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Abstract
Wepropose a fully quantum treatment for pump and probe experiments applied to the study of
phonon excitations in solids. To describe the interaction between photons and phonons, a single
effective hamiltonian is used that is able tomodel both the excitation induced by pump laser pulses
and the subsequentmeasuring process through probe pulses. As the photoexcited phonons interact
with their surroundings,mainly electrons and impurities in the targetmaterial, they cannot be
considered isolated: their dynamics needs to be described by amaster equation that takes into account
the dissipative and noisy effects due to the presence of the environment. In this formalism, the
quantumdynamics of pump excited phonons can be analyzed through suitable probe photon
observables; in particular, a clear signature of squeezed phonons can be obtained by looking
simultaneously at the behavior of the scattered probemean photon number and its variance.

1. Introduction

An effective optical experimental technique suitable for the study of the dynamics of phonon excitations in
solids is pump and probe spectroscopy [8, 9, 21, 26]. It consists in exciting a crystal with a high intensity laser
pulse, usually referred to as the pump; the resulting phonon excitations are studied bymeans of a second, less
intense laser pulse, called the probe, that hits thematerial after a certain time delay. By analyzing either the
reflected or transmitted probe photons (depending onwhether thematerial is opaque or transparent,
respectively), onemay access the properties of the excited phonons; indeed, typically the time scale of the latter is
of the order of picoseconds,much longer than the duration of the pump and probe pulses (on the order of
femtoseconds). Thewhole process is repeatedly performed for different time intervals between pump and probe,
thus obtaining information on the phonon dynamics, as a function of the pump and probe time delay, through
the analysis of the behavior of suitable probe photon observables.

Typically only the intensity of the reflected or transmitted probe light had been considered in order to
investigate the properties of photoexcited phonons. Probe intensity analysis is indeed sufficient for studying the
most simple phonon excitations, the ones that, in analogywith quantumoptics, are called ‘coherent phonons’
[8, 21, 26].Most of the theoretical work that has been directed at the analysis of coherent phonons is based on
semiclassical approaches [24], using either the so-called ‘impulsive stimulated Raman scattering’, mainly
applied in the production of coherent phonons in transparentmaterials [33, 38], or ‘displacive excitation’
mechanismproposed as an explanation for observationsmade in certain opaquematerials [13, 40].

However, also of interest, both theoretically and experimentally, is the possibility of the ultrafast optical
excitation of lattice vibrationalmodeswith certain specific quantum features [5, 30], for instance the creation of
‘squeezed phonons’, so named again in analogywith quantumoptics (e.g. see [3, 14, 18, 29] and references
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therein). Squeezing is a typical non-classical property, as squeezed states can achieve lower quantumnoise than
the zero-pointfluctuations of vacuumor coherent states [36, 39].

Theoretical studies on squeezed phonons typically use analogies with quantum light [36] in order to explain
their generation and dynamics: phonons are treated either as elements of complex compound objects, like
polaritons [2, 19], or independently, with squeezing resulting from the interactionwith either photons, through
Raman scattering, or among themselves [3, 16, 17]. At the same time the detection process is still treated in a
semiclassical way, while the quantum features of lattice vibrations ought to be accessed via the analysis of the full
quantum statistics of the scattered probe light.More recent studies have been focused on alternative generation
mechanisms for squeezing, in particular, optical excitations of phononsmediated by quantumdots [7];
however, reduction of thefluctuations below the vacuum level were obtained only in the case of excitations
induced bymultiple pumppulses [32, 37].

Nonetheless, the production and detection of squeezed phonons using optical techniques have attracted a lot
of attention also from the experimental point of view.Most of these efforts have focused on identifying
signatures for the presence of squeezing through the analysis of the intensity of the collected scattered probe light
as a function of the time delay between pump and probe pulses, tacitly assuming that themeasured photon
properties exactly reproduce those of the excited phonons.

In this respect, squeezed phononswerefirst reported to be observed in a transparentmaterial at low
temperature, by relating semiclassically themeasured probe transmittance to the periodic oscillations of the
lattice displacement in the targetmaterial [14]. This result has drawn a lot of controversy because of the small
magnitude of the detectedmodulation, which is compatible with thermalfluctuations [18].

Further information on the dynamics of the excitedmaterial can be obtained by looking at additional data
characterizing the scattered probe light beyond itsmean intensity. This ideawasfirst explored and discussed in
experiments studying phonon dynamics in opaquematerials [27, 28]. In such experiments, probe data were
repeatedly collected for each time delay between pump and probe pulses, so that not only themean intensity of
the scattered probe light, but alsofluctuations around themean could be obtained. Assuming a perfect
correspondence between the features of the detected scattered photon state and those of the excited phonons in
thematerial, the presence of oscillations in the fluctuationswith twice the frequency of the excited phononmode
was seen as a sign of phonon squeezing. Still, a shadowof doubtwas cast also on these results, since the observed
oscillations in thefluctuation data could be attributed to an intrinsically imprecise phase determination in the
used apparatus, giving rise to the so-called jittering effects [20].More recent experiments have been performed
using ultrafast x-ray diffraction, granting a reduced pulse duration, hence reduced jittering errors [23]; despite
this experimental advantage, the results concerning the presence of squeezed phonons seem to need further
analysis.

In essence, a clear signal for the presence of squeezed phonons in pump excitedmaterials remains elusive.
Recently, new experiments have been performed, focusing on time-resolved optical experiments. In particular,
the displacement of photoexcited atoms in the lattice has been addressed bymeans of non-equilibriumoptical
experiments in the shot-noise limited regime [10]. It appears that the unveiling of photon squeezing inα-quartz
can be achieved through the acquisition of the full statistics of quantum fluctuations of the scattered probe
photon number.Many factors need to be taken into account and understood in interpreting experimental data,
in particular those related to themechanismof generation of squeezing, the interaction of the excited phonons
with their surrounding environment, the process of detection, and how to combine them all. The aimof the
present investigation is to address some of these issues with a fully quantum, phenomenological description
based on,first, a photon–phonon interaction hamiltonian containing the first relevant gauge-invariant
contributions in terms of phononic and photonic annihilation and creation operators and, second, amaster
equation of Lindblad type taking care of theweak-coupling of the phononswith their environment.

More specifically, the interaction between the photons in the laser pulses and the phonons in the target
material will be described by an effective photon–phonon quantumhamiltonian, capable of describing both
pump and probe processes: linear and bilinear in the photon and phonon operators, this hamiltonian can
account for the generation of both coherent and squeezed phonons in the pumpprocess, at the same time
describing the probe reading.

Furthermore, phonons in thematerial cannot be considered an isolated system: they interact weaklywith
their environment,made of the constituents of thematerial other than the phonons themselves. As a
consequence, their dynamics is no longer unitary and needs to be studiedwithin the open quantum system
paradigm, through the use of an appropriatemaster equation, accounting for dissipative and noisy effects.

In order to correctly relate collected photon datawith phonon properties, a consistent quantumdescription
of the probing process is necessary5; two physically relevant scenarios will be described. In this way, higher order
photon correlations become accessible, supporting a precise analysis of the phonon quantum state, that is not

5
In the frequency domain, the relations between the quantum statistics of phonons and scattered light has been discussed in [34].
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possible within the semiclassical approaches used so far.More specifically, we shall focus on the study of two
related probe photon observables, themean number and its corresponding variance. Through the analysis of
their joint behavior as a function of the pump and probe time delay, unique signals associatedwith the presence
of squeezing in the pump excited phononswill be identified.

In detail, section 2 is devoted to the systematic description of a typical pump and probe experiment. The
quantumhamiltonian describing the photon–phonon interactionwill be introduced and discussed: it will be
used for studying both pump and probe processes. Two different types of dissipative environments will be
studied, thermal and dephasing baths; they give rise to two differentmaster equations describing the dynamics of
excited phonons, whose solutionswill be explicitly obtained and analyzed in section 3. In section 4, the quantum
formalism so far developedwill be applied to the description of phonon excitations, as reported in experiments.
This is done by studying in detail the evolution of themean probe photon number and the corresponding
variance: their joint analysis reveals unique signs of the presence of squeezed phonons. Thefinal section 5
comprises an outline of our results and a discussion of recent experimental studies, that are compatible with the
theoretical predictions of the approach outlined above. Finally, theAppendices contain technicalmaterial
inappropriate for themain text.

