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Abstract

The Carlitz rank of a permutation polynomial f over a finite field IF, is a simple
concept that was introduced in the last decade. Classifying permutations over [,
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with respect to their Carlitz ranks has some advantages, for instance f with a given
Carlitz rank can be approximated by a rational linear transformation.

In this note we present our recent results on the permutation behaviour of poly-
nomials f+g, where f is a permutation over F, of a given Carlitz rank, and g € F,[z]
is of prescribed degree. We describe the relation of this problem to the well-known
Chowla-Zassenhaus conjecture. We also study iterations of permutation polynomi-
als by using the approximation property that is mentioned above.

1 Introduction

Let F, be the finite field with ¢ = p" elements, where p is a prime, and r > 1. We recall
that any map from F, to itself can be represented uniquely by a polynomial f € F[x]
of degree less than ¢q. A polynomial f is called a permutation polynomial if it induces a
bijection from F, to F,.

Permutation polynomials over finite fields have been studied widely in the last decades,
due to their applications especially in combinatorics, coding theory and symmetric cryp-
tography. In order to meet the specific requirements of individual applications, methods
of construction of various types of permutations and/or alternative ways of classifying
them are needed. Although the work on permutation polynomials goes back to the 19th
century, they still are of theoretical interest also, offering many open problems. We refer
to [14, 15, 21] for a detailed exposition of permutation polynomials over finite fields.

We recall that S;, the symmetric group on ¢ letters, is isomorphic to the group of per-
mutation polynomials over F, of degree less than ¢, under the operation of composition
and subsequent reduction modulo z? — x, hence we identify them. A well-known result of
Carlitz [3] states that S, is generated by linear polynomials ax + b, a,b € F,, a # 0, and
x?772. Hence any permutation f over F, can be represented by a polynomial of the form

P,(x) = ( . ((a0$ + al)q72 + ag)q_2 oot an>qz + apy1, (1)

for some n > 0, where a; # 0, for i = 0,2,...,n. Note that f(c) = P,(c) holds for
all ¢ € I, however this representation is not unique, and n is not necessarily minimal.
Accordingly the authors of [2] define the Carlitz rank of a permutation polynomial f over
F, to be the smallest integer n > 0 satisfying f = P, for a permutation P, of the form

(1), and denote it by Crk(f).

The representation of f asin (1) enables approximation of f by a fractional transformation
in the following sense.

Recall that 2772 = 27! for  # 0 and 2972 = 0 if x = 0. Hence the representation in (1)

can be expressed as a continued fraction for suitable z € F,, which yields the function
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Ry(z) defined as follows. For 0 < k < n, put Rig(z) = (ag412 + Brr1)/(axz + Pi), where
Qo = Oaal = aOaﬂO = 1751 = anda for k Z 27

ap = ap0gp—1 + ap—o  and By = apfBr—1 + Br—2 . (2)
The set
On:{xk:xk:;—Bk,kzl,...,n}C]P’l(IFq):IFqU{oo}, (3)
k

is called the set of poles of f. The elements of O, may not be distinct. In case a,11 =0
in (1), R, takes the form

Op—1T + anl
R, () = —— . 4
(x) oz 1 5, (4)
It can easily be verified that
f(c) = P.(c) = R,(c) forall ceF,\O,. (5)

Obviously, this property is particularly useful when Crk(f) is small with respect to the
field size. The values that f takes on O, can also be expressed in terms of R, see [23].
If o, = 0, i.e., the last pole x,, = 0o, R, is linear. Following the terminology of [11], we
define the linearity of f € Fy[z] as L(f) = max,per, [{c € Fy : f(c) = ac+ b}|. Intuitively
L(f) is large when f is a permutation polynomial over F, of Crk(f) = n, R, is linear,
and n is small with respect to q.

Various problems concerning the concept of Carlitz rank are tackled in [2, 7, 8]. For
instance, the cycle structure of polynomials of a given Carlitz rank, the enumeration of
polynomials with small Carlitz rank and of particular cycle structure, or of permutations
of a fixed Carlitz rank are studied.

The relation between invariants of a polynomial f and Crk(f) is of interest. A lower
bound for Crk(f) in terms of the degree of f, denoted by deg(f), can be found in [2],
which shows that non-linear polynomials of small degree have large Carlitz ranks. A
similar bound in terms of the weight of f, i.e., the number of nonzero coefficients of f,
is given in [9]. The classification of permutations with respect to their Carlitz ranks has
already found applications, see [23] and references therein.

