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The classic estimates of CAPM equity betas are notoriously 
unstable. We suppose that this is mainly due to changes of 
firm’s leverage over time. 

In order to take leverage into account, we propose a 
new approach where asset correlations among firms are 
pairwise constant, while equity correlations depend on the 
stochastic evolution of firms’ asset values. 

he classic Capital Asset Pricing Model (CAPM) paved the way to a huge literature in asset 
pricing. The most prominent yardstick is the arbitrage pricing theory (APT), by Stephen Ross 
([13]), that is now widely applied in asset management.1  

As stated by Mark Rubinstein ([14], p. 273), “While the assumptions of the [APT] model 
are more general than the CAPM (not requiring assumptions about investor preferences and 
very weak assumptions on probability distributions), at the same time the conclusions are 
much less specific since the number of factors and the factors themselves are not identified.” 

In APT’s empirical tests where factors have been specified a priori, macroeconomic 
variables such as expected inflation or output have been selected to capture the systematic 
risk in the economy. Instead, our approach focuses on firm-specific variables, even if it allows 
for market-wide factors. We concentrate the analysis on the effects of capital structure on in-
vestment decisions, in order to highlight the impact of leverage, taxes and bankruptcy costs on 
the value of corporate securities.  

Similarly to APT and CAPM (that can be viewed as nested within the APT), our “perpet-
ual debt structural model” (PDSM) assumes a linear relationships between returns and market-
wide factors. However, our linearity-assumption concerns the returns on firm’s assets, not 
those on equity. We assume that the return on assets follows a Geometric Brownian Motion, 
where the drift rate is constant and asset returns are stably normal. On the other hand, the re-
turn on equity is only locally normal: Its drift changes as a function of assets’ value and time, 
consistently with a huge empirical literature on non-normality of equity returns.2 

Therefore, our settings is similar to CAPM, but at a lower layer: Instead of assuming a 
linear relationships between equity returns and market factors, we assume a linear relation-
ships between assets’ returns and market factors. In our model, as a consequence of leverage, 
the relationship between equity returns and market factors is strongly non-linear. 

                                                           
1 Currently a hot topic among investors ([11]) is “smart beta”, a concept that can be tracked back to 
APT. However, smart betas made Bill Sharpe “definitionally sick” ([1]). In our approach, a better expres-
sion for the same concept is given by the term “asset beta”. 
2 For a short review of the first tests, see Granger and Morgenstern ([7], Section 7.2, pp. 179-82). 

T 
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The scheme of this paper is as follows: After describing the corporate structure of an 
idealized firm (§ 1), we present our assumptions about the dynamics of the firm’s assets in a 
multi-factor environment (§2). Next (§3) we introduce the one-factor version of the model. Fi-
nally we show (§4) the formulas of asset and equity returns and (§5) some simulations of our 
“deleveraged CAPM”. Our final considerations (§6) close the paper. 

1. THE CORPORATE STRUCTURE 

The corporate structure is very simple, but it is capable to synthetize the interrelationships 
among the main actors during the life of the firm and at the time of default (Table 1). 

Stakeholders 
The claimants of firm’s assets are stockholders, bondholders, third parties (lawyers, account-
ants, courts, etc.) and the Tax Authority. Our basic balance-sheet relationship, at time 0, is 

 V0 = B0 + U0 + G0 + S0 (1) 

where  

 V0 is the current value of assets; 
 B0 is the current value of bonds; 
 U0 is the current value of third-parties’ claims; 
 G0 is the current value of the Tax Authority’s claim; 
 S0 is the current value of equity. 

The firm’s basic structure is similar to the one proposed by Leland ([12]).3 The critical differ-
ences with respect to the Leland’s model are due to our different assumptions about the tax 
structure. They have been highlighted in a previous article ([2], pp. 12-3). In particular, accord-
ing to our model, the value of equity is an inverse function of the tax rate: if the tax rate in-
creases, the value of equity decreases (as it should be expected). 

