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Numerical methods for changing type systems

Sebastian Franz*® Sascha TrostorflT Marcus Waurick?

November 9, 2016

Abstract

In this note we develop a numerical method for partial differential equations with
changing type. Our method is based on a unified solution theory found by Rainer
Picard for several linear equations from mathematical physics. Parallel to the solu-
tion theory already developed, we frame our numerical method in a discontinuous
Galerkin approach in space-time with certain exponentially weighted spaces.
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1 Introduction

Following the rationale presented in [9], most of the classical linear partial differential
equations arising in mathematical physics share a common form, namely the form of an
evolutionary problem. That is, we consider equations of the form

where F' is a given source term, J; stands for the derivative with respect to time, My, M;
are bounded linear operators on some Hilbert space H and A is an unbounded skew-
selfadjoint operator in H. We are seeking for a unique solution U of the above equation.
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We remark here that we do not impose initial conditions, since we consider the whole real

b

line as time horizon, and hence, we implicitly assume a vanishing initial value at “—o0”.
To illustrate the setting, we begin with presenting some examples.

Example 1.1. Let 2 C R™ an open non-empty set, where n € N, but, typically n €
{1,2,3}. We define the following two differential operators

Vo : Hi(Q) C L*(Q) — L*(Q),

assigning each function u € H}(Q) its gradient, that is, the column-vector of its partial
derivatives in each coordinate direction. Moreover, we set

div := —(Vo)* : D(div) C L*(Q)" — L*(Q),
which is nothing but the operator assigning each L? vector-field its distributional diver-
gence with maximal domain, that is,

D(div) = {v € L*(Q)" : i@wi c L*(Q)}.

Since both the operators V and div are closed and skew-adjoints of one another, we infer
that the operator

A= (VS dig) . D(Vo) x D(div) C L2(Q) x L(Q)" — L2(Q) x L2(Q)"

is skew-selfadjoint on the Hilbert space H = L*(2) x L*(2)". Choosing My = 1 and
M; =0 in (1.1)), the corresponding evolutionary problem reads as

(e (0 ") () -0)

If ¢ = 0, this is nothing but the wave equation. Indeed, the second line then gives
0w = —Vu, and hence, differentiating the first line with respect to time, we obtain

O*u — div Vou = Opu + div v = 0,f.

Note that div Vo = Ap is the classical Dirichlet-Laplace operator on L?(().

Choosing M, = <(1) 8) and M; = (8 ?) in (1.1)), the corresponding problem reads as

49469 O~

Setting again g = 0, the latter gives the heat equation. Indeed, the second line reads
v = —Vou and hence the first line yields

Owu — divVou = 0; + dive = f.

2
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Finally, choosing My = 0 and M; =1 in (1.1]), we get

(o (e ) () -6)

which in the case g = 0 gives the elliptic equation
u—divVou = f.

Remark 1.2. We note that we can treat the case of homogeneous Neumann boundary
conditions in the same way. The only difference is that we define V as the distributional
gradient on H'(Q) and divy :== —(V)*. Replacing now Vj by V and div by divg yields the
same hyperbolic, parabolic and elliptic type problem above, but now with homogeneous
Neumann boundary conditions.

Example [1.1] shows that evolutionary problems cover all three classical types of partial
differential equations, elliptic, parabolic and hyperbolic. However, also problems of mixed
type are covered as the next example shows.

Example 1.3. Recall the setting of Example[1.1, We decompose € into three measurable,

disjoint sets Qen, 2par and Qpy, and set My = <XQ}’YPUQPB N 0) as well as M; =
thp
(XQQB N 0). The resulting evolutionary problem then is of mixed type. More
QparUQell

precisely, on Qg we get an equation of elliptic type, on 2, the equations becomes
parabolic while on {2y, the problem is hyperbolic.

Remark 1.4. The interested reader might wonder that there is not imposed any trans-
mission condition on the unknown quantities along the interfaces of Qeyj, Qpar and Qpyp.
However, this can be implemented automatically by being in the domain of the corre-
sponding operator sum, as can be seen, for instance, in [23, Remark 3.2], see also |13, An
illustrative Example]. Another example of a mixeed tyoe problem in contral theory can
be found in |12, Remark 6.2]

In [9], the well-posedness of problems of the form has been addressed. In fact, it was
shown that these probolems also cover the classical Maxwell’s equations, the equations of
linearized elasticity or a general class of coupled phenomena, see, for instance, [7,8,/11].
All these problems are indeed well-posed (see Section 2 for the precise statement). The
purpose of the present article is to provide numerical methods for such problems. In this
article, for the applications to follow, we will focus, however, on problems of mixed type
of the form sketched in Example [I.3] Moreover, as the spatial discretisation has to be
developed for each problem separately, anyway, in this work, we will put an emphasize
on the time-discretisation. Furthermore, we want to stress that the null-space of Mj in
(1.1)) might be infinite-dimensional. Hence, we seek to develop a numerical scheme, which
in particular allows for the treatment of a certain class of (partial) differential-algebraic
equations.
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For the numerical treatment of the time derivatives we use a discontinuous Galerkin (dG)
method, see also Section [3] The first dG-method was published in 1973 on neutron
transport [15]. Later the methodology was developed further for classical hyperbolic,
parabolic and elliptic problems, see also the survey article [4] and the book [16]. Note
that there is a strong connection between dG-methods and Runge-Kutta (collocation)
methods, see 2] for parabolic problems.

In Section [2 for convenience, we will recall some essentials for evolutionary equations. In
particular, we recall the solution theory of problems of the type of equation (I.1]). We will
introduce a semi-dicretised version, Equation , of equation (|1.1)) at the beginning of
Section [3] We will also provide a solution theory for this semi-discretised variant with
general underlying (spatial) Hilbert space H (Proposition[3.1)). The remainder of Section 3]
is devoted to estimate difference of the exact solution of and the approximate solution
of (3.1): In Subsection [3.1 we bound the error by solely in terms of the interpolation
error, which will eventually be estimated in Subsection As our prime example, we
address the full space-time discretisation of Example and derive corresponding error
estimates. We verify our theoretical findings in Section [5| by means of a 1 + 1- and a
1 + 2-dimensional numerical example. This article is attached an appendix (Section @,
where, for the convenience of the reader, we recall some well-known results on the Gauf3—
Radau quadrature rule including the fact that the choice of Gau3~Radau points depends
continuously on the weighting function. We will need some implications of the fact just
mentioned in our a-priori analysis in Subsection

2 The setting of evolutionary problems

In this section we briefly recall the well-posedness result stated in [9]. For doing so, we
need to specify the functional analytic setting. Throughout, let H be a real Hilbert space.

Definition. Let p > 0 and define the space

HRH) ={fR—-H: f meas.,/\f(t)ﬁ{exp(—th) dt < oo},
R

where we as usual identify functions which are equal almost everywhere. The space
H,(R; H) is a Hilbert space endowed with the natural inner product given by

(f,9)p = /(f(t),g(tDH exp(—2pt)dt (f,g € Hy(R; H)).

R

Moreover, we define d; to be the closure of the operator
O CF(Ry H) C Hy(Ry H) — Hy(Ry H) : o ¢,

where by C2°(R; H) we denote the space of infinitely differentiable H-valued functions on
R with compact support. We denote the domain of df by H(R; H) for k € N.

4
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Within the setting introduced, we can formulate the well-posedness for evolutionary equa-

tions of the form ([1.1)).

Theorem 2.1 ( [9, Solution Theory]). Let My, My : H — H be bounded linear operators,
My selfadjoint and A : D(A) C H — H skew-selfadjoint. Moreover, assume that there is
some py > 0 such that

Iy > O0Vp > po,x € H : ((pMo + M)z, x)y > v(x,x) .

Then, for each p > py and each F € H,(R; H) there exists a unique U € H,(R; H) such
that

(0, My + M, + AU = F, (2.1)

where the closure is taken in H,(R; H). Moreover, the following continuity estimate holds
1
|U|p < §|F|p'

If F e H;f(R; H) for k € N, then so is U and we can omit the closure bar in (2.1)).
Remark 2.2.

(a) Note that the positive definiteness condition in the latter theorem especially implies
(Mox,x)y > 0 for each x € H.