This note is concerned with the permutation polynomials over [F,, classified with respect
to their Carlitz ranks, and it is structured as follows. In Section 2, we present a recent
result of the authors [1] on the difference of permutation polynomials. More precisely,
assuming f and f+ g to be permutations over [, we give lower bounds for the degree of g
in terms of ¢ and the Carlitz rank of f, see Theorems 1 and 4. These bounds are analogous
to a well-known result of Cohen, Mullen and Shiue where they obtain a lower bound for
deg(g) in terms of deg(f) = deg(f +¢g) = d when the cardinality of the field is sufficiently
large with respect to d [6, Theorem 1]. Our bound in Theorem 1 also generalizes the main
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result of [11] on the non-existence of complete mappings. Section 3 focuses on iterations of
permutation polynomials over finite fields of odd characteristic. In particular, we present
some preliminary results on the order of a permutation polynomial over F, as an element

of S,.

2 On the difference of permutation polynomials

Let f be a permutation polynomial over F,. If f(x)+ x is also a permutation, then f
is called a complete mapping polynomial, or a complete mapping. We refer the reader to
[17] for a detailed study of complete mappings over finite fields. See [13, 16, 19, 20, 22]
for various applications, and [11] for some recent work on complete mappings.

Theorem A below was conjectured by Chowla and Zassenhaus [4] in 1968, and proven by
Cohen [5] in 1990.

Theorem A. If d > 2 and p > (d* — 3d + 4)?, then there is no complete mapping
polynomial of degree d over F,,.

A significant generalization of this result was obtained by Cohen, Mullen and Shiue [6]
in 1995, and gives a lower bound for the degree of the difference of two permutation
polynomials in F,[z] of the same degree d, when p > (d* — 3d + 4)2.

Theorem B. Suppose f and f + g are monic permutation polynomials over I, of degree
d > 3, where p > (d* — 3d + 4)?. If deg(g) =t > 1, then ¢ > 3d/5.

The concept of Carlitz rank was used by Isik, Topuzoglu and Winterhof [11] recently to
obtain a non-existence result, similar to that in Theorem A.

Theorem C. If f(z) is a complete mapping over F, and L(f) < [(¢+5)/2], then
Crk(f) > [g/2].

Theorems 1 and 4 below give lower bounds for the degree of the difference between two
permutation polynomials, analogous to Theorem B, generalizing Theorem C, see [1]. We
remark that Theorems A and B hold over prime fields only, while Theorems C, 1 and 4
are true for any finite field.

Let f be a permutation polynomial over F,, ¢ > 3, with Crk(f) =n > 1. Suppose that f

has a representation as in (1) and the fractional linear transformation R,,, which is associ-

ated to f asin (5) is not linear. In other words «,, defined as in (2) is not zero. We denote

the set of all such permutations by C, ,, i.e., the set C; ,, consists of all permutation poly-

nomials over F,, satisfying Crk(f) =n > 1 and «,, # 0. Clearly L(f) <n+2,if f € Cy.

We note that permutations f € F,[z] with a,, = 0 behave very differently. For instance,
o

the polynomial given by f(z) = ((((—x/(d +1)7% + 1)q72 + d) . 1/(d+ 1)>q_2 is
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a complete mapping for every ¢ =1 mod 3 where d is a primitive 3-rd root of unity, see
[12]. Indeed, the condition on the linearity of f in Theorem C corresponds to the case
a, = 0. Therefore, we only consider permutations in Cj ,,.

Theorem 1. Let f and f + g be permutation polynomials over F,. If f € Ci, and
deg(g) = k satisfies 1 < k < q—1, then

nk+k(k—1)\/q>q—v—n, (6)
where v = ged(k,q — 1).

For k =1 (and hence v = 1) we obtain Theorem C, which is the main result in [11].

Corollary 2. Let f be a permutation polynomial over F, with f € Cy,,. If n < (¢—1)/2,
then f is not a complete mapping.

Remark 3. We note that the bound given in (6) is non-trivial only when ¢ > k(k—1),/q+
E+v+1.

When g(x) = cz* € Flz], ged(k +1,¢g — 1) = 1, and f € C;, where x,, € O,, in (3)
satisfies x,, = 0, the lower bound in (6) can be simplified significantly. We denote by Cs,,
the set of f € C;,, such that the last pole z,, of f is zero.

Theorem 4. Let f(x) and f(x) + cx® be permutation polynomials over F,, where f €
Comy 1<k<q—1, ceF,". Putm=ged(k+1,q—1). Then

kn+3)+(k—-1)(m—-1)\/g>q—n.
In particular, if m =1, then k > (¢ —n)/(n + 3).