                                                           
3 The Leland model’s prominent role among structural models is witnessed by its receiving the first 
Stephen A. Ross Prize in Financial Economics from the Foundation for the Advancement of Research in 
Financial Economics - FARFE ([6]).  

TABLE 1   Contracts between stakeholders. 

Contracts 
Stakeholders 

Stockholders Bondholders Third parties Tax Authority 

Firm’s assets V0 - - - 

Risk-free bond –Z Z - - 

Option to default P0 ≡ (Z – Vb) pb –P0 ≡ –(Z – Vb) pb - - 

Bankruptcy security - –A0 ≡ –α Vb pb A0 ≡ α Vb pb - 

Tax claims –GS ≡ –θ (V0 – Z + P0) –GB = –θ (Z – P0 – A0) –GU ≡ –θ A0 G0 ≡ GS + GB + GU 

Total S0 ≡ (1 – θ) (V0 – Z + P0) B0 ≡ (1 – θ) (Z – P0 – A0) U0 ≡ (1 – θ) A0 G0 ≡ θ V0 

Note: pb is the value of a perpetual first-touch digital option which pays 1 when V = Vb at default time τ. 
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Tax Authority 
We assume that the Tax Authority has the right to receive the share θ of the firm’s earnings, 
where θ is the tax rate.4  

Therefore, the current value of the Tax Authority’s claim, G0, is 

 G0 = θ V0. (2) 

In other terms, the Tax Authority can be considered as a “special partner” of stockholders, be-
cause it claims a share θ of the firm’s assets as soon as the firm is created. 

When the bonds are issued, the tax burden G0 is redistributed among the firm’s claim-
ants, to include the newcomers (bondholders and third parties). Therefore 

 G0 = GB + GU + GS (3) 

where GB, GU and GS are the current values of the taxes levied on bondholders, third parties 
and stockholders, respectively. 

Bondholders 
In our structural framework, the bondholders buy from the stockholders a perpetual bond 
with nominal value Z and coupon C = r Z, where r is the risk-free interest rate. 

The (after-tax) current value of the perpetual bond, B0, is 

 B0 = (1 − θ)(Z − P0 − A0) (4) 

where 
 P0 is the (before-tax) current value of the “option to default” sold by bondholders to stock-

holders; 
 A0 is the (before-tax) current value of the so-called “bankruptcy security”, given for free by 

bondholders to third parties. 

Option to Default 
The bondholders sell to stockholders an option to default, more precisely a perpetual Ameri-
can put option, with strike Z and (before-tax) market value P0, written on V. 

When the value of the firm’s assets falls, the value of the stockholders’ put option ris-
es. At some (sufficiently low) point, Vb, the stockholders exercise their option to default in or-
der to prevent equity’s value to become negative. The optimal default trigger, Vb, is endoge-
nous. It is determined by stockholders by maximizing the current value of equity. 

When the stockholders exercise their put option, they receive Z from the bondholders 
in exchange for the firm’s assets, whose value is Vb. Therefore, at time τ (0 < τ ≤ +∞), when the 
company files for bankruptcy protection, the (before-tax) exercise value of the option to de-
fault is 

 Pτ = Z − Vb. (5) 

                                                           
4 In the notation used by Goldstein-Ju-Leland (2001), interest payments to investors are taxed at a 
personal rate τi, “effective” dividends are taxed at τd, and corporate profits are taxed at τc. We assume 
that τd = τi and τc = 0. Therefore, the effective tax rate, τeff, defined by (1 – τeff) = (1 – τc)(1 – τd) is simply 
equal to τd = τi (and to θ, in our notation). 
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Third Parties 
When the company defaults, the third parties (lawyers, accountants, courts, etc.) claim a share 
α of the firm’s assets, whose value at default is Vb. Therefore, the bankruptcy triggers the exe-
cution of the above-cited bankruptcy security. Its (after-tax) current value, U0, is 

 U0 = (1 − θ) A0. (6) 

Bankruptcy Security 
The bankruptcy security “comes to light” at the time of default, τ, but has been given for free 
from bondholders to third parties as soon as the perpetual bond is issued. 

