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Abstract 

Orthogonal frequency division multiplexing (OFDM) technique has been adopted 
by many existing and future wireless communication systems for high-speed data 
transmission. However, a major problem of OFDM systems is the high peak-to-
average power ratio (PAPR) of OFDM signals, which results in inefficient operations 
of nonlinear devices in the system such as power amplifiers (PAs). On the other 
hand, at the receiver end, frequency offset, caused by Doppler frequency shifts, 
mismatched oscillators, or a fast fading channel, destroys the orthogonality among 
subcarriers and results in inter-carrier interference (ICI), thus degrades the detec-
tion performance of OFDM systems. Analogous to the definition of PAPR, the 
peak interference-to-carrier ratio (PICR) is defined to represent the effect of ICI. In 
addition, due to the sidelobes of modulated subcarriers, OFDM systems also suffer 
from high out-of-band power (OBP) radiations. High OBP results in the need for 
wide guard band and thus inefficient usage of frequency band. 

In order to improve the performance of OFDM systems, PAPR, PICR, and 
OBP should be reduced. The PAPR and PICR reduction problems have been 
studied extensively in literature. Methods of OBP reduction to make best use 
of spectral resources have also been studied. However, most of previous studies 
consider PAPR reduction, PICR reduction, or OBP reduction separately. Our 
simulation results show that if only one of the three problems is considered, the 
performance of the other two problems can be quite bad. Therefore, it is desirable 
to design an OFDM system considering PAPR, PICR, and OBP problems jointly 
so that the performance of the whole system is satisfactory. 

In this thesis, two schemes are proposed for joint reduction of PICR and PAPR. 
Simulation results are presented to demonstrate efficacy of the proposed schemes 
in reducing PAPR and PICR. The low computational complexity makes them ap-
propriate for practical OFDM systems. 

In addition, the joint PAPR, PICR, and OBP design problem is also considered 
in this thesis. Two approaches, the phase rotation approach and the constellation 
extension approach, are proposed for this joint design problem. In each approach, 
this joint problem is modelled as a constrained optimization problem with contin-
uous variables. The optimization problem is then relaxed into a second order cone 
programming (SOCP) problem, whose global optimal solution can be obtained ef-
ficiently. Simulation results show that the proposed schemes are effective and the 
optimized OFDM system has very good performance. 

xiii 



Chapter 1 

Introdtiction 

As an important high-speed data transmission technique in modern wireless com-

munication systems, orthogonal frequency division multiplexing (OFDM) can re-

duce or eliminate inter-symbol interference (ISI) appeared in frequency-selective 

channels due to multipath propagation, and thus considerably increase data trans-

mission rate. OFDM has been adopted by many existing and future wireless sys-

terns such as IEEE WiFi systems, IEEE WiMax systems, European digital audio 

broadcasting (DAB) and digital video broadcasting (DVB) systems, etc. [1]-[4]. 

A major problem of OFDM is the high peak-to-average power ratio (PAPR) of 

OFDM signals [5]. High PAPR of OFDM signals forces nonlinear devices in the 

system, such as power amplifiers (PAs), to leave a large backoff capacity to ensure 

that the devices can always operate in their linear response regions and signal 

distortion is avoided. However, this results in inefficiency of the devices. Therefore, 

it is desirable to reduce the PAPR of OFDM signals. 

On the other hand, Doppler frequency shifts, mismatched oscillators or timing 

synchronization errors at receiver cause carrier frequency offset (CFO). In addi-

tion, in a fast fading channel, the channel may be time-varying even within one 

OFDM symbol duration. CFO or/and fast time-varying fading channel destroy the 
1 
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orthogonality among subcarriers and lead to inter-carrier interference (ICI), thus 

impair the detection performance at the receiver. Analogous to the definition of 

PAPR, the peak interference-to-carrier ratio (PICR) is defined in [14] to represent 

the effect of ICI at the receiver. High PICR of received signal degrades bit-error 

rate (BER) performance of OFDM systems and thus it is desirable to reduce the 

PICR of the OFDM received signals. 

In addition, due to the sidelobes of modulated subcarriers, OFDM systems also 

suffer from high out-of-band power (OBP) radiations. Especially in an OFDM 

based overlay system, which fills frequency gaps left by existing legacy systems, 

a high OBP of the overlay system leads to significant interferences to the legacy 

systems. Therefore, high OBP results in the need for wide guard band and thus 

inefficient usage of frequency band. In order to make the best use of the spectral 

resource, it is also desirable to reduce the OBP of OFDM systems. 

1.1 Previous Work 

The PAPR reduction problem has been studied extensively in literature and many 

schemes have been proposed [6]. For instance, the coding techniques select the 

codewords that minimize or reduce the PAPR for transmission [7]-[9]. The selec-

tive mapping (SLM) techniques generate a set of candidate data blocks, all rep-

resenting the same information block, and select the data block with the lowest 

PAPR for transmission (10]-[13]. The partial transmit sequences (PTS) techniques 

weight the disjointedly partitioned subblocks of the input data block with appro-

priate phases so that the PAPR of the combined signal is minimized [14]-[17]. The 

tone reservation (TR) technique sets aside a small subset of subcarriers unused for 
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information data transmission and sets appropriate symbols on those subcarriers 

for PAPR reduction [18]. In the tone insertion (TI) technique, the constellation 

size is increased so that each information symbol can be mapped into one of several 

equivalent constellation points. The symbol mappings are determined to reduce 

PAPR [18]. The signal distortion techniques reduce high peaks by modifying the 

modulation constellation [19]-[23]. 

In [21], the scheme is to scale the envelopes of the symbols on some subcarriers 

so that the PAPR is minimized. This method is suitable for m-ary phase-shift 

keying (MPSK) modulation schemes, where the envelopes of all symbols are equal 

and only the phases represent information. Since the modified symbols on all 

subcarriers have the same phases as the original ones even though the envelopes 

may be changed, the receiver can detect the received sequence without any side 

information. 

In [22], the scheme is to reduce PAPR by modifying the modulation constellation 

in active subcarriers and setting appropriate symbols on unused subcarriers. To 

avoid from transmitting side information for recovering the original transmitted 

signal, the modified constellations should be in certain feasible areas. 

From the above description, it is seen that in the signal distortion technique, 

some of the transmission power is consumed solely for PAPR reduction but not for 

information data transmission. Thus the BER performance will degrade if the total 

transmission power is kept constant. 

The SLM and the PTS techniques have also been proposed to reduce PICR to 

improve BER performance of the system (14]. These techniques involve with finding 

the optimal phase factors by using an exhaustive search over the combinations of 
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phase factors which are restricted to finite set of values. Apparently, to get better 

performance, the size of the phase factor set or the number of phase combinations 

needs to be increased, which leads to dramatic increase in search complexity. In 

addition, these techniques require the transmission of side information. 

In [20], the signal distortion technique is used for ICI reduction in an OFDM 

system using quadrature amplitude modulation (QAM) schemes. 

In order to make the best use of the spectral resource, reducing OBP of OFDM 

systems has been discussed recently in some papers [24] [25]. One method is to 

reduce the sidelobe radiation by inserting a few weighted cancellation carriers by 

both sides of the OFDM signal spectrum. 

1.2 Scope and Contributions of the Thesis 

As discussed above, in OFDM systems, high PAPR of OFDM signal results in ineffi-

cient operations of nonlinear devices used in the system. High PICR of the received 

signal degrades BER performance of the receiver. And high OBP radiations de-

crease efficiency of the frequency band usage. Therefore, it is desirable to design the 

system considering PAPR, PICR and OBP problems jointly so that PAPR, PICR, 

and OBP are reduced and the performance of the system is improved. However, 

most of previous studies consider PAPR problem, PICR problem, or OBP problem 

solely, and most schemes in literature reduce PAPR, PICR, or OBP only. As shown 

later by simulation results in this thesis, when one of the problems is considered 

alone, the performance of the other two problems of the same system can be quite 

bad. Thus, in this thesis, the joint design problem is considered. 

The joint PAPR and PICR design problem was considered in [26] and [27]. 
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The block coding method is used in [26] to reduce both PAPR and PICR in an 

OFDM system. An exhaustive search was performed to find the best block code 

which reduces both PAPR and PICR for signal transmission. But no solid selection 

criterion is available in [26]. In addition, the block coding method suffers from 

high computational complexity and large storage space requirements, especially for 

systems with a large number of subcarriers. The joint PAPR and OBP reduction 

problem considered in [25] needs to choose an appropriate trade-off weighting factor. 

The rest of this thesis is organized as follows. Chapter 2 provides the funda-

mentals of OFDM systems. The properties and model of wireless channels are also 

presented in this chapter. The PAPR, PICR, and OBP reduction problems are for-

mulated in Chapter 3. The existing techniques used for reducing PAPR or PICR, 

such as PTS technique and SLM technique are also introduced in this chapter. 

In Chapter 4, we formulate a joint constrained and a joint weighted PAPR and 

PICR reduction problems, which provide solid design criteria. Algorithms are also 

developed to jointly reduce both PAPR and PICR. Simulation results are presented 

to demonstrate efficacy of the proposed algorithms in reducing PAPR and PICR. 

With the extremely low computational complexity properties, it is possible to apply 

these algorithms to practical OFDM systems. 

In Chapter 5, based on the phase rotation approach and the constellation exten-

sion approach, the PAPR, PICR, and OBP joint design problem is first modelled 

as a constrained optimization problem with continuous variables. The optimization 

problem is then relaxed into a second order cone programming (SOCP) problem, 

whose global optimal solution can be obtained efficiently. Simulation results show 

that the proposed schemes are effective in reducing PAPR, PICR, and OBP, and 
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the optimized system has very good performance. 



Chapter 2 

Fundamentals of OFDM 

2.1 Wireless Multipath Channel 

Assume a transmitter is transmitting a signal to the receiver through a wireless 

channel. The receiver may receive multiple copies of this signal from multiple 

paths with different delays due to the phenomena such as reflection, refraction, and 

scattering. The channel impulse response is used to described this property. Due to 

multipath propagation, inter-symbol interference (ISI) appears, which would limit 

the data transmission rate considerably if no measure is adopted to overcome this 

problem. Figure 2.1 shows an example which illustrates how lSI happens. 

Assume a channel has an impulse response at timet as shown in Figure 2.1(a). 

If the transmitter sends a symbol at to, then the receiver will receive the first copy 

of the transmitted symbol at t0 + r 0 . The second copy with delay r 1 and the third 

copy with longer delay r 2 will be received consequently. The symbol and its copies 

are shown in Figure 2.l(b). In fact, in a symbol duration, the received signal should 

be the sum of all these copies which is shown in Figure 2.l(c). 

The next symbol will be transmitted consequently from the transmitter. Assume 

the duration of a symbolisTs and the second symbol is transmitted at t 1 = t 0 + T5 • 

7 
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(b) Signal and its copies 

t 

The second 
recived 
symbol 

t 

t 

Figure 2.1: Illustration of lSI in a wireless channel 

8 

The second received symbol is also shown in Figure 2.1(c). Therefore, lSI happens. 

At the receiver end, the received symbols are corrupted by lSI, which is shown in 

Figure 2.1( d). 

Based on the channel impulse response delay profile, the coherence bandwidth 

of a wireless channel can be defined [28]. If the wireless channel has a coherence 

bandwidth which is greater than the bandwidth of the transmitted signal, which is 

directly related to the transmitted symbol duration and thus the transmission data 

rate, then the received signal will undergo flat fading. Therefore, the spectra char-

acteristics of the transmitted signal are preserved at the receiver, but the strength 

of the received signal may change with time. If the channel coherence bandwidth is 
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less than the transmitted signal bandwidth, then the received signal will undergo 

frequency-selective fading. In time domain, this means when the channel delay 

spread is great compared with the transmitted signal duration, ISI happens and 

the received signal is distorted, as shown in Figure 2.1. 