The proofs of Theorems 1 and 4 are based on the idea of relating the Carlitz rank n
of a permutation polynomial f of F, to the number of rational points of an absolutely
irreducible projective curve defined over [F,. The fact that f can be approximated by a
rational transformation enables us to obtain this relation. Then the well-known Hasse-
Weil Theorem yields the stated inequalities.

3 On iterations of permutation polynomials

Dynamical systems generated by polynomials in F,[z] have been studied widely. We refer
the reader to a recent survey [18] for algebraic and number theoretic properties of alge-
braic dynamical systems over finite fields and some of their applications. The distribution
of elements in orbits of permutation polynomials in C;, is studied in [9]. Authors use
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the approximation property in Cj,, in the sense of (5), to analyse the distribution be-
haviour of pseudorandom sequences generated by f € C;,, efficiently, since this approach
enables them to avoid the usual problem of degree growth, encountered when iterations
of polynomials are considered.

We denote the m-th iteration of f € F,[z]| by
fm(z) = fO =V (f(z)) for m > 1,where fO(z) = z.

In connection with complete mappings, one may wonder if ™, m > 1, is complete while
f is not. Such polynomials are called {m}-complete mappings, see [24] for results on the
{m}-completeness of some classes of polynomials over F,.

In this section we consider finite fields F, of odd characteristic and study iterations of
permutation polynomials over F, of a given Carlitz rank n. Iterations of permutations
of Carlitz rank 1 are easy to determine since their cycle structures can be described in a
simple manner, see [7, Theorem 2]. On the contrary, the cycle structure of permutations
of higher rank are difficult to describe, see [7, Theorems 6, 7, 11, 13 and 15| for the cases
n = 2,3. Therefore in what follows we consider n > 2.

For simplicity we consider monic polynomials only, and take f € Cy,. Without loss of
generality, we also assume throughout that a,,; = 0 in the representation (1) of f. For
f(z) € Cq,, consider the associated rational fraction R,(x) as in (4) and (5). We denote
the m-th iteration of R, (z) by Ry (z). Note that

Anm—1T + ﬁnm—l
Qpmd + Bnm

R (x) =

)

where oy, B, k > 2, are defined as in Equation (2) and a; = a; for i = j mod n, i,j > 1.
Hence we have f(™)(c) = Rflm)(c) for all ¢ € Fy \ Opm.

If f(x) = ((x + a)?2 + b)72 for some a,b € F,, b # 0, then by Theorem C, f?) is not
complete for ¢ > 9. However, as we see in the following example, f® is trivially complete
since f)(x) = x. Using the terminology of [24], f(x) therefore is not {2}-complete, but
it is {3}-complete.

Example 5. Let f(z) = ((z + a)?? + )92 be a permutation polynomial over F, with
f(0) =0. Then f®)(z) = 2.

Proof. Since b # 0, the property f(0) = 0 implies that a # 0 and ab+ 1 = 0. Note that
Oy = {—a,0}. For any z € F, \ O we have

(074 + 65

agx + 56

B ((ab)* + 3ab+ 1)x + a((ab)? + 4ab + 3)

~ (b((ab)? + 4ab + 3)x + ((ab)3 + 5(ab)? + 6ab + 1))

fO(x) = RO (x) =

:x’



where Og = {—a,0,00}. We see by straightforward calculations that f®(0) = 0 and
f®(—a) = —a. This finishes the proof of our claim. O

Consider f € Cy,,. Obviously if ¢ > 2mn + 1, then f™(z) € F,[z] is not complete unless
£ is linear. However the Carlitz rank of f'™ may be smaller than mn. Hence one may
obtain better bounds for {m}-completeness of special types of permutation polynomials
in C; ,,, when ™) is also in Cin-

Here we focus on extending the property of permutations of Carlitz rank 2, which is
observed in Example 5 above, to those of arbitrary Carlitz rank n > 2. Therefore we
search for the cases where f is trivially {m}-complete, i.e., f™ (x) = x. This, of course,
leads to the problem of determining the order of f € C;, as an element of the group S,.
Our approach is similar to that in Example 5, i.e.; first finding when Rr™ (r) = x. We
need to determine the values of oy, apum—1, Bum and Bh,—1. Lemmas 6 and 10 below
enable us to express them in terms of eigenvalues of the matrix corresponding to R,.