(b) We remark that H)(R; H) — C,(R; H) by a variant of the Sobolev embedding theo-
rem 10, Lemma 3.1.59] or [5, Lemma 5.2]. Here,

C,(RyH) ={f:R— H : f cont., sup|f(t)|exp(—pt) < co}.
teR

(c) If F € H)(R; H) then U € H)(R; H) and hence
AU = F — 9,MyU — MU € H,(R; H),

which yields that U(t) € D(A) for almost every t € R. If even F,U € H2(R; H) the
latter gives AU € H}(R; H) and hence, using the Sobolev embedding result (see part
(b)), U € C,(R; D(A)).

(d) The original result in [9] treat a general class of time-translation invariant coeffi-
cients. We refer to [1322] for non-autonomous variants as well as to [19,20] for
non-autonomous and/or non-linear versions of Theorem

We note that the equations treated in Example[I.1]and Example[I.3|satisfy the conditions
of the previous theorem and hence, are well-posed.
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3 Semi-discretisation in time

In this section, we discretise (|1.1)) with respect to time and do the a-priori analysis. We
assume that A, My, M, satisfy the assumptions of Theorem Let p > po and fix T'> 0
and consider the time interval [0, 7] instead of the whole real line. We partition the time-
interval [0,77] into subintervals I,, = (t,,—1, %) of length 7, for m € {1,2,..., M} with
to=0and t); =T. Let ¢ € N. We define the space

U ={ue H,(R;H) : Yme{l,..., M} :ul;, € P,(In; H)},
where we denote by
Py(In; H) == 1lin{l,, >t~ t"¢ € H;k €{0,...,q},( € H}

the space of H-valued polynomials of degree at most ¢ defined on I,,,. We endow P,(I,,; H)
with the scalar product

(5, @)y = / (p(), a(D)) 1 exp(—2p(t — tnr)) dt

tm—1

turning the space P,(I,,; H) into a Hilbert space.

The time integrals have to be evaluated numerically. We choose on each time interval I,
a right-sided weighted GauB3~Radau quadrature formula. To this end, denote by w;" and
tm. i€ {0,...,q}, the weights and nodes of the weighted GauB-Radau formula with ¢+ 1
nodes on the reference time interval I = (—1,1], such that

q
[ ipte)de =3 wrplir)
I i=0

holds for all polynomials p of degree at most 2¢. Note that the weights and nodes can
always be numerically computed as shown for instance in |14, Chapter 4.6], see also the
appendix (Section @ for some basic facts on the Gaul—Radau quadrature. With the
following standard transformation

tm—l —+ tm T

T i T — Iy, fry 2L

=
2 2"

we define by

with the transformed GauB-Radau points t,,; 1= T,,,(t"), i = {0,...,q}, a quadrature
formula on I,,. Note that

Q9] = / p(B)e=20=tn)

Im

6
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for all polynomials of degree at most 2q.
Using
Qm [a,b], = Qum [{a, b) ]

instead of the scalar products (a,b), we employ the following discrete quadrature for-
mulation:

For given FF € U™ and xy € H, find U € U7, such that forall® € Y” and m € {1,2,..., M}
it holds

Qm [0 Mo + My + AU, @], + (Mo[UT 1, @) = Qua [F, 2, (3.1)

Here, we denote by

[, — U(tm-1+) = Ultm-1—), me{2,...,M}
" Ultet) — 2o, m=1,

and by ®F | == ®(t,,_1+).
Proposition 3.1. Let FF € U7, xo € H. Then there ezists a unique solution of (3.1)).

Proof. Let m € {1,..., M} and recall that P,(L,; H) is a Hilbert space with the afore-
mentioned scalar product. We note that

O : Py(Ly; H) = Py(Ly; H) : pr—=p

and
Om—1: Py(Lm; H) = R p— p(t-1+)

are bounded linear operators. Consequently, the mapping

Pyl H) = R:p = (2, 0m-1p)m

is linear and bounded for each x € H and thus, by the Riesz representation theorem,
there is a unique ¥(z) € P,(I,,; H) such that

<lI](x)7p>P,m = <3§', 5m71p>H-
Moreover, the mapping ¥ : H — P,(I,,; H) is linear and bounded, since
(O (@)]5m = (V(2), ¥(@)) pm = (2, 0m-1¥(2)) i < [2|m]|0mll[¥(2)]pm (v € H).

We now prove that for each g € P,(I,,; H) there is a unique u € Py(I,,; D(A)) such that

(8tM0 -+ M1 -+ A)U + \PMoém,lu =d.
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For doing so, we first compute using integration by parts

<atMOU7 U>p,m

1 1
= §<atM0U7 U>P,m + 5(1}7 8t]\40/U>p,m
1 i
= §<8tM0v, V) pm + 5 / (v(t), Mov'(t)) r exp(—2p(t — 1)) dt
tm—1
1 7
= 30Mv b — 5[ (Mo (0), 00 exp(=2p(0 — 1))

tm—1

tm

+p / (Mov(t),v(t)) g exp(—2p(t — tym_1))dt + %(Mov(tm), V(tm)) i exp(—2p7m)

1

— §<M0’U<tm—1)7 U(tm_l»H

> p(Mov,v) pm — = (VMobm—10, V) pm

N | —

for each v € P,(I,,; H). Next, from A* = —A it follows (Az,z)y = 0 for each = € D(A).
Therefore, for all u € P,(1,,; D(A)) we get

<(8tMO + M1 + A)U + \I/Moém_lu, U>p,m
= (O:Mou, ) . + (Myu, w) pm + (U MoSm—1u, U) p.m

> ((pMo + My)u,w) pm + %(‘IIMO(Smlu, U) pm
2 (U U)p.m;
where we have used
(W Mo0p—1u, w) pm = (Mou(tm—1+), u(tm-1))n > 0.

In particular, both B := (0,My+ M;) + V¥ Myd,,_1 and B+ A are strictly positive definite.
Moreover, since B is bounded, B* is strictly positive definite, as well. Hence, from

(B+A)"=B"—A

we read off that (B+ A)* is strictly positive definite as well. Thus, for each g € P,(I,,; H)
there is a unique u € P,(I,,; D(A)) = D(A + B) such that

(8tM0 + M1 + A)U + \IfMoém_lu =g (32)

Thus, we are in the position to define a solution for (3.1)) by induction on m. For this,
we put U(to—) = xo. Next, assume we have solved ({3.1)) for U on I,,_; for some m €
{1,..., M} (Ip = {to} and the equation is void). Then, let u € P,(I,,; D(A)) be such

8
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that (3.2)) holds for g = F|;,, — VMU (t;,—1—). We put Ul|;,, = u. The thus defined
function U solves (3.1): We observe

((O:Mo + My + A)U, @) 1y + (Y M0y 1U, @) 1,
= (F = UMU(ty-1—), P) pm = (F, ®) pn + (Y MoU (tr1—), L) p.m,

by definition for all ® € Y™ and m € {1,..., M}. The latter is the same as saying

((0:My + My + AU, @), + (MoU (tp14), @(t1+)) 1t
= <F, (I)>p,m + <M0U(tm_1—>7 (I)(tm_1+)>H.

But, since the quadrature is exact for polynomials up to degree 2¢, the latter equation in
turn is equivalent to

Qu [(0:Mo + My + A)U, @], + (Mo[U] 71, O Vg =QunlF, P,

which yields existence of U. Uniqueness follows from the uniqueness of u satisfying (3.2)).
O

3.1 On some a-priori error estimates in time

After having proved the unique solvability of (3.1)), we address the error estimates in the
following. In our analysis we will use the discretised norms

M
2 2 - _
Mol = @ [v0], and el = S @ v, 0], &
m=1

as approximations of |HvH|im = [ |v(t)[F exp(—2p(t — tm—1)) dt and [v|2. Note that for
v € U™ the approximation is exact.

Let us start by defining an interpolation operator into 4™ and define by ¢,,; with ¢ €
{0,...,q} the associated Lagrange basis functions to the nodes t¢,,;. Then we obtain for
a function v € C([0,T], H) by

q

(Pv)(0) = v(0), (Pv)‘lm (t) = Zv(tm7i)gpm7,~(t), me{l,..., M}, (3.3)

=0

an interpolation operator in time.
In the analysis to follow, we will consider the problem (2.1]). In particular, we emphasize
that we assume that

the hypotheses of Theorem [2.1] are in effect.

