show
that the process

T
Mh = f(T,Zr) — f(t, Zy) —f (0 + Ay f(u, Z)du, t<T <Tp, (2.24)
t

is an (F")-martingale. First observe that integrating (2.9), we get the identity

T -
(Te7 f(T,))(2) = f(2,2) =/ T - ((3: +A) f (7, ) (2)dr, T ez, Top).
t

(2.25)
Note that the integrand in (2.25) is bounded as a function of T because of Assump-
tion 2.4 and since f € Cg ([0, Ty) x D) and T; ¢ is a contraction. Now for 7 € [t, T'],

we have
f;}

T
Ei [My|F]1—M; = Et,zl:f(T’ Zr) = f(1. Z7) — / (O + Au) f (u, Zy)du

= ¢(ts ZT)’
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where by the Markov property and Fubini’s theorem,

T
CD(‘E’ Z) = E‘L’,Z |:f(T7 ZT) - f(f, Z) - f (au +-[lu)f(”, Zu)du]

T —_
=aﬂfw»yn—ﬂum—f'nAwfw%vw»xww

which is 0 by (2.25).
Notice that M} = 0; thus for any f € Cé((t, Ty) x D), we have

To _
0=Eigl= [ [ pnTdoGr+ Anfaoar. @)
1

Since f is arbitrary, (2.26) means that p(t, z; -, -) satisfies (2.11) on (¢, Ty) x D in
the sense of distributions. If the coefficients of the generator are smooth functions,
then from Hormander’s theorem (see for instance [42, Sect. V.38]), we infer that
p(t, z; -, -) admits a local density ['(¢, z: -, -) which is a smooth function and solves
the forward Kolmogorov PDE on (¢, Tp) x D. In the general case, it suffices to use
a standard regularization argument by smoothing the coefficients and then applying
Schauder’s interior estimates (cf. [19, Chap. 10.1]); for this, we refer, for instance,
to [28]. The first part of the statement then follows since z and r are arbitrary.

Next, we use the classical Moser pointwise estimates (see [36] and the more recent
and general formulation in [40, Corollary 1.4]) to prove an L} -estimate of [ that
is used in the second part of the proof. More precisely, let us fix (z, z) € [0, To) x D,
T € (t, Tp) and a compact subset H of D, and set

r= %min{\/To —T,¥T —1,dist(H,dD)}.

Since f(t, Z; -, +) solves the PDE (o7 — ﬁ”})f‘(r, z;+,-)=0on (¢, Typ) x D, Moser’s
estimate gives that

_ o T+r2
F tsZ’ T’ S TG
it |

where the constant co depends only on the dimension d and the local ellipticity con-
stant M of Assumption 2.4(ii). We notice explicitly that the constant cg in (2.27) is
independentof z€ D and ¢ € H.

)

/ T(t,z;T,0)dzdT <2cor™®, ¢eH, (2.27)
B(.r)

To prove the second part of Theorem 2.6, we adapt the argument of Theorem 2.7
in [26]. We fix ¢ € Co(D), T € (0, Tp), zo € D and r > 0 such that the closure of the
ball B(zg, r) is contained in D. Then we denote by f the smooth solution of

{(a, T ANf=0 on [0, T) x B(z0,7), 228)

ft,2) =T, 79)(z) for(z,z) € dp([0,T] x B(zo,r)),
where

9p (0. T1 x B(z0.7)) := ([o, T1x 3B(z0.7) U ({T} x B(zo, r))>
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is the parabolic boundary of the cylinder [0, 7] x B(zg,r). Such a solution exists
because A; is uniformly elliptic on [0, 7p) x D and (¢, z) — (T, 7¢)(z) is continuous
on [0, T'] x D by the Feller property (cf. Assumption 2.5) and (2.6).

Now we fix t € [0,T) and denote by 7o the (F')-stopping time defined as
10 =T A 11, where 11 is the first exit time after + of Z from B(zp,r). By the
(F")-martingale property of the process M' in (2.24), with f as in (2.28), and the
optional sampling theorem, we have the stochastic representation

ft,2) = Ei [(Tg, 790)(Z)].

On the other hand, for (¢, z) € [0, T') x B(zp, r), we have by the strong Markov prop-
erty that

(Tr.79)(2) = Er . [9(Z1)] = Eq . [ Er ol9(Z1)| F 1]
= E1[(Tey.79)(Zey)1 = £ (2, 2), (2.29)

and in particular (¢, z) — (T; 7¢)(z) solves the backward equation (2.12).

Finally, we consider a sequence (¢,),cn of functions in Co(D), approximating a
Dirac delta §; for a fixed z € D. We also fix a test function ¥ € C3°((0, T) x D) and
integrate by parts to obtain

T —_
ozfo fD(at+A,)(T,,T¢n)(z)w(r,z)dzdz
T -
N /o fD(T“W”)(Z)(—ar + ANV (¢, 2)dtdz

T —_
= [ [ [ resrom@de-a + Awe . (2.30)
o JpJD
Note that ¢ — [(z, z; T, ¢) is a continuous function for r < T, and therefore
/ C(t,2:T,0)¢a(6)d; — Tt 2: T, )
D

pointwise. On the other hand, the L3 -estimate (2.27) of I" allows passing to the limit
as n — oo in (2.30), using the dominated convergence theorem, to get

T
/ / C(t,z2;T,7) (=0 +f_l;")1ﬁ(t, 2)dtdz =0.
0 D

This shows that T'(-, -; T, ¢) is a distributional solution of (2.12) on [0, T) x D, and
we conclude using again Hormander’s theorem. U

Remark 2.9 The same argument used to prove (2.29) applies also to

p(s,y)=(s— K)*,

and allows us to prove that the expectation E; s ,[(ST — K )] solves the backward
equation (2.12) as a function of (, s, v). Indeed, it suffices to use a standard localiza-
tion technique and the fact that the call payoff (S7 — K)™ is integrable because S is
a martingale by assumption.
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3 Analytical approximations of prices and implied volatilities

Here we briefly recall the construction proposed in [33] of an explicit approximating
series for option prices, along with a consequent polynomial expansion for the related
implied volatility. Such a construction relies on a singular perturbation technique
that allows, in its most general form, carrying out closed-form expansions for the
local transition density; this leads to an approximation of the solution to the related
backward Cauchy problem with generic final datum ¢. Such a technique has been
recently fully described in [32] in the uniformly parabolic setting, and subsequently
extended in [38] to the case of locally parabolic operators and in [34] to models with
jumps. Moreover, a recent extension of this technique to utility indifference pricing
was proposed by [31].

We consider a model Z = (5, Y) that satisfies Assumptions 2.1, 2.4 and 2.5 in
Sect. 2. We denote by C; r g the time-t no-arbitrage value of a European call option
with positive strike K and maturity 7' < Ty, defined as C; 7 x = v(t, S, Y:; T, K),
where

v(t,s,y; T, K) := Eq 5 y[(Sr — K)T], (t,5,) €0, T x Ry x R 3.1

Clearly,6 we have v(¢,0, y; T, K) = 0 and therefore, to avoid trivial situations, we
may assume a positive initial price, i.e., s > 0. As a consequence of Theorem 2.6 (see
also Remark 2.9), for any positive K, the function v in (3.1) is such that

(-, T, K) e Cyt>1((0,T) x D)NC([0,T] x D)
and solves the backward Kolmogorov equation (2.12), i.e.,
& +A)v(, T, K)=0  on(0,T) x D.

As will be shown in Sect. 3.2, in order to obtain an explicit expansion of the im-
plied volatility, it is crucial to expand the call price around a Black—Scholes price.
Since the perturbation technique that we employ naturally yields Gaussian approx-
imations at the leading term, we work in logarithmic variables. Therefore, for any
T € (0, Tp] and k € R, we set

ut,x,y; T, k)=v(t, e, y; T, e, 0<t<T, (x,y) eRxR (32

where v is the pricing function in (3.1). Here, x and k are meant to represent the spot
log-price of the underlying asset and the log-strike of the option, respectively. Note
that the function u is well defined regardless of the process § hitting zero or not.

After switching to log-variables, the generator A; in (2.8) is transformed into the
second order operator

d d

1
A= Y @it D)o, + Y ai(t,2)d,, (3.3)

i,j=1 i=1

6Simply note that (S — K)™ < S7 and S is a martingale by assumption.
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with 7 € [0, To], z = (x, y) € R x R4~1,

—2x
— - e -
an(t, x,y) =e *ay(t, e, y), ai(t,x,y) =— api(t,e*,y)
and fori, j =2,...,d,
aji(t,x,y)=e ‘ait, e, y), a;j(t,x,y) =a;j(t,e*,y),

ai(t,x,y)=a;(t,e*,y).

For the reader’s convenience, we also recall the classical definitions of the Black—
Scholes price and the implied volatility in terms of the spot log-price and the log-
strike.

Definition 3.1 We denote by u®® the Black—Scholes price function defined as

BS x k 1 o’
u>(o;t,x,k):=e"'Ndy) —e"N(d-), dy = x—k+ —

for any x,k € R and s, 7 > 0, where N is the CDF of a standard normal random
variable.

Definition 3.2 The implied volatility o = o (t, x, y; T, k) of the price u(¢t, x, y; T, k)
as in (3.2) is the unique positive solution of the equation

uBS(a; T—t,x,k)y=u(t,x,y; T, k).

Note that Definition 3.2 is well posed because C; 7 g is a no-arbitrage price and thus
u(t,x,y; T, k) belongs to the no-arbitrage interval ((e* — k)t ).

The computations in the following two subsections are meant to be formal and
not rigorous. They only serve the purpose to lead us through the definition of an
approximating expansion for prices and implied volatilities. The well-posedness of
such definitions will be clarified under rigorous assumptions in Sect. 4.