Actually, the bankruptcy security is a perpetual digital option, with barrier Vb, that of-
fers to third parties a rebate equal to α Vb at τ (0 < α < 1).  

Stockholders 
In our model, the firm’s equity is a portfolio whose (after-tax) current value, S0, is given by 

 S0 = (1 − θ)(V0 − Z + P0) (7) 

In other terms, the current value of the stockholders’ (before-tax) claim, V0 − Z + P0, is equal to 
the value of a portfolio that is short on the debt’s nominal value, Z, and is long on the firm’s 
assets, V0, and on the option to default, P0. 

Leverage 
The current leverage, L0, is defined as the ratio between the after-tax value of assets, (1 – θ)V0, 
and the value of equity, S0: 

 
 

(8) 

In particular, L0 = 1 for a full-equity firm, where Z = P0 = 0. Besides, in the case of a non-full-
equity firm, Lτ = +∞ at default, when Vτ = Vb and Pτ = Z − Vb. 

Payouts 
The firm can liquidate assets to make interest, dividend and tax payments. The payout policy is 
“tax-neutral”, so that the Tax Authority is neither worst-off nor better-off after a payout equal 
to qV V, were qV is the payout rate per unit of time. Any payout is taxed at the tax rate θ. 

By assuming a tax-neutral payout policy, the (overall) payout, qV V0, is equal to the sum 
of gross interests, qB (Z − P0 − A0), and gross dividends, qS (V0 − Z + P0), 

 qV V0 = qB (Z − P0 − A0) + qS (V0 − Z + P0) (9) 

where qB is the (before-tax) bond yield and qS is the (before-tax) dividend yield. 
Similarly, the (after-tax) payout, (1 − θ) qV V0, is equal to the sum of net interests, (1 − 

θ) qB (Z − P0 − A0), and net dividends, (1 − θ) qS (V0 − Z + P0), 

 (1 − θ) qV V0 = (1 − θ) qB (Z − P0 − A0) + (1 − θ) qS (V0 − Z + P0). (10) 

Therefore, the (overall) payout, qV V0, can be written as the sum of net interests, net dividends, 
and taxes, θ qV V0: 

 qV V0 = (1 − θ) qB (Z − P0 − A0) + (1 − θ) qS (V0 − Z + P0) + θ qV V. (11) 
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Bond Yield 
As stated earlier, the perpetual bond pays a coupon C = r Z. Therefore, gross interests, qB (Z − 
P0 − A0), are equal to r Z  

 qB (Z − P0 − A0) = r Z (12) 

and the (before-tax) bond yield, qB, is equal to 

 
 

(13) 

In particular, if the default probability is null, then the value of the option to default, P0, and 
the value of the bankruptcy security, A0, are both null. Therefore, the bond yield, qB, is equal to 
r. At default, when Aτ = α Vb and Pτ = Z − Vb, the bond yield is equal to 

 
 

(14) 

Credit Spread 
By (13), the bond’s credit spread, sB, is given by 

 
 

(15) 

Dividend Yield 
Finally, note that by substituting (12) in (9), gross dividends, qS (V0 − Z + P0), are equal to 

 qS (V0 − Z + P0) = qV V0 − r Z (16) 

Therefore, the (before-tax) dividend yield, qS, is equal to 

 
 

(17) 

The payout rate, qV, determines the cash flow qV V0 which is taken out of the assets of the firm. 
What is left out of this cash flow (after paying interest on debt) is paid out to shareholders as 
dividends. 

If qV V0 is insufficient to cover coupons on the bond, shareholders receive a negative 
dividend (i.e., contribute additional cash to the firm). A negative dividend (a cash-flow crisis) 
does not mean that that it is optimal to default: Expected future cash flows could be sufficient-
ly high to induce stockholders to keep the firm alive. 