Furthermore, we fix a right-hand side
2.
Fe H)(R; H).

9
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Thus, by Theorem [2.1] (and Remark [2.2{c)) there exists a unique solution
U e H}(R; H) with (8, My + My + A)U = F. (3.4)

Also, by Remark [2.2)(c), we obtain F € C,(R; H) and U € C,(R; D(A)). Moreover, we
set

U™ € U7 to satisfy for the right-hand side PF € U™ and zy :== U(0+).
We consider the following splitting
Ur—-U=¢—1n, where E=U"—-—PUelU” and n=U— PU.
Note that for almost every ¢ € [0, 7] we have that
(O Mo+ My + A)U(t) = F(t)

and thus,
(Mo + My +A)U(t),P(t))y = (F(t),P(t) g

for each ® € Y™ and almost every ¢ € [0, T, which gives
Qum [(0:Mo + My + AU, @], + (Mo[UT_1, @y 1) = Qu [, @], = @ [PF, D],

where we have used My[UJ°_, = MO[[U]]U(0+) = 0, due to the continuity of U and

m—1
Qm [F, CI)]p = Qun [PF, ?] ,» since the PF is interpolates at the Gaufi-Radau points used
in the quadrature. Hence, U solves the same semi-discretised problem as U”. Thus, we
obtain with y € U7 as test function the error equation

Qu [(0:Mo + My + A)E, x], + (Mo[E]D -1 o)
= Qu [(0:Mo + My + A)n, x], + (Mo [0t Xoh1) - (3.5)
For the special case y = £ (use A = —A*) we obtain
E = Qu [(0:Mo + My)E, €], + (Mo[€]5, 1,1 )m
= Qu [(O:Mo + My + A)n, €], + (Mo[nlp—1, &) = B (3.6)

for all m € {1,..., M}, where the subscripts d and i should remind of discretisation and
interpolation, respectively.

Lemma 3.2. For allm € {1,..., M}, we have

Ef > o [(Mo&, &) e ™™ — (Mo 1, &) i + (Mol 1, [€10, 1) ] + 7 I€N1G o -

N —

where &, = &(t,,—) and & = 0.

10
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Proof. Let m € {1,...,M}. Since £ is a (piece-wise) polynomial of order ¢ in time, we
obtain
Qm [atM()éa g] < 05 é)ﬂm
1
= 5 e_QF(t_tmfl)ﬁt(Mof, £>H dt
1
= 5 [ MOfm?f —2Tm <M0€m 1 >H} + p<MO£>€>p,m

Further, we compute

<M0[[£]]m 1) :;271>H [(MOfm 17£m 1>H_ <M0£m 1>fm 1>H+ <M0[[£]]m 17[[5]]077171)1‘1]'

l\DIr—A

Therefore, we have

Eéln = Qnm [(@Mo + Ml)ﬁ, f] <M0[[€Hm 175; 1>H

- % [<M05%75&>H672pm - <M05m 1a§m 1>H + <M0[[§]]m 1 [[f]]?nfﬁH}
+ <(pM0 + M1)€7£>p,m

Together with
2 2
((pMo + M1)€, &) pm 2 Y €N = 7 MIENG .

the lemma is proved. O

In order to analyse E!™ we introduce another interpolation operator, that enables us to
estimate the time derivative of the interpolation error with a higher order. This operator
utilises ¢, —1 = t,,—; in addition to t,,,;, i € {0,...,q} as interpolation points. Denoting
the associated Lagrange basis functions by ¢y, ¢ € {—1,0,...,¢}, this interpolation
operator is given by

Pv)|, (t) = Z V(tmi)bma(t),  me{l,..., M}. (3.7)

Note the P maps to functions that are continuous in time (recall that tm,g = tm) while
the image of P is allowed to be discontinuous at the time mesh points.

Lemma 3.3. Form € {l,..., M} and ¢ € U™, we have

Qun [D6Mun, ], + (Mo[nl 1. U1 = Qo [9M(U —~ PU). |+ R(ULw),

where
|R(U, )| < Carm|Mong |3 + BlIENG, 0

for all o, 5 > 0 satisfying o = 1/4 and with C > 0 depending on T (the finite time
horizon) and p only.

11



CTS_12 November 9, 2016

Proof. With U being continuous in time, we only have to consider the discrete part.
Using the exactness of the quadrature rule for polynomials of degree 2¢, we obtain for
me{l,...,M}

Qm [0: Mo PU, ¢]p + (M[PU];® R

m—15 ¥m—1
TV
=:a

J/

= (0, MoPU, %)y + a
= —(MoPU, 8)) pm + 2p(MoPU, ) p i + (2D MoPU, )y |” +a

(&

b
=—Qn [MOPU7 3&% + 2P<MOPU> w>p,m +a+b
= _Qm [MOﬁU7 atw] + 2p<M0PU7 w>,0,m +a—+ b
p

- _<MOﬁU7 atw>[),m + 2p<M0PU7 w>p,m +a-+ b
- (@MOISU, V) pom + 20((MoPU, )y — <M0]3U7 WY )
AN

(&

-~
=:c

Using (PU),,_, = (PU):_, (m > 2), (PU){ = U(0+) = o and (PU);, = (PU);,
(m > 1), we have
a+b—c=0.

Furthermore, it holds
2p((MoPU, ) pom = (MoPU, ) ) = 2p(Mo(P = P)U, 00)

= 2p(Mo((P = P)U)(t 5, 1)X; ) pam

= 2p<MO(PU - U)<t;fl)X7w>p,m = R(U7 ¢)7
where x € Pyi1(Ly) with x(t,-1) = 1 and x(¢,,;) = 0, @ € {0,...,¢}. By Corollary
for K =T (note that 0 < 7, = |I,,,] <T'), we obtain

|X(t)|26_2"(t_tm*1)d:v <Crp,
Im

for some C' > 0. Thus, we get

[R(U, )| < 20 ||| Mo(PU = U)(t5_0)x]|] ., 1111
=2p [Mo(PU = U) () 11X 1]
< C*(2p)*ar| Mo(PU = U)(th,_1)1” + B,

where a8 = 1/4. Combining above transformations we are done. O]

Lemma 3.4. For allm € {1,..., M}, we have for all ) € UT

Qm [M1Ua¢]p =0= Qm [An7¢]p :

12
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Proof. These equalities follow from the fact that 7(,,;) = PU(t;) — U (tm,:) = 0 for each
i €{0,...,q} and My, A are purely spatial operators. O

Combining the previous lemmas gives a first result.

Theorem 3.5. There exists a C > 0 depending on T, p and vy, only, such that

(i, ) + 7 el < 0" ( [|aunaow - P)

H2
Q.p

+ 2 *2ptm—1 —
+T1gna§XM{‘MO77m—1‘He }) :9(U).

Proof. Combining Lemmas [3.2] to [3.4] for ¢ = £ we have for some C' > 1 depending on T'
and p only

|Ed'| = % (Mo, Edme ™ — (Mo 1, &nidmr + (Mo, [€10-1) ] + 7 €G-

| E"| SCoz<H

2

o0 = PO+l Mol ) + 2511€01

Q.p,;m
Summing with weights e2¢m-1 for m € {1,..., M} we obtain
7 1
> e BT > S (Mo, adme™™" — (Mo€y, & )]

m=1

1 M
D DLy 17 13 PN 13 R P 1] 7
m=1

1 R
> 5 {Mo€yp, Ear) e 7Tyl

by ¢, = 0 and neglecting the positive jump-contributions, and

M
e B < Ca( |

~ 2
_ + 2 —2Ptm—1
MU — PO +T mas (Mo [ie })

2
+ 25 lilllg,, -
Thus for 8 < /2 the result is proved upon the equality E" = EJ". n

Remark 3.6. Let m € {1,..., M}. Note that the estimate in Theorem [3.5|remains valid,
if one respectively replaces T' by &, &y by &, as well as the [[[-[[|g , by [[[-x[llo , With x7

being the characteristic function of T = (J;*, I.