3.1 Price expansion

Wefixz=(x,y) e Rx R4—1 such that (e*, y) € D with D as in Assumption 2.4, and
expand the operator A, by replacing the functions a;; (7, -), a; (¢, -) with their Taylor
series around z. We formally obtain

o0

A :ZAS%,
n=0
where
4 DF i DP i
A= (Z aé,(t Dla®d) azlz,+z 4 (t Z)( —z)ﬂazl). (3.4)

|Bl=n "i,j=1
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The intuitive idea underlying the following procedure is inspired by the fact that
typically, the pricing function u(-, -; T, k) solves the backward Cauchy problem

0 +ADu(-, s T,k)=0 on[0,7) x R x R4—1

3.5
u(T,x,y; T, k)= (X — )t for (x,y) e R x RI—1, (3-3)

Actually, (3.5) holds automatically true if the operator (9; + A;) is uniformly

parabolic and can be also proved to be satisfied, case by case, in many degenerate

cases of interest in mathematical finance, such as the CEV model. Nevertheless, the

validity of (3.5) is not necessary for our analysis and it is not required as an assump-

tion.

Next we assume that the pricing function u can be expanded as

w -
U= Zu,(f). (3.6)
n=0

Inserting (3.4) and (3.6) into (3.5), we find that the functions (u, (-, -; T, k)),>0 satisfy
the sequence of nested Cauchy problems

@+ A0)ul (5 T, k) =0 on [0, T) x R?, a7
(Z)(T x,v; T, k)= (¥ — )t for (x,y) € R x R41 '
and
@) D @)
(at—i_'A‘[ O)uz (” Tak):_Z‘A[ZhunZ h(saTak) on [09 T) XRd’ (3 8)
h=1 )

(Z)(T 2T, k) = for z € R4.

Note that by Assumption 2.4, A, ¢ is an elliptic operator with time-dependent coeffi-
cients and therefore problem (3.7) can be solved to obtain

ul (%, y; T, k) =uPS (0 T — 1, x, k), (3.9)

o =0, T) = \/ / ari(t, 2)dt (3.10)

for any 7 € [0, T] and (x, y) € R x R4~ As for the nth order correcting term u(z)

@) .

an explicit representation in terms of differential operators acting on u;~ is available

(see Theorem D.1).

Definition 3.3 For fixed maturity date 7" and log-strike k, we define the Nth order
approximations of u(-, -; T, k) as

N
an(t,z; T, k) = Zuff)(z, T, k), 1[0, T],zeR xR, (3.11)
n=0

(z)

where the functions u,,” are explicitly defined as in (3.9) and (D.1).
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We recall that similar price expansions have been developed by [5, 46] using Malli-
avin calculus techniques and by [3] using heat kernel methods.

3.2 Implied volatility expansion

We briefly recall how to derive a formal polynomial IV expansion from the price
expansion (3.6)—(3.8). To ease notation, we sometimes suppress the dependence on
(t,x,y; T, k). Consider the family of approximate call prices indexed by &

N N
u® @) =uPS o)+ Y 8" uD + 6N <u - Zu,@), 5ef0,11, (3.12)
n=0

n=1
with GéZ) as in (3.10) and the functions uff) as in Sect. 3.1. Note that setting § = 1
yields the true pricing function u. Defining

g(8) := P51 (u(®)), sel0,1], (3.13)

we seek the implied volatility o = g(1). We show in Lemma 5.8 below that under
suitable assumptions, u(8) € ((e* — ef)t, ) for any § € [0, 1]. This guarantees that
g(8) in (3.13) is well defined. By expanding both sides of (3.13) as a Taylor series
in §, we see that o admits an expansion of the form

o0
1
o=g)=00+) 0n  ow=—0;2(®)ls=0. (3.14)

n=1

Note that by (3.12), we also have
1 BS
anﬁagu (g((s))|5=0v l<n<N,

and by applying Faa di Bruno’s formula (Proposition E.1), one can find the recursive
representation

(2

o@ — L()
3o uBS(0,”)
1 n _ _ B ahuBS(o_(Z))
— =Y Bua(llo?, 20037, (n—h+ Dlo, ) T (3.15)
S dsuBS(0,”)

forany 1 <n < N, where B,, ;, denote the so-called Bell polynomials. It was shown
in [33] (see also Proposition D.3) that each term J,EZ) is a polynomial in the log-
moneyness k — x. Moreover, if the coefficients of the model are time-independent,
the expansion turns out to be also polynomial in time.
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Definition 3.4 For a call option with log-strike £ and maturity 7', we define the Nth
order approximation of the implied volatility o (t, x, y; T, k) as

N
Gt x.yi T k) =Y o (e x, yi T k), (3.16)
n=0

where a,?"y ) are as defined in (3.15).

We recall that similar implied volatility expansions have been developed by [4, 14,
17, 21], among others.

4 Error estimates for prices and sensitivities

In this section, we derive error estimates for prices and sensitivities. Let us introduce
the following

Notation 4.1 For zg = (x¢, yo) € R x R~ and 0 < r < +00, we set
D(zo,r) = B(xo,r) X B(yo,r)

with B(xo,r) = {x € R: |x —xo| <r} and B(yo,r) ={y € R : |y — yo| < r}.
Moreover, for T € (0, Tp), we consider the cylinders H (T, zg,r), H(T, zo,r) and
the lateral boundary (7, zo, r) defined by

H(T,zo,r):=(0,T) x D(zp, 1), H(T, zo,7):=1[0,T) x D(z0,7),
(T, z0,7):=10,T) x dD(zp, 1),

respectively.

Since we work with logarithmic variables, we restate Assumption 2.4 in terms of
conditions on the operator A; as defined in (3.3). We recall that N > 2 is an integer
constant that is fixed throughout the paper.

Assumption 4.2 There exist My > 0, 0 < r < —|—oo~and 20 = (x0, y0) € R x Rj"l
such that the operator A; as in (3.3) coincides with A; on H(Ty, zg, r), where A; is
a differential operator of the form

d d

~ 1 - _
.AIZE Z al](taZ)alej +Zal(t,Z)8zl, l’e[o’ TO)7 ZERd,
i,j=1 i=1

such that for some M € (0, Mp] and € € (0, 1), we have:

(i) Regularity and boundedness: the coefficients a;;, a; are in C g (10, Tp) x RY),
with partial derivatives up to order N + 1 bounded by M.
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(i1) Uniform ellipticity:

d
eMI)> < Y @i, 2)ag < MCP?, 1€[0,Tp),z, ¢ €RY
i,j=1

Note that if Assumption 4.2 is satisfied with » = +o00, then the operator A; is uni-
formly elliptic with bounded coefficients. The forthcoming error bounds will be
asymptotic in the limit of small M (T — ¢t); in particular, the constant C appearing
in the error estimates will be dependent on M), but not on M.

Assumption 4.2 is (locally) equivalent to Assumption 2.4. Precisely, the former
implies the latter on the domain D = (e*~", """ x B(yy, r). Therefore, when As-
sumptions 2.1, 2.5 and 4.2 are in force, in light of Theorem 2.6, there exists a local
transition density I on D for the process (S, Y). We then define the logarithmic local
density I' as

C(t,x,y;:T,E,n) =€ T(t,e",y: T, e, n)
for any (T, &,n) € H(Ty, z0,r) and (¢, x,y) € H(T, zo, r).

Remark 4.3 Clearly, Lemma 2.2 and Theorem 2.6 can be extended to I" through the
logarithmic change of variables. In particular, in this section, we use that

(i) T(t,z:-, ) isin Cp ' (¢, To) x D(zo,r)) forany (t,2) € H(Tp, 20 1)

@) I',-;T,¢) isin Cg”’l(l:I(T, 20, 1)) forany (T, ¢) € H(Ty, zo, r) and solves
the backward Kolmogorov equation

@ +A) f=0 on H(T, zo,7). 4.1)

Moreover, for any (7, z) € H(Ty, zo,r) and ¢ € Cp (D(z9, 7)), we have

im [ resToeeds = e
(t,2)—~>(T,2) D(z0.r)
t<T
(ii1) if u is the function defined in (3.2), then for any T € (0, Tp) and k € R, we have
that u(-,; T, k) is in CN > (H(T,z0,7)) N C([0, T] x D(z0,r)) and solves
4.1).

Next we prove sharp error estimates for the derivatives 9;" (u — iy ). In Sect. 4.1,
we prove some global bounds in the case r = 400, and then in Sect. 4.2, we prove
analogous local bounds in the general case r < +-o0.

4.1 Error estimates for uniformly parabolic equations

Throughout this section, we assume that Assumption 4.2 is satisfied with r = 4-o0.
Under this assumption, u is the unique’ classical solution of the Cauchy problem

"The solution is unique within the class of non-rapidly increasing functions.
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(3.5) and can be represented as
u(t, z) = f L,z T. & ) —e)dédn,  1€[0,T),z€R?,
R4

where I' is the fundamental solution of the uniformly parabolic operator 9; + A;. In
the following statement, iy is the Nth order approximation of u as defined in (3.11).

Theorem 4.4 Let Assumptions 2.1, 2.5 and 4.2 hold with r = +00. Then for any
m, q € Nog withm + 2qg < N, we have

N—m—2qg+2

10200 (u —an)(t,x, y; T, k)| <Ce*MI(M(T —1)) = 4.2)

forO0<t<T <Ty, x,keRandyeRI™. The constant C in (4.2) depends only on
Ty, My, €, N and the dimension d. In particular, C is independent of M.

The proof of Theorem 4.4, which is postponed to Appendix A, is based on the
following classical Gaussian estimates (see for instance [39, Theorem 8.10]).

Lemma 4.5 Let I' =1(¢t,z; T, ¢) be the fundamental solution of A; + ;. Then for
anyc>1,qg€Nyand B,y eNg with |B| +2q < N, we have

lyI=I181=249

(@ =&)Y DET(t, e T.O) < CMI(M(T 1)) 2 To(eM(T —1),2—¢)

forO0<t<T <Typandz,¢ € RY, where g is the d-dimensional standard Gaussian
function

2
[o(t,2) = (2nt)_% exp (—%) , teRyy, z€ RY, 4.3)

and C is a positive constant that depends only on c, Ty, My, ¢, N and the dimension d.

4.2 Error estimates for locally parabolic equations

We now relax the global parabolicity assumption of Sect. 4.1 by assuming that the
pricing operator A; is only locally elliptic; precisely, throughout this section, we
impose that Assumptions 2.1, 2.5 and 4.2 hold for some r > 0. We first state the
result in the one-dimensional case.