In order to highlight the role of leverage, L, let’s substitute (8) in (17). Then the (be-
fore-tax) dividend yield, qS, can be written as 

 
 

(18) 

In the case of a full-equity firm, where Z = 0 and L0 = 1, qS = qV. 
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2. A MULTI-FACTOR MODEL 

We assume that the “anchor” of the economic system is given by a risk-free perpetual bond 
(or money-market account), with current value H0 ≡ 1, that continuously offers a constant risk-
free interest rate, r: 

 
 

(19) 

The evolution of the firms’ asset values, Vi (i = 1, ..., n), is governed by a multi-dimensional ge-
ometric Brownian motion: 

 
 

(20) 

where 
 μVi is the instantaneous expected rate of return on the i-th firm per unit time; 

 
 

(21) 

and λk is the (non-necessarily constant) market price of the k-th factor risk (k = 1, 2, ..., m); 
 qVi is the payout rate of the i-th firm per unit time; 
 βik is the i-th firm’s asset beta (i.e. loading) with respect to the k-th factor; 
 σk is the volatility of the k-th factor, whose current value is Fk; 
 dFk is the Wiener process of an orthogonal and normalized factor 

  (22) 

 (23) 

and εk is a standardized normal random variable with null mean and unit variance; 
 ui is the volatility of the i-th firm’s idiosyncratic residual; 
 dωi is a Wiener process, with 

  (24) 

 (25) 

and εi is a standardized normal random variable with null mean and unit variance. 
Besides factors and residuals are orthogonal: 

  (26) 

The vector of expected total returns on assets and the variance-covariance matrix are 
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3. ONE-FACTOR MODEL 

In the one-factor version of the model, we assume − consistently with the standard version of 
CAPM − that firms face only one pervasive market-wide factor, F, with drift rate μF and vari-
ance rate σF

2. 

The dynamics of assets 
If dM is the standardized rate of return on the “market portfolio” 

  (28) 

then the dynamics of firm’s assets is 

 
 

(29) 

Therefore, the volatility of assets’ returns per unit time is 

 
 

(30) 

the covariance between the assets’ returns of i and j firms simplifies to 

  (31) 

and the asset correlation, ρij, is equal to the product of the correlations with the market, ρiM 
and ρjM, 

 
 

(32) 

By dropping the subscript i, the dynamics of the assets of a generic firm is 

 
 

(33) 

In other terms, we assume that the firm’s assets follow a Geometric Brownian Motion 

 
 

(34) 

where the drift rate is 

 μV − qV (35) 

the variance rate, σV
2, is the sum of two (systematic, β2

V σ 2
M, and idiosyncratic, uV

2) components 

  (36) 

and dz is a Wiener process 
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The optimal default trigger  
In our approach, debt is unprotected and the residual claimants (stockholders) have an option 
to default. They choose the bankruptcy level that maximize their wealth.5 The company de-
faults if the value of its assets drops below Vb, the optimal default trigger chosen by stockhold-
ers to maximize the value of equity:6 

 
 

(38) 

where 

 
 

(39) 

The value of the option to default 
The current value, P0, of the option to default is equal to:7 

 P0 = (Z − Vb) pb (40) 

where pb is the current value of a perpetual first-touch digital option, written on V, that pays 1 
when V reaches Vb (V0 > Vb) 

 pb = (V0 / Vb)γ (41) 

The probability of default 
The probability of V first hitting the barrier Vb between time 0 and T is 

 
 

(42) 

where 

 
 

(43) 

 
 

(44) 

 
 

(45) 

                                                           
5 Jensen asks ([9], p. 218) “Is it the wealth of residual claimants, or bondholder wealth, or the com-
bined wealth of bondholders and residual claimants that is to be maximized?”. Since we wish to capture 
the basic structure of the firm, our answer is as simple as possible: It is the wealth of residual claimants 
that is to be maximized. In many circumstances equity holders do have the ability to choose when to de-
fault on debt and they will do it when it is optimal for them. 
6 See Barone ([2], Equation (14), p. 359). 
7 See Barone ([3]). 