2. Effective quantumdescription

Most of the various proposedmechanisms for the generation of phonons in pump and probe experiments (like
Raman scattering,multiphonon scattering, and polaritons) rely on semiclassical treatments, using either ad hoc
classical equations ofmotion for the atomdisplacement in the crystal ormean-field approximations, whereas
the opticalfields aremostly described classically. Although thesemodelsmay account for some average features
of the phonon dynamics, they are unsuited to capture their quantumproperties.

2.1.Quantumapproach to pump and probe experiments
The characterization of a typical pump and probe experiment involves several steps:

(1)Initial state.Before being hit by the pump laser pulse, thematerial under study is in thermal equilibrium:
the initial phonon state, described by the densitymatrix rb, is then a thermal one, characterized by the inverse
temperatureβ, which in experiments frequently corresponds to room temperature. On the other hand, the laser
pumppulse can be described by a coherent photon state ∣nñ [11, 35], of high intensity ∣ ∣ n 1. The initial total
(photon and phonon) state is then given by the densitymatrix

∣ ∣ ( )n n rñá Ä b. 1

(2)Pumping process. In view of the difference between the laser pulse’s duration (≈80–100 femtoseconds)
and the typical phonon evolution time scale (a few picoseconds), the pumping process can be considered
instantaneous at time t=0. Consequently, it is described by a unitary operator  (discussed in detail in
section 2.5, see also section 2.7), that transforms the initial state of the composite system into a new state

(∣ ∣ ) ( )† n n rñá Ä b . 2

This new state contains information about both photons and phonons. Since the scattered pumppulse is
discarded andwe are interested only in the phonon behavior, the photon degrees of freedom can be traced out:

[ (∣ ∣ ) ] ( )† r n n r= ñá Ä bTr . 3photon

The densitymatrix ρ thus describes the state of the phonons immediately after the excitation by the pump.
(3)Phonon dynamics.The excited phonons cannot be considered isolated from their environment, since

they inevitably interact with it, albeit weakly. In this case, standard techniques describe their time-evolution by
means of amaster equation [1, 4, 12]

( ) [ ( )] ( )r r¶ =t t , 4t

where the generator  takes into account the dissipative and noisy effects induced by the environment.
(4)Probing process.After a delay time t, the probing pulse acts again impulsively; in analogywith the pump

process, probing can be described by a unitary operator  (treated in detail in section 2.7, see also section 2.5). It
acts on a total photon–phonon state of the form ∣ ∣ ( )a a rñá Ä t , where ∣añ is the corresponding coherent state
of the probe laser light, with intensity ∣ ∣a considerably smaller than the pump intensity ∣ ∣n . Sincewe extract
information about the phonons by analyzing the scattered probe light, we are only interested in the state of the
photons, obtained by tracing away the phonon degrees of freedom:

( ) [ (∣ ∣ ( )) ] ( )† s a a r= ñá Ät tTr . 5phonon

3
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The photon state ( )s t is completely characterized by its correlation functions

( ˆ ) ˆ ( ) [( ˆ ) ˆ ( )] ( )† † sá ñ =a a t a a tTr , 6m n m n
photon

where ˆ†a , â are the photon creation and annihilation operators andm, n positive integers.While previous
investigations have considered essentially the case = =m n 1, in the present approach higher order photon
correlation functions can be obtained. Aswe shall show, they allow a precise characterization of the quantum
features of the phonon states.

In the followingwewill discuss in detail each one of these steps.

2.2. Initial phonon state
Let us consider pump and probe experiments at room temperature. Before the pump pulse hits the target, the
phonons can then be assumed to be in thermal equilibrium at a given inverse temperatureβ; their state is thus
described by the thermal densitymatrix

[ ]
( )r =b

b

b

-

-

e

Tr e
. 7

H

H

In general, the pump laser beam can excite different vibrationalmodes; however, inmany situations, only
onemode is seen to be physically relevant due to the specific experimental setups [3, 14, 18, 29]. In such cases, the
phononhamiltonian can be taken to be ˆ ˆ†

= WH b b, where only onemode of energyΩ contributes, and ˆ†
b and b̂

are the corresponding phonon bosonic creation and annihilation operators satisfying the canonical

commutation relation [ ˆ ˆ ]†
=b b, 1. In this equilibrium state, themean phonon number is given by

[ ˆ ˆ] ( ) ( )†r= = -b
bW -n b bTr e 1 . 8eq

1

We remark that the assumption of a single active phononmode is frequently realistic. For example, crystal
symmetries and laser polarizationmay be exploited to selectively excite a singlemode [10], or the temperature
dependence of somemode can be used to suppress it, even at room temperature [22]. Furthermore, the
formalismwe are describing is rather general and can easily be extended to account for the presence ofmore than
one phonon excitationmode.

2.3. Pumpphoton state
In pump and probe experiments, amode-locked pulsed laser is used. Although laser pulses containsmany
frequencies,mode-locking allows one to consistently adopt a single-mode description, which collectively
accounts for the coherent properties of the laser beam as discussed in detail in [11]. Such single-mode treatment
of laser pulses interacting withmatter is of course tenable onlywhen the dynamics does not distinguish the
various pulse components.

The pump laser photon statewill then be described by a singlemode coherent state ∣nñ, satisfying
ˆ ∣ ∣n n nñ = ña , with â, ˆ†a the (collective) annihilation and creation operators, satisfying the canonical
commutation relation [ ˆ ˆ ]† =a a, 1. The parameter ν is related to the laser intensity via themean photon number

∣ ˆ ˆ ∣ ∣ ∣†n n ná ñ =a a 2. Since the pump laser pulse is of high intensity, we have ∣ ∣ n 1.

2.4. Photon–phonon effective interaction
The effects of the laser pulses on the crystal vibrations can generically be described in terms offirst and second
order processes. Since the pulse duration ismuch shorter than any phonon characteristic time, the laser action
on the targetmaterial can be considered instantaneous, and consequentlymay effectively be described by a time
dependent interaction hamiltonian of the form

( ) ( ˆ ˆ ˆ ˆ ( ˆ ) ˆ ˆ ( ˆ ) ) ( ) ( )† † † †
* * g g h h d= + + +t a b a b a b a b t , 92 2 2 2

where ( )d t embodies the impulsive character of the interaction, while γ and η are suitable complex coupling
constants. To apply the scheme to a specific experiment, they have to be determined, either from first principles
or phenomenologically; a study of typically possible behavior can be found in section 4.

In(9), a generic photon–phonon interaction hamiltonian has been expanded up to the second order in
photon and phonon operators: higher orders can be safely neglected since their coupling constants are smaller
and smaller, taking into account that the scattering processes they describe are less likely to occur. Notice that the
hamiltonian(9) has been chosen to preserve the number of bosons, i.e. the annihilation of a certain number of
photons results in the creation of the same number of phonons and vice versa. This assumption corresponds to
the request that the interaction be gauge-invariant in all bosonic operators. The linear terms in the hamiltonian
involve only phonons in a singlemode at nullmomentum k , while the quartic ones are not limited to =k 0 and
one should thus integrate over the entire optical phonon dispersion region including processes where the

4
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momentum conservation is guaranteed by the creation of optical phononswith oppositemomenta.However,
the effective hamiltonian comprises only a single phononmode at k=0 since, in essentially the greatmajority
of experiments so far performed, the probing process is limited to the linear regimewhereby phonons at ¹k 0
do not practically affect the observed photon number fluctuations.

Moreover, since the hamiltonian is linear and bilinear in the phonon operators, the described interaction
can generate not only coherent or squeezed phonons, but also both effects at the same time—a situation that is
farmore likely.

The above hamiltonian is time dependent and thus the evolution operator ( ) t t, 0 involves a time-ordered
exponential. In this case, however, the integral can be calculated so that the ( ) t t, 0 is the same for all <t 00 and
>t 0. Consequently, we can describe the photon–phonon interaction by a single application of the operator

[ ( ˆ ˆ ˆ ˆ ( ˆ ) ˆ ˆ ( ˆ ) )] ( )† † † †
* * g g h h= - + + +a b a b a b a bexp i ; 102 2 2 2

it represents the action of the laser pulses on any photon–phonon state.