S(f) 

. . . 
f 

Figure 2.2: Principle of OFDM 

2.2 OFDM Techniques 

As shown in Figure 2.2, as a digital multi-carrier modulation method, in OFDM 

systems, a large number of closely-spaced orthogonal subcarriers are used to trans-

mit data in a frequency-division multiplexing (FDM) manner. The information 

data stream is divided into several parallel data substreams, one for each subcar-

rier. Each subcarrier can be modulated using single-carrier modulation schemes in 

its associated bandwidth. Since the wideband system is broken into multiple sub-

systems with channel bandwidth being much less than the coherence bandwidth of 

the wireless channel, each subchannel undergoes relatively flat fading and the ISI 

problem is overcome. Thus, a high-speed data transmission can be achieved. 

Figure 2.3 shows the block diagram of an OFDM system. Suppose that we con-

sider an OFDM system of N subcarriers. At the transmitter, information bits are 
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first modulated using MPSK or m-ary quadrature amplitude modulation (MQAM), 

resulting in a complex symbol X. By passing through a series to parallel (S/P) 

converter, the series symbol stream is then converted to a block of N parallel sym-

bols, which correspond to the symbols transmitted over each of the N subcarriers 

and are the frequency components of OFDM signals. By an inverse discrete Fourier 

transformer (IDFT), the frequency domain symbol block is transformed into the 

time domain OFDM symbol sample block [xo x1 · · · XN_ 1JT, where 
N-l 

x = _1_ '""X·ej21rni/N n = 0, ... 'N- 1. 
n ...JN~ t 

t=O 

(2.1) 

where Xn denotes the time-domain signal at the nth sampling instant and j 2 = -1. 

In a matrix form, equation (2.1) can be expressed as 

x=FX (2.2) 

where X= [Xo xl ... XN-lf, X= [xo X! ..• XN-l]T, and F is the IDFT matrix 

with the (n, i)th element F(n, i) = }Nej21rni/N for n, i = 0, · · · , N- 1. 

The OFDM symbol sample block is then converted to the sample stream by 

a parallel to series (P /S) converter. A cyclic prefix (CP) sequence is added to 

remove the remaining lSI. After passing through a digital to analogue converter 

(DAC), the sample stream becomes a continuous baseband signal x(t) which is 

then upconverted into the passband signal s(t) by the carrier signal cos(2rrfct). 

Then s(t) is transmitted through the channel. 

In this thesis, a doubly frequency selective fading channel model is adopted 

[28]. Thus a wide-sense stationary uncorrelated scattering (WSSUS) channel is 

considered, whose impulse response is given by 

/1-

h(t;T) = Lh(t;Td)5(T-Td) (2.3) 
d=O 
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PIS 
Converter 

cos(2itft) converter ZN- stream 

Figure 2.3: Block diagram of an OFDM system 

where Td is the delay of the dth path with To < T1 < · · · < TJ.l. and 0(·) represents 

an impulse function. For a multipath fading channel, h(t; Td) is a complex random 

process. The number of multipaths is J-L + 1. A discrete version of the vVSSUS 

channel in (2.3) can be expressed as a tapped delay line (TDL) filter with random 

taps 

(2.4) 

where h(n, l) denotes the channel coefficient for the lth tap at the nth sampling 

instant and the delay between two taps is Tc, with Tc = Ts/N being the duration of 

each sample and Ts being the OFDM symbol duration. For the sake of simplicity, 

we assume that the length of CP is greater than or at least equal to the maximum 

delay of the channel, lSI is thus not in presence in the received signal. We also 

consider the uncorrelated fading, which means all taps are independent each other. 

At the receiver, the received signal r(t) is first down-converted and filtered to 

obtain the baseband analog received signal. An analogue to digital converter (ADC) 

samples the analog received signal to obtain the sample stream. The first J-L samples 
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in the sample stream are corrupted by ISI associated with the last fJ samples of 

the transmitted signal in the previous block and are removed without any loss of 

original information. Therefore, the discrete demodulated signal can be expressed 

as 
J1. 

Zn = eJ2'Tme/N L Xn-kh (n, k) + Vn n = 0, ... 'N- 1 (2.5) 
k=O 

where Vn is a complex additive white Gaussian noise (AWGN) process with inde-

pendent real and imaginary components, each of which has zero mean and variance 

a 2. E is the normalized frequency offset which is defined as 

(2.6) 

with !::J.f' being the frequency offset of the receiver local carrier frequency above the 

correct carrier frequency [29]. 

As shown in Appendix B.3, the matrix form of (2.5) is written as 

(2.7) 

where z = [z0 z1 · · · ZN-l]T denotes the time-domain received signal, n = [v0 v1 · · • VN-dT 

denotes the AvVGN noise with zero mean and covariance matrix 2a2I, De. = 
diag { 1, ej21re. /N, . 0.' ej27re.(N-l)/N}, and H is given by 

h(O,O) 0 0 0 h(O,J.t) h(O,J.t -1) h(0,1) 
h(1, 1) h(1, 0) 0 0 0 h(1, J.t) h(l, 2) 

h(J.t,J.t) h(J.t,j.t -1) h(J.t, 0) 0 0 0 
0 h(J.t + 1,J.t) h(J.t+1,1) h(J.t+1,0) 0 0 

0 0 0 h(N- 1, J.t) h(N -1,J.t- 1) h(N -1, 0) 
(2.8) 

Note that when h(t; T) in (2.3) remains constant within one OFDM symbol dura-
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tion, we have 

( 

h(O, 0) = h(l, 0) = .. · = h(N- 1, 0) 
h(O, 1) = h(l, 1) = .. · = h(N- 1, 1) 

h(O,p,) = h(1,p,) = · · · = h(N -1,p,) 

13 

(2.9) 

and the channel is called quasi-static(QS). On the other hand, when h(t; r) in (2.3) 

changes within one OFDM symbol duration, the channel is called fast time-varying 

(FTV). 

The stream {zn} is converted into a block of N parallel data by a S/P and 

then transformed into a block of frequency domain symbols by passing through a 

discrete Fortier transformer (OFT). Then we have 

(2.10) 

where Ac: = F:HF, F: = FHDc: is anN x N matrix with the (n, i)th element 

FH(n i) = -1-e-j27r(n-s)i/N (n i = 0 .. · N - 1) and N - FH n After being f5 l ,jN l l l l 0-:- • 

converted to a serial symbol stream, the signal is ready for detection. 



Chapter 3 

PAPR, PICR, and OBP Problems 
in OFDM Systems 

3.1 PAPR Reduction 

The modulated symbols, Xi (n = 0, · · · , N - 1) are statistically independent. If 

N is large, then the central limit theorem is applicable and the corresponding 

complex-valued time-domain samples of OFDM signal Xn (n = 0, · · · , N- 1) are 

approximately complex Gaussian distributed. The magnitude of OFDM signal is 

thus approximately Rayleigh distributed. This results that the PAPR of signal x, 

which is defined as 

PAPR = JJxJJ~ 
E {llxll; /N} 

(3.1) 

can be very high. In (3.1), E{-} denotes expectation, and 11·112 and 11·1100 denote 

the L2 and Loo norms of a vector, respectively. We can achieve PAPR reduction by 

minimizing (3.1). 

14 
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3.2 PICR Reduction 

It can be seen from (2.10) that the received signal on the mth subcarrier can be 

expressed as 
N-1 

Zm = XmAe:(m, m) + L XkAc(m, k) + No,m 
k=O,kf'm 

m =0,··· ,N -1 (3.2) 

where Ae:(m, k) denotes the (m, k)th elements of Ae: and No,m denotes the mth 

element of No. 

In (3.2), the first term represents the desired signal on the mth subcarrier, the 

second term, denoted as Im, represents the ICI caused by other subcarriers, and 

the last term is the noise. Note that only when c = 0 and (2.9) is satisfied, Ae: 

is reduced to a diagonal matrix such that Im = 0. Otherwise, Ae: is not diagonal 

and Im =/= 0. In other words, ICI can be caused by fast time-varying channel or the 

frequency offset at the receiver, or more likely, both. A high interference-to-carrier 

ratio (ICR) of the received signal Z on any subcarrier m, which is defined as 

(3.3) 

degrades the detection performance of OFDM on that subcarrier. Similar to the 

definition of PAPR in (3.1), the PICR of the received signal Z is defined in [14] as 

PICR = max ICRm 
O~m~N-1 

which specifies the worst-case ICI effect on any subcarrier. 

(3.4) 

As shown from [14] and [30], an upper bound for the BER of binary phase shift 

keying (BPSK) signal can be expressed as 
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where A= IAe (m*,m*) 1//20' and erfc(x) = 1- ~fox e-t2 dt, with 

m* = arg ma.'C ICRm· 
osmsN-1 

From (3.5), it can be seen that in general, we can improve BER performance of 

OFDM systems by reducing PICR or by minimizing (3.4). 

3.3 OBP Reduction 

From the above discussion, the transmitted signal at the transmitter end is given 

by 

s (t) 

(3.6) 

where fc is the carrier frequency, fn = fc + nb.f is the center frequency of the nth 

subcarrier for n = 0, ... , N- 1, and g(t) is the transmitted pulse. 

For a rectangular pulse 

g (t) = { A
0

,, -Ts/2 :S t :S Ts/2 
otherwise 

the frequency spectrum of g(t) is given by 

G (f) -JT./2 A -i2.,.ftd _ ATs sin (1rjTs) _AT . (JT) - e t - fT - s sm c s . 
-T8 /2 7r s 

(3.7) 

By using the IDFT to transform OFDM signals from frequency domain to time 

domain, a rectangular pulse shaping filter is implicitly applied. Therefore, the 

spectrum of the nth subcarrier at frequency f is given by 

Sn (f)= ~Xnsinc ((!- fn) Ts) n = 0, ... , N- 1 (3.8) 

file:///j/f2~a
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Figure 3.1: The spectrum of an OFDM signal 

Figure 3.1 shows the spectrum of each of the 12 subcarriers in an OFDM system. 

Let A = .JN /Ts for simplicity and define the normalized frequency as 

E=j·Ts (3.9) 

Accordingly, En = fn · Ts is defined as the normalized center frequency of the nth 

subcarrier. Then (3.8) can also be expressed as 

Sn (E)= Xnsinc (E- En) n = 0, ... , N- 1. 

The spectrum of the transmitted OFDM symbol is the superposition of the spectra 

of all individual subcarriers, which is expressed as 

N-1 

s(E)=Lsn(E). (3.10) 
n=O 
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For zero mean independent random variable Xn (n = 0, ... , N -1) with variance 

E (IXnn, the power spectrum of an OFDIVI signal is shown to be [34] 

S (f)= I: Sn(j) =I: E (IXnn lsn (f)l
2 

Ts n=O n=O 

(3.11) 

where sn (f) is the spectrum of the nth subcarrier. The power spectrum of the nth 

subcarrier is given by 

E (IXnl2) IXn sin c ( (~- fn) Ts) 12 = E (IXnl2) 'i''2 !sin c ( (f - fn) Ts) 12 
s s 

E (1Xnl 2
) 1~1

2 

!sine (c- cn)l2. (3.12) 

Note that at the middle point of two adjacent zero crossings of sine( c), we have 

!sin c (E)I2 =I sin (7r (k + k + 1) /2) 12 = I sin (7r/2 + k7r) 12 = _1_ (3.13) 
~ ~ ~~ 

where k is an integer. Therefore the side1obe power spectrum in (3.12) decays 

approximate 1/ E2 and results in a high out-of-band radiation. 

It is usually sufficient to represent the spectrum in (3.10) by a certain number 

of sampling values which span a certain frequency range over a few sidelobes. In 

order to reduce the computational complexity, only one sample in the middle of 

each sidelobe is considered. In our discussion, we consider K 1 and K 2 samples on 

the left and right hand side side1obes respectively, with K 1 + K 2 = K. That is, 

sk = s (wk) with 

Wk = { -(1.5 + K1- 1- k)- JNTs/2 
fN/2-!Ts + 1.5- K1 + k 

for k = 0, · · · , K 1 - 1 
fork= K1, · · · , K- 1. 

In matrix form, equation (3.10) can be expressed as 

s=GX 

(3.14) 

(3.15) 

where s =[so s2 · · · sK-lf, G E JRKxN2 is a real matrix with the (k, n)th element 

G (k, n) = sinc(wk- En)· We can suppress OBP radiations by minimizing llsll 2 . 
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3.4 Techniques to Reduce PAPR and PlCR 

3.4.1 Partial Transmit Sequence Technique 

Figure 3.2 shows the block diagram of the PTS technique at transmitter end. 