 
1−

=
γ
γZVb

 
2

2222 2/2)(/2)(

V

VVVVV

σ
rσσqrσqr

γ
+−−−−−−

≡

 
)()()( 2

)2(1
0

1 zN
V
VzNTQ

λ

b

−







+−=

−

 

Tσ
TσqrVVz

V

VVb /2)()/ln( 2
0

1
−−+

=

 

Tσ
TσqrVV

z
V

VVb /2)()/ln( 2
0

2
−−−

=

 
2

2 /2
1

V

VV

σ
σqr

λ
−−

+=



§3 One-Factor Model  9 

The dynamics of the option to default 
When dV is given by Equation (34), the Merton’s hedging argument shows that the price of any 
perpetual derivative whose value, f, depends on V (but not on t), must satisfy the following 
fundamental differential equation: 

 
 

(46) 

As shown in Barone [3], the delta and the gamma of the perpetual American put, in the con-
tinuation region (when V > Vb), are 

 
 

(47) 

 
 

(48) 

By Itô’s lemma, the dynamics of the option to default is 

 
 

(49) 

By substituting (46)-(47) in (49) and by taking into account that [Barone [3], Equation (8)] 
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we get 

 
 

(51) 

Therefore, the option to default follows a Geometric Brownian Motion with drift rate r and 
variance rate γ2 σV

2. 

The dynamics of equity 
Equity, the residual claim on firm’s assets, is given by Equation (7) 

 S0 = (1 − θ)(V0 − Z + P0)  

where both V0 and P0 follow a Geometric Brownian Motion, while θ and Z are constant. 
The delta and the gamma of equity are 
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By Itô’s lemma, the dynamics of equity is 
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Substituting (52)-(53) into (54) and taking (50) into account gives 

 dS = (1 − θ) [r (V + P) − qV V] dt + (1 − θ) (V + γ P) σV dz (55) 

Besides, by (7) and (17), the drift is equal to 

 
(1 − θ) [r (V + P) − qV V] = (1 − θ) [r (V − Z + P) − qV V + r Z] 

= (r − qS) S 
(56) 

Therefore, substituting (56) in (55) gives the dynamics of equity as 

 dS = (r − qS) S dt + (1 − θ) (V + γ P) σV dz (57) 

or, by (7) and (8), as 

 
 

(58) 

where the dividend yield, qS, is 

 
 

(59) 

and the equity volatility, σS, is 

 
 

(60) 

Equation (58) collapses to a standard Geometric Brownian Motion in the case of a full-equity 
firm, where P = 0, L = 1, qS = qV and σS = σV. 

4. THE DELEVERAGED CAPM 

As we already pointed out, we suppose that the instability of (CAPM) equity betas is due to 
leverage. The relationships between equity returns and the market factor is affected by sto-
chastic changes of leverage. Therefore, it is unstable. In other terms, equity betas − differently 
from asset betas − cannot be assumed to be constant. 

Asset Betas 
By applying Itô’s lemma to (34), the (0, T)-period rate of return of assets per unit of time, ηV, is 

 
 

(61) 

Therefore, as it is well known, the assumption of a Geometric Brownian Motion for the value 
of assets entails the “stable normality” of asset returns: The (0, T)-period logarithmic rates of re-
turn on assets are normal with constant mean (r − qV − ½ σV

2)T and constant volatility σV T. 
By (37), Equation (61) can be written as 
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where εM and εu are two independent standardized normal variables. 
The relationships (62) between asset returns, ηV, and the market portfolio, M, is linear 

and the asset beta, βV, is constant. 