Theorem 4.6 Let d = 1. Under Assumptions 2.1, 2.5 and 4.2, for any § € (0, 1),
T € (0, Ty) and m < N, we have

N—m+2

0 u(t,z; T k) — 3l iun(t, s T, k)| < C(M(T — 1)) 2

for (t,z) € P_I(T, 20, 6r) and |k — xo| < ér, where C is a positive constant that de-
pends only onr, 0, 6,d, My, e, N and Ty. In particular, C is independent of M.
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The proof of Theorem 4.6 is a simple modification of that of Theorem 4.9 below
and therefore omitted. Theorem 4.9 is the main result of this section; it gives estimates
for the derivatives of the price function with respect to the log-strike £ in dimension
d>?2.

For the rest of the section, we fix N ¢ No with N < N and consider d > 2. By our
general assumptions (see in particular Remark 4.3), we have that for any 7" € (0, 7p),
(t,2) € H(T, zo, 1), |k — xo| < r and & € [0, 1], the pricing function u can be repre-
sented as

u(t,z;T,ky=1s5(t,z; T, k) + L s(t,z; T, k), (4.4)

where

stz To k) = / (¢f — VTt 2 T, £, mydedy,
D(zg,6r)

Is(t, 2 T, k) = / (ef — MV pt, 22 T, dE, di),
Rd\D(Zo,(SF)

and p denotes the transition distribution of the process (log S, Y). We note explicitly
that even if log S takes values in [—00, +00) (due to the possibility for S to reach 0),
we can exclude {—o0} x R~! from the domain of integration of I 5 because the call
payoff function is zero for & < k.

Formula (4.4) is useful to study the regularity properties of u with respect to
k and T. In fact, by (1) of Remark 4.3, I; s is twice differentiable in k, with
921 5(t, z; -, -) being in CY (¢, To) x D(zo, 7)), and we have

ag"a;gnll,S(t’ Z; T, k) - Ul,q,m,é(t, Z; T7 k) + U2,q,m,8(t, Z; T’ k)’ (4'5)

where

xo+48r
Utgmst. 2T, k) =ek/ f LT (t,z; T, €, n)dédn,
k {In—yol<dr}

m—1

m—1 -

Uz.gms(t, 2; T,k)=ekz< , )/ 8029] 7' T (1, z; T, k, mdy
j=1 J {In—yol<dr}

for (¢,7) € H (T, zo,r) and k € B(xg, ér). However, the assumptions imposed in
Sect. 2 are not sufficient to ensure the existence of the derivatives 8? 9y I>,s (and
consequently of 8? d,'u). Indeed, a formal computation gives

8;1"8;(}112,8(1‘7 Z; T’ k) = U3,q,m,8(t, Z; T’ k) + U4,q,m,8(t, Z; Tv k)’ (4'6)
where
U3,q,m,8(t, <5 T’ k):a]q"ek/ p(ta 2 Ta d§7dn)a
[x0+87,+00) x R—1
Usgms(t.2: T, k) = 9500 f p(t.z: T d&. dm) (& — &),
(k,xo+5r)X(Rd_l\B(yo,Sr))
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Now, it is clear that U3 4 ;s depends smoothly on k. In contrast, the existence and
boundedness properties of the derivatives Uy 4,5 depend on the tails of the distribu-
tion and cannot be deduced from the general assumptions of Sect. 2 because of the
local nature of those assumptions. Notice that this problem only arises when d > 2,
and therefore, in order to prove results in the most general setting, we need to impose
the following additional

Assumption 4.7 For any (¢, z) € H (To, zo, ), we have
u(t,z;-,-) € Cp((t, To) x D(z0,7))-

Moreover, in the case N > 2, there exist § € (0, 1) and some positive constants C and

C such that
048" T (t, 2 Tk, <C,  2q+m<N, 4.7)
for any (T, k, n) € H(Ty, z0, 8%r), (t,z) € H(T, zo,7) \ H(T, 29, 6r), and
Uz gms2 &5 T O Uy g w2t T <C, 2g+m <N, (4.8)
for any (T, k) € (0, To) x B(xg, 8%r) and (1, z) € H(T, zo, 8°r).

Remark 4.8 If log St (or equivalently, S7) has a marginal local density I's(z, z; T, k)
such that

0f0p'Ts(t,2; -, ) € C((1, To) x B(xo, 7)),  29+m <N,

then the first part of Assumption 4.7 is satisfied; in fact, we have

u(t,z: ) € CN ((t, To) x B(xo. 7))

because it can be represented as

k
u(t,z; T, k) = f Cs(t,z; T, &)(e® — eb)de + / ps(t,z; T,dE) (e — eb)
k [k,+00)

for some k > k, where pg denotes the marginal transition probability of log S. This is
the case, for instance, for the Heston model, where S7 has a smooth marginal density
(see Remark 2.8).

The need for conditions (4.7) and (4.8) will be clarified in the proofs of
Lemma 4.11 and Theorem 4.9, respectively. Condition (4.7) is intuitively easy
to understand: roughly speaking, it states that the derivatives of the local density
['(t,z; T, ¢) are locally bounded, away from the pole, all the way up to t = T'. This
looks like a sensible condition, given the boundedness hypothesis for the diffusion
coefficients on the whole cylinder. By contrast, condition (4.8) might seem a little bit
cryptic at a first glance; however, in most cases of interest, such a hypothesis turns
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out to be substantially simplified. For instance, in many financial models such as the

Heston model, the local density I" is defined on the whole strip B(xg, r) X RI=1 (see
Remark 2.8), i.e., we have

p(t,z; T, H) :/ L(t,z;T,¢)d¢,  HeB(Blxo,r) x R,
H

In this case, condition (4.8) is automatically satisfied for g =0 and m = 0, 1, whereas
for 2 <m +2g < N, it reduces to

‘/ 3;{F(Z,Z; T,C)d{‘
[x0-+3r,+00) x R4~1

_|_

/ ot "0t T k. ydy| < C
{In—yo|>8%r}

for any (T, k) € (0, Tp) x B(xo,8%r), (t,z) € H(T, z0, 8°r).
We are now ready to state the main result of this section

Theorem 4.9 Let d > 2, and let A:vsumptions 2.1,2.5,4.2 and 4.7 be in force. Then
foranym,q € Nowithm+2q <N and T € (0, Ty), we have

2

N—m—2q+2
0793 (u —an) (1,23 T, k)| < CMI(M(T —1))

for(t,z) € H(T, zo, 8%r) and |k — x| < 8*r, where § € (0, 1) is as in Assumption 4.7,
and the positive constant C depends only onr, zo,d, Mo, ¢, N, To and, only if N>2,

also on § and the constants C and C in (4.7) and (4.8). In particular, C is independent
of M.

Lemma 4.10 Let Do be a domain of R and

h(',';T,Q):H(T,Z(),T’)—)R, (T99)€(07 TO) XDO’
such that

(i) forany (t,z) €10, Ty) x D(zo, r), the function h(t, z; -, -) is in CP((t, Ty) x D)
with derivatives 8? Dg h(t,z; T,0) locally bounded in (T, 0), uniformly with re-

spectto (t,z) €10, T) x (D(zo,r) \ D(zo, 00r)) for a certain og € (0, 1);
(i1) for any (T,0) € (0, Ty) x Do, the function h(-,-; T,0) belongs to the space
CY2(H(T, zo, 7)) N C(H(T, 2o, r)) and verifies

O+ ADh(t, 2z T,0) =

for (t,z) € H(T, z0,7)
hT,z;T,0)=

4.9)
Jor (t,2)z € D(z0, 7).
Then for any multi-index B € Ny and any q € Ny with g + |B| < p, we have

lim  39DSh(t,2;T,00=0, 7€ D(zo,r), (T,0) € (0, Ty) x Do. (4.10)
(t,2)—>(T,2)
t<T
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Proof By induction on g, we prove (4.10) and that for any o €[00, 1), we have

T
angh(t,z;T,e)sz Por(t,2;5,0)3LDEn(s, ¢; T, 0)deds  (4.11)
t dD(zp,0r)

for (¢,z) € H(T, z0, or), where P, denotes the Poisson kernel of the uniformly
parabolic operator d; + A; on H(T, z9, or).
For g = 0, differentiating the representation formula

T
h(t,z; T,@):/ / Por(t,z;8,8)h(s, ¢, T,0)dds
t dD(z0,0r)

for (t,z) € H(T, zp, or) and using the terminal condition in (4.9), we obtain

IDPh(t, 2 T,0)| < |IDERC, 3 T,0) | 12T 20.0m)

T
X/ f Pgr(t,Z;S,{)dsds
t dD(z0,0r)

for (t,z) € H(T, zg, or), which in turn implies (4.10) with g = 0.
Next, we assume (4.10) and (4.11) true for g; by differentiating (4.11), we get by
(4.10) that

00 Dl n(t. 2 T.0) =/ Por(t,2: T, )04 DY A(T. ¢: T, 0)dg
dD(zo,0r)

T
+/ f Py (t, 25, 0)0% D h(s, ¢; T, 0)dcd
t dD(zp,0r)

T
:f f Por(t, 25, 0)0% D h(s, ¢; T, 0)dcds
t dD(zp,0r)

for (t,z) € H(T, zp, or). Then for (¢, z) € H(T, z9, or), we have

1 1
02 DRt 2 T,0)| < 11997 DERC, 5 T, )l 1 (5(T.20.0m)

T
X / / Por(t,z;8,¢)dEds,
t J3D(zp,0r)

which concludes the proof. ]
The following lemma is preparatory for the proof of Theorem 4.9, but it may
also have an independent interest. It shows that the difference between I" and I', and
between their derivatives, decays exponentially on H (T, zg,r) as t approaches T'.
Lemma 4.11 Let N > 2 and let T be the fundamental solution of the uniformly
parabolic operator 0; + A;. Then under the assumptions of Theorem 4.9, for any

m, q € Ng with m + 2q 51\7,wehave

~ _ 1
070" (I = )(t,2; T, k, )| < Ce” EVIT—D (4.12)
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for (T, k,n) € H(Ty, zo, 82r) and (t,z) € H(T, 2o, 52r),~wh_ere C is a positive con-
stant that depends only on z¢9,8, N, d, My, €, Ty, and on C, C in (4.7) and (4.8).