X 

Figure 3.2: The PTS technique at transmitter end 

In the PTS technique [15] [16], the input data block X is partitioned into M dis-

joint subblocks Xm = [Xmu Xmu+l · · · Xmu+u-tlT (m = 0, ... , M -1; UM = 
N). Each sub block is zero padded to make its length as N and to form a new vector 

denoted as em= (c0 c"{' · · · c]V_1] T (m = 0, ... , M- 1) such that 

(3.16) 

The N L oversampled time domain signal of em, denote by Rm = [ R0 R"{' · · · R£N _1] T 

(m = 0, ... , M -1) is obtained by taking an IDFT of length N Lon em, where L 2: 1 

is the oversampling factor. Especially, when L = 1, the Nyquist-rate sampling is 

obtained. 

Rm (m = 0, 1, ... , M- 1) is called the partial transmit sequence. Each partial 

transmit sequence is weighted by a phase factor bm = ejam (m = 0, ... , M- 1), 
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then the time domain signal at the kth sampling instant becomes 

M-1 

x~ = Rm · b = I: Rkbm k = 0, ... , LN - 1 (3.17) 
m=O 

In a matrix form, (3.17) can be expressed as 

M-1 

xt = I: Rmbm = Rb (3.18) 
m=O 

The phase factors are usually restricted to a finite set of values. For example, 

am E {tv [l = 0, ... , W- 1} with W being the size of the set of phase factors and 

the PAPR reduction problem is expressed as 

{b~,b;:, ... ,b~I- 1 } = argmin ( max lx~l) 
m os;ks;NL-1 

- argmin ( max ~ Rkbm). 
m O<k<NL-1 ~ 

-- m=O 
(3.19) 

Division P'1 XI 
-1 X 

into b1 + 
subblocks 

P'JH-I 

Figure 3.3: The PTS technique at the receiver end 

For the simplicity of description, we ignore the noise and the effect of the chan-

nel. Therefore, as shown in Figure 3.3, at the receiver end, after passing the received 
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signal through a DFT, we have P =[Po P1 · · · PLN-1JT where 

(3.20) 

In a matrix form, equation (3.20) can be expressed as 

(3.21) 

where Qm =[em ~]T. Therefore, in order to recover the original information 
(L-1)N 

symbol, we pick up the first N components in P to obtain p'. Then p' is partitioned 

into M disjoint subblocks P~ = [Pmu · · · Pmu+u-dT (m = 0, ... , lVI- 1; U M = 

N). 

Therefore, 

Xo 

b-1p' 
1 1 

(3.22) 

From the above description, for the PTS technique, the computational complex-

ity in terms of the number of complex multiplications in exhaustive search is given 

by [16] 

file:///V-LiV
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Therefore the complexity will increase dramatically with the increase of Wand M. 

In order to get a good performance, the value of W usually needs to be set large 

enough. 

3.4.2 Selective Mapping Technique 

The SLM technique has also been proposed for the reduction of PAPR and PICR. 

In the SLM approach, each input symbol is multiplied by a phase factor bn = ei'Pn 

(n = 0, ... , N- 1) and then transmitted through the OFDM system. That is, in 

the SLM approach, the transmitted symbols are Xnei'Pn (n = 0, ... , N -1). The 

phase factor vector b = [bo b1 · · · bN-1JT is chosen to minimize (3.1). It can be seen 

that the SLM approach can be considered as a special case of the PTS approach 

by setting M = N. 



Chapter 4 

Joint Design of PAPR and PICR 
in OFDM Systems 

4.1 Joint PAPR and PICR Design 

It is noted that high PAPR of OFDM signals results in inefficient operations of 

nonlinear devices in the system and high PICR of received signal degrades BER 

performance of OFDM systems. As discussed above, most of previous studies con-

sider either PAPR problem or PICR problem, and most schemes in literature reduce 

either PAPR or PICR. However, as shown later in Section 4.2, when PAPR (or 

PICR) problem is considered alone and schemes are adopted to reduce PAPR (or 

PICR) solely, PICR (or PAPR) of the same system can be quite high. Therefore, 

it is desirable to design the system considering both PAPR and PICR problems 

so that both PAPR and PICR are reduced and the performance of the system is 

improved. Thus, we define new joint design problems by taking both PAPR and 

PICR of the OFDM signals into account. 

23 
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4.1.1 Joint Constrained PAPR-PlCR Reduction Problem. 
Problem Formulation. 

It is noted that in a practical OFDM system, the PAPR of the OFDM signal needs 

to be lower than a specific threshold such that nonlinear devices in the system 

always operate in their linear response regions [31]. On the other hand, the value 

of PICR is related to the BER performance of the system. In general, the lower 

the PICR, the better the system BER performance [14][30]. Therefore, the PICR 

needs to be reduced as much as it can be. Thus, based on these observations, a 

joint constrained PAPR-PICR reduction problem is defined as 

min PICR 

subject to: PAPR::; f. 

( 4.8a) 

( 4.8b) 

The parameter r in ( 4.8b) is chosen according to the specifications of the nonlinear 

devices used in the system to ensure that the nonlinear devices operate in their 

linear response regions. 

A Joint Constrained PAPR-PICR Reduction Algorithm 

As discussed in Section 4.1, the PTS approach has been proposed for the reduction 

of and PICR. We will apply this approach for the joint PAPR and PICR design 

problems. The phase factor vector b = [b1 b2 · · · bM]T is chosen to optimize the 

design objective. Therefore, the joint constrained PAPR-PICR reduction problem 

is re-formulated as 

b* = argminPICR(b) 
b 

subject to: PAPR(b) ::; r 
(4.9a) 

(4.9b) 
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where 

12:::~=1 I:f:0\,.,1 crbmAc:(l, k) 1
2 

PICR(b) = ma.'C 2 
l=O, ... ,N-1 1\'M mb A (l l)l 

L...tm=l Cz m c: ' 

[ 

IL:~=l 2:~:;'0- 1 CJ;'bmF(l, k)l 2 l 
PAPR(b) = max 2 

l=O, ... ,LN-1 _1 \'LN-1 1\'M \'LN-1-;;mb F(l k)l 
LN L...tl=O L...tm=1 L...tk=O Ck m ' 

denote PICR and PAPR of the OFDM signal adopting the PTS approach respec-

tively with L being the over-sampling coefficient, [ c0 c! · · · eN _1] T is defined as 

in Section 4.1.1, [co C1 · · · CTJv-_1]T (m = 1, ... , M) is defined as 

Cm=[cm~f, 
(L-1)N 

and F E fC(LN)x(LN) is the IDFT matrix with the (l, k)th element F(l, k) 

1 j2rrlk/LN £ z k _ 0 LN VLJii e or , - , ... , . 

The problem in (4.9) is a nonlinear optimization problem whose solution is 

generally very difficult to obtain. As a suboptimal solution, Na distinct phase 
. . . . T . . 

factor vectors b' = [bi. b2 · · · bM-] are generated with b~ = eJ<Pmi and 'Pmi being 

a uniformly distributed random variable (r.v.) over [0, 27r) (i = 1, · · · , Na; m = 

1, M). Therefore, the problem in ( 4.9) can be solved as 

b* = arg . min PICR(bi) 
b',1~i~Na 

subject to: PAPR(bi) :::=; 'Y· 

(4.10a) 

(4.10b) 

Among bi ( i = 1, · · · , Na), those satisfying ( 4.10b) are identified first. Then, 

from the chosen vectors, the one optimizes the objective in (4.10a) will be identified 

as the solution to this problem. 

It is noted that sometimes no bi for i = 1, Na satisfies the constraint in 

(4.10b) for a given"(, especially when N is very large. Although increasing the value 
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Table 4.1: PTS based joint constrained PAPR-PICR reduction algorithm 

Step 1. Generate Na distinct phase factor vectors bi = (b1 b~ · · · bk jT 
with b;, = eN'=' and 'Pmi a uniformly distributed r.v. over 
(0, 27!') (i = 1, .. · , Na; m = 1, .. · , M). 

Step 2. Among the Na phase factor vectors hi, identify those satisfying 
(4.10b). If no vector is found, then go to step 3. Otherwise, 
go to step 4. 

Step 3. Among the Na. phase factor vectors bi, identify the one that 
minimizes the PAPR value as in (4.11) as the final solution, and 
go to step 5. 

Step 4. Among the vectors picked up, identify the one that optimizes 
the objective in ( 4.10a) as the final solution, and go to step 5. 

Step 5. Record the PAPR and PICR values of the OFDM signal using 
the solution phase factor vector and stop. 

of Na can in general decrease the possibility that this phenomenon happens, we 

cannot eliminate it completely by increasing Na only. Therefore, in this situation, 

we propose to identify the solution as the one that minimizes PAPR. That is, 

b* = arg . min PAPR(bi). 
b',l::>i::>Na 

(4.11) 

In this way, PAPR is minimized while the value of PICR may be large and the 

BER performance may be degraded significantly. From the simulation results we 

obtained, since the phenomenon that no bi among the Na candidate vectors sat-

isfies the constraint in ( 4.10b) happens quite infrequently when 1 and Na are set 

appropriately, the performance of PICR reduction, thus the BER performance of 

the system, is not affected much. 

Therefore, the PTS approach based algorithm for the joint constrained PAPR-

PICR reduction problem is summarized in Table 4.1. 
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4.1.2 Joint vVeighted PAPR-PICR Reduction Problem 
Problem Formulation 

The problem in ( 4.9) is a standard constrained optimization problem, which can 

be solved using the Lagrange method. Define the Lagrange equation as 

J(b) = PICR(b)- A ('y- PAPR(b)) (4.12) 

with A being the non-negative Lagrangian multiplier. A local optimal phase factor 

vector b* and Lagrangian multiplier A* should satisfy 

VPICR(b*)- A*\7 (r- PAPR(b*)) = 0 (4.13) 

where 

VPICR(b) = [8PICR(b) 8PICR(b) ... 8PICR(b)] r 
8b1 8b2 obNI 

VPAPR(b) = [8PAPR(b) 8PAPR(b) ... 8PAPR(b)]r 
ob1 ob2 obM 

Or equivalently, b* and A* should satisfy 

VPICR(b*) + A*\7PAPR(b*) = 0. (4.14) 

The values of b* and X" can be found through numerical search such that (4.14) 

and the constraint in ( 4.9b) are satisfied. However, in general, the numerical search 

is rather difficult. In addition, the solution b* is only local optimal and might not 

provide a satisfactory performance. 

Instead, from ( 4.14), we formulate an unconstrained optimization problem whose 

solution satisfies an equation similar to ( 4.14) as 

min PICR(b) + pPAPR(b) (4.15) 
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where p 2: 0 is a factor which is determined in advance and is adjusted according 

to system design requirement. Or equivalently, (4.15) can also be expressed as 

min wPICR(b) + (1- w)PAPR(b) (4.16) 

with w E [0, 1] being a weighting factor. 

More generally, to include other PICR and PAPR reduction approaches, the 

unconstrained problem is expressed as 

min wPICR + (1- w)PAPR (4.17) 

which is referred to as the joint weighted PAPR-PICR reduction problem. By 

solving (4.17), we jointly reduce PAPR and PICR. Note that the PAPR and PICR 

reduction problems can be considered as special cases of the joint problem in ( 4.17) 

with w = 0 and w = 1, respectively. 