In the following, we want to improve Theorem In order to do so, we will need
the following technical lemmas. They are adaptations of |1, Lemma 2.1 and Corollary

13
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2.1]. For the upcoming result and the corresponding proof, we recall for polynomials
a,b e P,0,1; H)

(a,b), — /0 (a(t), b(t)) s =2 dt

and the corresponding integration by parts formula
1

(a',b), = —(a,b), + 2p(a,b), + e *"(a,b)y K (3.8)

Lemma 3.7. Let t;, w;, 1 € {0,...,q} be the points and weights of the right-sided Gaufs-
Radau quadrature rule of order q on (0, 1] with weighting function t — e™2Ft.

,,,,,

p(t)/t. Then

W, o+ 0(0), 50)) > 5 (P + (5.5),) + plp, )
> % (Ilp(W[Fe™ + (. b)) + p(p, D),
Proof. Define v € P,_1((0,1); H) by v(t) = (p(t) — p(0))/t and A € P,[0, 1] by
A(tz) = %, 1€ {0,,(]}
Then
p(t) = p(0) +tv(t) and  p(t) = v(t) + p(0)A(R).
Thus,

(', B)p = (v +mv', v+ p(0)A),
= <U’ U>p + <U7 mv,)p + <Uap(O>A>p + <Ul,p(0)mA>p,

where we denote by m the multiplication-with-the-argument, that is, (mf)(t) == tf(t).
With (3.8) we obtain for the second term

(W, mu), = = (e (Dl + 2p(me, o) — (v,0),)

From mv'A € Py,—; and mA’A € Py, together with the exactness of the quadrature rule
it follows that

0 plOmAYy = 3wl (1), pO)) it

— (W p(0),
= 2p(v,p(0)), + e > {(v(1), p(0)) i — (v(0), p(0)) ar,

and in the same way

(N, mA), = 2p(\, 1), + e % — A(0). (3.9)

14
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We have thus this far

000 = 5 (D) + o)+ 2pfann, 03,) +
(0, p(0)), + 20(0, p0) + ¢ {0(1) p(0))r — (0(0). p(0)r

Using v(1) = p(1) — p(0) and (p(0), 5(0))x = (p(0), v(0)} s + A(0)|p(0)[ we obtain
W50+ ((0), 5(0)) i = = (e 2 |p(1)% + (0,0, + 2ptmw, v),)

2
(D)) + 2000000, + O (40) - 57 )

Next, yields
A(0) = 2p(A, 1), + e — (A", mA),
r,
= 2p<A7 1>p - p<A7 mA>p + 5 (e 2 + <A7 A>P)

and hence

0y + 000, 5O} = & (e Ip() s+ (0,0}, + 20fan0, ),
(000 + 2000, 0D+ OV (A2~ ), + 50,
With

1 1

S0,0)p (0, pON) + SO, A), = S0+ p0)A, 0+ p(0)A), = 3550,

it follows

W, o+ (0(0), 50)) = 5 (e Ip()f} + (5. 5),)

Finally,

(mo, v), +2{v, p(0)), + [p(O)[*(A, 1), = Zwi%(t?lv(h)% +2t:(v(t:), p(0))mr + [p(0) )

=0 t
q
1
= S lp(t)f
=0 v
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gives

0, 0+ (0(0), 5O = 5 (¥ Ip(Df + (5.5)5) + p (9,5, + p(O) [ (A1~ mA),)

Using (A, 1 —mA), > 0, which we provide in Lemma [3.§8 E the first result is proved. The
second one follows upon using the exactness of the quadrature rule and t;* > 1. O]

Lemma 3.8. Let A € P,[0,1] such that A(t;) = + for i € {0,...,q}, where t; is chosen
as in Lemma[3.7. Then
<A7 - mA>P = Oa

where (mA)(t) == tA(t).

Proof. We rewrite the scalar product as a quadrature error:
(A,1—mA), sz— - / e A2 (t) dt = Q|f] — I[f]
for f given by f(t) = tA%(t), where Q[g] = 3% wig(t;) and I[g] = [, g for suitable g.
There exists a constant v € R and a polynomial w, € P,1[0, 1], such that
A(t) = at? + wo(t) which implies  f(t) = a*t*™! 4w, (t),
where w; € P[0, 1]. Thus, setting g(t) = t*4!, we have that

(A, 1—mA), = a® (Qg] — Ig]),

due to the exactness of the quadrature rule for polynomials of degree 2q.
Let ITw € Pyy[0, 1] be an Hermite-interpolant of a given function w satisfying

Hw(tl) :w<tz>7 (S {077Q}7
(Mw)'(t;) = w'(t;), i€{0,...,q—1}.
Then it follows

q
=) wt "t = sz (Ig)(#;"") = Q[Ig] = I[Ig].
=0

Using that for each ¢ € [0, 1] there is ¢ € (0, 1) such that

|
—

(2q+1) q

(19)(0) ~ 9(0) = ~%5 - 0 [T - 1 = -0 [Te — 7

s
Il
=)

see, for instance, |18, Section 2.1.5], we infer that

(A,1—mA), = a2I[Hg — ¢

= o? /1 o2t <qH(t — ti)2> (1—1t)dt > 0. O

=0

16
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Now we are able to improve Theorem [3.5 following [1, Corollary 2.1] and [21].
Theorem 3.9. There exists C > 0 depending on T, q, || Mol|, ||Mi||, v, and p such that

sup (Mo€(t), £(1))n < Cy(U),

te[0,7)
with g(U) defined as in Theorem [3.5
Proof. For the discrete error £ = U™ — PU € U™ we define ¢ by
Tm

o, =P (t = _1§(t)> (me{l,...,M}).
Then for all m € {1,..., M} and i € {0,...,q} we have
(Mop(tm,i), p(tmi)) i = (Mo&(tmi), E(tmi)) g = (Mo&(tmi), §(tmi)) mr

and by Lemma (apply the lemma to the functions p = /M€ and p = /My rescaled
on [0,1])

Qm [atM0€7 290] <M0€m 1 290771 1> > _Qm [MOSO (P}p > _Qm [Mgé g]

m

Tm

tm,i - tmfl

By the equivalence of norms on P,([0, 1]), there exists K; > 0 depending on ¢ only, such
that

sup [p(t)| < K, / Pt (p € Py((0,1])).

te(0,1]

Consequently, we obtain for all m € {1,..., M}

sup (Mog(0). € < 2™ @ (M. €], <~ Qo [V, €,

telm, Tm

where K := K;e?T > max }{62’”’”} > K. Moreover, we have
me{l,..,M

Qm [A¢,2¢], me (AE(tmi), 2 (tmi))

—Tmzw,t (AL () €t ) =0

upon A = —A*. Together, it follows for all m € {1,..., M}
sup (Mog (1), £ ()
t€ln

< K (Qu [(9Mo + My + A)E, 2], + (Mo 1, 265 1)1t — Qm [Mi6, 20, )

_ K(@m (@M + My + A, 2], + (MIEL, 1200 )

+ (Mo&,, 1, 290;71>H — Qum [M€, 290]p )

17
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Using the error equation ({3.5)) with y = 2¢ (recall n = U — PU), we obtain

sup (Mo&(t),£(t))n < K(Qm [(0:Mo + My + A)n, 2¢], + (Mo[n]m-1, 2005 1)

telm

+ (Mo&1: 20m-1) 1 — Qu [Mi€, 290]p)-
Using Lemma [3.3] Lemma [3.4] with ¢ = 2¢ and Theorem [3.5] we estimate further with
some C7 > 1 depending on ¢, T, and p such that

sup(M(]{(t), g(t»H < K(Qm |:atMO(U - ﬁU)a 2@]{) + R(Uu 290)

telm

Mo 1200 ) — Qo [ME, 2%)

< 01061 ( H
Q,p,m
+ Cran(Mo&,, 1, & 1) u + Cronl| M| 111G

+351Qm [20,2¢], + Bo(2Mowy, 1. 200, 1) 1
where a;3; = 1, i € {1,2} and we used that