2.5. Pumpprocess
Asmentioned before, the pump process transforms the initial total state ∣ ∣n n rñá Ä b into (∣ ∣ ) † n n rñá Ä b .

Since ∣nñ represents a high intensity coherent photon state, the use of amean-field approximation for the photon
degrees of freedom is appropriate (see appendix A for amore detailed discussion); then, onemay replace â with ν
and ˆ†a with *n , so that  in(10) reduces to

[ ( ˆ ˆ ( ) ˆ ( ˆ ) )] ( )† †
* * * *g n g n h n h n= - + + +nU b b b bexp i , 11MF 2 2 2 2

containing only phonon operators. Therefore, immediately after the action of the pump, the state of the
composed photon–phonon system is given by

∣ ∣ ( ( ) ) ( )†n n rñá Ä n b nU U . 12MF MF

It turns out that nUMF can be rewritten as a combination of displacement (D) and squeezing (S) operators6

( ) ( ) ( )x=n n nU S D z , 13MF

with

( ) ( ˆ ˆ) ( )† *= -n n nD z z b z bexp , 14

( ) ˆ ( ˆ ) ( )†*x x x= -n n n⎜ ⎟⎛
⎝

⎞
⎠S b bexp

1

2

1

2
, 15

2 2

where the displacement nz and squeezing x ºn n
jnr ei parameters are explicitly given by

∣ ∣
∣ ∣∣ ∣

[( ( ∣ ∣∣ ∣ )) ( ∣ ∣∣ ∣ ) ] ( )( ) ( )g
h n

h n h n= - -n
q q q q q p+ - - +n g h n gz

2
1 cosh 2 e sinh 2 e , 162 i 2 i 2

∣ ∣∣ ∣ ( )h n j q q
p

= = - +n n n hr 2 , 2
2

, 172

with ∣ ∣g g= qgei , ∣ ∣h h= qhei and ∣ ∣n n= qnei .
The phonon state after the pumpprocess

( ) ( )†r r= n b nU U , 18MF MF

obtained from(12) by tracing out the photon degrees of freedom, is then a squeezed coherent thermal state; it
represents the initial state of the phonon dynamics, whose description requires taking into account theweak
interactionwith the environment (see figure 1 for a phase–space representation of all the above introduced
states).

2.6. Phonon dynamics
Phonons in the targetmaterial can hardly be considered as an isolated system, since they inevitably interact with
the environment formed by the remaining crystal degrees of freedom, e.g. electrons or impurities. However, the
interaction is in general weak and furthermore, initially, phonons and the environment can be considered
uncorrelated. In such situations, the standard approach to open quantum systems allows to derive through the
so-called ‘weak coupling limit’ techniques a Lindblad typemaster equation for the dynamics of the phonon state

( )r t , that takes the general form [1, 4]

6
This can be easily proved by recalling the action of displacement and squeezing operators(14) and(15) on phonon creation and

annihilation operators [15].

5
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( ) [ ( )]

( ( ) ( ) ( ) ) ( )† † †å

r r

l r r r

¶ = -

+ - -

t H t

V t V V V t t V V

i ,
1

2
2 . 19

t

k
k k k k k k k

Thefirst line alonewould give rise to the usual unitary evolution generated by the phonon free hamiltonian
ˆ ˆ†

= WH b b, while the additional contribution in the second line arises due to the presence of the environment;
the quantitiesVk represent suitable phonon operators, while the real and positive constants lk parametrize noisy
and dissipative effects. Two different, physically relevant situations [12]will be studied explicitly:

Thermal environment.Experimental evidence indicates that, after being excited by the pumppulse, phonons
relax in a few picoseconds to a thermal equilibrium state, at afinal temperature possibly higher than the initial
one.We have thus considered the typicalmaster equation that describes this situation:

( ) [ ˆ ˆ ( )]

[( )( ˆ ( ) ˆ ˆ ˆ ( ) ( ) ˆ ˆ)

( ˆ ( ) ˆ ˆ ˆ ( ) ( ) ˆ ˆ )] ( )

†

† † †

† † †

r r
l

r r r

r r r

¶ = - W

+ + - -

+ - -

t b b t

n b t b b b t t b b

n b t b bb t t bb

i

2
1 2

2 , 20

t

T
f

f

where ( )= -b W -n e 1f
1f is the thermalmean phonon number at the final inverse temperature bf , while

l 0T is the phenomenological constant parametrizing the strength of noise and dissipation. The dynamics
generated by this equation has a unique long-time asymptotic state, theGibbs state at inverse temperature bf .

Dephasing environment.A typical effect due to the presence of an external environment is loss of coherence, a
phenomenon usually referred to as ‘dephasing’. This occurs when the number of phonons is constant in time,

Figure 1.Phase space representation of (a) vacuum state, (b)Thermal state (at temperature b =1 300 K) (c) squeezed thermal state
(at temperature b =1 300 K, squeezing parameter x = 0.1) (d) displaced squeezed thermal state (at temperature b =1 300 K,
squeezing parameter x = p0.1ei 4, and displacement parameter = pz 2ei 4) .

6
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since due to theHeisenberg uncertainty principle, the conjugate variable, the ‘phase’, must then be completely
undetermined. A typicalmaster equation describing dephasing effects is given by [12]

( ) [ ˆ ˆ ( )] [ ˆ ˆ [ ˆ ˆ ( )]] ( )† † †r r
l

r¶ = - W -t b b t b b b b ti ,
2

, , , 21t
D

where l 0D is the phenomenological parameter describing the damping of the system. Thismaster equation
describes the situation inwhich there is no energy exchange between the phonons and their surroundings;

indeed, the phonon number operator ˆ ˆ†
b b is left invariant by the time evolution generated by(21), which, as a

consequence, does not possess a unique asymptotic state.
Besides their physical interpretation and applicability in the description of the phonon dynamics, these two

differentmaster equations can also be solved analytically.

2.7. Probing process
While the pumppulse is intense in order to excite the systemout of equilibrium, the probe pulse is less intense
and its use is to record the properties of the phonon state through the analysis of the properties of the scattered
probe photons. By varying the time delay between pump and probe pulses, the relaxing phonon dynamics can
thus be systematically examined.

As in the case of the pump, the probe laser pulses can be described using a coherent state ∣añ, so that the
densitymatrix representing the state of the compound photon–phonon system just before probing can still be
written in factorized form, ∣ ∣ ( )a a rñá Ä t (compare with (1)). However, one has ∣ ∣ ∣ ∣a n , since in general the
probe pulses are less intense than the pump ones. In such a case, the unitary operator ( ) º - Gexp i in(10),

with ˆ ˆ ˆ ˆ ( ˆ ) ˆ ˆ ( ˆ )† † † †
* *g g h h= + + +G a b a b a b a b2 2 2 2, representing in general the action of the laser pulses on

the targetmaterial, cannot bewritten as in(11), since the probe pulse can no longer be considered semiclassical,
and therefore nomean-field approximation can be used. Nevertheless, when acting on ∣ ∣ ( )a a rñá Ä t ,  can
always be decomposed as

( ) = + Da aU , 22

in terms of the newunitary operator

( ) ˆ ˆ ˆ ˆ ( ) ˆ ( ˆ ) ( )† † †
* * *g g h a h aº - = + + +a a aU G G a b a b b bexp i , 232 2 2 2

and the differenceDa

[ ] ( )  ò òD º - = ¶ = -a a a a a
- -U s U s U G Gd i d .s

s s s s

0

1
1

0

1
1

Note that aU is akin to amean-field approximation in only the quadratic terms, thus introducing the parameter
α. The full expression for  in(22) is, however, still exact. Nowwe introduce an approximation that goes
beyond themean-field, while still guaranteeing the tractability of the calculation. The details of its application
will be discussed in section 2.8. Afirst order approximation ofDa suffices, so that in the probing process  can
be approximated by the following expression:

( ) [ ( ˆ ) ˆ ( ˆ ) ˆ ]( ) ( )† † †
* *  ò h a h a= - - + -a a a a

⎧⎨⎩
⎫⎬⎭U s U a b a b Ui d . 24s s

0

1
2 2 2 2 2 2

The state of the compound photon–phonon system after the probe pulse hits thematerial is then given by
(∣ ∣ ( )) † a a rñá Äa at . In general, the bilinear terms in the exponential dominate over the quadratic ones, so

that one can safely assume h » 0; however, there are situations inwhich, due to crystal symmetries or to specific
experimental adjustments, the termswith the linear pieces in photon and phonon operators do not contribute
[14], this situation is commonly considered for the sake of simplicity when the generation of a squeezed phonon
state is the goal. In such cases g = 0 and only the quadratic terms survive. Both situationwill be discussed in
detail in the following.