Lemma 6. Let R(x) = (ax + b)/(cx +d) € Fy(x), v = ad —bec # 0. If h(T) =
T? — (a + d)T + 7 has two distinct roots Ay and Ny in Fp, then RU™(z) = z if and
only if \T* = A"

b

d
the characteristic polynomial of M. By our assumption, M has two distinct eigenvalues.

That is, there exists P € GL(2,¢*) such that M = PDP~! for the diagonal matrix
D= <)\1 0 ) Then the m-th iteration R™ (x) of R(x) is obtained by

Proof. Let M = (a ) € GL(2,q) be the matrix associated to R(z). Then h(T) is
c

0 X
mm—pprpt—p (M 0 ) por (7)
0 AP
By Equation (7), we conclude that R(™(z) = x if and only if \7* = A7 O

Remark 7. We recall that the set of fractional transformations (ax + b)/(cx + d), for
a,b,c,d € F, with ad — be # 0, forms the projective general linear group PGL(2,¢). Up
to conjugacy, a complete list of its subgroups is known, see [10, Theorem A.8]. This
classification implies that the order m of R, (z) is a divisor of ¢ £ 1.

Now we turn our attention to polynomials f € Cs,, and consider the corresponding
rational transformations R,. Since f € Cy,, ie., 8, = 0, the associated matrix M €

GL(2, q) is given by
_ Un—1 ﬁn—l
M_(an o)' (8)



Remark 8. For f(z) € Cy,, by straightforward calculations, we see that the determinant
of M associated to R, (z) is (—1)". Therefore the characteristic polynomial of M, which
is given in Equation (8), is hy(T) = T?% — a1 T + (—1)™.

Corollary 9. Let f(x) € Co, and R,(x) be the corresponding rational transformation.
Suppose o, 1 satzsﬁes a2 | —4(=1)"#£0. Let \y, Ay be the distinct eigenvalues of M in
(8). Then R{™(z) = x if and only if \I' = AT,

The criteria given in Corollary 9 can be used to identify polynomials in Cs ,,, with R (x) =
. Lemma 10 below indicates the choices for a,_1. Moreover, it enables us to construct
permutations of prescribed Carlitz rank n with R (x) = x, see Remark 12 and Example
13.

Lemma 10. Let hy(T) =T? — T — 1 and ho(T) = T? — 6T + 1 be in F,[T).
(1) Let A\, Ay be the roots of hy in Fp2. Then vy satisfies
, m—1—1\, . 9
AP = A5 = (A1 = Ao)H(7), with Hy(T) = ) < , >T 21 ()

form > 1.

(1t) Let Ay, Ay be the roots of hy in Fp2. Then 0 satisfies

._\

m—

AT = AT = (A — A)Gon(6), with Gy (m * Z) (T—2)  (10)
— 21 +1

form > 1.

Proof. 1f A\; = Xy, then Equations (9) and (10) are clearly satisfied. Therefore we assume
that A\; # A. For m > 1, we define

AT — A\
L, = 41 72
At — A
(i) It can be seen easily that
Li=Hi(y)=1 and Ly=Hs(v)=7. (11)

Since Ai, \g are the roots of hy, for m > 1, L,, satisfies

Lm+2 - ’YLm—i-l —L,=0.



By Equation (11), it is enough to show that H,,(7T") satisfies the same recurrence for
T =~ and m > 1. For m = 2k, 2k + 1 we can write H,,(7) as follows:

i=0 1=0
k k
2k —1 vy E+1\ o E+1\ o
Hopy1(7) Z( ) 2k2zz(k ')72:Z< 2 ) ;
i=0 ¢ i=0 -t i=0 ¢
Hence for m = 2k we have
Hopro(7) — vHapqr () — Hor(7) (12)
k . k—1 .
kE+i+1\ 54 AN K44\ o2
_Z(zwl) 7; 2 )7 T & \2it1)T

Since the identity

kE+i+1 k+1 k+i\ 0
2i+ 1 2i 2i4+1)
holds, the coefficient of 4?1 in Equation (12) is equal to zero for all i = 0,. .., k.
The same argument holds for m = 2k — 1 as the coefficient of ¥%* in

Hop1(7) = vHau(y) — Hap-1(7)
(k;:z) B (k2—1;2_—11> B (k+2ii— 1) _ 0

forall i =0,... k.
Similarly, we have L1 = G1(§) = 1 and Ly = G2(0) = 6 and we replace Equation
(12) by

satisfies

Gmi2(0) — (0 = 2)Gry1(8) — 2Gm41(0) + G(9) - (13)

Then by similar calculations we observe that the coefficient of (§ — 2)* in Equation
(13) satisfies

m+2+1 B m+ 1 5 m+14+1 n m 4+ 1 B
2+ 1 2 —1 2+ 1 2+1)

for all i = 0,...,m + 1, which proves the desired result.