Proof Step 1. Fix (T, k,n) € H(Ty, zo, 82r) and consider the function

Wy m(t,2) i= 0438 (T — T)(t, 2 T, k, 1), (t,7) € H(T, 20, 7).
We prove that
(8 + A wgm =0 on H(T, zo.7),
lim _ wgm(t,2)=0  forZ e D(zo,r). (4.13)
(t,2)—(T,2)
t<T

The first equality in (4.13) follows because A; and th coincide on H(Tp, zo, 7). To
prove the second one, we set

h(t,z: k) := /D( )(F(t,z;T,z)—F(t,z; T.0) ¥ (¢ — (k.m)d¢

for (¢t,z) € H(T, z9, r), where

d
v@ =[] t=@.....c0) R
i=1

Notice that A(-, -; T, k, n) satisfies

0 +ADh(t,z:k) =0 for (1,2) € H(T, z0. 1),
h(t,z;k) =0 for z € D(zo,r).

Moreover, we have
0pdy, -0y h(t. k) =T,z T ko) =T, 2 T k)
and therefore also
%t or - 0f h(t, 2 k) =wgm(t, 2).
Hence by applying Lemma 4.10 to &, we obtain the limit in (4.13).

Step 2. 1t suffices to prove the thesis for 7" — ¢ suitably small and positive. In [38,
Theorem 3.1], we proved that there exist T > 0 and a nonnegative function v such
that

& +A)v(t,z)=0  for(t,z) €[T —1,T) x D(zo,7),

(4.14)
v(t,z)>1 for (t,z) e [T —t,T) x 0D(z9,1)

and

2
0<uv(t,z) <Ce CVMT-D for (t,z) € [T — 1, T) x D(z0,8°r), (4.15)
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where the positive constant C depends only on §, My, €, Ty, zo and d. Now, by (4.14),
(4.15), and by the limit in (4.13) together with the bound (4.7), one has

lim inf (Cv —wym)(t,2) >0
(t,2)—(7.2)
(t,2)e|T—1,T)xD(zg,r)

for (1,2) € ({T} x D(z9,r)) U (T —1,T) x dD(z0,r)). Therefore, the maximum
principle yields

lwg.m(t,2)| < Cu(t,2),  (t,2) € [T —7,T) x D(z0,7),

and eventually (4.12) follows from (4.15). ]

Proof of Theorem 4.9 We only prove the statement for 2 <m < N, the other cases
being simpler. Throughout the proof, we denote by C every positive constant that
depends at most on r, zg, 8, d, My, €, N, Tp and on C C in (4.7) and (4.8).

Step 1. We fix T € (0, Ty) and prove that
(wym(t, 2T, K <C, (1,2) € H(T,20,8°r), k€ B(x0,8°r),  (4.16)

where wy , 1= 8;18,’(”(14 — %) and for (¢,z) € [0, T) x R4,

U,z T, k) = /Oo/d T,z T, & ) —dedn. (4.17)
k —1

Differentiating (4.4) and recalling (4.5) and (4.6), we get

4

0F 0 u(t, z: T k) =Y (=)' Ui gms(t.z: T, k).
i=1

Analogously, differentiating (4.17), we obtain

o
atou(t, z; T,k):—ekf / 07 L(t,2; T, &, mdédn
k  JRd-!

m—1
013! T (t,z: T, k, n)dn.
+j2_;(j>e/Rlek (t.2: Tk, m)dn

Thus we have by (4.8)

|wq,m(t’ Z; T’ k)l = C (1 + U47q’m,52(ta <5 T’ k))

m—1

+ C Z(‘]l,q,j,52 + J2,q,j,52)(t’ Z, T, k)
j=1

m—1

= C(l + Z(‘]ly%jﬁz + szq’jyﬁz)(ta <, Ta k))

j=1
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for any k € B(xo, 82r) and (¢, z) € H(T, z9, 8°r), where

- N

Ji.q.7.52(t, 2T k) =/ 102.0{ " (0 = T)(t,z; T, k,n)ldn,
{In—yol<82r}

Jr4.5.62C, 2T, k) =/ |3%3,{_1F(t, T, k,n)|dn.
{In—yo|=8°r}

Now, by applying Lemma 4.11 and standard Gaussian estimates on the functions
Ji,q,j,62 and J, , i 52, respectively, we obtain that the latter are bounded by a constant

C for any k € B(xo, 8*r) and (¢, z) € H(T, zo, 8°r). This proves (4.16).

Step 2. Fix now (T, k) € (0, Tp] x B(xop, 83). Clearly, u(-,+; T, k) in (4.17) is a
classical solution to the Cauchy problem

@ + AU, 5 T, k) =0 on [0, T) x R,
W(T,x,y; T, k)= (e — et for (x, y) € RY.

We set h(t, z; k) := (u — u) (t, z; T, k) and notice that by Remark 4.3(iii), we have
@ +ADh(,k)=0  on H(T,z0,7), (4.18)
because A; and th coincide on H (Ty, 29, r); moreover, we have
h(T,z;k)=0 for z € D(zo,r).

Now, by (4.16), the derivatives 8;8,’{7% = wy,,m are bounded on X(T, zo, 83r) for
k € B(xp, 83). Then from Lemma 4.10 applied to & on H(T, z0, 8°r), we infer

lim  wym(t,z;T,k)=0  forze D(z0,8°r). (4.19)
(1,0—>(T.9)
t<T

By differentiating (4.18), we also obtain that (9; + ﬁt)wq,m(-, ++T,k) =0 on the
set H(T, zo, 8°r). Thus we can use the same argument as in Step 2 of the proof of
Lemma 4.11; precisely, we consider the function v satisfying (4.14) and (4.15) and
by the maximum principle, (4.19) and (4.16), we infer that

2
lwgm@, 23 T, k)| < [wgm( 5 Ty k)| poo (729,83, € CVMTD
for (t,z) € H(T, zo, *r). Eventually, by the triangular inequality, we get

.2
|95 (u — iN)| < |wg,m| + 18" (@ — iin)| < Ce VMT=D + [ (i — itn)|

on H (T, zo, 84r), and the statement follows from the asmeptotic estimate of Theo-
rem 4.4 applied to the uniformly parabolic operator d; + A;. 0
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5 Error estimates and Taylor formula of the implied volatility

In this section, we establish error estimates for the Nth order implied volatility ap-
proximation oy (¢, x, y; T, k) in Definition 3.4 and for its derivatives with respect to
k and T. Such bounds are proved under the assumptions of Sect. 4.2, and are valid
in the parabolic domain |x — k| < A/M(T —t), for any A > 0 and suitably small
time to maturity 7 — ¢, with M being the local ellipticity constant in Assumption 4.2.
We recall that N, N € Ny are fixed throughout the paper and such that N > 2 and
N < N. Moreover, zg = (xo, yo) € R x R4~ is the center of the cylinder in Assump-
tions 4.2 and 4.7.

Theorem 5.1 Let d =1 (d > 2) and let the assumptions of Theorem 4.6 (Theo-
rem 4.9) be in force. Then for any . > 0 and m,q € Ny with 2q +m < N, there
exist two positive constants C and v such that

N—m—2g+1

1079 o (2, x0, yo; T, k) — 029" G (¢, x0, yo; T, k)| < CMqJF%(M(T —1) 2

forany0 <t <T <Tyandk suchthat T —t < tgand |xo — k| <AV M(T —t). The
constants C and 1o depend only on r, zo,d, My, e, N, Ty, A and, if both d, N > 2,
also on § and the constants C and C in (4.7) and (4.8). In particular, C and tq are
independent of M.

Before proving Theorem 5.1, we show the following remarkable corollary which
is the main result of the paper.

Corollary 5.2 Let the assumptions of Theorem 5.1 hold, and for simplicity assume
N = N. Then for any q, m € Ny with 2q +m < N, the two limits

Lol an (t, x0, Yoi t, X0) = lim atoan (t, xo, yo; T, k), (5.1)
(T,k)—(t,x0)

Ixo—k| <A/T—1
370 o (t, X0, yo; £, x0) := _ lim  8%9"a (¢, x0, yo; T, k) (5.2)

(T, k)—(t,x0)
Ixo—k|<Av/T—1

exist, are finite, and coincide for any A > 0 and t € [0, Ty). Consequently, we have
the parabolic Nth order Taylor expansion

(T — 1) (k — x0)"

q am - :
o a0 o (t, X0, Y05 £, X0)

ot x0.y0: T k)=

2g+m=<N
+ Ry (2, x0, y0, T, k) (5.3)
with
R (2, %0, 30, T, k) = o(|T = 1] + [k — x0/™)
as (T, k) — (t, xqg), with |xg — k| < AT —t.
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Proof By Theorem 5.1, we have

lim aLoy (o — an)(t, x0, yo; T, k) =0, t €0, Tp), 2 >0,
(T, k)—(t,x0)

|xo—k|<A/T—t

for any g, m € Ng with 2g + m < N. Therefore, the limit in (5.1) exists if and only if
the limit (5.2) exists, and in that case, they coincide. Now, by the representation for-
mulas in Theorem D.1 and Proposition D.3, ox (¢, xo, yo; -, -) 1s in Cg (10, Tp) x R)
and thus the limit in (5.2) exists. ]

Remark 5.3 The derivatives appearing in the Taylor formula (5.3) can be computed
explicitly (possibly with the aid of a symbolic computation software) by means of the
representation formulas of Theorem D.1 and Proposition D.3.

Remark 5.4 A direct computation shows that at order N = 0, formula (5.3) is consis-
tent with the well-known results in [6, 7]. Furthermore, again by direct computation,
one can check that in the special case d = 1, formula (5.3) withg =0 and m =1 is
consistent with the well-known practitioners’ 1/2 slope rule, according to which the
at-the-money slope of the implied volatility is one-half the slope of the local volatility
function.

The rest of the section is devoted to the proof of Theorem 5.1. Hereafter A > 0 is
fixed and we assume the hypotheses of Theorem 5.1 to be in force. In particular, the
center zg = (xo, yo) of the cylinder H (Tp, zo, r) in Assumptions 4.2 and 4.7 is fixed
from now on.