2.8. Photon correlations
Our aim is the study of the behavior of the photoexcited phonons asmonitored by the probe pulses. This can be
achieved by analyzing suitable scattered probe photon observables. Specifically, we shall focus on the behavior of
themean photon number ˆ ˆ†á ña a and on its variance ˆ ˆ†Da a.While ˆ ˆ†á ña a is connected to the reflectivity/
transmittance of the probe light and thus to the semiclassical properties of the excited phonons, higher order
photon correlations, as in ˆ ˆ†Da a, are needed in order to inspect its quantum aspects. The joint analysis ofmean
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number and its variance, two experimentally accessible photon observables, provides enough information for
identifying some phonon quantum features, in particular the presence of squeezing.

Themean probe photon number at time t and its corresponding variance can be suitably written as7:

ˆ ˆ ( ) [( ˆ ˆ ) ∣ ∣ ( )] ( )† † †  a a rá ñ = ñá Äa aa a t a a tTr , 25

( ) ( ˆ ˆ) ( ) ( ˆ ˆ ( )) ( )ˆ ˆ † ††D = á ñ - á ñt a a t a a t , 26a a
2 2

with

( ˆ ˆ) ( ) [( ( ˆ ˆ) ) ∣ ∣ ( )] ( )† † †  a a rá ñ = ñá Äa aa a t a a tTr , 272 2

where the trace operation is nowperformed on both phonon and photon degrees of freedom. These quantities

can be conveniently expressed in terms of suitable phonon correlations, ( ˆ ) ˆ ( ) [( ˆ ) ˆ ( )]† † rá ñ =b b t b bTr t
m n m n

phonon ,
with =m n, 0, 1, 2; their explicit forms depend onwhich of the two probing processesmentioned above is
relevant in the examined context (details and further discussion can be found in appendix B).

First-order probing process.When the quadratic terms in the hamiltonian are negligible, i.e. h » 0, a situation
most likely occurring in opaquematerials, the impulsive unitary operator describing the probe process(24)
reduces to

( [ ˆ ˆ ˆ ˆ ]) ( )† †
* g g= - +a a b a bexp i . 28

Note that this operator does not depend onα anymore, and that the subscriptmerely denotes the approximation
used. In this case, themean value of the photon number can be expressed as

ˆ ˆ ( ) ∣ ∣ (∣ ∣) ˆ ˆ ( ) (∣ ∣)
(∣ ∣) (∣ ∣)

∣ ∣
( ˆ ( ) ˆ ( )) ( )

† †

†
* *

a g g
g g

g
g a g a

á ñ = + á ñ

+ á ñ - á ñ

a a t b b t

b t b t

cos sin

i
sin cos

, 29

2 2 2

while the explicit expression of the variance ( )ˆ ˆ†D ta a is rathermore involved; it is collected in appendix B.
Second-order probing process.On the other hand, when there is no contribution from the linear terms in

phonon creation and annihilation operators (g » 0), no generation of coherent states out of the pump process
can be achieved. This situation describes the process inwhich the excited phonon state resulting from the pump
process is a squeezed thermal one, a typical situation encountered in transparentmaterials [14, 18]; in this case,
a is still given by(24), but with the simplified aU :

( [ ( ) ˆ ( ˆ ) ]) ( )†
* *h a h a= - +aU b bexp i . 302 2 2 2

Themean value of the photon number takes now the form

ˆ ˆ ( ) ∣ ∣ ( )( ˆ ˆ ( )) ( ) [ ˆ ( ) ] ( )† †aá ñ = - + á ñ + á ña a
j- aa a t r b b t r b tsinh 1 2 sinh 2 e , 312 2 2 iR

where ar andja are as in(17), but with ν replaced by ∣ ∣a a= qaei , whileR signifies real part; similarly, for the
variance one gets:

( ) ∣ ∣ ( ˆ ˆ ( )) ( )

( ˆ ˆ ( )) ( ) ( ) [ ˆ ( ) ]

( ) ( )( ˆ ˆ ( )) [ ˆ ( ) ]

( )( [ ˆ ( ) ]) ( )

ˆ ˆ
†

†

†

† aD = - + á ñ

- + á ñ + á ñ

+ + á ñ á ñ

- á ñ

a

a a
j

a a
j

a
j

-

-

-

a

a

a

t b b t r

b b t r r b t

r r b b t b t

r b t

2 1 2 sinh

1 2 sinh 2 sinh 2 e

sinh sinh 2 1 2 e

sinh 2 e . 32

a a
2 2

2 4 2 i

2 2 i

2 2 i 2

R

R

R

In order to obtain the explicit time dependence of these two observables, ˆ ˆ ( )†á ña a t and ( )ˆ ˆ†D ta a , one nowhas to
analyze the phonon dynamics generated by themaster equations (20) and(21) and compute the needed phonon
correlation functions.

3.Dissipative phonon dynamics

As explained in section 2, after the action of the pump, the excited phononswill dynamically evolve as an open
quantum system, since they interact weaklywith the surrounding environment. Their evolution in time is
described by a Lindbladmaster equation of the form(19); its explicit solution depends on the type of the
environment, and the two cases presented in section 2.6 need to be treated separately.

Thermal environment. In the case of a thermal reservoir, themaster equation takes the form(20). In this
case, it is useful to express the phonon densitymatrix ρ in phase space using the displacement operatorD,

7
Notice that if â, ˆ†a were substituted byα, *a in the expression of the operator implementing the probing process (see (10)), there would be

no reading of the phonon properties by the probe photons, since in this case ˆ ˆ ˆ ˆ† † †  =a aa a a a.
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bywriting [15]

( ) ( ) ( )
òr

p
c= -w w D w

1
d , 332

withw a complex variable; the characteristic function ( )c w can be obtained through the equation

( ) [ ( )] ( )c r=w DTr w . 34

For the squeezed coherent thermal state(18) resulting from the pumpprocess, onefinds [25]

( )( ) ( )∣ ∣ ( ( ) )* * * *c = - + - + + -w e , 35A w B w B w C w Cw1
2

2 1
2

2 2

with

( ) ( ) ( )= + + nA n n r2 1 sinh , 36eq eq
2

( ) ( ) ( ) ( )= + j
n nnB n r r2 1 e sinh cosh , 37eq

i

( ) ( ) ( )*= -n n n
j

nnC z r z rcosh e sinh , 38i

making apparent its gaussian character. Since themaster equation (20) contains atmost quadratic terms in
phonon creation and annihilation operators, this gaussian character will not be spoiled by the finite time
evolution generated by it. As a result, the time dependent density operator, solution of(20), can also bewritten
in a form similar to(33); specifically, one finds

( ) ( ) ( ) ( )( )
òr

p
c= -ft w w D w

1
d e , 39t

w2 i t

where

( ) ( )∣ ∣ ( )f = + - l-⎜ ⎟⎛
⎝

⎞
⎠w n wi

1

2
1 e , 40t

t
f

2T

while ( )c wt is as in(35)with the replacement ofwwith lW - we et ti 2T . From this expression, any phonon

correlation function ( ˆ ) ˆ ( ) [( ˆ ) ˆ ( )]† † rá ñ ºb b t b bTr t
m n m n

can easily be obtained through the formula:

( ˆ ) ˆ ( ) ( ) ( ) ∣ ( )† ( ) ∣ ∣

* *cá ñ = - ¶ ¶ f
= =

⎡
⎣⎢

⎤
⎦⎥b b t w1 e e . 41m n n

w
m

w
n

t
w

w w
i

0, 0t
w 2

2

For instance, one gets:

ˆ ( ) ( )á ñ = l- W -b t C e e , 42t ti 2T

ˆ ( ) ( ) ( )á ñ = - l- W -b t C B e e , 43t t2 2 2i T

ˆ ˆ ( ) ( ∣ ∣ ) ( ) ( )†
á ñ = + + -l l- -b b t A C ne 1 e . 44t t2

f
T T

Dephasing environment. In the case of the reservoir that preserves the phononnumber, the corresponding
master equation (21) can be explicitly solved in the Fock representation. Indeed, in the standard Fock basis
formed by eigenstates of the number operator, {∣ }ñ = ¼n n, 1, 2, , with ˆ ˆ∣ ∣†

ñ = ñb b n n n , themaster equation
reduces to

˙ ( ) ( ) ( ) ( )r
l

r= - W - - -
⎡
⎣⎢

⎤
⎦⎥t m n m ni

2
, 45m n m n,

D 2
,

where ( ) ∣ ( )∣r r= á ñt m t nm n, are the elements of the phonon densitymatrix, so that

( ) ( )( ) ( )r r= l- W - - -t e e . 46m n
m n t m n t

m n,
i 2

,
D

2

The phonon correlation functions at time t

( ˆ ) ˆ ( ) ( ˆ ) ˆ ( )† ( ) ( ) †
á ñ = á ñl- W - -b b t b be e , 47m n m n t m n t m ni 22

D

can then be expressed in terms of known, time independent correlations

( ˆ ) ˆ [( ˆ ) ˆ ] ( )† † rá ñ =b b b bTr , 48m n m n

i.e. the correlations in the initial state ρ, the squeezed coherent thermal state(18) obtained from the pumping
process.
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4. Phonon quantumproperties: squeezing

Having obtained explicit expressions for the time evolution ofmean number and corresponding variance of the
scattered probe light, we can now showhow the joint analysis of these observables allows amuchmore complete
description of the quantumproperties of excited phonons in pump and probe experiments than so far achieved.

Asmentioned in the introduction, the creation and detection of squeezed phonons in optically excited
materials have been subject of debate: based on the experiments so far performed and the related theoretical
studies, a definite sign, indicator for the presence of squeezed phonons in pump excitedmaterials has not yet
been identified. In order to study this questionwithin our fully quantum approach, we have explored a broad set
of values for pump intensity, coupling constants, probe intensity and damping parameters.Wewill present our
results separately for thermal and dephasing bath, further distinguishing between opaque and transparent
materials (see [35] for amore comprehensive treatment).

4.1. Thermal environment
The thermal reservoir has a unique equilibrium state, aGibbs state determined by the temperature of the bath.
This temperature is larger than the initial equilibrium temperature of the targetmaterial (here considered to be
the usual room temperature of about 300 K), since the highly intense pumppulse is partially absorbed by the
crystal. Typical temperatures reached by an absorbing opaque crystal after the pump are around 500 K, while for
transparentmaterials, where the absorption effects can be neglected, the increase in temperature can be
estimated to be atmost few degrees higher than the initial one. As discussed earlier, the pump pulse excites the
phonons, producing displacement and squeezing in the initially thermal state: their subsequent dissipative
relaxation back to equilibrium as driven by the presence of the thermal environment, can be studied through the
analysis of the typical oscillating behavior of probe photonmean number and variance (see figure 2).

At this stage, the difference between opaque and transparentmaterials needs to be taken into account; as
mentioned, thefinal temperature is considerably higher in the case of opaque crystals, like bismuth, due to the
absorption of energy from the pumppulse.Meanwhile, in transparentmaterials, likeα-quartz, the final
temperature can be expected to be onlymarginally higher than the initial one. In themodel described here, this
parameter needs to be either estimated from the crystal properties orfitted from the experimental results. The
possibility ofmelting the target due to the absorption of energy fromhigh intensity pumppulses establishes a
natural threshold for opaque and transparentmaterials. For opaquematerials, a limit in the intensity used in the
pumppulse is naturally given by the properties of the crystal, while for non-absorbing crystal, i.e. transparent
crystal targets, a broad range of intensities (typically referred to as fluence in experiments) can be used.

Concerning the probe process, there is no distinction between the two cases described above, since the probe
pulse is alwaysweak in order to avoid an additional excitation of the crystal target.

Linear probing process.The physical situation inwhich the probe interaction is dominated bymechanisms
involving linear terms in photon and phonon operators is adequately described by the linear probing process.

Figure 2.Behavior ofmean photon number and corresponding variance as a function of the delay between pump and probe, in the
case of a thermal bath. The variance curve has been shifted and rescaled to allow for an easy analysis of the phase relation between the
two curves. The following choice of physical parameters has beenmade: phonon frequency,Ω=17.5 × 1012 rads−1, corresponding
to the A g1 Raman activemode of bismuth, initial sample equilibrium temperature 300 K, reservoir temperature 500 K (it coincides
with the sample temperature after pumping) and damping constant l = ´ -0.85 10 sT

12 1. Both curves oscillate in phasewith
frequencyΩ. Details on the analytic expressions relative to the above plots, as well to the ones in the subsequent figures, can be found
in [35].
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This regime is usually achieved bymeans of a probe pulse that ismuchweaker than the pumppulse. Some
particular situations areworth discussing in detail, listed below according to characteristics of the state ρ of the
excited phonons after pumping.

(i)Thermal state. If the pumppulse creates neither any displacement nor squeezing in the initial thermal
equilibrium state, no oscillating terms appear in the time evolution of themean photon number or variance.
Only a thermalization process is observed, driving the phonon state to a new equilibrium state, the one
supported by the thermal bath; it is characterized by the damping constant lT and the bath temperature.

(ii)Coherent thermal state.Another physically likely and relevant situation is when the pumpprocess
displaces the thermal state, but does not squeeze it, i.e. ( ) ( )†r r= n b nD z D z , so that the excited phonons are
described by a coherent thermal state. This particular case can be achieved by either a not so intense pumppulse
or by a negligible coupling constantη. In this situation, themean photon number and the corresponding
variance both behave in the sameway as a function of the time delay between pump and probe: both observables
show typical damped oscillations with frequency given by the excited phononmodeΩ, as depicted in figure 2.
This is also the typical behavior of the reflectivity/transmittance reported in experiments on optically excited
coherent phonons.

(iii)Squeezed thermal state.Another possibility is given by the excitation of phonons in a squeezed thermal
state, ( ) ( )†r x r x= n b nS S . It should be noted that this case is less likely to occur since it corresponds to a physical
situation inwhich the bilinear contributions in the effective hamiltonian describing the pumping process can be
neglected. In this case themean photon number does not present oscillations, whereas the variance oscillates
with twice the phononmode frequencyΩ; furthermore, both observables contain damping factors
characterized by the dissipative constant lT . The presence of the frequency W2 in the variance oscillations is a
signal of squeezing in the excited phonon state; indeed, if the squeezing parameter xn is zero, then this
contribution disappears.

(iv)Squeezed coherent thermal state. Themost general situation occurs when the pumping process excites a
phonon state which is both squeezed and coherent, as in(18), a likely situation in this kind of non-equilibrium
optical experiments. In this case, themean photon number oscillates with frequencyΩ, with an amplitude that,
besides depending on displacement, squeezing and probe intensity parameters, is damped in time by the factor

l-e t 2T . On the other hand, the associated variance shows oscillating termswith frequencyΩ, which are damped
by factors l-e t 2T or l-e t3 2T , and termswith frequency W2 , damped by l-e tT . This is due to the different
damping behavior in(42)–(44). Furthermore, onefinds that the oscillating piecewith frequency W2 is present
only if the squeezing parameter xn is non-vanishing, i.e. only in presence of squeezed phonons.However, it is in
general difficult to isolate such a contribution or to have evidence of a W2 contribution in the corresponding
Fourier spectrum; indeed, at least for high intensity pump and probe pulses, commonly used in pump and probe
experiments where the crystal target is non-absorbing, themean photon number and variance show a behavior
in time similar to the one shown infigure 2.

For low intensity probe pulses ∣ ∣a < 12 and pump intensity ∣ ∣n 2 two orders ofmagnitude larger, describing
experiments with absorbingmaterials, one can notice the occurrence of a phase shift between the oscillations of
mean number and variance, which is present only if the phonon state out of the pump process has non-
vanishing squeezing (see figure 3). This shift is time dependent and in general vanishes after a few oscillations
(see appendix C for details). The detection of such a shift can be taken as clear signal of the presence of squeezed
phonons in pump and probe experiments involving opaquematerials. The visibility of the shift in actual
experiments depends on the specific features of the setups: each given experimental situationfixes the
magnitude of the phenomenological parameters associatedwith both the pump and probe processes and the
dissipative dynamics and, as a consequence, also themagnitude of the shift.