As mentioned earlier, a permutation polynomial f over [F, can be regarded as an element
of the symmetric group S,. We denote the order of f in S, by ordg,(f). Next theorem
provides a lower bound for ordg, (f).

Theorem 11. Let f € Cy,, with a2 | —4(—1)" # 0. We define

[ Hn(T), ifn is odd,
An(T) = { Gn(T), ifn is even,

where H,,, G, are given as in Equations (9) and (10). If Ap(au—1) =0, then R™ (x) =
x. Moreover, putting ords, (f) = mys, ¢ > nmy + 2 implies my > mgy, where my =
min{ m | A,,(cn—1) = 0}. In particular, my = ¢myg for some £ > 1.

Proof. The first claim follows from Remark 8, Corollary 9 and Lemma 10. For the second
claim we note that f™(z) and R%m)(x) differ at most at nm elements of F,. Therefore if
q > nmjs+2, then Rémf ) (¢) = cfor at least three distinct elements ¢ in F,. But this implies
that Rﬁf"f)(x) = x. Therefore () () = x and ¢ > nm;+2 imply that Rﬁf"f)(x) =z O

Remark 12. One can construct permutations f, represented as in Equation (1), by an
algorithm given in [2] when R, (z) and the poles z1, ..., z, € P!(F,) are prescribed.

Example 13. For ¢ = 29, we fix n = 4, and choose Ry(z) = (x — 5)/6x, with a3 =
—1, being a root of A3(T), i.e., mg = 3, (and hence of Ag(7")). Therefore Rff’)(x) =
x. We prescribe the poles as (z1,x2,z3,24) = (27,16,5,0), and as in [2] we determine
(a1, as,a3,a4) = (2,8,7,14), so that, f(z) = ((((z +2)* +8)* +7)*" + 14)?". Tt can also
be checked in this case that ordg, (f) = 6.

In the special case of polynomials f in Cy 3 we obtain the following corollary.

Corollary 14. Consider the permutation polynomial f = (((x+a)?72+b)72+ )72 with
f(0) =0 and a(b* +4) #0. Then Rém) =z if and only if b is a root of the polynomial

An(T) = (m _j B 1)T’"23'1 . (14)

In particular, putting mo = min{m | A,,(b) = 0}, and ords,(f) = ms, we have my > my,
when q > 3my + 2.

Another result on ordg, (f) for a polynomial f with Crk(f) = 3 can be given as follows.
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Proposition 15. Let f(z) = (((x 4+ a)72? + b)7% + )12 € Fy[z], with f(0) = 0 and
a(b®+4) # 0. Put my = ords,(f). Suppose ¢ > 3my + 2. If the order of (b+~(b))/2 in
the multiplicative group Fzg is k, where y(b)? = b*>+4, then my; > m, where m is given by

k/2, ifk=0 mod 8,

k, if k=2,6 mod 8,
k/4, if k=4 mod 8,

2k, ifk=1,3,5,7 mod 8.

Proof. Since a # 0, the assumption f(0) = 0 implies that abc + a + ¢ = 0, i.e., f3 = 0.
This shows that f € Ca3. Since oy = b and b* + 4 # 0, Lemma 6 implies that Rgm) =
if and only if the distinct eigenvalues satisfy A\]* = A}'. Then the argument follows from
NI = (—1)™ as Mg = —1. O

Example 16. (1) Let f(z) = (((z + 7)™ + 14)™ + 25)™ be a permutation over Fr.
In this case, we have b* + 4 = 54. Then for v(b) = 28, the order k of the element
(b+(b))/2 is 24 and ordg,(f) = 12 = k/2. Note that b = 14 is a root of A5(7)
given in Equation (14), but it is not root of A,,(T) for any m < 12.

(2) Let f(z) = (((x + 13)* + 13)*! + 28)*! be a permutation over Fy3. In this case, we
have b* +4 = 1. Then for v(b) = 1, the order k of the element (b+ ~(b))/2 is 6 and
ordg, (f) = 6 = k. We remark that b = 13 is not a root of A,, for any m < 6.

(3) If we choose 7(b) = —1 in Example (2), then we have ordg, (f) = 6 = 2k.
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