(Mou,v) = (v/Mou, \/Mov) < (Mou, u)(Myv, v)

for all u,v € H, by the non-negativity and selfadjointness of M,. Using Theorem (and
Remark , we, thus, get

tsgp(Moﬁ(t),ﬁ(t»H < Clon+a2)g(U) +361Qm [20, 2], + B (2Mopys, 1, 207, _1) 1 (3.10)

oo (U — PO)|||”

- My(PU — U><t;1>|2)

for some C' > 1 depending on g, T', p, and || M;||, where g(U) is defined in Theorem [3.5
Next, by Corollary [6.6] we find ¢ > 0 depending on p and T only such that

m m 1
! ! - (me{L....M)),

tm,i - tmfl o tm,O - Zfmfl

Hence, for all m € {1,..., M},

Qm [20,20], < LQw [£,€], = (4/) €IS,
and  (2Mop; 1,205 1) < (4/c) sup (Mo&(¢), £(t)) m-

t€lnm,
Next, we choose 35 = (4/0)% Thus, appealing to ([3.10), we obtain for all m € {1,..., M}
! sup (Mo&(t), £(t))n = sup(Mo&(t),&(t))m — ! sup (Mo&(t),£(1)) m

2 tel,, telm 2 telm
< Clay + a2)g(U) +38:(4/¢) 1ENG, pm -

using Theorem [3.5| (i.e. Remark 3.6 again for the second term on the right-hand side und
computing the supremum over m € {1,..., M} in the latter inequality, we obtain the
assertion. [l

18
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3.2 Estimating the interpolation error in time

In the previous section we showed that the discrete error is bounded in terms of the
interpolation errors. We finalize the error estimates in time in this section focussing on
the interpolation error. The aim and, thus, main theorem of this section is Theorem [3.13]
where we estimate the difference between the exact solution U of and the solution
U7 of the quadrature formulation with right-hand side PF and initial value U(0+).
We use the same notation as in the previous section. In addition, we set 7 := max{r,, :
m € {1,...,M}}. Moreover, shall further assume that the hypotheses of Theorem
are in effect.

Lemma 3.10. There exists C' > 0 depending on q and T such that for allV € Hg+3(]R; H)

|

Proof. First we note that H™(R; H) < CI+*(R; H) by the Sobolev-embedding theorem.
By the definition of [|-[||, , we have that

BV — ﬁV)H‘Qp < Oty

o -y, - S G [l0V = PV ]
’ m=1

M q
= 3 Y WOV = PV)) (b
m=1 =0

Using the standard result from interpolation theory

sup |(v = Po)/(1)] < Cri™ sup [0l (1)],
telm t€lm

for all v € W2 (0, T') we obtain

~ 2 M a
oV =PV, <O S Frr S ul s o V()
’ m=1 =0 m

< C*P2) sup [PV ()] O
t€[0,T]

For the next two lemmas, we recall the standard result from interpolation theory

sup |(v — Pv)(t)] < Cr% sup [0V ()], (3.11)
telm telm

for all v € Wt1o°(0,T'), see, for instance, [18| Section 2.1.4].

Lemma 3.11. There exists C > 0 depending on q and T such that for allV € Hg“(R; H)

(V= PV)(ty_)lm < CTi 072V,

19
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Proof. We obtain

(V= PV)(ty )l < sup |(V = PV)(t)ln

telm

< Oratt s%p ]8;’+1V(t)|H.
telm

The claim follows from the Sobolev-embedding theorem. [

With the previous lemmas we can already estimate g(U). Now let us estimate the final
term needed to estimate the error U — U™.

Lemma 3.12. There exists C > 0 depending onT" and q such that for allU € Hg“(R; H)

sup (Mo(U — PU)(t), (U — PU)(t))y

t€[0,7T7]
<Cr (a 1)|0t1 U| .
> 0

Proof. Using the Cauchy-Schwarz and Young inequality we derive
sup (Mo(U — PU)(t), (U — PU)(t))u

t€[0,T]

<1 ( sup [Mo(U — PU)(t)[3; + sup (U — PU)(L‘)\?;) :

2 \iep.m +€[0,T]
Using (3.11) with v = MU and v = U we obtain

sup | My(U — PU)(t)|g < C7% sup 0§ MoU (t)| 4,

t€[0,7) t€[0,T
sup |(U — PU)(t)|g < CT*Y sup |07 U (1) 4.
t€[0,T) te[0,T)
Combining these results the claim follows from the Sobolev-embedding theorem. O

Combining the previous lemmas, Theorem [3.5and Theorem 3.9 we can bound the discrete
error in time.

Theorem 3.13. Assume that U € Hg+3(R; H). Then there exists C > 0 depending on
IMoll, IM:ll; o, T, v, g such that

sup (Mo(U — UT)(t), (U = UT)(6)ar + [IU = UTllg,, < Cr V(97U ;.

t€[0,T]
Proof. By Lemma [3.10] and Lemma applied to V' = MyU we have that
g(U) < Oy Dol U

for some Cy > 0. We note that [[|U — U"ll,, < llnlllg, + li€lllo, = [ll€lllg,, and hence,
by Theorem |3.5| we obtain
2
U =Ulllg, < 9(U).

20
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Moreover,

(Mo(U =UT)(®), (U =U")(t))rr < 2{Mon(t),n(t))ar + 2(Moé(t), &)
and thus, by Theorem [3.9] and Lemma we infer
sup (Mo(U = UT)(t), (U = U")(t)) < C(r* V02U + g(U))

t€[0,T]
for some C' > 0. Combining these estimates, the claim follows. n

Remark 3.14. The above analysis holds for all evolutionary problems and gives error
bounds for the semi-discrete solution of order ¢ + 1, assuming enough regularity in time.
For a fully discrete method, a spatial discretisation has to be defined too. This step,
however, has to be done for each problem considered separately.

4 Full discretisation for Example

Let us assume a regular, quasi uniform and shape-regular triangulation €2, of €2 into
triangular open cells ¢ with maximal cell diameter h. Moreover, we assume that the
interfaces between ey, 2par and Quy, are polygonal such that the triangulation €2, fits to
these interfaces.

As the whole article is mainly concerned with the correct time-discretization, in this
section, we will employ the custom of the “generic constant” C' > 0 that may vary from
line to line, which, however, depends on T', p, || Mi]|, | Mo||, ¢, and v and on k, the order
of the assumed spatial regularity, only.

Then the fully discretised counterpart U] to U is given by

u}: = {(Uh,vh) e : Up|1,, € Pq(-[ma ‘/1(9))7 Uh|I,, € Pq(jma ‘/Q(Q))’ m € {1’ s 7m}}a

where the spatial spaces are
Vi(Q) := {v € Hy(Q);Vo : v|, € Py(o)},
Vo(Q) :={w € H(div,Q);Vo : w|, € RT},_1(0)}.

Here Px(0) is the space of polynomials of degree up to k on the cell o and RT_1(0) is a
the Raviart-Thomas-space, defined by

BT} 1(0) = (Pi1(0))" + XPy 1(0).
Note that

Pk_l(O') C RTk_l(O') C Pk(O‘),
div(RTy-1(0)) C Pr_1(0) and
Rkal(U) . n|ag C ,Pkfl(aO').
Furthermore, if the mesh consists of quadrilateral or hexahedral cells, in above defini-

tions and statements the polynomials space Py (o) can be replaced by Qk (o) including all
polynomials of total degree k over o.

21



CTS_12 November 9, 2016

Remark 4.1 (Solvability of the fully discrete system). We can apply the general existence
theory that was also used in Proposition [3.1 More precisely, the positive definiteness still
holds, since the triangulation fits to the interfaces and hence, the uniqueness of the system
is warranted. However, since the problem is finite-dimensional, the uniqueness implies the
existence of a solution of the fully discretised problem.

Let us come to the interpolation operator I = (I, ). For I : C(Q2) — Vi we use the
Scott—Zhang interpolant on each cell o, see |17] for a precise definition, that is patched
together continuously. Here local interpolation error estimates can be given using L*-
norms also in 3d, which is not possible for standard Lagrange interpolation. For I5 :
W — V5 with

W(o) ={q € (L*(0))": divg € L*(0)}, s > 2,

we also use the standard interpolator, defined via moments, see [3]. Note that in the
following, in order to avoid a cluttered notation as much as possible, we will not ex-
plicitly keep track on the number of components of the L?(Q)- or H*(§2)-spaces under
consideration, as it will be obvious from the context.