Quadratic probing process.As alreadymentioned before, due either to crystal symmetries or to specific
experimental situations, optical excitation of phonons in some crystal targets do not involve coherent
contributions: only the quartic pieces in the hamiltonian(9) are relevant [14]; in otherwords, g = 0.We focus
belowon relevant physical situations, listed according to the characteristics of the excited phonon state ρ out of
the pumping process; note that, in the present situation, the displacement parameter nz is always vanishing.

(i)Thermal state.When the pump is not able to excite the targetmaterial, i.e. the phonon state after pumping
is still a thermal state, the behavior of themean photon number and its variance is given by exponential damping
terms, signaling thermalization of the phonon state to the bath temperature.

(ii)Squeezed thermal state. In this case, while the photonmean number oscillates with frequency W2 , the
corresponding variance contains oscillatory contributions with frequency W2 and W4 . In addition, onefinds
that, in both cases, these oscillations are present only when the squeezing parameter xn is non-zero: their
detectionwould then constitute a clear signal of the presence of squeezing in the pump excited phonons.

Notice that for small values of the squeezing parameter xn , the oscillating contributionwith frequency W4 in
the variance can be neglected; in this case, both themean and variance oscillate with the same frequency and in
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addition these oscillations are perfectly in phase (the behavior is similar to the one reported infigure 2, although
the oscillations nowoccur at frequency W2 ).

4.2.Dephasing environment
As discussed in section 3, the characteristic property of the dephasing bath is the conservation of the number of
phonons in thematerial. Thus, if the pumppulse is tooweak to produce excitations, leaving the phonons in
thermal equilibrium, the phonon dynamics do not show any time dependence since the thermal state is a
stationary state of themaster equation (21). A non trivial time evolution occurs only when the pumppulse is able
to generate phonon displacement and squeezing. As in the case of the thermal reservoir, also for a dephasing
environment the behavior of the photon observables depends on the readingmechanism considered in the
probe process.

Linear probing process.We shall first consider the situation inwhich the probingmechanism can be described
using only the bilinear terms in the hamiltonian(9) describing photon–phonon interactions. Againwe describe
different cases, classified according to the phonon state ρ.

(i)Coherent thermal state.When the pump process excites coherent phonons only, themean photon
number oscillates with frequencyΩ, damped by a factor l-e t 2D . On the other hand, the variance shows
oscillations bothwith frequencyΩ and W2 ; however, the latter aremore damped, the decaying factors being
proportional to l-e tD and l-e t2 D , respectively. In practice,mean number and variance are seen to oscillate in
timewith the same frequency and in additionwith the same phase. In the literature, the presence in the variance
of oscillating termswith frequency W2 has been repeatedly considered to be a signal of the presence of phonon
squeezing. Instead, herewe see that, due to the effects of the dephasing bath, a W2 oscillating contribution can
arise even in absence of squeezing, and therefore that the appearance of such oscillations in the variance cannot
be taken as an unquestionable signal of squeezing.

(ii)Squeezed coherent thermal state.Themost likely situation is, however, the excitation of squeezed coherent
thermal phonons. In thismore general case, for low intensity pulses, the dominant terms in themean photon
number and variance take the form [35]:

ˆ ˆ ( ) ∣ ∣∣ ∣ ( ∣ ∣) [ ( ) ( )]
( ) ∣ ∣∣ ∣ ( ∣ ∣) [ ( ) ( )] ( )

†

ˆ ˆ†

 

 
 

 

a g f f

a g f f

á ñ ~- W + - W +

D ~- W + - W +
n

l

n
l

-

-

a a t z t t

t z t t

e sin 2 sin sin ,

e sin 2 sin sin , 49

t

a a
t

2

2

D

D

where

( ) ( ) f q q q= = - -n a grcosh , , 50z

( ) ( ) f q q q j= = - + -n a g nrsinh , , 51z

[ (∣ ∣) ( )( ( ) ) (∣ ∣)] ( ) ( ) g g= + + -n nn r rcos 1 2 2 cosh 2 1 sin cosh , 522
eq

2

[ ( ( ) ( )) (∣ ∣)] ( ) ( ) g= + + + n nn n r r1 2 1 2 cosh 2 sin sinh . 53eq eq
2

Both observables oscillate with the frequencyΩ; however, there is a phase-shift dW between the two curves given
by

Figure 3.Behavior ofmean photon number and corresponding variance as a function of the delay between pump and probe, in a
thermal bathwith the same choices of parameters as infigure 2, but with low intensities pulses. Notice the initial dephasing between
the two curves.
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This is clearly visible in the plots offigure 4.Notice that this shift is constant in time; further, it vanishes as the
squeezing parameter nr tends to zero. Therefore, in the specified physical situation, the detection of a phase shift
betweenmean number and variance surely represents a clear signal of the presence of pump induced squeezed
phonons.

Quadratic probing process.One can similarly analyze the case inwhich themost relevantmechanism
accounting for the photon–phonon interaction is due to the quartic terms in the proposed hamiltonian; in this
case, as discussed before for the thermal bath, no displacement can be generated in the phonon states in both
pumping and probing processes. Themost likely situation to occur due to the action of the pump is then the
excitation of a

(i)Squeezed thermal state. In this situation, themean photon number is found to oscillate with frequency
W2 , while the corresponding variance has oscillating contributions with both frequencies W2 and W4 .
Nevertheless, when the probe pulses are of low intensity, ∣ ∣a < 12 , both observables contain essentially only W2
oscillations, and in additionwith exactly the same phase: the obtained behavior is qualitatively the same as the
one shown infigure 2.

5.Outlook

Interactions of light with lattice vibrations have recently been the focus ofmany investigations. In particular,
pump and probe techniques have been used to study coherent phonon dynamics, both in transparent and
opaquematerials.Most of these studies focused on detecting the presence of squeezed phonons using various
experimentalmethods; however, all results so far obtained are based on the study of themean reflectivity/
transmittance of probe photons using semiclassical techniques. Squeezed states are characterized by quadrature
fluctuations smaller than in vacuum, and thismakes their experimental identification rather challenging. These
facts, togetherwith the debate that the various experiments stimulated, have kept the unquestionable
identification of squeezed phonons an open problem.

As a contribution to the solution of this issue, in the present work a fully quantumdescription of both
pumping and probing process has been developed. As a first step, a unique hamiltonian describing the effective
coupling between phonons and photons has been introduced: it characterizes the impulsive interaction between
the laser light and the lattice vibrations in the targetmaterial and can account for the excitations of both coherent
and squeezed phonons.

Once excited by the pump, the phonons have been treated as an open quantum system, i.e. as a system in
weak interactionwith its external environment, heremade by the electrons and impurities in the crystal. Two
different physical situations have been investigated: first a thermal environment, where the phonon system
reaches an asymptotic equilibrium thermal state at the bath temperature; second, a dephasing environment,
preserving the number of phonons in the crystal target. In both settings, the correspondingmaster equation,

Figure 4.Behavior ofmean photon number and corresponding variance as a function of the delay between pump and probe, in the
case of a dephasing environment; the parameters have been chosen as infigure 2, but with damping constant l = ´ -0.85 10 sD

12 1.
The presence of a constant phase shift between the two curves is clearly visible.
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describing the dissipative phonon dynamics, admits an exact analytic solution allowing direct access to phonon
correlations.

In the subsequent probing process, described bymeans of the same photon–phonon hamiltonian used for
the pumping process, two different experimentally relevant frameworks have been analyzed: first, the case in
which only bilinear contributions in photon and phonon operators are relevant, higher order terms being
negligible due to the low intensity of the probe pulse; second, the case inwhich the only relevant contribution to
the photon–phonon interaction comes fromquartic contributions in photon and phonon operators. As
previously discussed, these situations and the range of pump intensities can be related to the description of the
photoexcited phonons in opaque and transparentmaterials.