 
dzσdtqr

S
dS

SS +−= )(

 
L

V
Zrqq VS 





 −=

 
Vσ1 L

V
PγσS 





 +=

 
εTσTσqr

T
VVη VVV

T
V +−−=≡ )½(ln( 20 )/

 
uVMMVVV

T
V εTuεTσβTσqr

T
VVη ++−−=≡ )½(ln( 20 )/



§5 Simulations  11 

Equity Betas 
By applying Itô’s lemma to (58), the (0, T)-period rate of return of equity per unit of time, ηS, is, 

 
 

(63) 

The fundamental difference between Equations (61) and (63) is that, while qV and σV are con-
stant, qS and σS are stochastic, being both affected by the value of assets, V. In particular, as 
shown by (59)-(60), both qS and σS are directly proportional to the firm’s leverage, L. 

This implies that the rates of return of equity are not “stably normal”, i.e. they are not 
“normal with constant parameters”. This is consistent with the leptokurtic (“heavy-tails”) dis-
tributions of equity returns studied in the empirical literature. 

This is also consistent with the typical downward-sloping volatility skew observed in 
options markets. In fact, one possible explanation for the volatility skew concerns leverage: 

As a company’s equity declines in value, the company’s leverage increases. This means 
that the equity becomes more risky and its volatility increases. As a company’s equity 
increases in value, leverage decreases. The equity then becomes less risky and its vola-
tility decreases. This argument suggest that we can expect the volatility of a stock to be 
a decreasing function of the stock price ... (Hull [8], p. 437) 

The equity volatility, σS, given by Equation (60), does change according to the above argument. 
By (37), Equation (63) can be written as 

 
 

(64) 

where the equity beta, βS, the volatility of the “levered” market portfolio, σ*
M, the residual vola-

tility, u*
S, and the leverage of the “levered” market portfolio, L*

M, are 

 
 

(65) 

Therefore, the equity beta, βS, is not constant, because, by (60), σS is a function of V. 

5. SIMULATIONS 

Some simulations help to show the model’s features. 

Asset Returns vs. Equity Returns: Density Functions 
First of all, we set the “environmental” parameters: the interest rate, r = 3%, the tax rate, θ = 
35%, and the share of assets claimed by third parties when the firm defaults, α = 20%.8 Be-
sides, suppose that the firm’s parameters are equal to those typical of firms with ratings Aaa, 
Aa, A, Baa, Ba, B, Caa-C (Table 2). The density functions of asset returns and equity returns are 
shown in Figure 1 and Figure 2, respectively. Because of leverage, the equity returns are much 
more “disperse” than the asset returns (Please note the different vertical scales of the figures). 

                                                           
8 In the years 2012-6, the average market yield on U.S. Treasuries at 30-year constant maturity has been 
equal to 3.03% (U.S. Federal Reserve [15]). In the years 2014-6, the North America average of corporate 
tax rates has been equal to 33.25% (KPMG [10]). By using a sample of 175 firms that defaulted between 
1997 and 2010, the mean cost of default for an average defaulting firm has been estimated to be equal 
to 21.7% (Davydenko, Strebulaev, and Zhao [5]).  
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TABLE 2   Perpetual-Debt Structural Model: Estimates. 

Rating 
Assets 

Liabilities 
Business 

Risk 
Firm’s 

Leverage 
Equity 

Volatility 
Default 
Point 

Recovery 
Rate Stock-

holders 
Bond-

holders 
Third 

Parties 
Tax 

Authority 
V0 S0 B0 U0 G0 σV L σS Vb R 

Aaa 198.22 64.22 64.33 0.29 69.38 10.61% 2.01 21.05% 79.65 63.72% 
Aa 191.58 60.12 63.98 0.42 67.05 11.20% 2.07 22.82% 77.96 62.37% 
A 174.25 49.70 62.73 0.83 60.99 12.53% 2.28 27.51% 74.20 59.36% 

Baa 151.60 36.23 60.93 1.38 53.06 13.32% 2.72 33.70% 71.99 57.59% 
Ba 116.63 19.51 53.43 2.87 40.82 16.97% 3.89 53.43% 62.29 49.83% 
B 86.66 13.55 39.53 3.24 30.33 26.58% 4.16 78.68% 42.19 33.75% 

Caa-C 56.53 5.03 28.39 3.33 19.79 32.67% 7.31 130.76% 33.32 26.66% 

Note: Z = 100, r = 3%, qV = 1%, θ = 35%, α = 20%. Source: Barone [4], Table 2, p. 6 

 
Figure 1   Distribution of Asset Returns by Rating’s Class. 