Standard local interpolation error estimates yield for all v € Hg(Q2) N H"(Q)

lv = Lollog < CA[[vlrq;
IV = Lw)llon < CH vl

where 1 <r <k + 1 and for all ¢ € H*(Q2) such that divqg € H*(Q2)

Hq - IQQHO,Q S CthQHs,Qa
[div(g — I>q)|lo.o < Ch*||div ql[s,0,

where 1 < s <k, see [3].

Let U] € U] be the solution of the fully discretised system and PIU € U] be the
interpolated solution of for the operators My, M; given in Example and A given
as in Example [[.1, Then we obtain analogously to the derivation of the errors of the
semi-discretisation

sup (Mo(PIU = Ug)(t), (PIU = Ug)(t))u + [[|PIU = Uy

te[0,7)

<c(|

where we remark that in contrast to Theorem the terms |||M;(U — PIU)|||227P and

II|A(U — PIU)|||22P do not vanish, since we also interpolate with respect to space. In
the following group of lemmas we estimate the terms on the right-hand side of (4.1)) and

2
H|Q,p

~ 2
MU~ PIO)|| 4+ [IM(U = PIU)[G,, + AU ~ PIU)
Ny

2 2
g, 1.0

_ + 2 —2ptm—1
HT max {|My(PIU = TU) (85, e }), (4.1)
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start with a term partcularly needed for the final convergence estimate in Theorem [4.7]
Beforehand, let us introduce

M
||U’||22,p,k,D = Z Qm [|U|2D} e 2Pt
m=1

where D C () is measurable.
Lemma 4.2. [t holds for U = (u,v) € H,(R; H*(Q) x H*(2))
IIU = PIU|llo, < Ch* ([[ullgpre + P10l g png)
Moreover, if U = (u,v) € H,(R; D(A)) such that AU € H,(R; H*(Q) x H*(Q)), then
AU = PIU)llg,, < CR* (lullprsre + ldivullg,re)-

Proof. By the definition of @, [-], we have

U - PIUYIE, = IU ~ TU|[3,
M

Z Qm |:”U - [UH&Q] efQPtm—l

1

3
I

M-

Qun [l = Lrul[g g + [Jo = L]l o] 21
1

3
[

NE

IN

C D Qm [Pl isna + W ()] e
=1

p2(kFD) HUHQQW,IH-LQ + h%HvH%,p,k,ﬁ) '

3

C

—

Very similarly we have for the second norm

AU — PIU)|IIZ,, = AU = TO)|IZ,.,

M
= Z Qum [V (u— Lu)|[§ o + [|div(v — Lo)|l§ o] e 2
m=1

M
<O Qu [W*[uliyy o + B divolf o] e 2im
m=1
= Ch** (”ul|2Q,p,k+1,Q + ||diVU||2Q,p,k,Q) . L
Lemma 4.3. It holds for U = (u,v) € H,(R; H*(Q) x H*(Q2))
1My (U = PIU)|(I,, < CP* ([[ullgpno + 0]l pr0)®

Proof. The assertion follows from Lemma and the boundedness of M;. ]
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Lemma 4.4. For U = (u,v) € H)(R; H*(Q) x H*(Q)) N HIT*(R; L*(2) x L*(2)) we have
that

sup (My(U — PIU)(t), (U — PIU)(t))n

te[0,7)

e (h% sup (Ju(Hla + [o(0)|ea)?® + 700|082 10 |,,) -

te(0,7
Proof. The operator M, is selfadjoint and non-negative. Thus it follows that

(Mo(U — PIU)(t), (U — PIU)(t)) 120

— |V Mo(U = PIU)(®) 220
<2 (VMU — 10)(0) 3agey + VAU ~ PIU)()3as))

for each t € [0,7]. The second term can be estimated by
[V Mo(IU — PIU)(1)[}2q) < CT V071U
according to Lemma [3.12] while the first term can be estimated by

|V Mo(U — 1U)( |L2(Q) < Ch?* (Ju(t Mo+ lv®)Za)
due to the boundedness of /M. Hence, the assertion follows. O

Lemma 4.5. For U = (u,v) € H)(R; H*(Q) x H*(Q)) N HIT*(R; L*(2) x L*(2)) we get

|

Proof. We have that

by Lemma [3.10] For the first term we have by Lemma

—~ 2
oMU - PIO)| < C(’”’“ (190l 0 + 19:0llg pne)’ + T2<q+1>\af+3wlp>‘
P

oMU = PIO)|| < lladolU = 10)llg,, + |
P

B, (MoIU — ﬁMOJU)mQ
P

< ||Mo(Q,U — I8,U)]||,., + CTTHH 01U,

|||Q7p

|| Mo (0:U — ]atU)ng,p < Ch* (||8tu||2Q,p,k,Q + ||atv||2Q,p,k,Q) . L
Lemma 4.6. It holds for U = (u,v) € HI*(R; L*(Q) x L*(Q))

max_{|My(PIU — IU)(t}_))|r2@e "'} < O™ of 21U,

1<m<M

Proof. This is a direct consequence of Lemma (3.11] n
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Lemma [4.2] to [£.6] give us all needed estimates for the final convergence result for Exam-

ple [L.3]

Theorem 4.7. We assume for the solution U = (u,v) of Example the regularity

U e H)(R; H*(Q) x H*(Q)) N HIP(R; L*(Q2) x L*(Q2))

as well as

AU € H,(R; H*(Q) x H*(Q)).
Then we have for the error of the numerical solution by (3.1)

sup (Mo(U = Up) (1), (U = Up) ()i + U = Uglllg,, < C(r*@+) + Th?").

te(0,7)

5 Numerical examples

In the following section we consider some examples to verify numerically our theoretical
findings.

5.1 Changing type system — one space dimension
Let Q = (-%,%) C RY, Q, = (—5,0) and ©, = (0,5). The problem is given on R x 2 by

(o) 60600 o
with u(t, =) = u(t,Z) = 0, g = 0 and
(1) = Xy (D2 =1 = tx(_g 0)(w) cos(@). (5.10)

The solution can be derived as

u(t,x) = XRZO(t)(et — 1) cos(z),
0(t.) = X (D€ = 1= tx(_s (o) sino).
Note that a priori, we impose no transmission condition. However, as in [23, Remark 3.2],
they can be derived for u satisfying (5.1]) as
t
u(t,04) = u(t,0—), Opu(t,04) = / O,u(s,0—)ds.
0

The solution up to a time 7" = 1 is shown in Figure [} For the numerical solution we use
again T' = 1, an equidistant mesh of M cells in time and an equidistant mesh of N cells
in space. In order to resolve the boundary S = Q, N Q, = {0} we assume N to be even.
Note that we can use p = 1 for the given solution w.
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Figure 1: Solution w (left) and v (right) of problem (j5.1))

Table 1: Convergence results for U — Uy, of problem ([5.1))

N=M FEwU-U,) [|lU=Ullg, 11U = Uhlll,
p=2q=1
8 8.727e-03 7.766e-04 1.855e-03

16 2.335e-03 1.90 1.939e-04 2.00 4.638e-04 2.00
32 6.039e-04 1.95 4.851e-05 2.00 1.160e-04 2.00
64 1.535e-04 1.98 1.213e-05 2.00 2.899e-05 2.00
128 3.871e-05 1.99 3.032¢-06 2.00 7.248e-06 2.00
256 9.717e-06 1.99 7.580e-07 2.00 1.812e-06 2.00
512 2.434e-06 2.00 1.895e-07 2.00 4.530e-07 2.00
p=3,q=2
8 6.963e-05 3.079e-06 1.717e-05
16 8.705e-06 3.00 1.898e-07 4.02 2.120e-06 3.02
32 1.088e-06 3.00 1.182e-08 4.00 2.642e-07 3.00
64 1.360e-07 3.00 7.383e-10 4.00 3.300e-08 3.00
128 1.700e-08 3.00 4.614e-11 4.00 4.124e-09 3.00
256 2.125e-09 3.00 2.883e-12 4.00 5.155e-10 3.00
512 2.657e-10 3.00 1.803e-13 4.00 6.444e-11 3.00

Defining
1/2 1/2
Esup(v) = (Sup <Mov(t)7v(t)>H> , Ev) = (Sup (Mov(t), v(t))u + |||v|||§g,,,>
te[0,T) t€[0,7]

we consider in Table[I]the convergence behaviour of Uy, for N = M and polynomial degrees
g=p+1=2and ¢=p+1=3. Note that we also show the norm |||U — Uy |||, estimated
by a refined quadrature rule in the last columns. The estimated rates of convergence
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support our theoretical result in Theorem [4.7] that the error E is of order min{p, ¢ + 1}.
For odd polynomial degrees p the component [||U — Uyll|, , shows a convergence order of
one order higher, hinting at a superconvergence property.