In order to study the quantumproperties of the pump excited phonons, it is not sufficient to focus on the
behavior of average observables, like probe photon reflectivity/transmittance, as was done so far: higher order
photon correlations need to be taken into account.We have thus considered two observables, themean photon
number and its variance, and analyzed in detail their evolution as functions of the delay time between pump and
probe pulses. In this way, by studying jointly the dynamics of these two observables, clear signals for the presence
of excited squeezed phonons have been identified.

More specifically, in the case of opaquematerials, a distinctive signal of squeezing is given by the presence of
a relative phase shift in the oscillating behavior of reflected probe photonsmean and variance: it is non-
vanishing onlywhen the squeezing parameter rν is nonzero. In presence of a thermal environment, the phase
shift between the two curves is time dependent and vanishes after few oscillations; instead, for the dephasing
environment, the phase shift is constant in time.

In the case of transparentmaterials, where higher intensities for pump and probe pulses are allowed, no
phase shift betweenmean and variance can be observed.However, for the case inwhich the difference between
pump and probe intensities is such that the probe process is dominated by linearmechanisms, i.e. linear probing
process, the presence of oscillations in the transmittancewith twice the frequency of the photoexcited
vibrationalmode is a signature of squeezing, reachable only in sophisticated experiments where thermal
fluctuations can be reduced and only quantumfluctuations are observed [11].More generally, when themost
relevant contribution to the photon–phonon interaction is due to the quadratic terms in photon and phonon
operators, it has not been possible to distinguish any feature clearly associatedwith the presence of squeezed
phonon states by just looking atmean photon number and its variance; the study of higher order photon
correlations is presumably needed.

As a further remark, note that for both opaque and transparentmaterials, in presence of a dephasing
environment, oscillations with frequency W2 , i.e. twice the phononmode frequency, can be observed in the
behavior of the two observables evenwith vanishing squeezing parameter. Since any realistic environment is
likely to contain a dephasing contribution, the presence of oscillationswith such double frequency can not be in
general considered a definite signal of squeezing. So, particular interest in the associated environment for the
excited phonons is needed.

Finally, let us observe that the results and predictions of our investigation seem to be confirmed by recent,
preliminary experimental findings. Indeed, under conditions similar to those analyzed here, experiments have
been performed using both opaque [31] and transparent [10] targetmaterials. In the case of bismuth, an opaque
crystal, a damped oscillatory behavior has been reported for themean reflectivity and its corresponding variance;
in addition, a phase shift between these two observables is visible in the raw experimental curves. On the other
hand, in order to excite coherent phonons in transparentmaterials, like the quartz crystals used in [10], more
intense laser pulses are needed,making the excitation of squeezed phononsmore likely. However, in this
situation, no phase shift betweenmean photon number and variance is expected, but due to the particular setup
and data treatment used in the experiments, purely quantum fluctuations in themodulation of the
transmittance and its variance can be observed. The experimental results arematched and predicted by a
phenomenological quantumdescription of the impulsive stimulated Raman scattering thatfits within the purely
quantumapproach to pump and probe experiments developed in thismanuscript.

The agreement between these experimental results and the predictions of our theoreticalmodel is
encouraging andwe hope that it will stimulate additional experimental studies.
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AppendixA. Pumpprocess: effective description

Here, we shall give a precise justification for the substitution of photon creation and annihilation operators by
scalar quantities in the operator governing the pumping process as described in section 2.5.

We shall be quite general and take the effective hamiltonian describing the photon–phonon interaction of
the form

( ˆ ˆ ) ˆ ˆ ˆ ˆ ( ˆ ) ˆ ˆ ˆ ( )† † † † †* *g g h h= + + +H a a a B a B a C a C, , 552 2

where â and ˆ†a are the photon annihilation and creation operators, while B̂, ˆ†
B , Ĉ and ˆ†

C are generic phonon
operators. The dependence of the hamiltonian on ˆ ˆ†a a, has beenmade explicit becausewewant to justify here
the substitution of ( ˆ ˆ )†H a a, with ( )*n nH , where ν labels the coherent state ∣nñdescribing the photon state in
the pumping laser beam.Denotingwith ∣fña generic pure phonon state, the initial state of the compound
photon–phonon system is then in factorized form, ∣ ∣ ∣n f n fñ = ñ Ä ñ, .

Proposition. Let be a self-adjoint operator depending on both phonon and photon variables and let

( ) ( ˆ ˆ ) ( ˆ ˆ )† †
 = -t e etH a a tH a ai , i ,

denote its time-evolution under the hamiltonian(55). Then

∣ ( )∣ ∣ ∣

( ) ( )

( ) ( )* * 

ò
n f n f n f n f

n

á ñ = á ñ

+ D

n n n n-t

s s

, , , e e ,

d , , 56

tH tH

t

i , i ,

0

where ( )nD s, is a correction such that, for each fixed finite time t 0, its integral from 0 to t can bemade arbitrarily
small by choosing ∣ ∣n large enough.

Proof. Let us consider the expectation value of the time-evolution equation for ( ) t in the state ∣n fñ, :

∣ ( )∣ ∣[ ( ˆ ˆ ) ( )]∣ ( )† n f n f n f n f¶ á ñ = á ñt H a a t, , i , , , , . 57t

Using ˆ ∣ ∣n n nñ = ña and the completeness relation for coherent states,

∣ ∣ òp
b b b b b b b b bñá = = = +

1
d , d d d , i ,2 2

1 2 1 2

onefinds

∣ ( )∣ ∣( ˆ ( ) ˆ ) ( )

( )( ˆ ˆ )∣

∣ ∣ ∣( ˆ ( ) ˆ )∣

† †

* *

* *

* *

 



ò

n f n f n f gn h n

g n h n n f

p
b n f b b gb h b n f

¶ á ñ= á +

- + ñ

+ á ñá + ñ⎡
⎣⎢

⎤
⎦⎥

t B C t

t B C

B C

, , i ,

,

2
d , , .

t
2

2

2 2R

By passing to the new integration variable m b n= - , one reconstructs a hamiltonian operator with the photon
operators being replaced by the complex scalars ν and *n :

)(
( )

∣ ( )∣ ∣[ ( ) ( )]∣

∣ ( )∣ ∣ ˆ ( ) ˆ ˆ∣

*

* * * *

 

ò
n f n f n f n n n f

p
m n f m n m n g m h m h m n n f

¶ á ñ = á ñ

+ á + ñá + + + ñ

58

t H t

t B C C

, , i , , ,

2
d , 2 , .

t

2 2R

In order to complete the proof, one needs to analyze the large ∣ ∣n behavior of the quantity

( )

∣ ∣ ( )∣ ( ˆ (( ) ) ˆ )∣ ( )

∣ ∣ ( )

* * * *

*



òn
p

m

f n n m g m h m m n f

D =

´ á á + ñ + + ñ

m mn- -⎡
⎣⎢

⎤
⎦⎥

t

t B C

,
2

d e e

2 , 59

2 2 i

2

2
R I

where the scalar product of coherent states ∣ [ ∣ ∣ ( )]*m n n m mná + ñ = - -exp 2 i2 I has been used (I signifies
imaginary part).We then consider separately the three terms that contribute to ( )nD t, ; using Schwarz’s
inequality, one gets (m m m= + i1 2):
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• First term:

∣ ∣ ( ) ˆ∣ ∣

∣ ∣ ˆ ( )∣

ˆ ( )∣

( )

∣ ∣ ( )

∣ ∣ †

†

 

 

** 









ò
ò

m m n f m n f

m m m n f

p n f

á + ñ

ñ

ñ

m mn

m

- -

-

t B

B t

B t

d e e , ,

d d e ,

2 , .