Notation 5.5 If not explicitly stated, C and tp will always denote two positive con-
stants dependent at most on A, on r,z9,d, Mo, €, N, Tp, § appearing in Assump-
tions 2.1, 2.5, and, only if both N d > 2, alsoon C C in (4.7) and (4.8). Note that in
particular, neither C nor to depend on M.

The proof of Theorem 5.1 is based on some preliminary results.

Lemma 5.6 For any positive constants ¢, o, A, )L with @ < 1, there exists a positive
T only dependent on c, o, L, u such that

2t <uPSo; T, x, k) (5.4)

uBS(,ua; 7,x, k) +cefo
forany t €[0,7],0 <& and |x — k| < ro\/T.

Proof We recall for the Black—Scholes price the expression (see for instance [43])

_l
uBS(o:t,x, k)= (" — )T +e* [ — / 2
21

u)f)z
dw.
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Then we have, by using [x — k| < Ao/T ando <&,

[T — Lk Ty
uPS(o; 1, x, k) —uPS(uo: v, x, k) = &* / 2 " dw
o
T _lky0yTy
> e* 2—e 272 )a(l—u)zcexozt
\V 27

for any 7 € [0, 7], where 7 is a positive and suitably small constant, depending only
onc,A,o and . OJ

Notation 5.7 Sometimes, in order to simplify the notation, for k € R and T > ¢, we
use the shortcuts

uBS(o, k, T) :=uBS(0; T — 1, x0, k) foro > 0,
oBS(u, k, T) := (uBS(-; T —t, xo, k))_l(u) foru e ((exo — et exo)

for the Black—Scholes price and its inverse function with respect to the volatility
variable. To ease notation, for any function F' of three Variables Z 1, Zz, z3, we also
set 0; F = a—F ,i =1,2,3. Derivatives of compositions of uB5 and o'BS are expressed
according to thls notation; for example, first order derivatives are given by

ol S(0B5u, k, T), k, T) = (81u®%) (0B (u, k, T), k, T) 2055 (u, k, T)

+ (@) (0B u, k. T),k, T),

d
ﬁuBs(oBs(u, k,T),k,T) = (31u®3) (0B (u, k, T), k, T)d3055 (u, k, T)

+ (03u) (0%, k, T), k, T).
For any § € [0, 1], we introduce the functions

(8, k, T) =u(8; 1, x0, yo, T, k) := uBS (65" (1, T); T — 1, x0, k)
+ R(8; t, x0, y0, T, k), (5.5)

N
R(5.k.T)=R(5:1,x0,y0. T.k) 1= Y _ 6"u " (¢, x0, yo: T. k)

n=1

+ 8N (w —iin) (@, x0, yo T, k).
Recall that aéxo’y()) (t, T) and uS (¢, x0, yo: T, k) are defined for 0 <t < T < Tp
and k € R, as indicated by (3.9), (3.10) and (3.8), respectively. Consequently, by
Theorem 4.9 and (D.6) in Corollary D.2 there exist C and 7( as in Notation 5.5 such
that

IR(8,k, T)| <Ce™M(T —1), (5.6)
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and forany g,m,h € Npand j e Nwithg+m+h >0,h, j < N+ 1 and m+2q 5]\7,

J(h+1)—m—2q

’a;a,’f((ag’u(a, k, T))j>‘ < CeMI(M(T 1)) 2 (5.7)
forany 0 <t < T < Ty and k such that T —t < 79 and |xg — k| < A/ M(T —1).
Lemma 5.8 There exists a positive 1y as in Notation 5.5 such that

uBS(WeM; T —1,x0,k) <u(8,k, T) <uBS(VaM; T — 1, x0, k),
or equivalently,
VeM < @BS) TN u(S, k, T); T — 1, x0, k) < VAM, (5.8)

for any § € [0,1], 0 <t < T < Ty and k € R such that T —t < 19 and

|x0 — k| K AVM(T —1t).

Proof Since u(8,k,T) —uBS(oéxo’yO)(t, T); T —t,x9,k) = R(8, k, T), we infer from
the estimate (5.6) that

B (a0 (1, T); T — 1, x0, k) — CeOM(T — 1)

<u(,k,T)

<uPS(og™ (1, T); T — 1, x0, k) + Ce™ M(T — 1) (5-9)

with C as in Notation 5.5. Now recall that by Assumption 4.2 along with the definition
(3.10), we have

V2eM <o (1, T) < v/2M < \/2M

and therefore, for any fixed A > 0, the thesis follows by combining (5.9) with the
estimate (5.4) with u = % (]

Remark 5.9 In light of Lemma 5.8, the function oBS (u(,k, T),k, T) is well de-
fined for any § € [0,1], 0 <t < T < Tp and k € R such that T — ¢t < 19 and

lxo — k| <A/ M(T —1).
Lemma 5.10 For any q,m, n € Ny, there exist C, 19 > 0 as in Notation 5.5 such that

m+2q+n

(@707 090BS) (. k. T), k. T)| < CMIT I (M(T =)~ 2 e (5.10)

for any § € [0,1], 0 <t < T < Ty and ke R such that T —t < 1y and
|xo — k| <A M(T —t). Here C also depends on m, g and n.

Proof See Appendix B. ]
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Lemma 5.11 For any g,m,n € Ny with 2g+m < ]\A/, there exist C, t9 > 0 as in No-
tation 5.5 such that

et
dT4 dkm

m+2g+n

@B (. k. T). k. T)| <CMITI(M(T =)~ 2 e (5.11)

for any § € [0,1], 0 <t < T < Ty and k € R such that T —t < 19 and
|xo — k| < AN/ M (T —t). Here the constant C also depends on n.

Proof See Appendix B. ]
We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1 We set
G, k,T)=0"5(u(d, k., T),k, T)

with oBS = oBS(u, k, T) and u = u(8, k, T) defined in Notation 5.7 and (5.5), re-
spectively. By definition, we have

ok, Ty=g(,k,T), (5.12)

where o (k,T) := o(t, xg, yo, k, T) is the exact implied volatility. Moreover, for
on(k,T):=apn(t,xo, yo; k, T) as defined in (3.16), we have

N N
_ 1
onk.T)=) 0y W30, y0: k. T) =) — gk Tls=0  (5.13)

as by (5.5) and (3.14), (8, k, T)|5—0 = 0" (¢, T) and

08 g(8, k. T)ls—o = o™ (1. x0, yoi k. T)
for 1 <n < N.Now, by (5.12) and (5.13), there exists 8 € [0, 1] such that
ok,T)—on(k,T)
=—— N5, k, T
Wi 8 )

N+1

1 -
=———— Y @'®)(u@ k. T), k. T)
(N + D! —

x By 1.4 (0su (8, k, T), 05u(8,k, T), ..., 9 ~"*2u(, k, 1)),

where the last equality stems from Faa di Bruno’s formula (E.4). Now, differentiat-
ing both the left- and the right-hand side m and ¢ times with respect to k and T,
respectively, we get
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020" o (k, T) — 370 o (k, T)|

N L | ga—ttm—i 1 bs
ey | ek k)
h=1 =0 j=0
dt S N—h+2 /%
x 'WBNH,h(aw(B,k, T),...,05 Y208, k, T))‘, (5.14)

Again using Faa di Bruno’s formula, we have by (5.7) and the identities in (E.6) that

dﬁﬂ N—h+2, 5
N—h+2 _ .
<c > [ lo7 8¢ (95u@. k. T))"
J1sees JN—h42 r=1

i1+ HiN—p2=]
ity —p2=C

<C 2 : 1t +iN—n+2)X0

Jj+2¢

x MY (M(T 1)) 2 "

N+ tIiN—h42 + J1+2jp++WN—=h+2)jN_p40
2 2

—j+h+N+1
—c Y MMT-n)
Jlses JN—h+2
—j—20+h+N+1
= Ce™ M (M(T —1)) 2 . (5.15)

Combining Lemma 5.11 and (5.15) with (5.14), we obtain

N+1

Z eh(xo k)

The statement then follows from the assumption |xg — k| < AV M(T —t)< ATy. U

N+1 - 2q

00 (k. T) — 3" 6n (k. T)| < CMT2 (M(T — 1))

Acknowledgements The authors are grateful to Enrico Priola, Jian Wang and an anonymous referee for
their valuable comments and suggestions to improve the quality of the paper.

Appendix A: Proof of Theorem 4.4
First observe that for any z, z € Rd, t <T and m < N, we have

' u(t,z; T k) — o"ad (¢, 2 T, k)

/ fr(t zs, {)Z(A — A u (s, ¢ T, k)deds, (A1)
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where
n
7 (2) ®)
A=) A7,
i=0

In fact, when m = 0, the identity (A.1) reduces to Lemma 6.23 in [32]. The general
case easily follows by applying the operator 9;" to (A.1) with m = 0 and then shifting

0,' onto ”55)—;1 For clarity, we split the proof in two separate steps.

Step 1: Caseg =0and 0 <m < N. Let
. DPay(s, z)
T (g) = “; €=
<n

be the nth order Taylor polynomial of the function ¢ — a4 (s, ¢), centered at z. Set-
ting z = z and by the definition of (A, ;)o<i<n, we obtain from (A.1) that

o ut,z; T, k) = ' un(t, z: T, k)= Y Ina,
0<n<N
lor| <2

where by Corollary D.2 and integrating by parts m times,

T
Lo = f / (1. 255, 0)(aa (s, £) = T2 () DEOP U, (5. ¢ T, k)d ¢ ds
t
R4

T
- ¥ / f T(t,255,0)(aa(s, ©) — TS () (¢ —2)7
t
Rd

lYISN—n
1<j<3(N—n)

« f;f\;—n,o,m,a)(z; s, T)agjl-l-m—l—alug)Z)(s’ c; T, k)deds

T .
= Y /f(—1)'"R;‘1‘”1V””R,‘;‘;2V’m’fd;ds (A.2)
t
R4

ly|<N—n
1<j<3(N—n)

with
Ry = (Pt z5.0)(aals, ©) = T©) € = 2)7).
Ry ™ = O s, Tyo] U (5, 65 T ).