From the discussions above, the proposed joint weighted and joint constrained 

PAPR-PICR reduction problems can be used jointly to facilitate OFDM system 

design. Thus the system design is divided into two steps. First, according to 

the detection performance requirement of the receiver, we choose an appropriate 

value for w in the joint weighted PAPR-PICR reduction problem, thus choose an 

appropriate trade-off between PAPR and PICR reduction. By solving the joint 

weighted PAPR-PICR reduction problem, we can determine an appropriate value 

for the PAPR threshold 1, and then we can choose the nonlinear devices used in 

the system accordingly. This is the 'rough' design step. Next, based on the value 

of 1 chosen, by solving the proposed joint constrained PAPR-PICR problem, we 

can obtain the system performance in terms of PAPR and PICR values. This is 

the 'fine' design step. 
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Table 4.2: The range of PICR values of OFDM signals 

PICR (dB) PAPR (dB) 
AWGN channel QC channel uncorrelated FTV channel 

PICRL I PICRH PICRL I PICRH PICRL I PICRH PAPRL I PAPRH 
-12 I -5 -10 I 50 22 I 92 4 I 13 

In addition, it is observed that the range of PICR values of OFDM signals is 

quite different from that of PAPR values. For instance, we consider an OFDM 

system with 8-PSK modulation, N = 64, and c = -0.1. Using 105 OFDM symbol 

samples, in Table II, the ranges of PICR values of the original OFDM signals are 

given under AWGN channel, quasi-static and fast time-varying frequency-selective 

Rayleigh fading channels with J1. = 10 and with normalized total power in each 

path. The range of the PAPR values of the original OFDM signals, which is not 

dependent on the channel, is also included in the table. In Table II, PAPRH, PAPRL 

and PICRH, PICRL, denote the largest and smallest PAPR and PICR values in dB 

of the tested OFDM symbols, respectively. Thus, the two optimization objectives 

of PAPR and PICR reduction are significantly unequally weighted in (4.17). 

Therefore, we propose to multiply PAPR by a coefficient a before minimizing 

(4.17), so that both optimization objectives of PAPR and PICR reduction are 

approximately equally weighted in the joint problem for the value of w = 0.5. The 

joint weighted PAPR-PICR reduction problem is thus expressed as 

where a is given as 

min wPICR + a(1- w)PAPR 

PICR0 
a= PAPRo 

( 4.18) 

(4.19) 

with PICR0 and PAPR0 being the PICR and PAPR values of the original OFDM 
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signal, respectively. That is, PICR0 = PICR(b = 1) and PAPRo = PAPR(b = 1). 

Joint vVeighted PAPR-PICR Reduction Algorithm 

By applying the PTS approach, among the Na phase factor vectors bi which are 

generated using the same method as described in Section 4.1.1, we choose the one 

that optimizes the objective in (4.18) as the solution. Thus, the joint weighted 

PAPR-PICR problem reduction in (4.18) is solved as 

b* = arg . min { wPICR(b;) + a(1- w)PAPR(bi)} 
b•,l:S;i:S;Na 

( 4.20) 

Note that we can extend the PTS approach based algorithms developed in this 

section for both the joint constrained and the joint weighted PAPR-PICR reduction 

problems with ease adopting the SLM approach [12]. 

4.2 Simulation Results 

Computer simulations were conducted to evaluate efficacy of the proposed PTS ap-

proach based algorithms in joint PAPR and PICR design. We considered an OFDM 

system with a fast time-varying frequency-selective fading channel, as described in 

Section 4.2. 

We consider an OFDM system with subcarriers N = 64. Unless otherwise 

mentioned, Na = 16 and M = 8 were used in our simulations. 106 OFDM symbols 

were used to obtain the results shown in this section. In order to increase the 

accuracy of the calculations of PAPR, the transmitted signals were over-sampled 

by a factor of 4 in our simulations. Note that simulations were carried out in other 

channel conditions, including AWGN channel and quasi-static frequency-selective 

Rayleigh fading channel, and similar results as shown in this section were obtained. 
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106 OFDM signals are transmitted and PICR and PAPR values of which exceed 

respective values, say, PICR0 , and PAPR0 are countered. The probabilities that 

the PICR and PAPR are greater than those respective values then are respectively 

given by 

Pr(PICR > PIC Ro) 

Pr(PAPR > PAPRo) 

the numbers countered for PICR 
106 

the numbers countered for PAPR 
106 

To ensure the precision of the experiment results, usually the number of experiments 

used at least 10 times more than the target number of experiments, otherwise we 

can not say that the joint design performs better than the original design does. The 

target probability is chosen to be 10-4 in this problem. 

Figures 4.1 and 4.2 show the logarithmic complimentary cumulative density 

functions (CCDFs) of PICR and PAPR of OFDM signals in the joint weighted 

problem as a function of w. It is shown from Figures 4.1 and 4.2 that the proposed 

joint weighted PAPR-PICR reduction algorithm is efficient in reducing both PAPR 

and PICR of OFDM signals. In addition, as w increases, the performance of PICR 

reduction becomes better and the performance of PAPR reduction becomes worse. 

When w = 1 (or w = 0), PICR (or PAPR) reduction gets the best possible result 

while PAPR (or PICR) gets the worst result. It can be seen that the weighting 

factor w provides a trade-off between PAPR and PICR reductions and can be 

adjusted according to the performance requirements of the nonlinear devices and 

the receiver in the OFDM system. 

Figures 4.3 and 4.4 show the logarithmic CCDFs of PICR and PAPR of OFDM 

signals in the joint constrained problem with the PAPR threshold r set as 7, 8, and 
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9 dB, respectively. The curve of PICR in Figure 4.3 with "'( = 8 dB is very similar 

to the one shown in Figure 4.1 with w = 0.5. For instance, for the curve in Figure 

4.3 with 'Y = 8 dB, 1 out of 104 OFDM symbols has PICR above 66.3 dB, whereas 

in the original OFDM signal, 1 out of 104 OFDM symbols has PICR above 75.9 dB. 

This represents a 9.6 dB reduction in PICR. Whereas the curve in Figure 4.1 with 

w = 0.5 represents a 10 dB reduction in PICR for 1 out of 104 OFDM symbols. 

However, the curve of PAPR in Figure 4.4 shows much better performance than 

the one shown in Figure 2 with w = 0.5. For instance, in Figure 4.4, 1 out of 104 

OFDM symbols has PAPR exceeding 8 dB, whereas in the original OFDM signal, 

1 out of 104 OFDM symbols has PAPR exceeding 11.4 dB. This represents at least 

3.4 dB reduction in PAPR, which is about 2.1 dB more than the PAPR reduction 

in Figure 4.2 with w = 0.5. From the results in Figures 4.3 and 4.4, it can be 

seen that the proposed joint constrained PAPR-PICR reduction algorithm is also 

efficient in reducing both PAPR and PICR of OFDM signals. 

Increasing Na and M, which will increase the search space and the size of the 

set allowed phase factors respectively, thus makes the performance of the designed 

system better but increases the computation complexity at the same time. The 

values of Na and M depend on the performance requirement of the PICR reduction 

in an OFDM system. 

4.3 Conclusion 

Considering both PAPR and PICR problems, new joint PAPR and PICR design 

problems, including the joint weighted and the joint constrained PAPR-PICR re-

duction problems, have been formulated, so that the performance of an OFDM 
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system is improved. Algorithms based on PTS approach have been proposed to 

solve the joint design problems. Simulation results have shown that the proposed 

algorithms are efficient in reducing both PAPR and PICR of OFDM signals. The 

proposed algorithms can also be used jointly to facilitate OFDM system design. 
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Figure 4.1: CCDF of PICR for an fast time-varying frequency-selective Rayleigh 
fading channel (joint weighted PAPR-PICR problem). 
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Chapter 5 

Joint Design of PAPR, PICR, and 
OBP in OFDM Systems 

5.1 System Model 

We consider an OFDM system of N subcarriers, each of which is independently 

modulated using MPSK or MQAM to transmit N data sub-streams in parallel 

manner. On both sides of the N subcarriers, M /2 cancellation subcarriers are 

inserted to suppress sidelobes, to reduce PAPR, or/and to reduce PICR. Thus the 

subcarrier indices are denoted as n = 0, · · · , M/2-1, M/2, · · · , M/2+N -1, M/2+ 

N, · · · , M + N - 1. Denoting the modulated symbol on the ith subcarrier by Xi 

(i = M/2, · · ·, M/2 + N- 1), we assume X= [XM/2 XM;2+1 · · · XM/2+N-l]T as 

the information symbol vector, and X = [L;._g :XT L;._g] T as the expanded 
M/2 M/2 

information symbol vector with cancellation subcarriers. Denoting 

as the modification vector to suppress sidelobes, to reduce PAPR, or/and to reduce 

PICR, we assume that the actual transmitted symbol vector is X+ Y. For the 

convenience of the following discussion, we define M/2 = N0 , M/2 + N = N1, and 

38 
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By applying an IDFT upon Xi+ Yi (i = 0, · · · , N2 - 1), we generate the time-

domain transmitted signal as 

N2-l 
1 ~ ., 'IN 

Xn + Yn = !JiT ~ (X;+ Yi) eJ-7rm 2
, 

V 1V2 i=O 
n = 0, · · · ,N2 -1 (5.1) 

where Xn + Yn is the time-domain signal at the nth sampling instant and P = -1. 

In a matrix form, equation ( 5.1) can be expressed as 

x+y = F(X+ Y) (5.2) 

where 

and F E CN2 xN2 is the IDFT matrix with the (n, i)th element 

for n, i = 0, ... , N2- 1. 

As in Chapter 2, a doubly frequency selective fading channel model is adopted 

in this chapter. For this system model, the discrete demodulated signal at the 

receiver becomes 

J.L 

Zn = ej21rcnjN2 L (Xn-k + Yn-k) h (n, k) + Vn n = 0, ... , N2- 1 (5.3) 
k=O 

where Vn is AWGN process with independent real and imaginary components, each 

of which has zero mean and variance CT2 • E is the normalized frequency offset which 

is defined as (2.6). 

As shown in Appendix B.3, the matrix form of (5.3) is represented as 

z=De:H(x+y)+n (5.4) 
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where n = [v0 v1 • · · VN2 _ 1f denotes the AWGN noise with zero mean and covari-

denotes the time-domain received signal, and H E<CN2 xN2 is the channel matrix 

given by 

h(O,O) 0 0 0 h(O,J.t) h(O,J.t-1) h(O, 1) 
h(1, 1) h(1, 0) 0 0 0 h(1, J.t) h(l, 2) 

h(J.t,J.t) h(J.t,J.t -1) h(J.t, 0) 0 0 0 
0 h(J.t+1,J.t) h(J.t+1,1) h(J.t+l,O) 0 0 

0 0 0 h(N2 - l,J.t) h(N2 - l,J.t -1) h(N2 -1, 0) 
(5.5) 

After removing the CP, the received signal z is passed through a FDT. Then we 

have 

(5.6) 

where Ae = F~HF, F~ E CN2 x N 2 is a matrix with the ( n, i)th element FeH ( n, i) = 

5.2 PAPR, PICR, and OBP Problems for the 
System Model in Section 5.1 

For the system model given in Section 5.1, the PAPR definition in (3.1) becomes 

(5.7) 

where Pn denotes the power of Xn + Yn· We can achieve PAPR reduction by mini-

mizing (5.7). 

From (5.6), the received signal on the kth subcarrier can be expressed as 
N2-l 

zk = (Xk + Yk) Ae(k, k) + L (Xl + Yi) Ae(k, l) + Nok (5.8) 
l=O,lf.k 

k = 0, · · · ,N2 -1 
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where A, (k, l) denotes the (k, l)th element of AE: and Nok denotes the kth element 

of N 0 • 

For the system model given in Section 5.1, the PICR defined in (3.3) and (3.4) 

becomes 

(5.9) 

which specifies the worst-case ICI on any information subcarrier. Note that only 

the symbols on information subcarriers need to be detected at receiver and thus 

only the PICR on information subcarriers needs to be reduced. Therefore, in (5.9), 

we consider k = N 0 , ... , N 1 - 1 only. We can reduce the effect of ICI and improve 

BER performance of OFDM systems by reducing PICR. 

For the system model given in Section 5.1, OBP radiation is reduced by adding 

M /2 sidelobe cancellation subcarriers on both sides of the information spectrum. 

Figure 5.1 shows an example of a system with N = 12, M = 4, and K 1 = K 2 = 7. 

Thus equation (3.10) becomes 

s = G(X+ Y) (5.10) 

where G E JRKxN2 is areal matrix with the (k, n)th element G (k, n) = sinc(wk- En), 

and Wk is defined as (3.14) with N being replaced by N2 = M +N. We can suppress 

OBP radiations by minimizing llsiJ 2 . 