60

2 2 i

1 2
2

3 2

2

2

I

• Second term:

∣ ( ) ∣ ( ) ˆ∣ ∣

∣ ∣ ˆ ( )∣

ˆ ( )∣

( )

∣ ∣ ( )

∣ ∣ †

†
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C t

C t

d e e , ,
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2 2 i 2

1 2
2 2
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• Third term:

∣ ∣ ( ) ˆ∣ ∣

∣ ∣ ∣ ∣ ˆ ( )∣

∣ ∣ ˆ ( )∣
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∣ ∣ ( )

∣ ∣ †

†
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2 2 i

1 2
2

3 2

2

2

I

Next, by using coherent states completeness, the following quantity

ˆ ˆ ∣ ∣ ˆ ˆ ˆ ˆ ∣

∣ ( ˆ ˆ ˆ ˆ )∣

† † †

† †

 ò ò
b
p

b f
b
p

b f b f

f f

ñ = á ñ

= á ñ

X Y Y XX Y

Y XX Y

d
,

d
, ,

Tr ,

2
2

2

photon

isfinite for sufficiently well-behaved operators X̂ , Ŷ and phonon state ∣fñ. Then, by passing to polar
coordinates, ∣ ∣ ∣ ∣b b b q=d d d2 , the integrand of the integration over ∣ ∣b , i.e. ∣ ∣ ˆ ˆ ∣† b b fñX Y , 2, must vanish
faster than ∣ ∣b1 when ∣ ∣b  ¥. As a result, by choosing ˆ ˆ=X B or Ĉ , and ˆ ( )=Y t , one sees that all three
contributions listed above, and therefore ( )nD t, itself, become arbitrarily small for large ∣ ∣n . Finally, by
integrating(58) over time, the statement of the Proposition follows. ,

Although a pure initial state has been used in the above proof, the results remains true alsowhen the phonon
state is described by a densitymatrix ρ instead of a pure state ∣fñ, since any densitymatrix can always be
expressed as a convex combination of rank-one projectors. As the pumping laser beam is of high intensity,
∣ ∣ n 12 , the substitution of â with ν and ˆ†a with *n in the operator  representing the pumping process in
section 2.5 appears now completely justified.

Appendix B. Probe photon correlations

As discussed in section 2.8, the explicit expressions of the correlation functions for the scattered/transmitted
probe photons depend on the twomechanisms responsible for the probing process; the two situations need to be
considered separately.

B.1. Linear probing process
When the photon–phonon interaction is dominated by processes inwhich the interaction between the light and
the lattice vibrations is such that one photon is transformed into one phonon, only linear terms in phonon
creation and annihilation operators are relevant in the expression(24) of the operator a describing the probe
process. In this case, since the quartic coupling η vanishes, its expression reduces to the one given in(28)

( [ ˆ ˆ ˆ ˆ ]) ( )† †
* g g= - +a a b a bexp i . 63
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In order to obtain probe photon correlations

( ˆ ) ˆ ( ) [ ( ˆ ) ˆ ∣ ∣ ( )] ( )† † †  a a rá ñ = ñá Äa aa a t a a tTr , 64m n m n

one has to compute the action of this operator onmonomials in photon creation and annihilation operators.
This can be done conveniently by introducing the bilinear operators

ˆ ˆ ˆ ˆ

∣ ∣

ˆ ˆ ˆ ˆ

∣ ∣

ˆ ˆ ˆ ˆ
( )

† †

† †

† †

*

*

g g
g

g g
g

=
+

=
-

=
-

J
a b a b

J
a b a b

J
a a b b

2
,

i
2

,

2
, 65

1

2

3

that obey the su(2) algebraic commutation relations

[ ] ( )=J J J, i . 66i j ijk k

For instance, since ˆ ˆ† = +a a N J2 3, with ˆ ˆ ˆ ˆ† †
= +N a a b b the total boson number, commutingwith all Ji, one

easilyfinds:

ˆ ˆ ( ∣ ∣) ( ∣ ∣) ( )† †  g g= + +a aa a
N

J J
2

cos 2 sin 2 . 673 2

Recalling(64) above, from this result one immediately gets the expression of themean photon number ˆ ˆ ( )†á ña a t
reported in(29). Using similar techniques, one can compute the corresponding variance [35]

( ) ∣ ∣ (∣ ∣) ( ( ˆ ˆ) ( ) ˆ ˆ ( )) (∣ ∣)
ˆ ˆ ( )( ∣ ∣ ) (∣ ∣) (∣ ∣)

(∣ ∣) (∣ ∣)
∣ ∣

[( ) ( ( ˆ ) ( ) ˆ ( ))

( ) ( ˆ ( ) ˆ ( )) ∣ ∣ ∣ ∣ ˆ ˆ ( )]
(∣ ∣) (∣ ∣)

∣ ∣
( ˆ ( ) ˆ ( ))

(∣ ∣) (∣ ∣)
∣ ∣
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†
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†

†
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a g g
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g a g a
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g g
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D = + á ñ - á ñ

+ á ñ +

- á ñ - á ñ

+ á ñ - á ñ + á ñá ñ

+ á ñ - á ñ

+ á ñ - á ñá ñ
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t b b t b b t

b b t

b t b t

b t b t b b t

b t b t

b b t b b b t

b b t b b b t

cos sin

2 1 cos sin

cos sin

2

i
cos sin

2i
cos sin

, 68

a a
2 2 2 2 4

2 2 2

2 2

2
2 2 2 2

2 2 2 2 2 2

3
2

2

where ( ˆ ) ˆ ( ) [( ˆ ) ˆ ( )]† † rá ñ =b b t b bTr t
m n m n

phonon , with { }Îm n, 0, 1, 2 , represent phonon correlations.

B.2.Quadratic probing process
Whenprocesses inwhich one photon is absorbed and one phonon is produced, and vice versa, are not
contributing to the photon–phonon interaction, i.e. the coupling constant γ is zero, the operator 
implementing the probing process in(24) can be approximated by:

( ) ( (( ˆ ) ( ) ) ˆ ( ˆ )( ˆ ) )( ) ( )† † †
* *  ò h a h a= - - + -a a a a

⎡
⎣⎢

⎤
⎦⎥U s U a b a b Ui d , 69s s

0

1
2 2 2 2 2 2

with now

[ ( ( ) ˆ ( ˆ ) )] ( )†
* *h a h a= - +aU b bexp i . 702 2 2 2

Since aU involves no photon operators but only phonon operators, the photon correlations in(64) can be
expressed in terms of phonon correlations only. For instance, in the case of themean number, onefinds:

ˆ ˆ ( ) ∣ ∣ ( ) [( ) ˆ ( )] ( )† †* òa h a rá ñ = - a a
⎧⎨⎩

⎫⎬⎭a a t s U b U t2 2i d Tr . 71s s2 2

0

1 2
R

Further, notice that aU acts on phonon states as a squeezing operator (see (15)), with squeezing parameter
x =a a

jar ei explicitly given by:

∣ ∣∣ ∣h a j q
p

q= = + -a a a hr 2 , 2
2

,2
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where ∣ ∣a a= qaei and ∣ ∣h h= qhei . Then, one sees that

( ) ˆ ˆ ( ) ( ˆ ) ( )

( ˆ ˆ) ( ) ( ) ( )

† †

†
= +

- +

a a a
j

a

j
a a

a

a

U b U b sr b sr

b b sr sr

cosh e sinh

1 2 e cosh sinh . 72

s s2 2 2 2 2i 2

i

Inserting this result in(71), onefinally obtains for themean photon number the expression reported in(31).
The expression(32) for the corresponding variance ( )ˆ ˆ†D ta a can be similarly computed [35].

AppendixC. Phase shift

Asmentioned in section 4.1, in presence of a thermal bath and for low intensity probe beam, ∣ ∣a < 12 , with ∣ ∣n 2

two orders ofmagnitude larger, both photonmean number and variance are seen to oscillate with the same
frequencyΩ, but with a relative phase shift. Indeed, explicit evaluation shows that the dominant contributions to
these two photon observables are as follows [35]:

ˆ ˆ ( ) ∣ ∣∣ ∣ ( ∣ ∣)[ ( ) ( )] ( )†    a g f fá ñ - W + - W +n
l-a a t z t te sin 2 sin sin 73t 2T

and
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eq eq f

eq eq f

In absence of squeezing, =nr 0, the coefficients  and ̃ vanish, and the two observables ˆ ˆ ( )†á ña a t and ( )ˆ ˆ†D ta a

oscillate in phase. A non vanishing relative phase shift dW is therefore a signal of the presence of squeezed
phonons; itsmagnitude can be evaluated focusing on the position of themaxima (orminima) of the two
functions in(73) and(74). Explicitly, onefinds:
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where
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f
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T

Note that dW depends on time through the coefficients ˜ ( )N t and ˜( )D t ; as t become large, the ratio ˜ ( ) ˜( )N t D t
approachesN/D and the phase shift becomes vanishingly small. As shown infigure 3, for typical experimental
conditions, dW becomes unobservable after a few oscillations.
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