Note that R, ; is well defined because a,(s,-) € C N+1(R4) by hypothesis and
m < N. Now on the one hand, by repeatedly applying the Leibniz rule, the mean
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value theorem and Lemma 4.5 with ¢ = 2, we obtain

n—m-+|y|+1

IR, =CM(M(s—1) 2 To(2M(s —1).¢ —2). (A3)

On the other hand, by (D.4) and by Lemma C.3, we have

N—n—|y|—aj+1 N—n—|y|-1

RyT™ | <Cl (M(T —5)) 2 <CH(M(T —5) (A4)

since o1 < 2. To conclude, it is enough to combine (A.4) and (A.3) with (A.2). In
particular, by using

/ 1*0(2M(s —1),¢ — z)efldg — U HM(=D/2
R4

we get

" n—mly|+1 N-n—ly|-1
[Ipol <Ce'M 2 (s—1t) 2 (T —s)" 2 ds
t

N—m+2

<Ce&'(M(T —1) 2,
where we used the identity

Fe(G+DIe(n+1)
Ce(j+n+2)

(T _ t)j-l-n-i-l’

T
/ (T —s5)"(s —1t) ds =
t
with I'g representing the Euler gamma function.

Step 2: Case 0 < m + 2qg < N. We first prove that for any m,q € Ny with
m—+2g < N — 2, one has

s—T—
R4

_ (”‘“(zﬂyek

x [ @ +307(1 + 0™ (02 Tk, m)(an (7, k) = TENTh, m) ) dn.

Rd—1

N
lim | D(tz55.0) Y (As — A)IEOuf, (s.¢: T. kg
n=0

(AS)

ForO<n <N, set

Li(t.2):= Y [ D(t.z:5.0)(aa(s. ¢) — T%C(2))

|| <2 R4

x D2OLolMuly) (s, ¢ T, k)dc.
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Now by applying (D.3) and integrating by parts m + 2g + 2 times with respect to ¢;
(this is possible because a,, (s, -) € CNH(RYY), we get forn < N — 1 that

n+2q SUY.q.m,j pd,Y.q,m,j
In(t, Z) — (_1)m+2q+2 Z Z Rn V.q JRn V.q J d;
la|<2 |y|=sN—n pq
1<j<3(N—n)

with
Ryr 0™ = g7 02 (a5, ) = T O)0 (1, 235, 0)(C = 2)7 )

Rg»yaq”ﬁl f(N nqmot)( .S, T)a]"‘“l -2 (Z)(S é- T k)

and f,, (N 4% a¢ in Corollary D.2. Moreover, by (D.4) and Lemma C.3, we get
|REVIMI | < CMIS M(T — 5)
and thus
lim 1, (t,2) =0, 0O<n<N-1,1t<T, zeR" (A.6)
s—>T—

On the other hand, by (C.6) and (D.9), we have by integrating by parts that

In(t, 2) :=fr(r 215, O) Ay — AS) LT Ui (5, £: T, kyde

R4

T,2)\? T s,
— (%) /I‘(t 28, 0)(a (s, ¢) — “( )(§)>

R4

X (3;21 - 341)é+1 (I— 8;1)”_’ME)Z)(S, ¢ T, kyde
_(an(T,z) d
N 2
x/(B — 3 ul (s, ¢; T, k)
Rd

x (97 +a;l>q(1+a§1>’"(r<r zis, ) (an (s, ¢) — T )(o))

From (3.9), (3.10) and (C.5), we have

fsT an (r,2)dr k)

T
(0} — e )uy’ (s, ¢: T, k) =€kF0< / ai1(r, 2)dr, ¢y — :
S
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where 'y denotes the Gaussian density in (4.3) with d = 1. Noting that

r Ta r,z)dr
FO(/ ayi(r,z)dr, &1 — Js ant2) —k) Sk ass — T—,
S

2
we obtain

lim In(t,2)

s—>T—

_(all(T,Z))q k
T2 )

x / 02 + 00T (1 + )" (r(r, 2 Tk, ) (an (T, k, ) — TEANT) (k, n))) dn.
Rd—l
(A7)

Finally, (A.6) and (A.7) yield (A.5).
We now prove (4.2). By repeatedly applying the Leibniz rule on (A.1) and (A.5),
we get

0797 (u —un)(t, x,y; T, k)

T N o . qg—1
:/ /r(r,z;s,g)Z(As—Agfz,)a;a,’{"u%)_n(s,g;T,k)dgds+ZJ,-

" Rd n=0 i=0

with
—1—i a T, i i M
Ji =947 ((%) ek / (07 + 0)' (14 )" T (k, n)dn>
Rd-1

and

P(k,m) =T,z T, ko) (an (T, k,n) = TN (k, ).

Now, by proceeding as in Step 1, it is easy to show that

T N o }
/ /r(t,z;s,;)Z(As — Aol oruy (s, ¢ T, kydeds
t

]Rd n=0

N—m—2q+2

<Ce'MI(M(T —1))

Analogously, by repeatedly applying the Leibniz rule along with Faa di Bruno’s for-
mula (Proposition E.1) and Lemma 4.5, and by using that
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k 2
ek/ F0(2M(T —t),x —k,y— n)dn = ¢ e_4§‘];<;)—’>
Rd—1 AT M (T —t)
- Ce*
T JM(T —1)
with 'y as in (4.3), one can also show
N—m—2q+2
il <CerMI(M(T — 1)) =, 0<i<qg-—1,
which concludes the proof. 0

Appendix B: Proof of Lemmas 5.10 and 5.11

Proof of Lemma 5.10 The case n = m = 0 has been already proved in (5.8). To prove
the general case, we proceed by induction on m and n.

Step 1: Case m= g = 0. By (C.9) and using |xo — k| < AV M(T —t), we have

T =1 exp < MM oXT —1) _ WM(T - t))
2

duBS(0,k, T) >

N2 B 202 8
T —t MM Ty S MyTp
>————exp| — - - ,
NG 202 8 2

which by (5.8) implies

k 2
JT =1 22 MoTy  aJ/MoT,
01 (oS (w8, k. 7).k, T) ) = = exp( 0%0 _ V050

2¢ 2 2
(B.1)

Therefore, we obtain

1 C

0< (310 (u@,k,T),k, T) = P OB UG K T). K T)) — kT =1

9

which is (5.10) form =0 and n = 1.

We now fix n € N, assume (5.10) to hold true for any n € Ny with n <7 and prove
it for 71 + 1. Differentiating the identity u = u®S (o8BS (u, k, T), k, T) and applying the
univariate version of Faa di Bruno’s formula (E.4), we obtain

@M uBS)(0BS (u, k, T), k, T)

afl+1 BS ’k’T = —
ok D =20 GBS @Sk .k T)

X Bis1n (91085, k, T), ..., 97 " 26BS (u, k, T)).
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Now by (B.1), Lemma C.5 and recalling the estimate of Lemma 5.8 foru = u (8, k, T'),
we get

@OfuP) @ @@ k1), k1) kD _ (i
(01uBS) (@B (u(8. k. T).k. T). k. T)

Moreover, for any h =2, ...,n + 1, we have by (E.5) and the inductive hypothesis
that

Biin (91055 k. T). ... 00 " 26BS (u k, T))|u=u(5,k)‘

=C Z (31055 (u(8,k, T), k, T)}jl @20 (w8, k, T), K, T) iraes
JUsees Jai—h+42

<C Y VMM MT =) M MT = 1)
Jlseess Jii—h+2

<CcMi(kymMT =)

where the last inequality follows from the identities (E.6) in Appendix E. This con-
cludes the proof of (5.10) with m = 0.

Step 2: Case ¢ = 0. We proceed by induction on m. The subcase m = 0 has al-
ready been proved in Step 1. Now fix m € N, assume (5.10) to hold for any n, m € Ny,
with m < m and prove it for m =m + 1 and n € Ny. First note that differentiating
with respect to k the identity

o =W (0, k, T),k,T), o>0, (B.2)
we get
(3053 (uPS (0, k, T), k, T) = —(310°%) (u®> (0, k, T), k, T)u®> (0, k, T),
or equivalently, setting u = uBS(o, k,T), thatis, o = o BS (u,k,T),
ho B (u, k, T) = —1055(u, k, T)(@0u®) (6B (u, k, T),k, T)  (B.3)

for u € ((e¥0 — k)T, ep)- Fix n € Ny; differentiating (B.3) n times with respect to u
and m times with respect to k, we get

~ n+m
0105 0P (., T) = = (0105 .k, T) 020%) (S .k, 7). . 7))
:_ZZ( >( ) al’H‘l lam J BS(M k T))
i=0 j=0
d* BS BS
X i (Ou V(o™ (u,k, T), k,T). (B.4)
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Now by the inductive hypothesis, for any 7, j,n € Ng with i <n and j < m, we have

C N/ Me—n+1-Dk

nfl—itm—j °

(M(T —1))" 7

@190 T o BS) (u(s, k, T), k, T)| < (B.5)

The proof will be concluded once we show that

i+]j it .
‘diidkj (uB3) (P (u, k, T),k, T) wohry | SC(MT =) 2 e =Dk,
(B.6)
Indeed (B.6), combined with (B.5) and (B.4), yields (5.10) for m + 1.
More generally, we prove that for any i, j, y1, 2, ¥3 € No with y; + y»+y3 >0
and j <m (here m is fixed in the inductive hypothesis at the beginning of Step 2), we
have

di—l—j

Y1qY24qV3 BS BS
‘duidkj (079,705 u>) (07 e, b, 1), T s aey
<CMPTH(M@T —n) T 2 0Tk (B.7)

We prove (B.7) by using another inductive argument on ;.