5.3 Joint PAPR, PICR, and OBP Design 

It is noted that high PAPR of OFDM signals results in inefficient operations of 

nonlinear devices in the system, high PICR of received signal degrades BER per-

formance of OFDM systems, and high OBP radiations decrease efficiency of fre-

quency band usage. As discussed above, most previous studies consider PAPR 
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Figure 5.1: The PSD of an OFDM system with N = 12, M = 4, and K 1 = K2 = 7 

problem, PICR problem, or OBP problem solely, and most schemes in literature 

reduce PAPR, PICR, or OBP only. However, as shown later in Section 5.4, when 

one of the three problems is considered alone and schemes are adopted to reduce 

one of the three parameters solely, the performance of the other two problems of 

the same system can be quite bad. Therefore, it is desirable to design the system 

considering PAPR, PICR, and OBP problems jointly so that PAPR, PICR, and 

OBP are reduced and the performance of the whole system is improved. Thus, we 

define new joint design problems by taking PAPR, PICR, and OBP of the OFDM 

signals into account. 
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5.3.1 Problem Formulation 

We note that in a practical OFDM system, sidelobe power needs to be suppressed 

in order to reduce the OBP radiation effects. In addition, PAPR of the OFDM 

signal needs to be lower than a specific threshold such that nonlinear devices used 

in the system always operate in their linear response regions [31]. The value of 

PICR is related to the BER performance of the system. In general, the lower the 

PICR, the better the system BER performance [14][30]. Therefore, the PICR needs 

to be reduced as much as it can be. On the other hand, by adopting modification 

vector for sidelobe suppression and PAPR and PICR reduction, part of the total 

transmission power is now not used for information data transmission. Therefore, 

generally, more power will be needed if the BER performance of the system is 

preserved, or in other words, the BER performance of the system will be degraded 

if the total transmission power is kept constant. Therefore, the increment in the 

transmission power after adding the modification vector needs to be limited. Thus, 

based on these observations, a joint PAPR-PICR-OBP design problem is defined 

as 

min PICR 

subject to: PAPR < T 

OBP < a· OBP o 0 < a < 1 

IIXII~ :::; f311XII~ o < (3 < 1 

(5.11a) 

(5.11b) 

(5.11c) 

(5.11d) 

where OBP 0 denotes the OBP of the original OFDM information symbol X, OBP 

denotes the OBP of the actual transmitted OFDM signal X+ Y, T is a constant 

parameter which depends on the linear dynamic range of the nonlinear device used 
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in the OFDM system, and a E (0, 1) is a parameter depending on the OBP sup-

pression requirement and the number of subcarriers used for guard bands. 

Two approaches are adopted in this chapter for the joint PAPR, PICR, and 

OBP design problem in (5.11). One approach is based on the phase rotation and 

the other one is based on the constellation extension. 

5.3.2 Algorithm Based on Phase Rotation Approach 

As shown in Figure 5.2, in the phase rotation approach, the actual transmitted 

symbol on the kth subcarrier, which is X~c + Y~c based on the discussion in Section 

5.1, is obtained by rotating the original information symbol Xk by a certain phase 

angle. Letting r~c be the rotation phasor on the kth subcarrier with llr~cll 2 = 1, we 

have 

k = N0 , • •. , N1 - 1. 

Denote A~ E CN2 xN2 as a matrix by replacing all diagonal elements of Ac: in (5.6) 

lm 

Re 

Figure 5.2: Phase rotation approach 
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by zeros. Then the kth row of A~ can be expressed as 

Using the phase rotation approach, by equation (5.9), the objective function of the 

joint design problem in (5.1la) can be reformulated as 

min llbf (X+ Y) II PICR = min max 2 
Y kE[No,Nl-lliiAc: (k,k) (Xk + Yk)ll 2 

(5.12a) 

subject to: Ill + ~: 11
2 

= 1, k = No,··· , N1 - 1. (5.12b) 

Note that the angle of the rotation phasor rk needs to be quantized before trans-

mit ted to the receiver, and the number of quantization levels is in general quite 

limited to reduce the. associated overhead. In our approach, we restrict the quan-

tization levels as -{}, 0, and () and constrain the rotation angle within the range 

of [-e, e] with e E (0, 7!"/2). Therefore, as shown in Figure 5.3, the nonconvex 

constraint in (5.12b) is relaxed as the shaded convex feasible region as 

-e-::;_ arg (1 + ~/Xk) <5:_ e k = No, ... , N1 - 1. 

The constraint (5.13b) is equivalent to 

(5.13a) 

(5.13b) 

Denote the kth row ofF as f'[ = [!ko !kz · · · !k(N2 - 1)]. The PAPR constraint 

in (5.11b) can be reformulated as 

N2-l 
~ L E {IIXi + Yill;}, k = 0, ... , Nz- 1. (5.14) 

2 i=O 
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The OBP constraint in (5.11c) can be reformulated as 

(5.15) 

For a small e, we have Ill+ Yk/Xkll 2 ~ 1 for the variable located within the 

relaxed solution region as shown in Figure 5.3. Therefore, we have the following 

approximations when e is small 

IIA,(k, k) (Xk + Yk)ll2 ~ IIA,(k, k)Xkll2 
N2-l 

~ L E {IIXi + Yill;} ~ 
2 i=O 

N2-l 

~ L E {IIXill;} = [ 
2 i=O 

(5.16) 

where [ denotes the average power of the original information symbols. 

Therefore, letting e be a small angle chosen from the range of (0, n'/2), and 

g = GX = gr + jgi, based on the above discussion, the joint design problem in 

(5.11) is relaxed as 

min-y 
llsk + Bfvll2 

maxkE[No,NI-l]IIA: (k, k) Xkll2 (5.17a) 

subject to: llxk +Pivl!2 
< v:;:t k = 0, ... ,N2 -1 (5.17b) 

llg+cvll2 < .;a llgll2 O<a<l (5.17c) 

IIX+YII2 < v1f+lllxll2 0<;3<1 (5.17d) 

f>Y+f > 0 (5.17e) 
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y [YT yT] T ~ [ T T] T = r i ,g=grgi' 

~T - [ b~k -b~] pT _ [ f~ -f~] ~ [ G g] Bk - T b~k ' k- T fT ' G= 
bik fik rk 0 

-diag {Xr} ON,M -diag {X;} 
, 2 

diag {Xr} diag {X;} 
, 2 

ON .M ON,M ON .M. 
[ ONM ONM I 

t)T = , 2 
diag {-X;+ tan()· Xr} diag {Xr +tan()· X;} 

, 2 
ON M. ON,M ON .M. , 2 , 2 
ON.M , 2 diag {X;+ tane · Xr} ON,M diag { -Xr + tane ·X;} ON .M. , 2 

ON,1 

f 
diag { IIXoll~, · · · , 1\XN-111~} (1- cos 8) EN,1 

diag p ~o II~ , · · · , II~N -dl~ t tan B · EN, I 

diag I!Xo\1 2 , · · · , IIXN-1II 2 tane · EN,1 

with Oz,m E JRlxm and Ez,m E JRlxm being matrixes with all elements being zeros 

and ones respectively and and lR being the real space, diag{f!} being a diagonal 

matrix with diagonal elements n = [wo ... WN-lJT, Xn (n = 0, ... 'N- 1) being 

the nth element of X, Xr =~{X}, and X;= SS{X}. The derivation of (5.17e) is 

provided in Appendix D. 

By introducing an upper bound~ in the objective function (5.17a) as an addi-

tional variable, we can reformulate the problem in (5.17) as 

. T-mm-y drY (5.18a) 

s. t. llsk + i3IYII2 
< T -crky k = No, ... , N1 - 1 (5.18b) 

llxk + f>IYII 2 
< ,(;£ k = 0, ... ,N2 -1 (5.18c) 

\\g+GY\\ 2 
< follg!l2 0<a<1 (5.18d) 

IIX+IYII2 < Jl+,GIIxll2 0<,6<1 (5.18e) 

DrY+f > 0. (5.18f) 

whereY = [Y"T~r, Bf = [sro2,1], Crk = [01,2N2 IIAe(k,k)X~;II2f, dr-

[01,2N2 l]T, Pf = [:Pr 02,1], i = [I2N2,2N2 02N2,1], G = [c 02N2,1] and Dr -
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[n o4N,l]. 

!m 

' ' ' ' . 
' ' . 
' ' I 
' ' 

--------~~------------------~-----.Re 0 

Figure 5.3: Relaxed solution region 

The problem in (5.18) is an explicit SOCP problem with 2N2 + 1 variables, 

which can be solved efficiently by the well established interior point method [33]. 

After we obtain the solution to the problem in (5.18), which is denoted as Yt 
(k = 0, ... , N2 - 1), the actual transmitted symbol on the kth subcarrier is given 

by 

k = N0 , ..• , N1 - 1 
k = 0, ... , No- 1, N1, ... , N2- 1. (5.19) 

with 

being the quantized rotation angle. 
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It is noted that sometimes no feasible solution can be found for the optimization 

problem in (5.18) for some OFDM symbols under the given values of the param-

eters including r, a, and (3, especially when N is large. In this situation, for the 

application of overlay cognitive radio system, we propose to identify the solution 

as the one that minimizes OBP with PAPR constraint and if still no solution can 

be found, then identify the solution as the one that minimizes OBP without PAPR 

constraints. They are formulated by (5.20) and (5.21) respectively. 

min OBP = min- dTY y 

s.t. Jjg+Gvjj2 < dry 

t'· + PfYII, < V ft 'L/!.:a-1 E { IIXill;}, fork= 0, .. · N2- 1 

x+ivJJ 2 ~ v1 + !3211*112 ,o < (32 < 1 
DTY+f > 0 

(5.20) 

miny- dry r 

s. t. tHGYI, < dry 
r 

x_;-1~12 < v 1 + (311*112 0<(3<1 
(5.21) 

DrY+f > 0. 

In this way, OBP is minimized while the values of PAPR and PICR may be large. 

Thus, it may result in nonlinear operations of PAs in the system and cause detection 

performance of the receiver degraded. From the simulation results that we obtained 

and will be presented in Section 5.4, the performance of PAPR and PICR reductions 

is not affected much since the phenomenon that no feasible solution can be found 

for the problem in (5.18) happens quite infrequently when the parameter values of 

the system are set appropriately. 

It should be made clear that the problem in ( 5. 21) is only one possibility to 

deal with the situation when no feasible solution could be found for the problem in 

(5.18) and (5.20). Depending on the specific applications, different problems may 
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be formulated and solved to find a solution in this special case. For instance, we 

may choose to minimize PICR with PAPR constraint but without considering OBP 

in the applications where enough guard bands have been set up in the system. 

As mentioned above, the rotating phases need to be transmitted to the receiver 

as side information. In our proposed approach, log2 3 bits are needed to transmit 

side information for one information symbol. Therefore, the information efficiency, 

which is defined as the percentage of the bits used for transmitting information out 

of the total bits, is given as 

TJ = log2 Q/(log2 Q + log2 (3)) x 100% (5.22) 

with Q being the size of the modulation constellations. 

Therefore, the proposed phase rotation approach based algorithm for the joint 

PAPR-PICR-OBP design problem is summarized as follows. 

Step 1: Solve the problem in (5.18). 

If no solution is found, then go to step 2. Otherwise, go to step 4. 

Step 2: Solve the problem in (5.20). If still no solution is found, then go to step 

3. Otherwise, go to step 4. 

Step 3: Solve the problem in (5.21), then go to step 4. 

Step 4: Record the values of PAPR, PICR, and OBP of the OFDM signal under 

the solution and stop. 

5.3.3 Algorithm Based on the Constellation Extension Ap-
proach 

In the constellation extension approach, the information symbol on the kth sub-

carrier, which is Xk, is extended to a new constellation to optimize the design 
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Re 
0 

Figure 5.4: Feasible region of 8PSK for the constellation extension approach. 

objectives [20] and [22]. In order to avoid from transmitting side information and 

to maintain the BER performance of the original signal, each new constellation 

must be located in a certain feasible region so that without any side information, 

the receiver is able to recover the original information symbol and that the nearest 

distance of any two new adjacent constellations is greater than or at least equal to 

the nearest distance of any two original adjacent constellations. For instances, the 

feasible regions of MPSK modulation and 16QAM are shown as the shaded areas 

in Figures 5.4 and 5.5, respectively. 