In Table [2| the estimated convergence rates for all combinations of polynomial degrees

Table 2: Convergence rates for E(U — Uy,) of problem (j5.1]) and several polynomial orders

p\¢q

DN DD DN DN
W W W N NN
R N N W
U= = N DN >
O = = DN N Ot

Uk~ W N+~

{p, ¢} C€{1,...,5} are given. Clearly the rates for even p follow the predicted min{p, ¢+
1}, while for odd p the rates are min{p + 1, ¢ + 1}. Thus there might be dragonsﬂ

Let us modify problem (5.1)), by taking Q = [—37“, 37”], Qp = [—37”,0], Q, = [0, 37”} and
right-hand sides only in L?. To be more precise, let

X(0m(T) — X(W,rw)(l")),
018,2) = X 1) (N0 (02 + (1) ()27 — )

~ (¢ = Dl 1))~ X(o5) (@) o) )

INEY

Figure [2| shows the right-hand sides f and g for ¢t = 1.
Again the exact solution can be found and is given by

w
w

s
2

u(t, 2) = Xaao (1) = 1)(x(3 52 (®) = X(_

0(t @) = Xrso (1) (= (e = £ = )X (a2 ) (@) Sin(®) + X0 ()2 + X, 22)(2)(27 — 7)) .

J (@) cos(a),

(VB
B

Note that u and v are non-differentiable, but piece-wise smooth. Figure |3 shows the
solutions for ¢ € [0, 1].

Note that a priori, we impose no transmission condition. However, as in [23, Remark 3.2],
they can be derived for u satisfying as

t
u(t,04) = u(t,0), Oult,04) / Dyu(s,0—)ds.
0

lsuperconvergence phenomena
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Figure 3: Solution u (left) and v (right) of the modified problem (5.1

For the numerical solution we use T' = 1, an equidistant mesh of M cells in time and an
equidistant mesh of N cells in space, thus 7 = 1/M and h = 1/N. In order to capture the
jumps of f and g, and to resolve the boundary S = ), N Q, = {0} we use an equidistant
mesh in space with the number of cells N divisible by 6. Note that we can use p =1 for
the given solution wu.

Defining

Equp(v)? = sup (Moo(t),v(t))n, E(v)* = sup (Mov(t),v(t))u + [llolllg,,
te[0,7] t€[0,T]

we consider in Table[3| we observe a convergence behaviour similar to the previous smooth
case.
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Table 3: Convergence results for U — U, of problem modified ([5.1))

N=M

Egp(U —Uy)

U — Unlllg,,

1T —Uilll,

p=24q=1

12
24
48
96
192
384
768

2.159e-02
5.490e-03
1.409e-03
3.577e-04
9.010e-05
2.261e-05
5.662e-06

1.98
1.96
1.98
1.99
1.99
2.00

3.953e-03
1.017e-03
2.557e-04
6.400e-05
1.601e-05
4.002¢-06
1.001e-06

1.96
1.99
2.00
2.00
2.00
2.00

4.110e-03
1.055e-03
2.651e-04
6.637e-05
1.660e-05
4.150e-06
1.037e-06

1.96
1.99
2.00
2.00
2.00
2.00

p=3,q=2

12
24
48
96
192
384
768

1.334e-04
5.921e-06
5.585e-07
6.981e-08
8.726e-09
1.091e-09
1.363e-10

4.49
3.41
3.00
3.00
3.00
3.00

2.629e-05
7.802e-07
2.408e-08
7.500e-10
2.343e-11
7.329e-13
2.474e-14

2.07
5.02
2.00
5.00
5.00
4.89

2.734e-05
1.220e-06
1.197e-07
1.468e-08
1.833e-09
2.291e-10
2.864e-11

4.49
3.35
3.03
3.00
3.00
3.00

Table 4: Convergence rates for E(U — Uy,) of the modified problem ({5.1)) and several

polynomial orders

Ol W N+~

NN N

W W W N W

=~ O W W

~ = O DN W

~ = Ot DN W Ut

5.2 Changing type system — two space dimensions

This time we consider a problem with unknown solution. Let Q = (0,1)* C R?, Q;, =

<Z=4

where

For T' = 1.875 Figure [

0
0 xp

0

)+

f(t,x) = 2sin(mt)xr_, ,,xr(T).

29

0 div
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Vo

L §)2, Q. =0\ Q, and ©Q, = 0. The problem is given on (0,7) x Q by
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Figure 4: Solution u at times ¢ = 5k/16 for k € {1,...,6} (top left to bottom right) of
problem (5.2)) for T'= 1.875

Table 5: Convergence results for U — U, of problem (5.2)

Vst -ty ||o-ull,, [lo-u
Q.p p
p=249=1
4 1.660e-02 8.121e-03 8.703e-03

8 5.595e-03 1.57 2.425e-03 1.74 2.781e-03 1.65
16 1.666e-03 1.75 7.445e-04 1.70 8.517e-04 1.71
32 5.260e-04 1.66 2.790e-04 1.42 3.012e-04 1.50
64 1.926e-04 1.45 1.300e-04 1.10 1.331e-04 1.18

p=3,q=2

4 4.895e-03 1.778e-03 2.028e-03

8 1.117e-03 2.13 5.510e-04 1.69 5.748e-04 1.82
16 4.015e-04 1.48 2.414e-04 1.19 2.419e-04 1.25
32 1.430e-04 1.49 1.175e-04 1.04 1.175e-04 1.04
64 5.245e-05 1.45 5.075e-05 1.21 5.072e-05 1.21

shows some snapshots of the component u of the solution U, approximated by a numerical
simulation.

In order to investigate the error-behaviour upon refinement of the discretisation, we use
a numerically computed reference solution U instead of the real one U. For this we set
T = 1 and use an equidistant mesh of 128x 128 rectangular cells in space and 128 cells
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in time, and polynomial degrees p = 3 and ¢ = 2. Thus u is approximated in space by
piece-wise Q3 elements, v by RT5-elements and both in time by Ps-elements.

In Table |5| we see the results of our numerical simulation for two pairs of polynomial
order. We observe, that the error rates are independent of the polynomial order and
furthermore less than the optimal orders given in Theorem (4.7, The reason for this
decrease in convergence order lies in the reduced regularity of the solution to this given
problem. The interior boundaries where the type of the problem changes introduces
corners, where it is very likely for singular solution components to arise.
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6 Appendix — On the Gaufl—Radau Quadrature

In this appendix we shall gather some results on the right-sided Gaufi-Radau quadrature,
which are known in principle, but are included for the convenience of the reader. We
adopted the rational given in [6]. For this, we introduce a set of weighting functions:

W={weL'(-1,1):w >0 ae.}.

Note that the bilinear form

Cdwt (frg) o / Sag(a)ula)da

introduces a scalar product on its natural domain

D= {feLl(-11) / (@) Pu(z) dx < oo},

(7171)

Furthermore, for all w € W we set w: z — (1—x)w(z). We observe @ € W. Throughout,
let ¢ € N.

called (right-sided) w-Gaufi—Radau quadrature (of ;;der q), if —Tg ro<r <---<r,=1
and for all p € Py,(—1,1) we have

1

1 q
/ p(z)w(x)dr = ijp(rj).
_ =
Proposition 6.1. Let w € W, (w,r) a w-Gaufi—Radau quadrature. Then the following
properties are satisfied:
1. the set {rj;j €{0,...,q}} consists of ¢ + 1 elements;

2. for all j €{0,...,q} we have 0 < w; < f(—1 0 w(z)dx;

5. forall j €10,...,q} we have with I;(x) == [T c0, _opis) Zi—’;fz

4. if (WO M) s @ w-Gaup-quadrature, then (w,r) = (Wb, rM).