Step 2-a: Case j = 0. By the univariate version of Faa di Bruno’s formula (E.4),
we have for any i, y1, 2 € Ny that

i

d
ﬁ(a{1 29 uPS) (0B (u, k, T), k, T)

i
=000 uPS) (oS (u. k. 7). k. T)
h=1

x Bi (31055 (u, k, T), 976 B5 u, k, T), ..., 81" 1oBSu, k, T)).  (B.8)

By Lemmas C.5 and 5.8, using that y; 4+ y»+y3 > 0, we have

h+y1
CekMv3—2
<
u:u(S,k,T)‘ — v +2y3—-1"°

M(T —1) 2

(B.9)

O 00 ) (P w, k. 7).k, T))|

Moreover, by (5.10) with m = 0 (already proved in Step 1) and by the relations (E.6),
we have

Bin (91085, k, 1), 03035 (u, k, T), ..., 80" BS (u, k, T))|

u=u(8,k,T)‘
<CM3(M(T — 1)) Ze ik,

which combined with (B.9) and (B.8) proves (B.7) for j = 0 and any i, y1, 2 € Ny
with y1 4+ y»+y3 > 0.

45



Step 2-b: Case 1 < j < m. Fix jj € N with jo <m — 1; we assume (B.7) to
hold for any i, y1, 2, 3 € No with 1 + y»+y3 > 0 and 0 < j < jo and prove it for
i,v1,72,¥3 € Ng with y1 + y»+y3 > 0and j = jo + 1. We have

Jitio+1
dul diio T
Jitio
= duldkio

@'} uPS) (0B (u, k, T), k, T)

(1701201 uBS) (0BS w, k, T, k, T) 020w, k, 1)

+ 00, 0T U (B k. Tk, T) )

:XI:ZO: j Jjo dh+a (814—)/13728)’3”35)(0'138(1/! k,T), k T)
n)\q ) \dufarka't 2%

h=0g=0

x i Ml m I GBS (4 ke, T)

i+jo

duldkJo

+ @9, 7207 uPS) (0B (u, k. T), k, T). (B.10)

By the inductive hypothesis, we have

dh+q
duldka

1
(81+y1 8528;/3”88)(0138(”’ k,T),k, T) |u:u(8,k,T)

+1 _h+q+y2+2y3—1
<CM”™ (M(T = 1)) 7 (i Dk
and
‘ di+jo

T @ 0, 707 uBS) (6B (u, k, T), k, T)|

u=u(8,k,T)

_itjo+r+2n3

<CMP I (M(@T —1)" 2 e Dk,

Now recall that we are assuming, by the inductive hypothesis, that (5.10) holds for
any n € Nog and m < m; thus, since jo — g + 1 < m by assumption, we get

i—h+jo—q+

. . _ 1 .
0030 o BS (u, ke, T luuoiery| < CME(M(T =)™ 2 e 00k,
The last three estimates combined with (B.10) yield (B.7) for j = jo + 1.

Step 3: Case g € N. This is analogous to Step 2. For simplicity, we only prove the
case g = 1. By the identity (B.2), we get

(030 (P> (0, k, T), k. T) = =(010"%) (uP> (0, k, T), k, T) 33”3 (0, k, T),
or equivalently, setting u = uBS(G, k,T), thatis, o = oBS (u,k, T),

93085 (u, k, T) = —1055(u, k, T)(33u®%) (6B (u, k, T), &, T) (B.11)
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for u € ((e¥0 — k)t ep). Fix n,m € No; differentiating (B.11) n and m times with
respect to u and k, respectively, and once with respect to T, we get

n—+m

dudk™

—ZZ( )( ) (M1 o BS (u, k, T))

i=0 j=0

8" M 930 BS (u, k, T) = — (810Bs(u, k. T)(33uP%) (0PS (u, k. T, k, T))

dH—j

X
dutdk/

(3uB3) (oS (u, k, T),k, T). (B.12)

Now by (5.10) with ¢ =0, for any i, j,n € Ng withi <n and j < m, we have

CM1e—(+1-Dk

@190 o BS) (u (8, k, T), k, T) | < e (B.13)
(M(T —1))
whereas by (B.7), we obtain
di—l—] CMe—(i—l)k
(83”BS)( B, k, T, k, T)|u=u(8 k1) = e (B4
du'dk] U -yt
Finally, (B.13) and (B.14) combined with (B.12) prove (5.10) forg = 1. ]

Remark B.1 The inductive argument of the previous proof shows that the estimate
(B.7) is valid for any i, j, v1, v2, ¥3 € Nog with y; + »»+y3 > 0 and any § € [0, 1],
0<t<T<ToandkeRsuchthat T —t <719 and |xg — k| < A/ M (T —t). In this
case, the constant C in (B.7) also depends on i, j, y1, > and y3.

Proof of Lemma (5.11) For simplicity, we split the proof in two separate steps.

Step 1: Case g = 0. By the bivariate version of Faa di Bruno’s formula (see Propo-
sition E.1), we obtain by exploiting the first relation in (E.6) that

d n
T (0o oB3) (u(8,k,T),k, T)

Z (V"370BS) (u(8, k, T), k, T)

*Bm’h<<3ku(3ik, T)>7 (a,?u(a(,)k, T)),..., (a;{n—h—Hu((S’k’ T)())),

m h
=3 gn i Gk, TV B (u(s, k. T, K, T)

h=

—_

Jj1=0

j
« (ak”(‘sik’ T)> . (B.15)
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where * denotes the tensorial scalar product (see (E.2)) and

m—h+1
h . .i
gy 6.k )= > A [] (8iues. k. 1)) (B.16)
J2seees Jm—h+1 i=2

for some constants c’ﬁ oh P and the sum in (B.16) is taken over all sequences
,,,,, m—

J2, -+ Jm—h+1 Oof nonnegative integers verifying the identities in (E.6). Now, by the
estimate (5.7) and the relations (E.6), we obtain

m—h

8.y 8.k, T)| < Ce" % (M(T —1))” 7. (B.17)
Moreover, we have

u(s, k, T))J'1

'(vfla{‘“"flaBS)(u((s, k,T), k, T)* ( |

J1 |
<C > @005 (. k. T). k. T)|| (8ku (8. k. T))" 1],
q=0

and therefore by Lemma 5.10 and the estimate (5.7), we get

eu (s, k, T))f‘

'(vhaf*h‘f'aBS)(u(& k,T), k,T) * ( X

< Ce™ Hh=k+ U= /01 (M (T — t))_#. (B.18)

Finally, (5.11) follows by combining (B.17) and (B.18) with (B.15) and observing
that

eh—a)(xo—k) < oM xo—k| < emk«/M(T—t),
since |xg — k| < A/ M(T —1t).

Step 2: Case g € N. This is analogous to Step 1. For simplicity, we only prove the
case g = 1. The Leibniz rule yields

d™ d +BS
dk—md—T(a )3, k,T),k, T)

=Z(T> (9" dru(s, k, T)) (a”+1 B (8, k, T), k, T)

+ 57(3”33035)(”(5 k,T),k,T). (B.19)

By (5.11) with ¢ =0, by (5.7) and by using that |xo — k| < A(T —t), we get
C M3~k

‘(a;j Ydru(s, k, T))_(an+1 BSY(u (S, k, T), k, T)| < o ——. (B.20)
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On the other hand, by proceeding exactly as in Step 1, one can show that

dm CMI-F% —nk
_m(aiia3O.BS)<u(8’ k7 T)7 k’ T) S €m+2+n )
dk (M(T —1)) 2

which combined with (B.20) and (B.19) proves (5.11) for g = 1. (]

Appendix C: Short-time/small-noise estimates in the Black—Scholes
model

We collect here the short-time estimates for the sensitivities with respect to o, x and
k of the Black—Scholes function uBS (o) = uBS(o; 7, x, k) needed to prove the results
of Sect. 5. In this appendix, I'g denotes the Gaussian density in (4.3) withd = 1.

Lemma C.1 For any n € Ng and ¢ > 1, we have

x\" cn 2
($> F()(I,X) < \/E (m) FO(Ct,X), e R++,x e R.

Proof Set z = %

For any ¢ > 1, we have

(m)nro(t’x): 7" eXp(_i):\/Eg(z)Fo(Ct,X)
t N2t 2

with

The claim now follows by observing that g attains a global maximum at z,, =

and that
cn n/2
(C_ 1) | .

In what follows, we make use of the representation of the Black—Scholes price in
terms of the Gaussian density I'g in (4.3), i.e.,

NI

g(zp) =e

+o0 0.2.5
uBS(o) = uBS(a; T,Xx,k) = / F0<02t,x - - y) (e — ek)dy, (C.1)
k

and of the family of Hermite polynomials defined as

H,(x):=e" 8", neN. (C.2)
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Lemma C.2 For any n € Ng and ¢ > 1, we have
10"To(t, x)| < Ct™2Tg(ct,x), te€R,;, xR, (C.3)
where C is a positive constant only dependent on n and c.

Proof By the definition (4.3), we have

n X
"To(t,x) =t 2H (—) Co(z, x),
* "\ V2t

and thus the statement easily follows from Lemma C.1. 0

Lemma C.3 Forany m,n € Ng and M > 0, we have
1079 uBS (0 T, x, k)| < Ce* (a4/T) 7m0 (C.4)

forx,k e Rand 0 < o/t < M, where C is a positive constant only dependent on m,
nand M.

Proof Throughout this proof, we denote by C any generic constant that depends at
most on m, n and M. We first prove the statement for m = 0. If also n = 0, the thesis
easily follows by writing uBS as an expectation. If n > 1, then by (C.1), we have from
0xI'o = —0,I"p and integrating by parts that

+0o0 O'Z‘L'
E))’C’uBS(U; 7,x,k) :f 97 To (azt,x — 5 - y) (e¥ — eX)dy
k
00 2
:/ "1y (azr,x — % - y) e’dy. (C.5)
k

Thus, by the Gaussian estimate (C.3) with ¢ = 2, we obtain

S0 x ) = Cove [

2
T
I <2021’,x _2rt_ y) e’dy
R 2
(72'[
— Cex+7(6ﬁ)—n+l

which proves the statement for m = 0. The case m > 1 now trivially follows from the
identity

wulS(o:t, x, k) =uP>; 7, x, k) — 0, uP> (0 7, x, k), (C.6)

along with (C.4) with m = 0. 0
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o2t
Proposition C.4 Fix (t,T,k,0) and let { = x;kjﬂz and Tt =T —t. Then for any

n > 2, we have

an BS( ) |_n/2jn q— 1

o~ 2g—1 A 1
E E ¢ 2
BuBS(U) nn=2q9

q=0 p=0
n—q-—1 1 ptn—q—1
X ( » ) (U zf) Hy,in—g-10),

where the coefficients ¢, ,—2k are defined recursively by

chn=1 and cppu—2g=Mn—2q+ 1)Ch—1n-2¢+1 + Cn—1,n—2g—1
forqge{l,2,...,|n/2]}.
Proof See [33, Proposition 3.5]. ]
Lemma C.5 For any m,q,n € No withm + g +n > 0, we have
1929997 uBS (05 7, x, k)| < CeFo ™ (04/T) 724 (C.7)

for x,k e R and 0 < o/t < M, where C is a positive constant only dependent on
m,q,nand M. If g =0, then C is independent of M.