 
Figure 2   Distribution of Equity Returns by Rating’s Class. 
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Equity Volatility 
Consider a Ba firm with V0 = 116.63, Z = 100, qV = 1%, σV = 16.97% (Table 2). By (38)-(41), γ = 
−1.652, Vb = 62.29, pb = 0.3549, P0 = 13.383 and, by (7)-(8), S0 = 19.508, L0 = 3.886. 

Equity volatility is given by Equation (60). It turns out that σS = 53.43% if V0 = 116.63. 
Figure 3 shows the equity volatility, as a function of S, for all the rating’s classes that we have 
considered. Notice that σS → +∞ as V → Vb (S → 0) and σS → σV as V → +∞ (S → +∞). 

Asset Betas 
Now suppose that the market portfolio has a volatility, σM, equal to 9.42%.9 Table 3 shows the 
asset volatility’s breakdown into its systematic and idiosyncratic components, for given values 
of asset betas, βV. By construction, Aaa-Aa-A firms are defensive, Baa firms are market-neutral, 
and Ba-B-Caa-C firms are aggressive. 

                                                           
9 The values of market volatility, σM, and asset betas, βV, have been chosen in order to make (i) the 
systematic component, β2

V σ 2
M, equal to the 50% of the variance rate, σV

2, and (ii) βV = 1 for the Baa firm. 
Therefore, by (29), all the pairwise correlations are equal to 0.5. 

 
Figure 3   Equity Volatility as a Function of the Value of Equity. 

TABLE 3   Asset Betas by Rating’s Class. 

Rating 
Asset 
Beta 

Idiosyncratic 
Volatility 

Business 
Risk 

βV uV σV 

Aaa 0.797 7.50% 10.61% 

Aa 0.841 7.92% 11.20% 
A 0.941 8.86% 12.53% 

Baa 1.000 9.42% 13.32% 

Ba 1.274 12.00% 16.97% 
B 1.996 18.80% 26.58% 

Caa-C 2.453 23.10% 32.67% 

Note: Z = 100, r = 3%, qV = 1%, θ = 35%, α = 20%, σM = 9.42%. 
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Equity Betas 
Equity betas are defined by (65). They are a negative non-linear function of the value of equity 
(Figure 4).10  

6. CONCLUSIONS 

The instability of the estimates of “classical” equity betas have relevant effects on asset man-
agement because it makes unreliable the vector of expected returns and the variance-
covariance matrix for portfolio selection. We have shown that a possible cause of instability is 
represented by firms’ leverage, that stochastically changes over time. 

In order to overcome the instability’s problem, asset managers can follow a three-step 
approach: 

 1. to estimate the (unobserved) market value of firm’s assets, V, the debt’s nominal value, Z, 
the payout rate, qV, the business risk, σV, by using market data on the value of equity, S, 
the dividend yield, qS, the volatility of equity, σS, and estimates of “environmental” pa-
rameters (the interest rate, r, the tax rate, θ, the share of assets claimed by third parties 
when the firm defaults, α); 

 2. to estimate the (unobserved) “unlevered” market portfolio; 
 3. to estimate the asset betas of the linear relationships between the asset returns and the 

“unlevered” market returns. 

Companion papers will show how to implement the above approach. 

                                                           
10 Figure 4 has been built under the hypothesis that the leverage of the “levered” market portfolio, L*

M, 
is equal to 2.72, the leverage of the market-neutral firm with rating Baa. 

 
Figure 4   Equity Betas as a Function of the Value of Assets. 
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