Proof. For the proof (1)), we assume that Z := {r;;j € {0,...,¢}} has strictly less than
q + 1 elements. Then we find a polynomial p of degree at most ¢ such that Z is the set
of zeros of p. Furthermore, for z € Z there exists a polynomial p, of degree at most g — 1
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with the property p.(z) = 1 and p, = 0 on Z\ {z}. Thus, by exactness of the quadrature
and w > 0 a.e., we obtain

O</_1pz(x)2w(x)dx: Z w;p.(rj)? = Z wj.

jetkire=z2} jefkire=2}

Consequently, as p? has degree at most 2¢, we infer
1
0< / p(z)?w(z)dr = Z w;p(r;)?
-1 .
=Y D wpl)=) pk’ Y, w=0

2€Z je{kyry==z} z2€Z je{ksre=z}

a contradiction.

Next, for (2)), by (1), we observe that I;(z) in is well-defined for all j € {0,...,q}.
Thus, for j € {0,...,q}, we obtain

0< /1 Ii(z)*w(z)dr = w;.

1

Hence, we get for all j € {0,...,q}

The proof of is obvious.

For the proof of , by the Gram—Schmidt orthonormalization procedure, we choose a
polynomial p, € P,(—1, 1) such that p, is orthogonal to P,_1(—1, 1) with respect to (-, -) .
Let p € P,—1(—1,1). Then the polynomial (1 —-)pp, has degree at most 2g. Thus, by the
choice of p, and the exactness of the quadrature, we obtain

O = <p7pq>1f)

:/_ (1 —2)p(x)py(x)w(x)dx

1

— Z w;j(1 = r;)p(r;)pe(r;)

J€{0,....a}
= > Wi =r)p(r)pe(ry) = wi(l = ri)py(r),
]6{0 7777 q_l}

if p=1I; for one i € {0,...,¢ — 1}. From and (2), we get w;(1 —r;) # 0 (recall that
r, = 1). Hence, p,(r;) = 0 for alli € {0,...,q—1}. As p, has degree g, we obtain r = r).
Hence, the assertion follows from the formula for w in statement . m

The next proposition is concerned with the existence of the quadrature:
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Proposition 6.2. Let w € W, p, € P,(—1,1) such that p, L P,_1(—1,1) with respect to
(-, Ya&. Then the following assertions hold true:

1. pq has exactly q distinct real roots all contained in (—1,1);

2.4f =1 < ryp <1 < ... <1y <1 denote the roots of p,, then a w-Gauff~Radau
quadrature is given by ((w;)jefo,...q}s (T5)jef0,...q3), where rg =1 and

wj:/ H m_rkw(x)dx (7 €{0,...,q}).

Liefogngy 9~ "k

Proof. For the proof of (1)), let O C (—1,1) be the set of roots of p, contained in (—1,1)
with odd multiplicity. Define p(z) == [[,co(® — 2), x € [-1,1] (p =1, if O = ). We are
done, once we show that |O] = ¢. Assume |O| < ¢. Then p € P,_1(—1,1). Moreover,
the polynomial p*: x + (1 — z)p(x)p,(x) is non-zero and has no sign-change in (—1,1).
Without restriction, we assume p* > 0. From

0< [ p@pus = =0

1

we obtain a contradiction.

In order to proof (2), let p € Py(—1,1). We find polynomials f € P,_1(—1,1) and
g € P,(—1,1) with the property p = (z — f(x)(1 — x)ps(x)) + g. Since g is of degree at
most ¢, we obtain

0= ar) [ ——F @e11)

kefon gy 9Tk

Then, using that (f,p,)s = 0, we compute

/17’“’— /1 )(1 = 2)pg(x) + g(x))w(x)dz

T — Tk
— / g(rj) H R w(a:)da:
~1 50 ke{0ma\} 7 F
q 1
T — Tk
= Zg(rj) H — U}(l‘)dl‘
=0 “Lreforgny 4
q
= ZQ(TJ)WJ
=0

Since p(r;) = f(rj)(1 — 1;)py(rj) + g(r;) = g(r;) for all j € {0,..., ¢}, the assertion is
proved. O
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We address the continuous dependence of the Gaufi-Radau points on the weighting func-
tion as follows.

Theorem 6.3. The mapping
W lprery) = R x (=L 17 w = (w(w), r(w)) (6.1)
is continuous, where (w(w),r(w)) denotes the w-Gauf—-Radau quadrature.

Proof. Let (wy)nen be a sequence in W and w € W such that w,, — w in L'(—1,1). By
definition and by Theorem [6.1]

(w(wn), 7(wn)) € [0, sup lwgll g -1,0) " x [=1, 1]
€

for all n € N. Thus, there exists a convergent subsequence for which we re-use the name
with limit (@, 7). Note that 7, = 1. Next, let p € Py,(—1,1). Then, for n € N, we obtain

1 1
/ pw = lim PW,

1 n—oQ -1

= lim > w(w,)p(r(w,);)

j=0
q
= w;p(T)).
j=0

Hence, by Theorem [6.1} we infer (0,7) = (w(w),r(w)), which eventually implies the
assertion. N

Corollary 6.4. For 7 € R denote w,: x + exp(—pr(z +1))(€ W) and let (W™, r() be
the w,-Gaufi-Radau quadrature. For T € R, let x; € Pyy1(—1,1) such that

) =0 (Ge{0,....q}), xr(-1) = 1.

Then, for every compact set K C R, we have

1
sup/ 2w, < 0o.
TeK J -1

Proof. Assume by contradiction that there exists (7;,), convergent to some 7 with the

property
1
/ inwm — 00.
—1
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Using Theorem [6.3] we compute for n € N

& e =N
= Z “e ()
=0 im0~ L1+

(atapl PSS ON

= w((]Tn) ( ](7- )
jo LT
e NP

— wp ( ](T)> (n — 00).
=0 1T

But,

N 2 147l €T — 7’(.7-) 2
0< wéT) H ( ] ) = / <—J(T)> w,(z)dr < oo,
j - S

which contradicts the assumption.

O

The next two corollaries are the ones needed in Subsection [.I] that is, for the error
estimate with respect to the time-discretization. Beforehand, we introduce for a bounded

interval / C R the mapping

Lr: (_171) _)Ia
a+b+b—a
2 2

T —

z,

where a := inf I, b := sup I. Further, we set |I| :=b— a.

Corollary 6.5. For 7 € R let x, be as in Corollary[6.4 Let K > 0. Then

1 — 2 _ —in
sup m/l()(n(goll(t))) e~ 2P(t—inf D) g .

ICR interval,|I|1<K

Proof. For I = (a,b) C R we compute

a

1 b B 5 Y 1 1 . .
i [ et @) e = [ @) e 00 e

1

1 1
=3 / (i1 (x)) 2= C-Ne+1) g
-1

Hence, the assertion follows from Corollary [6.4]
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The next corollary is concerned with the lowest Gaufi-Radau point for different weights:

Corollary 6.6. For 7 € R let w, and (w™,r(7)) be given as in Corollary . Let T > 0.
Then there exists ¢ > 0 such that for all intervals I C R with |[I| <T and 0 <7 < T we
have

QOI(T’(()T)) —inf I > ¢|I|.

Proof. We observe that R 3 7+ (t — e P"D) € (W, || - || 11(~11)) is continuous. Hence,
the set
{(t e @) € 0,71 C (W, |- flzr )

is compact. Thus, by the continuous dependence of the Gauli-Radau point on the weight-
ing function (see (6.1])), we obtain that

{(T, ™), 7 €0, 7]} € R x (—1,1]7

is compact, as well. In particular, there exists ¢ > 0 with the property r(()T) —(-1) >ec
Hence, we obtain for all 7 € [0,7] and intervals / C R with |I| < T

pr(rs”) —inf I = o;(r) = @i(=1) = [1)(r§” = (=1)) > ¢|1]. O
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