Similar to the derivation in the phase rotation approach, the joint design based 
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Figure 5.5: Feasible region of 16QAM for the constellation extension approach. 

on the constellation extension approach can be formulated as 

min PICR min max 
llsk + Bf-¥112 

y kE[No,N1-l] IIAc (k, k) (Xk + Yk)ll2 

subject to: llxk + Pf-¥112 
N2-l 

< ~ LE{IIXi+Yill;}, k=O, ... ,N2-1 2 i==O 
llg+c-¥112 < v'a llgll2 ,0 <a< 1 

IIX+YII2 ~ v1f+i 11x112, 0 < f3 < 1 

Xk+Yk be feasible, k = N0 , ... , N1 - 1 

Note that the objective function (5.23a) can be converted to 

min~ 

s. t. llsk + BfYII2 ~ ~ IIAc (k, k) (Xk + Yk)ll2 
k = N0 , . .. , N 1 - 1. 

(5.23a) 

(5.23b) 

(5.23c) 

(5.23d) 

(5.23e) 

(5.24) 
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By using Taylor expansion, 

can be linearized at (~ = ~0 , Yk = Yk0 = Y,.~ + jY;~) as 

z ~ z (~o, Yk0
) +~~I ((o,Y~) (~- ~o) 

+ O~k l(eo,Yko) (Y,.k- Y,.~) + O~k l(~o,Yko) (fik- Y;_~) 

where 

az I 
0~ ((o,Yko) = II(Xk + Yk)!izl((o,Y~) = IIXk + Yk0 ll2 

az I 
OYrk (~o,Y~) 

Xrk + Y,.k I Xrk + Y,.~ 
~ I!Xk + Ykll2 (~o,Y~) = ~0 I!Xk + Yk0 ll2 

az I 
o}ik (~o,Y~) = 

xik + Yik I xik + Y;~ 
~ I!Xk + Ykll2 (~o,Y~) = ~0 I!Xk + Yk0 ll2. 

So we have 

z ~ IIXk !o yko liz ( ( Xrk + Y,.~) Y,.~ + (Xik + Y;~) Y;~) 
~0 (Xrk + Yr~) ~0 (Xik + Y;~) II 011 

+ IIXk + ykoll2 Y,.k + IIXk + ykoll2 Yik + xk + yk 2 ~ (5.25) 

If we let L = [II A<(No,No) II 
XN0 +Y~ 0 2 II 

A<(N1-1,N1-l) II ] T XL = d' {L} (X +yo) 
XN _ 1 +Yo ' r 1ag r r , 

1 N 1-1 2 

X.f = diag {L} (Xi + Y?), with 

-o -o -o [-o =--:0 ]T Y = Yr + jYi = Yo · · · Y N-l ' 

the ith element of which being the (i + N0 )th element of Y 0 for i = 0 ... N- 1 

and 
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then the constraint in (5.24) fork= N0 , ... , N1 - 1 can be relaxed as 

(5.26) 

where 

and c;k is the kth row of the matrix 

In addition, as found in the literature, the increase of the average power in 

the optimally modified signal is fairly moderate for the constellation extension 

approach. So we will replace the average power in (5.23b) by£, which represents 

the average power of the original information symbols, as defined in (5.16). 

Therefore, the problem in (5.23) can be relaxed as 

II -r -~~ T -subject to: §k + Bk Y 2~ ceky + dek k =No, ... , N1 -1 

l!xk + PfY")I 2 ~ & k = o, ... , N2- 1 

))g; + GY~~ 2 ~ v'a llgll 2 0 <a< 1 

llx + IY"II2~ v'1+i3llxll2 o < fJ < 1 

Xk + Yk be feasible k = N0 , ... , N1 - 1 

(5.28a) 

(5.28b) 

(5.28c) 

(5.28d) 

(5.28e) 

(5.28f) 
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A. MPSK Modulation Case 

From Figure 5.4, the feasible region of MPSK modulation for the constellation 

extension approach can be expressed as 

k = N0 , ..• , N 1 - 1 (5.29) 

where e = 7r I M. For example, e = i and ~ for 8PSK and QPSK, respectively. 

From (5.29), similar to the derivation of (5.17e), we get the matrix form of the 

feasible region constraint in (5.28f) as 

where 

[ 

ON M diag {Xr} ON,M diag {X;} 
:fi~ = oN:; diag {tane. Xr- Xi} ON,M diag {tanB. X;+ Xr} 

oN,lf diag{tanB·Xr+X;} ON,M diag{tanB·X;-Xr} 

(5.30) 

Thus, for the MPSK modulation case, we convert the joint design problem into 

an explicit SOCP problem with 2N2 + 1 variables. Similar to (5.19), after solving 

this SOCP problem and obtaining the solution Y~c* (k = 0, ... , N2 - 1), the actual 

transmitted symbol on the kth subcarrier can be expressed as 

(5.31) 

B. 16QAM Case 

As shown in Figure 5.5, the feasible region of 16QAM for the constellation extension 

approach is given as: For N0 :::; k :::; N1 - 1, 

(1) If IXr~cl = IXr~cl = 1,then Yrk = Yik = 0; 

(2) If IXi~cl = 3 and IXrkl = 1, then Yrk = 0, XkYik '2 0; 

(3) If IXrkl = 3 and IXikl = 1, then Yik = 0, XrkYrk '2 0; 
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That is, if JXrkl = 3, then IYrkl =/= 0; otherwise, Yrk = 0. Also, if JXikl = 3, then 

IYikl =/= 0; otherwise, Yik = 0. Therefore, for 16QAM, the feasible region constrains 

the real and/or imaginary components of some extension subcarriers as zeros, which 

means the number of variables in the problem of (5.28) can be reduced. 

increasingly sorted indexes corresponding to non-zero real and imaginary compo-

nents of the variables Yk (N0 .:S: k ~ N1 - 1), respectively. Let 

with Nr = Na + M, 

with Ni = Nb + M, and J = [(rf (Iiff EJR(Nr+N;)xl. Accordingly, we denote 

X~= [x:,o x:,l ... x:.N-l]T with the kth element x~k = Xr,k fork E Ia, other-

wise x~k = 0 and Xf = [Xf.o xt,l ... Xf.N-l]T with the kth element xt,k = Xi,k 

for k E Ib, otherwise Xf,k = 0. 

Then for 16QAM, the feasible region constraint in (5.28f) can be formulated as 

(5.32) 

where Y~ = [YJo · · · YJNr+N;-l ~] T with ln denoting the nth element of J and YJn 
denoting the Jnth element of Y (n = 0, ... , Nr + Ni- 1). D~ is given by 

fjq = [ ON,!f diag {X~} ON,M ON,Nb oN,Jf+l l 
e ON M. ON M. ON M diag {Xf} ON M.+l 

' 2 ' 2 ' ' 2 

(5.33) 

with diag {X~} and diag {xn being the column reduced matrixes obtained by 

deleting the kth column from diag {X~} and diag {xn if x:,k = 0 and Xf,k = 0, 

respectively. 
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Thus for 16QAM, the problem in (5.28) is converted to 

where 

T-min- q (dq) yq Ye e e 

s. t. /lsk + BfY~// 2 :S (c~kfy~ + dek k =No, ... , N1 -1 

Xk + P%Y~/12 :S vT£ k = 0,"., N2- 1 

X+iq"Y~/1 2 :S ~/lx/12 o < f3 < 1 

/lg + GqY~/1 :S via //g/1 2 o <a< 1 
2 - -
D~Y~ 2:0 

(5.34) 

with b~, p~, I~, g~, and r~ being the Jnth (n = 0, ... , Nr + Ni- 1) columns of 

matrixes Bf, Pf, I, G, and R, respectively. (c~kf is the kth row of the matrix 

ftq. 

After we obtain the solution to the problem in (5.34), which is denoted as 

(Y~)* = [Yio ... YjNr+N;-1 er, we are able to reconstruct the solution Yk* (k = 

0, ... , N 2 - 1) based on the discussion above. That is, let the lith element of 

Y; be Yjk (k = 0, ... , Nr - 1) and the other elements be zeros, and let the Ikth 

element of Y1 be YJ* (k = 0, ... , Ni - 1) and the other elements be zeros, with • Nr+k 

II and Ik denoting the kth elements of r and Ii respectively. Then we reconstruct 

Y* = Y; + jY;. The actual transmitted symbols are then obtained according to 

(5.31). 
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5.4 Simulation Results 

Computer simulations were conducted to evaluate the efficacy of the proposed al-

gorithms in joint PAPR, PICR, and OBP design. We considered an OFDM system 

with a fast time-varying frequency-selective Rayleigh fading channel with f-L = 10 

and normalized total power in multipaths. N = 64, K1 = K2 = 16 and c = 0.1 are 

used. In our simulations, we adopt 16QAM or 8PSK modulation schemes. Unless 

otherwise mentioned, the parameter r is set as 10 dB for the 16QAM case, 8 dB 

for the 8PSK modulation case in phase rotation based approach and 9 dB in con-

stellation extension based approach, and M = 4. 104 OFDM symbols were used to 

obtain the results shown in this thesis. 

104 OFDM signals are transmitted and PICR, PAPR, and OBP values of which 

exceed respective values, say, PICRo, PAPRo, and OBPo are countered. The 

probabilities that the PICR, PAPR, and OBP are greater than those respective 

values then are respectively given by 

Pr(PICR > PICRo) = 

Pr(PAPR > PAPRo) 

Pr(OBP > OBP0 ) = 

the numbers countered for PICR 
104 

the numbers countered for PAPR 
104 

the numbers countered for OBP 
104 

To ensure the precision of the experiment results, usually the number of experiments 

used at least 10 times more than the target number of experiments, otherwise we 

can not say that the joint design performs better than the original design does. 

Hence, the target probability is chosen to be w-3 in this problem. 
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5.4.1 Algorithm Based on Phase Rotation Approach 

Using the phase rotation approach based algorithm, we show in Figure 5.6 the 

CCDFs of PICR, PAPR, and OBP of OFDM symbols obtained by minimizing 

PICR, PAPR, and OBP alone respectively with 8PSK, e = rr/8, and {3 = 1/30. 

The results with quantized solutions are also included in the figure. It can be seen 

that the effect of quantization on the results is quite minor. From Figure 5.6, it is 

shown that when one of the three problems is considered alone, the performance of 

the other two problems is quite bad. 

The quantity of OBP reduction depends on how much power is consumed by the 

sidelobe cancellation subcarriers and how many sidelobe cancellation subcarriers are 

used. The more power is used, the greater the OBP reduction is. 

For the joint design problem, we adopt a = 1/30 in the phase rotation approach 

based algorithm. Figure 5.7 shows the CCDFs ofPICR, PAPR, and OBP of OFDM 

symbols with 16QAM as a function of e obtained by solving the joint design prob-

lem. It is shown from Figure 5.7 that the value of e does affect the performance 

of the joint design problem. Smaller e causes less quantization error but makes 

the constraint tighter, while larger e makes the constraint looser but causes more 

quantization error. From Figure 5.7, in our simulation scenario, e = rr/8 provides 

a good trade-off for the performance of PICR, PAPR, and OBP reductions. Thus 

in the following simulations, e = 7r /8 will be adopted. 

Figures 5.8, 5.9, and 5.10 show the CCDFs ofPICR, PAPR, and OBP of OFDM 

symbols with 16QAM. Quantized optimal solutions are also included in these figures 

as non-dotted curves. These figures show that there is no big difference between 

the optimal solutions and the quantized ones. Figures 5.11, 5.12, and 5.13 show 
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Table 5.1: The threshold values by using phase rotation based algorithm 

1/1000 OFDM Joint Design( dB) Original Reduction by Qantized 
Symbols Optimal Quantized (dB) Joint Design (dB) 

16- PICR 50.6 51.9 69.5 17.6 
QAM PAPR 8.0 8.05 10.2 2.1 

OBP -24.2 -24.4 -9.4 15.0 
8- PICR 47.5 47.9 67.3 19.4 

PSK PAPR 8.4 8.5 10.5 2.0 
OBP -34.4 -34.4 -21.0 13.3 

the CCDFs of PICR, PAPR, and OBP for 8PSK modulation with T = 8 dB. 