Proof We split the proof in three steps.

Step 1: Case ¢ = n = 0. Here we denote by C any generic constant that depends
at most on m. For any m € N, we have by (C.1) that

2

o
muBS(a;r,x,k)zagn_l(ekf F0<a T, y—x—l—%)dy)
k

" (m—1 ki [ 2 o’

:Z . e o, Lo OT,Y—X‘FT dy. (C.8)
; l k
i=0

Now [ To(02t, y —x 4+ %5)dy € (0, 1) and for i > 1, we have

i > 2 0—27 i—1 2 O'Z'L'
0 Iy ar,y—x—er dy=-09, T Gr,k—x+7 )
k

Thus by applying the Gaussian estimate (C.3) with ¢ = 2, we obtain

2

i [~ 2 o’ /Ay —it1 2 o't
0k ol o T,y—x—l—T dy| < C(o~21) ol 20 t,k—x—i—T
k

<Cov/1)™,
which combined with (C.8) proves (C.7).
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Step 2: Case g = 0,n > 1. Here we denote by C any generic constant that depends
at most on m and n. A direct computation shows that

2
9, uPS(0: 7, x, k) = X oI (021',)6 Kk — %) —kJTTo(1,0)  (C.9)
o’
with ¢ == . \/2_12 . Therefore we have
k
e T
O<80uBS(a;r,x,k)< , x,keR,o0,t e Ry,
27

which proves (C.7) for n =1 and m = 0. Notice that

0 To(1, O)] = —[3;'To(1, )| < Clo/T)™", m € No,

1
(0+/27)

where the last inequality follows from (C.3). Then by differentiating (C.9), it is
straightforward to show that

19,07 uBS (05 T, x, k)| < Cef /T (0/T) ™™, m € No.
For n > 2, by combining Proposition C.4 with (C.9), we have
3"uBS(o; T, x, k)

[n/2] n—qg—1 n—a—1
:ekﬁz Z Cn,n—zqdn_zq_lr”_q_1< d )

q=0 p=0 P

1 p+n—q—1
x ( ) Co (1O Hpyn_g_1(2).  (C.10)
o2T

Now notice that
87" (To (1, ) H, ()| = 19787 To (1, )|
¢

|3§1+pF0(1,§)|§C(0\/?)_m- (C.11)

1
(0 /T)"
Then the thesis follows by differentiating (C.10) and using (C.11).

Step 3: Case ¢ > 1. Here we denote by C any generic constant that depends at
most on m, g, n and M. By applying the identity

2 2
8,uBS (0 7, x, k) = %(ai — 2B (o T, x, k) = %(a,f — )BT, x, k),

we get

BS 2 o*\4 ps
899 9y (o;r,x,k)za,'j(ak—ak)qag((T) u (cf;t,x,k)).
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The statement now follows by applying Faa di Bruno’s formula (Proposition E.1)
along with (C.7) for g = 0. ]

Appendix D: Explicit representation for the volatility expansion

Here we recall an explicit representation formula for the nth order correcting terms
u, and o, appearing in the price expansion (3.6) and the implied volatility expansion
(3.14), respectively. The following result is a particular case of [32, Theorem 3.2].

Theorem D.1 Let N € N, 7 € R? and assume that Dfaa(-, z) € L*°([0, T)) for any
I <|a|<2and|B| < N.Thenforany 1 <n < N, the function u,, in (3.8) is given by

u@, )= L9, T, 2uf (1,2,  1€[0,T),zeR? (D.1)

In (D.1), L,(f) (t, T, z) denotes the differential operator acting on the z-variable and
defined as

Z/ ds1/ dsy - - / dsy, Z 9(2)(t 51,2) 95)0, Shy2), (D.2)
! i€l p
where®
Lin={i=(1,....in) eN" iy +-- 4+ i, =n}, 1<h<n,
and the operator 9,(12) (t,s,z) is defined as
9,(15)(t, 5,2) = A,(f) (s, z—74+m9@,s) + C, S)Vz)

withm®@ (¢, s) and C@(t, s) being respectively the vector and matrix whose compo-
nents are given by

_ N _ Ky
mz@(f»s)=f a; (r, 2)dr, C§j.)(r,s)=/ aij(r.2dr, i j=1,....d.
t t

Corollary D.2 Let N € Ny, and let Assumption 4.2 be in force. Then we have for any
n,m,q € No withn,2q < N and for any multi-index a € Ng that

AL DXuD (1, z; T, k)

S e Gy — O T (D)
0<|yl=<n
1<j<3n
with
(n qum o) q n— |;2/\+J
11y, 1, )| <CMI(M(T — 1)) (D.4)

8For instance, for n = 3, we have I3 3={(,1,D}, 32 ={(1,2),(2,1},and I3 | ={(3)}.
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forany 0 <t <T < Ty, z,z € D(z0,r) and k € R. Consequently, we have

(1-m—2g)A0

0207 uld (1,2 T, k)| < CMI(M(T —1)) 2, (D.5)
and forn > 1,
n+l1-m—2q
19207 ul (t, 2, T, k)| < Ce*M4(M(T — 1)) 2. (D.6)

In (D.4)—(D.6), C is a positive constant only dependent on €, My, Ty, N, ||, and m.

Proof Using the explicit formulas (D.1) and (D.2) and noting that u(()Z) (t,z; T, k) does

not depend on 22, ..., z4, it is straightforward to prove that
uP TR =Y G @ —D7ddug (6.2 T, k) (D.7)
ly|<n
0<j<3n
with
;) - ; n—lyl+j=2i '
07 f, @G DI <CM'(M(T —1)) >, 0<2i<N. (D.3)

The general statement now follows from (D.7) and (D.8) along with the identities
(C.6) and

7 an(T,z) z
aru(t,z; T, k) = — 02 — 0. ul (1,2 T, k). (D.9)
The estimate (D.5) follows from Lemma C.3. By combining (D.3) with (C.4), we
finally get the estimate (D.6). UJ

Furthermore, we recall the following result [33, Proposition 3.6].

Proposition D.3 Foreveryn e Nand 7 € RY, the ratio u,(f) / 0y uBS (JéZ)) in (3.15) is
a finite sum of the form

. S s —k—1c2(T —1)
(2) 2T — m_(z) Hm — X 270
; (0'0 ( t)) Xm'n (OF ¢ oo /2(T —1)

for any t < T, any z = (x,y) € R? and any k € R, where the coefficients
X,Ef,)n = X,S,i)n (t,z; T, k) are explicit functions which are polynomial in the log-money-
ness k — x. Here, H,, represents the mth order Hermite polynomial defined in (C.2).

Appendix E: Multivariate Faa di Bruno formula and Bell polynomials
In this section, we recall a multivariate version of the well-known Faa di Bruno for-

mula (see Riordan [41] and Johnson [27]) and more precisely, its Bell polynomial
version.
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For greater convenience, we recall some elements of tensorial calculus. For any
n,h € N, we denote by A a rank-h tensor on R", i.e., an array A = (Aj)jeq1,. >
with A; € R. Moreover, by definition, a rank-0 tensor is a real number, independently
of the dimension n.

Let us now fix the dimension n € N. For any couple of tensors A, ® of rank 4
and h, respectively, we define the tensorial product A ® ® as the rank-(h| + h»)
tensor given by
ie{l,....,m)yh (E1)

[ 5eees lh]vlhl-‘rl 77777 lh]+h2 =

.....

We also set A=1, A' = A and
A =ARARQ---®A, i>2.
\_\,—J
(i—1) times

Furthermore, if A and ® have the same rank 4, we define the tensorial scalar product
A x © as the rank-0 tensor given by

Ax® = Z INICTE (E.2)
ie{l,...,n}h
We say that a rank-4 tensor A is symmetric if A; = A, forany i e {1,..., n}" and
any permutation v of the indexes (iy, ..., ).
Consider now a polynomial p in the variables x = (xi, ..., x;), homogeneous of
degree h, of the form
ﬂ .
px)=Y bpxflx (E.3)
BeN/
|BI=h
For any rank-/ symmetric tensor A and any family of rank-1 tensors {®1, ..., ®;},
the scalar
A¥p@®i1,...0)=Ax Y b0} @ .06
BeN;
|Bl=h
is well defined. Note that the tensor p(®q,...,®;) is not well defined on its own

because the tensorial product (E.1) is not commutative. Nevertheless, by assuming A
to be symmetric, the scalar product (E.3) is well defined as it does not depend on the
specific order of the tensorial products inside the sum.

We are ready to state the following

Proposition E.1 Multivariate Faa di Bruno formula Let G : R — R" and F : R" — R
be two smooth functions. Then for any m € N, we have

d"F(G(X))  x~,on dG(x) d*G(x) dm—h+1G(x)>
— _;(v F)(G(x))*Bm,h< e e a el B

(E.4)
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where V' F is the rank-h tensor with dimension n of the hth order partial derivatives
of F,i.e.,

ViE =0, ---0;,F, iefl,...,m",
and By, j, is the family of the Bell polynomials defined as

m—h+1

1 ; Ji
Bus@=m! > ] F(f_') (E.5)

JUsJ2seesjm—hy1 =1

for 1 <h <m, where the sum is taken over all sequences ji, ja, ..., jm—h+1 Of non-
negative integers such that

i+ jp+ -+ jn—nr1=h and j1+2jpp+---+m—h+1)ju—pny1 =m.
(E.6)
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