For the convenience of comparison, Table 5.1lists the PICR, PAPR, and OBP 

threshold values which no one out of 1000 transmitted symbols can exceed for the 

jointly designed and the original transmitted symbols. The reduction achieved by 

quantized jointly designed solution is also included in Table 5.1. From Table 5.1, 

·for the 16QAM case, 1 out of 1000 OFDM symbols has PICR exceeding 51.9 dB 

by using the proposed phase rotation approach based algorithm, whereas in the 

original transmission, 1 out of 1000 OFDM symbols has PICR exceeding 69.5 dB. 

This amounts to a 17.6 dB reduction in PICR by using the proposed phase rotation 

approach based algorithm. Similarly, it is seen that at point 1/1000, PAPR can 

be reduced at least by 2.1dB and OBP can be reduced at least by 15.0 dB for the 

16QAM case. For the 8PSK modulation case, PICR can be reduced by 19.4 dB, 

PAPR by 2.0 dB, and OBP by 13.3 dB. 

Figure 5.14 shows the power spectrum of OFDM symbols with 8PSK modulation 

scheme. The black curve is the power spectrum of the jointly designed OFDM 

symbols by using the proposed phase rotation approach based algorithm and the 

dotted curve is the power spectrum of original OFDM symbols. The OBP radiation 
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reduction is obviously. 

The transmission efficiency ry, which is defined in (5.22), is 

fJ = 4/ ( 4 + log2 (3)) x 100% = 71.62%. 

for 16QAM and 

fJ = 3/(3 + log2 (3)) x 100% = 65.4% 

for 8PSK modulation, respectively. 
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Figure 5.6: CCDFs for individual optimal problems with 16QAM (phase rotation 
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Figure 5.8: Phase rotation based PICR reduction for OFDM systems with 16QAM 
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Figure 5.9: Phase rotation based PAPR reduction for OFDM systems with 16QAM 
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Figure 5.10: Phase rotation based OBP reduction for OFDM systems with 16QAM 
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Figure 5.14: Power spectrum of the joint designed and the original OFDM symbols 
with 8PSK modulation (phase rotation approach) 
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5.4.2 Algorithm Based on Constellation Extension Approach 

Using the constellation extension approach based algorithm, Figure 5.15 sho-vvs the 

CCDFs of PICR, PAPR, and OBP of OFDM symbols obtained by minimizing 

PICR, PAPR, and OBP alone respectively with 16QAM and f3 = 1/4. Similar to 

the case of the phase rotation approach, it is shown from Figure 5.15 that when 

one of the three problems is considered alone, the performance of the other two 

problems is quite bad. 

As we have mentioned above, the value of a: depends on how much power con-

sumed by the sidelobe cancellation subcarriers and how many of the sidelobe can-

cellation subcarriers are used. When a:= 1/10 nd f3 = 1/4, figures 5.16, 5.17, and 

5.18 show the CCDFs of PICR, PAPR, and OBP of OFDM symbols with 16QAM 

as a function of M. It is shown from these figures that the proposed constellation 

extension based joint design algorithm is efficient in reducing PAPR, PICR, and 

OBP of OFDM signals. In addition, as M increases, the performance of PICR, 

PAPR, and OBP reduction becomes better. Figures 5.19, 5.20, and 5.21 show the 

CCDFs of PICR, PAPR, and OBP of OFDM symbols with 8PSK modulation. 

For the convenience of comparison, Table 5.2 lists the PICR, PAPR, and OBP 

threshold values which only one out of 1000 transmitted symbols can exceed for the 

constellation extension based jointly designed and the original transmitted symbols. 

From Table 5.2, for the 16QAM case with M=4, by using the proposed constellation 

extension approach based algorithm, at point 1/1000, PICR can be reduced by 9.0 

dB, PAPR by 2.3 dB, and OBP by 10.7 dB. For the 8PSK modulation case with 

M=4, PICR can be reduced by 12.8 dB, PAPR by 2.3 dB, and OBP by 9.7 dB. 

In Figure 5.22, for 16QAM modulation scheme, the circles show the constellation 
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Table 5.2: The threshold values by using constellation extension based algorithm 
with M=4 

1/1000 OFDM Joint Original Reduction 
Symbols Design (dB) (dB) (dB) 

16- PICR 60.5 69.5 9.0 
QAM PAPR 7.9 10.2 2.3 

OBP -20.1 -9.4 10.7 
8- PICR 54.5 67.3 12.8 

PSK PAPR 8.2 10.5 2.3 
OBP -30.8 -21.1 9.7 

of the optimal symbols and the stars show the constellation of original transmitted 

symbols. 

5.5 Conclusion 

Two approaches, the phase rotation approach and the constellation extension ap-

proach, are proposed for the joint design of PAPR, PICR, and OBP in OFDM 

wireless communication systems. We first model this joint design problem as a con-

straint optimization problem with continuous variables. This optimization problem 

is then converted into a SOCP problem, whose global optimal solution can be ob-

tained efficiently. Simulation results are also presented to show that the proposed 

algorithms are effective in reducing PAPR, PICR, and OBP. 
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Figure 5.15: CCDFs for individual problems with 16QAM (constellation extension 
approach) 
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Figure 5.16: Constellation extension based PICR reduction for OFDM systems 
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Figure 5.17: Constellation extension based PAPR reduction for OFDM systems 
with 16QAM 
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Figure 5.18: Constellation extension based OBP reduction for OFDM systems with 
16QAM 
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Figure 5.19: Constellation extension based PICR reduction for OFDM systems 
with 8PSK modulation 



CHAPTER 5. JOINT DESIGN OF PAPR, PICR, AND OBP IN OFDM SYSTEMS78 

PAPA with N=64 K=32 M=4~=9dB tt=1110 28=45 ~=1/4 

10° ~~~~~~~~~~~~:::~~~~~:::~~~~~~~=8 

. . . . . . ' . . . . . . . . . . . . . . . ' . . . . ., .. ... ,.. .... . ...... , .. 
.' . . . . . . ................. ~ .. . 

. . . ' . . -~· ... .... ····-··· ·······•#••· 
.................... 

. . . . . .. . . . ~.:. .. 
-~- .. 
. ~. ' 

10~~----~------~------~------~------~----~----~~ 
-2 0 2 4 6 8 10 12 

PAP~( dB) 

Figure 5.20: Constellation extension based PAPR reduction for OFDM systems 
with 8PSK modulation 
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Figure 5.21: Constellation extension based OBP reduction for OFDM systems with 
8PSK modulation 
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Chapter 6 

Conclusions 

The joint PAPR, PICR, and OBP reduction problems have been investigated for 

high-speed OFDM wireless communication systems in this thesis. We have first 

formulated a joint constrained and a joint weighted PAPR and PICR reduction 

problems. Algorithms with low computational complexity have also been developed 

to solve these joint PAPR and PICR design problems. Simulation results have 

shown that the proposed algorithms are effective in reducing PAPR and PICR. 

In addition, we also study the joint PAPR, PICR, and OBP design problem, 

which has been defined as a constrained optimization problem with continuous 

variables based on the phase rotation approach and the constellation extension ap-

proach. The optimization problem have then been relaxed into an SOCP problem, 

whose global optimal solutions can be obtained efficiently. Simulation results show 

that the proposed schemes are effective in reducing PAPR, PICR, and OBP, and 

the jointly designed system has very good performance. 
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Chapter 7 

Futt1re Work 

For joint PAPR, PICR, and OBP reduction design based on constellation exten-

sion approach, by linearizing the right side of the inequality (5.24) using Taylor 

expansion, the nonlinear optimization problem (5.23) is converted to SOCP opti-

mization problem, which can be solved much efficiently than the original problem 

by the existing software. The designed system performs very well. However, this 

simplification has not been verified theoretically. This part is left for future research 

work. 
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Appendix A 

Basic Concepts and Properties of 
DFT and IDFT 

The multicarrier modulation has been widely used since the development of simple 

and cheap implementations of DFT and IDFT. In this section, we briefly review 

the basic concepts and properties of DFT and IDFT which are used in the OFDM 

signal model. 

Let {xn, 0::::; n::::; N -1}, denote a discrete time sequence. TheN-point DFT 

of { Xn} is defined as 

where 

N-1 { 
~WR/= 

N-1 

X ~ - 1- ~ x e-j21rni/N 0 _< i <_ N- 1. • Vfj6 n 
n=O 

N-1 

X 1 ~ wni 0 N 
i = VN 6 Xn N :S i :S - 1 

n=O 

1-(w,4 t 1-( e-i2,..i/Nt = 0 
1-WN - 1-WN 

"'N-1 wo = N 
Lm=O N 

88 

for i = 1, · · · , N - 1 
fori= 0 

(A.1) 

(A.2) 

(A.3) 
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The sequence { Xn} can be recovered from {Xi} by using IDFT: 

N-l 

Xn c. - 1- L Xiej21rni/N 0 s; n s; N- 1 
JN i=O 

N-1 

or Xn = - 1- :2':: X;w-ni 0 s; n s; N- 1. 
JN i=O 

(A.4) 

(A.5) 

The IDFT operation on {Xi} can be represented by the matrix multiplication 

x=FX (A.6) 

where X = [Xo X1 XN-1f, x = [xo x1 · · · XN-dT, and F is N x N matrix 

which is given by 

1 1 1 1 
1 w-1 w-2 w-(N-1) 

F=-1-
N N N 

1 w-2 w-4 w-2(N-l) (A.7) JN N N N 

1 w-(N-1) 
N 

w-2(N-1) 
·N 

w-(N-1)2 
N 

with element F(n,i) = }NWNni,for 0 s; i, n s; N -1. 

From (A.3), F is orthogonal matrix with FFH =I because the (n, i)th element 

of FFH is given by 

N-l N-l { 
_.!._ ""' w-njwji = _.!._ ""'w(i-n)j = 0, n 1:- i 
N L,; N N N ~ N 1, n = i 

]=0 ]=0 

0 s; i, n s; N - 1. 

The DFT operation on { Xn} can be represented by the matrix multiplication 

X= F-1x = FHx. (A.8) 

The DFT and its inverse IDFT are typically performed via hardware using FFT 

and IFFT. 



Appendix B 

Some Derivations for OFDM 

B.l Cyclic Prefix in OFDM Signals 

When an input data stream { Xn, 0 ::; n ::; N - 1} is sent through a linear time-

invariant discrete-time channel {hn, 0 :S n :S J-L}, the output {zn, 0::; n::; N- 1 + p} 

is the discrete-time convolution of the input stream and the channel impulse re-

spouse, which is given as 
J1. 

Zn = Xn * hn = L Xn-khk. (B.1) 
k=O 

TheN-point circular convolution of { Xn, 0 ::; n :S N- 1} and { hn, 0 ::; n ::; J,L} 

is defined as 
J1. 

Zn = Xn ® hn = L x~_khk (B.2) 
k=O 

where (-)[{_k denotes n- k modulus N. In other words, xf{_k is a periodic version 

of Xn-k with period N. Since 
J1. J1. 

Zn+N = L x~+N-khk = L xf{_khk = Xn ® hn = Zn, 
k=O k=O 

Zn given by (B.2) is also periodic with period N. 

The circular convolution in time domain leads to multiplication in frequency 

domain. That is, 

O<i<N-1 90- - (B.3) 
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where Zi is theN-point DFT of {zn, 0 ~ n ~ N- 1} and Hi is theN-point DFT 

of {hn, 0 ~ n ~ ,u}. From (B.3), if the channel and the input are circularly con-

voluted, as long as { hn, 0 ~ n ~ ,u} is known at the receiver, the original data se-

quence { Xn, 0 ~ n ~ N- 1} can be recovered by using IDFT on { Z;/ Hi, 0 ~ i ~ N - 1 }. 

Unfortunately, the channel output is not a circular convolution but a linear 

convolution. However, the linear convolution between the input sequence of the 

channel and the channel impulse response can be converted into a circular convolu-

tion by adding a cyclic prefix to the input so that we get a modified input sequence 

as 

where { x0 , ••. , XN-JJo- 1 , XN-JJo .•. , XN-1} is the input sequence of length N. 

Suppose that the modified input sequence passes through a discrete time channel 

with impulse response {hn, 0 ~ n ~ ,u}. The channel output {zn, 0 ~ n ~ N- 1} 

is then given by 

J1o 

Zn = Xn * hn = LXn-khk 
k=O 

J1o 

= L x;:_khk = Xn ® hn. 
k=O 

(B.4) 

Note that since the discrete time channel impulse response has a length of ,u+ 1, 

the first ,u samples of { Zn, n = -,u ~ n ~ N- 1 + ,u} in a given block are corrupted 

by lSI associated with the last ,u samples of {in, - ,u ~ n ~ N- 1} in the previous 

block. On the other hand, since a cyclic prefix of length ,u is appended at the front 

of the input sequence, the first ,u samples of the channel output affected by the lSI 

can be discarded without any loss of the original information. Therefore, the cyclic 

prefix also serves to eliminate ISI between the data blocks. 
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From the above discussions, it is seen that the benefits brought by a cyclic 

prefix come at a cost. Since f.L symbols are added to the input sequence, this is 

an overhead to the system and results in lower efficiency of data transmission and 

transmission power utilization. 

B.2 The Minimum Frequency Separation of Sub-
carriers in OFDM Signals 

Assume that each subcarrier of the OFDM signal is modulated by QAM scheme. 

Denote fc as the carrier frequency, tlf as the frequency separation between adjacent 

subcarriers, Ts as the OFDM symbol duration, E as the energy of each symbol. 

Then the N signals that differ in frequency of ntlf can be represented as 

n = 0, · ·· ,N -1 

plitudes of the quadrature carriers of the information-bearing signal on the nth 

subcarrier. 

The inner product of any two signals sm(t) and sn(t) (form -::f. n) over a symbol 

duration Ts is given by 

(sm(t), Sn(t)) 

iTs 2Er r 
= r.m n cos (21r Uc + mtlf) t + em) cos (21r Uc + ntlf) t + en) dt 

0 s 

Er r rT· 
= in Jo [cos(41ffct+27r(m+n)tlft+8m+en)+ 

cos (21f (m- n) tlft +em- en)]dt 

Er r 1Ts = i n cos (21f (m- n) f:ljt +em- en) dt 
s 0 

Er mr n [ . ( ( ) ) . T. ( ) tlf sm 27f m- n tlfTs +em- en -Sill (em- en)]. 27r s m- n 
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If and only if (sm(t), sn(t)) = 0, which means 27r lm- nll:.fTs = 27rk for any 

positive integer k, the signals sm(t) and sn(t) are orthogonal to each other. 

Noticed that lm - nl = 1 corresponds to adjacent subcarriers. Therefore, as 

k = 1, l:!..f = 1/Ts represents the minimum frequency separation for two subcarriers 

to remain orthogonal over a symbol duration. 

B.3 Matrix Representation of OFDM Received 
Signal 

The complex baseband OFDM signal can be represented as 

(B.5) 

where Xk is the information symbol on the kth subcarrier. As shown in Appendix 

B.2, the frequency separation l::J.f between any two adjacent subcarriers is equal to 

1/Ts with Ts being the OFDM symbol duration. 

By adding the cyclic prefix sequence, the transmitted sequence is given by 

where {xn = x(t = njNT8 ), 0 ~ n ~· N -1} is the discrete sample sequence of x(t) 

in (B.5), which is the desired received sequence of length N. 

In this thesis, a doubly frequency selective fading channel model is adopted 

[28]. Thus a wide-sense stationary uncorrelated scattering (WSSUS) channel is 

considered, whose impulse response is give by 

11-

h(t; T) = L h(t; Td)O(T- Td) 
d=O 

where Td is the delay of the dth path with To < T1 < · · · < T11- and 8(·) represents an 

impulse function. A discrete version of the channel can be expressed as a tapped 
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delay line (TDL) filter with random taps 

(B.6) 

where h(n, l) denotes the channel coefficient for the lth tap at the nth sampling 

instant and the delay between two taps is Tc, with Tc = Ts/ N being the duration 

of each sample. 

At receiver end, the received signal is corrupted by noise and affected by the 

channel. After being downconverted to baseband and filtered to remove high fre-

quency components, from (B.4), the received signals before employing DFT in 

continuous and discrete versions are given by 

z(t) = e12rrt::.f'tx(t) * h(t; T) + v(t) 
J-L 

Zn = z(t = njNTs) = ej
2rron/N LXn-kh(n, k) + Vn 0 :S.; n :S.; N- l(B.7) 

k=O 

respectively, where v(t) and Vn are the continuous and discrete version AWGN 

noise, tlf' being the frequency offset of the local carrier frequency at the receiver 

above the correct carrier frequency [29], c: is the normalized frequency offset which 

is defined as 

(B.8) 
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For n = 0, ... , N- 1, we have 

~ ~ 

z0 = ej2-rre:O/N L x_kh(O, k) + vo = xoh(O, 0) + L x_kh(O, k) + vo 
k=O k=l 

~ 

x0h(O, 0) + L XN-kh(O, k) + Vo 
k=l 

= x0h(0, 0) + XN-lh(O, 1) + · · · + XN-~Hh(O, P,- 1) + XN-~h(O, p,) + Vo 
~ 

z1 = ei2-rre:/N L x 1-kh(1, k) + v1 
k=O 

e;2"/N (t, x1_,h(l, k) + t, XN+l-kh(l, k)) + V1 

95 

ej2-rre:/N (x 1h(1, 0) + Xoh(1, 1) + XN-lh(1, 2) + · · · + XN-~Hh(1, p,)) +VI 

~ 

z~ = ej2-rre:J1./NLXJ1.-kh(p,,k)+vJ1. 
k=O 

J1. 
= eJ21rcJ1./N LXJ1.-kh(p,, k) + VJl. 

k=O 
ei2-rre:J1./N (xJl.h(p,, 0) + xJl._lh(p,, 1) + · · · + Xoh(p,, p,)) + vJl. 

J1. 
zJl.+l = ej2

7rcJ1.+1/N L XJl.+l-kh(p, + 1, k) + VJ1.+1 
k=O 

J1. 
= ei2-rre:J1.+1/N L XJl.+l-kh(p, + 1, k) + VJ1.+1 

k=O 
= ei2-rre:J1.+1/N (xJ1.+1h(p, + 1, 0) + xJl.h(p, + 1, 1) + · · · + x1h(p, + 1, p,)) + vJl.+l 

J1. 
ZN-l ei2-rrc(N-l)/N LXN-l-kh(N- 1, k) + VN-l 

k=O 
J1. 

ej2rrc(N-1)/N :2::: XN-1-kh(N- 1, k) + VN-l 
k=O 

= ej2-rrc(N-l)/N (XN-lh(N- 1, 0) + · · · + XN-l-Jl.h(N- 1, p,)) + VN-1· 
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Thus the matrix form (B. 7) is expressed as 

(B.9) 

where z = [z0 z1 • · · ZN_1f denotes the time-domain received signal, n = [v0 v1 · · • VN_ 1f 
denotes the AWGN noise with zero mean and covariance matrix 2a2I, D" = 

diag{l, e12rrc/N, ... , e12rrc(N-l)/N}, and His given by 

h(O, 0) 0 0 0 h(O,J.t) h(O, J.t- 1) h(0,1) 
h(1, 1) h(1, 0) 0 0 0 h(1, J.t) h(1, 2) 

h(J.t,J.t) h(J.t,j.t -1) h(j.t, 0) 0 0 0 
0 h(J.t + 1, J.t) h(J.t+1,1) h(J.t + 1,0) 0 0 

0 0 0 h(N -1,J.t) h(N -1,J.t-1) h(N -1,0) 
(B.lO) 



Appendix C 

Second Order Cone Programming 

Second Order Cone Programming (SOCP) problem is a kind of nonlinear convex 

problems. Linear programming (LP) problem, convex quadratic programming (QP) 

problem, and quadratically constrained convex quadratic programming problems 

can all be formulated as SOCP problems. Many engineering problems can be 

formulated as SOCP problems [32]. The second order cone of dimension k is defined 

as 

(C.1) 

which is also called quadratic or Lorentz cone. For k = 1, the second order cone is 

reduced to 

Q.:l = {z: z E IR, z ~ 0} 

Figure C.1 shows the second order cones fork= 1, 2, and 3. 

The second order cone Q.:k is a convex set in JRk, because for any [ z1 y[J T, 

[z2 yi]T in Q.:k and>. E [0,1], we have 

97 
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(a) k=l (b)k=2 

Figure C.l: Second order cones of dimension k=l, 2, and 3 

where 

A second order cone programming problem is a constrained minimization prob-

lem which can be formulated as 

minimize d6 x (C.2a) 

(C.2b) 

where x E JRn+l is the optimization vector, and Ai E ffi.(n;-l)xn, bi E JR(n;-l)xl, 

ci E JRnxl and di E IR are the problem parameters. 

The problem in (C.2) is called an SCOP problem because if we treat cf x + di 

and Aix + bi as z and y respectively, then each constraint in (C.2b) describes a 

second order cone as 

[ cf x + di ] = [ cf ] [ di ] rl" Aix + bi Ai X + bi E ~ni. (C.3) 

In other words, the set of points that satisfy the ith constraint in ( C.2b) is 

the inverse image of the second order cone <tni under an affine mapping. Since 

the convexity of a set is preserved under an affine mapping, the feasible region 

characterized by (C.2b) is convex and, therefore, the SOCP problem in (C.2) is a 

convex programming (CP) problem. 



APPENDIX C. SECOND ORDER CONE PROCRAhiiVIING 99 

When A;= 0 and b; = 0 fori= 1, ... , q, the SOCP reduces to aLP problem. 

When c; = 0 for i = 1, ... , q, the SOCP is equivalent to a convex quadratically 

constrained quadratic program. 

SOCP problems can be solved with great efficiency by interior point methods. 

As an example, the free software package, the SeDuMi toolbox, which is provided by 

the Advanced Optimization Lab at McMaster University, can be downloaded from 

the website http:/ /sedumi.mcmaster.ca/ and used to solve the SOCP problems very 

efficiently. 

http://sedumi.mcmaster.ca/


Appendix D 

Formulation of the Angle 
Constraint 

For the convenience of discussion, the angle constraint in the phase rotation ap-

proach (5.13) is rewritten as bellow 

cose~ ~(1 + Yk/Xk) ~ 1 

SS (1 + Yk/ Xk) 
-tane~ ~(1 + Yk/Xk) ~ tane 

The rotation vector rk is given by 

k =No, ... , Nr- 1. 

Therefore the angle constraints can be expressed as 

cose < 

-tane < 

From (D.1) we have 

(D.1) 

(D.2) 

(D.3) 

(D.4) 
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If -rr /2 < e < rr /2, then cos() > 0. From (D.4), we have 

Multiplying all sides of (D.2) by Xrk"Yrk + xikYik + IIXkll;, we obtain 

(Xrk tan e- x.ik) Yrk + (Xik tan e + Xrk) Yik + IIXk II; tan e > 0 (D.5) 

(Xrk tane + xik) Yrk + (Xik tane- Xrk) Yik + IIXkll; tane > 0. (D.6) 

Based on (D.3)-(D.6), for -rr/2 < e < rr/2, the matrix form of (5.13) can be 

expressed as 

where 

Y = [Y;YT]T 

D = ON,No diag {Xr} 
[ 

0 N,No -diag {_ Xr} 

0 N,No diag {-_Xi + tan e . _Xr} 
ON,No diag {X;+ tane · Xr} 

f = 

ON,M 

ON,M 
ON,M 

ON,M 

-diag {_Xi} 
diag {X;} 

diag {Xr + tane ·X;} 
diag { -Xr +tan e ·Xi} 
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